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Definition of Linear Transformations

A linear transformation (or linear map) T': V' — W between vector spaces V and W satisfies:
1. Additivity: T(u+v)=T(u)+T(v) forallu,ve V
2. Homogeneity: T(cv) =cT'(v) forallceF, veV

Equivalent Condition

T is linear iff T'(c1vy + cava) = c1T(v1) + 2T (vo) for all scalars ¢1, co and vectors vy, va.

Important Properties

o T(0) = 0 (zero vector maps to zero vector)
« T(=v)=-T(v)
o T(XCiLievi) =it 6T (vi)

Matrix Representation

Every linear transformation 7" : R™ — R"™ can be represented by an m x n matrix A such that:
T(x) = Ax
Finding the Matrix Representation
If T:R™ — R™, then the matrix A has columns:
A=[T(e1)|T(e2)| - [T(en)]
where {e1,es,...,e,} is the standard basis for R".

Example

Find the matrix for 7 : R? — R3 defined by:



Solution:

2 1
Therefore: A=|1 -1
3 0

Common Linear Transformations

1. Scaling (Dilation)

Scale by factor k in all directions:

2. Reflection

Reflection across x-axis:

Reflection across y-axis:

Reflection across line y = x:

3. Rotation

Counterclockwise rotation by angle 6:

Common angles: - 9071: <

4. Shearing

Horizontal shear:

Vertical shear:

cos 6
A= (sin 0

sin 0
cos 6



5. Projection

Orthogonal projection onto x-axis:

-

Orthogonal projection onto line through origin with direction u:

Note: This formula requires u # 0. If you normalize u to a unit vector & = u/||ul|, then

the projection matrix simplifies to P = aa’.

Properties of Linear Transformations
Rank and Nullity
For linear transformation 7' : V' — W: - Rank: rank(7") = dim(Im(7")) - Nullity: nullity(7") =
dim(Ker (7))
Rank-Nullity Theorem
dim (V') = rank(T") + nullity(T)

Types of Linear Transformations

Injective (One-to-One) T is injective if T(u) =T(v) =>u=v

Equivalent conditions: - Ker(7T) = {0} - nullity(7") = 0 - Columns of matrix A are linearly
independent

Surjective (Onto) T is surjective if for every w € W, there exists v € V such that T'(v) =w
Equivalent conditions: - Im(7) = W - rank(7T") = dim(W) - Columns of matrix A span R™

Bijective (Isomorphism) T is bijective if it’s both injective and surjective.

Equivalent conditions: - T has an inverse T~! - Matrix A is invertible (square and det(A) # 0)

Kernel and Image
Kernel (Null Space)
The kernel of T: V — W is:
Ker(T)={veV:T(v)=0}
For matrix A, this is the null space:

Null(4) = {x € R" : Ax =0}



Image (Range/Column Space)

The image of T: V — W is:
Im(T) ={T(v):veV}

For matrix A, this is the column space:

Col(A) = span{columns of A}

Finding Kernel and Image

1 21
Example: Find kernel and image of A= ]2 4 3
1 2 2
Kernel: Solve Ax =0
1 2 1 T 0
2 4 3| ]|x2|=1]0
1 2 2 T3 0
—2
Row reduction gives: Ker(A) = span 1
0
Image: Find basis for column space
1 1
Im(A) =span< | 2], |3
1 2

Composition and Inverse

Composition of Linear Transformations

IfT,:U —Vand Ty : V. — W are linear, then (T3 07}) : U — W is linear:
(T 0 T1)(u) = T(T1(u))

Matrix representation: If 77 has matrix A; and T, has matrix As, then T5 o 77 has matrix AsA;.

Inverse Linear Transformation
If T:V — W is bijective, then 77! : W — V exists and is linear.

Matrix representation: If T has matrix A, then 7! has matrix A~!.

Change of Basis
If T:V — V and we change from basis B to basis C, the matrix changes:
[T]e = P! [T|sP

where P is the change of basis matrix from B to C.




Practice Problems
Problem 1

Determine which of the following are linear transformations:

a)T:R2—>R2,T<$>:<x+y>
Yy 22—y
2
b) T:R2 R, T (V)= ("
y y

c) T:]RZ—HR,T(z) =3r—-2y+1

Problem 2

Find the matrix representation of the linear transformation that: - Rotates by 45¢ counterclockwise
- Then reflects across the x-axis

a) Find Ker(A)
b) Find Im(A)
c¢) Verify the rank-nullity theorem

Problem 4

Given T : R3 — R? with matrix A = (; f ;)

a) Is T injective?
b) Is T surjective?
c¢) Find a vector in Ker(7T) if it exists

Nezxt: Eigenvalues and FEigenvectors

Solutions
Solution to Problem 1

a) Linear (additivity and homogeneity both hold).
b) Not linear (contains x?).
c) Not linear (constant term +1 violates 7'(0) = 0 and additivity).


04-eigenvalues-eigenvectors.md

Solution to Problem 2

Rotation by 45° then reflect across x-axis: A = Ry5 Ry.ref Or, applying reflection after rotation,
A = R, ief R45 depending on stated order. With reflection after rotation:

Rys5 = \35 \/52 ; Ryaet = 0 —1/° A = RyretRus = _2 2

2

S

2 2

Solution to Problem 3

1 21
For A= [0 1 3| (from the example): Row reduction shows rank(A) = 2. - Kernel: Solve
1 2 2
2
Ax=0givesx =t [ —1|. So Ker(A) = span{(2,—1,1)T}. - Image/column space: Columns satisfy
1

c1 = ¢ — ¢3, 50 a basis is {c2, 3} = {(2,1,2)7,(1,3,2)T}.

Solution to Problem 4

Composition corresponds to matrix multiplication. If 77 has A; and T, has As, then (75 o T7) has
matrix AsA; (order matters).
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