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10.1 showed that institutions are selected by a meta-game. 10.5 opens the black box of that meta-game:
when the institution is chosen by a group of agents rather than a single designer, the selection mechanism is a
collective-choice problem — voting, bargaining, or some hybrid. The theory of collective choice, developed
by Condorcet (1785), Black (1948), Arrow (1951), and Downs (1957), asks: given a set of alternatives and
a set of voters with preferences over those alternatives, what outcome does a given voting rule produce?
The central results are the Condorcet winner (the alternative that beats every other in pairwise majority
vote), the median voter theorem (under single-peaked preferences, the Condorcet winner is the median
voter’s ideal point), Black’s theorem (single-peaked preferences guarantee a Condorcet winner exists), and
Arrow’s impossibility theorem (no aggregation rule simultaneously satisfies a small set of reasonable
axioms). These results determine which institutions can be stably selected by a collective, which connects
directly to the institutional stability question of 10.1 and the credibility question of 10.4.

Formal Definition
A collective-choice problem is a tuple (N, X, {>;}ien, f) where:

e N ={1,...,n} is a finite set of voters (agents, citizens, players).

o X is a set of alternatives (policies, candidates, institutions).

e >, is voter i’s preference ordering over X: a complete, transitive binary relation. Write x >; y for
strict preference and x ~; y for indifference.

o f:{=i}ien — X is the social choice function (voting rule): it maps a profile of preferences to an
outcome.

Condorcet winner. An alternative z* € X is a Condorcet winner if it defeats every other alternative in
pairwise majority voting:

Vye X,y#£ax*: [{i € N:a" »=; y}| >n/2

A Condorcet winner need not exist (the Condorcet paradox). When it does exist, it is unique.

Single-peaked preferences. Preferences are single-peaked over a linearly ordered set X C R if each
voter ¢ has an ideal point z} € X such that w;(z) is strictly increasing for x < x} and strictly decreasing for
x > x;. Equivalently: each voter has a unique most-preferred alternative, and moving away from it in either
direction is always worse.

Theorem (Black, 1948). If preferences are single-peaked over a linearly ordered set, then a Condorcet
winner exists and it is the ideal point of the median voter: the voter whose ideal point z}, satisfies
Hi:ar <af} >n/2and [{i:zf >k} >n/2



Theorem (Median Voter Theorem, Downs 1957). In a two-candidate election where candidates choose
platforms to maximize votes and voters have single-peaked preferences, both candidates converge to the
median voter’s ideal point in equilibrium. This is a Nash equilibrium of the platform-selection game: deviating
from the median loses the election.

Spatial voting. When X C R¢ (multidimensional policy space), each voter has an ideal point z; € R
and Euclidean preferences u;(z) = —||z — z}||>. In one dimension, single-peakedness holds automatically. In
d > 2 dimensions, generic preference profiles have no Condorcet winner — majority rule cycles through all
alternatives (McKelvey’s chaos theorem, 1976).

Arrow’s Impossibility Theorem (1951). No social welfare function f mapping preference profiles
to a social ordering simultaneously satisfies: 1. Universal domain: every logically possible preference
profile is admissible. 2. Pareto: if all voters prefer x to y, so does society. 3. Independence of
irrelevant alternatives (ITA): the social ranking of 2 vs y depends only on individual rankings of  vs y.
4. Non-dictatorship: there is no single voter whose preferences always determine the social outcome.

Intuition

Every group decision — which poker rules to adopt at a home game, which regulation to impose on online
gambling, which candidate to elect, which payout structure to use in a tournament — is a collective-choice
problem. The theory asks: does a “fair” outcome exist, and if so, can a voting rule find it?

The Condorcet winner is the most natural notion of a “fair” outcome: the alternative that a majority prefers
to every other alternative. When it exists, it has strong normative appeal — no majority coalition can
overturn it. But the Condorcet paradox shows it need not exist: with three voters and three alternatives,
preferences can cycle (A = B = C > A under pairwise majority), and no alternative is a Condorcet winner.

Black’s theorem rescues the situation under single-peaked preferences: if alternatives are ordered on a line
and each voter’s utility has a single peak, Condorcet cycles cannot occur, and the median voter’s ideal point
wins. This is an enormously powerful result because many real policy dimensions are naturally single-peaked:
how much to tax, how strict to regulate, how high to set the minimum bet.

The median voter theorem adds a strategic layer: even when the “voters” are candidates (or firms, or platform
designers) choosing where to position, the equilibrium position is the median of the electorate. This explains
centrist convergence in two-party elections and moderate institutional design in competitive markets.

Arrow’s theorem is the deepest result: it shows that the problem of collective choice has no “ideal” solution.
Every aggregation rule sacrifices something — either it is dictatorial, or it violates ITA, or it violates Pareto,
or it restricts the domain. This is not a technical curiosity; it is a fundamental structural constraint on any
collective decision-making process, including the meta-games that produce institutions (10.1).

Structural Role

10.5 provides the strategic analysis of the institutional-selection meta-game introduced in 10.1. Where 10.1
said “institutions are selected by a higher-order game,” 10.5 says “and here is what that higher-order game
looks like when the selection is collective.”

The connections are:

e 10.1 Institutional embedding: The institution is the output of the collective-choice process analyzed
here.

e 10.4 Commitment and credibility: The collective-choice outcome is only stable if it is credible —
if no majority coalition can profitably deviate. The Condorcet winner is credible in this sense; when
no Condorcet winner exists, the outcome depends on the agenda (which introduces the commitment
problem of who controls the agenda).



e 10.6 Strategic ecosystems: The ecosystem’s norms are a collective-choice equilibrium among its
participants.

e Module 6 Mechanism design: Arrow’s theorem shows the limits of mechanism design for collective
choice; the Gibbard-Satterthwaite theorem (a cousin of Arrow’s) shows that every non-dictatorial voting
rule is susceptible to strategic manipulation.

Looking backward, 10.5 also connects to: - 2.1 Nash equilibrium: The median voter theorem is a Nash
equilibrium of the platform-selection game. - 7.1-7.4 Evolutionary dynamics: Institutional change can
be modeled as evolutionary dynamics over collective-choice rules.

Mathematical Development
Proof sketch of Black’s theorem

Let N ={1,...,n} with ideal points 7 < x5 < --- < z¥. Suppose n is odd for simplicity. The median voter
is voter m = (n + 1)/2 with ideal point z7,.

Claim: z}, is a Condorcet winner. Take any y # x,. WLOG y > z},. By single-peakedness, every voter
i with f <, prefers x}, to y (since z, is closer to their ideal point). There are at least m = (n +1)/2
such voters (voters 1,...,m). So a strict majority prefers a7, to y. Since y was arbitrary, 7, is a Condorcet
winner.

The median voter theorem as Nash equilibrium

Two candidates L, R choose platforms py,pr € R. Voters have single-peaked preferences with ideal points
distributed on R according to CDF F. Each voter votes for the closer candidate. Candidate L wins if
F((pr +pr)/2) > 1/2 (the midpoint between platforms determines the vote split). Each candidate maximizes
vote share.

Nash equilibrium. If p; < pg, candidate L captures all voters with ideal points below (pr + pr)/2.
Candidate L wants to move py, rightward (toward the median) to capture more votes; similarly R wants to
move leftward. The only stable pair is p} = pj = z},, the median of F'. At this point, neither candidate can
gain by deviating: moving away from the median loses more votes on one side than it gains on the other.

Condorcet cycles and McKelvey’s chaos theorem

When X C R? with d > 2, a Condorcet winner generically does not exist for n > 3 voters with Euclidean
preferences. Worse, McKelvey (1976) showed:

Theorem (McKelvey). In R? with d > 2, if there is no Condorcet winner, then the top cycle (the set of
alternatives reachable from any starting point by a sequence of majority-preferred moves) is all of X. That
is, from any starting policy, an agenda-setter can construct a sequence of pairwise votes leading to any other
policy.

This means that in multidimensional policy spaces, majority rule is maximally unstable: the outcome depends
entirely on the agenda — the order in which alternatives are voted on. Agenda control is a commitment
device (10.4): the player who sets the agenda effectively commits the group to a particular sequence of
comparisons, and the final outcome reflects the agenda-setter’s preferences as much as (or more than) the
voters’ preferences.

The Gibbard-Satterthwaite theorem

Theorem (Gibbard 1973, Satterthwaite 1975). If | X| > 3 and the social choice function f is surjective
(every alternative can be chosen) and strategy-proof (no voter can benefit by misrepresenting their preferences),
then f is dictatorial.



This is the mechanism-design analogue of Arrow’s theorem: no non-dictatorial voting rule is immune to
strategic manipulation. Every real voting system — plurality, runoff, Borda count, approval voting — is
manipulable. The practical question is not “which rule is strategy-proof?” (none are) but “which rule is least
manipulable in the strategic environment at hand?”

Structure-induced equilibrium

When a Condorcet winner does not exist, institutions induce stability by restricting the set of alternatives
or the agenda. A structure-induced equilibrium (SIE) is an outcome that is stable not because it is
a Condorcet winner of the full alternative space but because the institutional rules (committee structure,
amendment procedures, germaneness rules) restrict the feasible alternatives to a subset on which a Condorcet
winner does exist.

Formally, let X’ C X be the set of alternatives that survive institutional filtering. If the voters’ preferences
restricted to X’ are single-peaked, Black’s theorem applies and the median voter’s ideal point (projected
onto X') is the SIE. This connects collective choice back to institutional design (10.1): the institution is the
meta-game that selects X', and the SIE is the outcome of the object-level game on the restricted set.

Worked Example
Home-game rule selection as collective choice

Five players in a weekly home game must collectively decide on the game format. The alternatives, ordered
by “looseness” (action level):

X = {Limit Hold’em (LHE), No-Limit Hold’em (NLH), Pot-Limit Omaha (PLO), PLO with a bomb pot every orbit}

Each player has single-peaked preferences over this ordering (preferring a certain action level and disliking
both more and less action). Ideal points:

Player Ideal game

Alice  LHE (conservative, learning)
Bob NLH (standard preference)
Carol  NLH (standard preference)
Dave  PLO (action player)

Eve PLO-bomb (maximum action)

The median voter is Carol (the 3rd of 5 players, ordered by ideal point). Carol’s ideal point is NLH. By
Black’s theorem, NLH is the Condorcet winner: it beats LHE (Bob, Carol, Dave, Eve prefer more action
than LHE), beats PLO (Alice, Bob, Carol prefer less action than PLO), and beats PLO-bomb (Alice, Bob,
Carol, Dave prefer less action than PLO-bomb). The home game plays NLH.

Strategic manipulation. Eve knows the median voter theorem and tries to manipulate by proposing:
“Let’s vote between PLO and NLH only” (eliminating LHE and PLO-bomb from the agenda). Under this
restricted vote, NLH still wins (Alice, Bob, Carol prefer it to PLO). Eve cannot manipulate the outcome
under single-peaked preferences because the median voter’s ideal point is robust to agenda restriction on the
same ordered set.

But if Eve can change the ordering. Suppose Eve proposes a new dimension: “We should rotate games
each week.” Now the alternative space is two-dimensional (game type and rotation policy), preferences may no
longer be single-peaked on a single dimension, and McKelvey’s chaos theorem applies. Eve, as agenda-setter,
can potentially steer the outcome toward PLO by controlling the sequence of votes. This is why home games



often have a “house rules” document that fixes the game format — it is an institutional commitment (10.4)
that prevents agenda manipulation.

Poker Anchor
Concept mapping

Formal object Poker instantiation

Voters N Players at the table, members of a poker community,
regulators

Alternatives X Game formats, table rules, etiquette norms, payout
structures

Preference ordering >; Each player’s preferred rules (action level, stakes,
game type)

Social choice function f The process by which the group decides: majority
vote, house rules, floor decision

Condorcet winner The rule set that a majority prefers to every
alternative

Median voter The player whose preferences are “in the middle” of
the group

Agenda control Who proposes the alternatives and in what order

Concrete situation: table etiquette as collective choice

At a live poker table, norms about behavior — slow-rolling, excessive celebration, phone use, English-only
rules, shot clock — are collective-choice outcomes. They are not legislated from above but emerge from the
preferences of the players and the enforcement mechanism (social pressure, floor calls).

Consider the norm “no slow-rolling.” Most players dislike being slow-rolled (it is perceived as disrespectful).
A few players enjoy the power move. If preferences are single-peaked over a “politeness” dimension, the
median voter’s preference determines the norm. At a table of regulars, the median voter’s preference is “no
slow-rolling,” and this norm is enforced by social pressure (repeated-game punishment from 5.3). At a table of
anonymous online players, the median voter may be indifferent (no social pressure, no repeated interaction),
and the norm does not hold.

The structural point: table norms are not fixed features of “poker culture” — they are equilibria of a collective-
choice game among the current players, sustained by the repeated-game structure and the enforcement
mechanisms available. Change the players, change the enforcement mechanism, and the norms change.

Concrete situation: community enforcement of norms

A poker community (forum, Discord, local card room regulars) collectively enforces norms against collusion,
soft play, and angle shooting. The enforcement mechanism is community-level collective choice: if a majority
of regulars believe a player has violated the norm, the player is ostracized (excluded from games, refused
staking, publicly called out).

This is a Condorcet-winner outcome: the anti-collusion norm beats the alternative (no enforcement) in a
pairwise majority vote among honest players. It is sustained by Black’s theorem (preferences over “how
strictly to enforce” are single-peaked, and the median voter wants moderate-to-strict enforcement). It fails
when the community is too fragmented (no single ordering of alternatives), when the median voter shifts (too
many colluders), or when enforcement is not credible (10.4 — the community cannot actually carry out the
ostracism threat).



What this understanding buys you

Norms are not immutable. They are collective-choice equilibria. When you move from one poker
community to another, the norms change because the electorate (the set of regulars) changes. Understanding
this lets you predict which norms will hold at which tables and in which communities, rather than treating
norms as arbitrary cultural facts.

The median player determines the culture. At any table, the player in the middle of the preference
distribution on any norm dimension determines what the group will tolerate. If you want to shift the table
culture (toward more or less action, more or less etiquette), you need to shift the median — which means
changing the player composition. This is why table selection is cultural as well as strategic.

Agenda control matters. In any group decision at the poker table — what game to play, whether to allow
straddles, how to handle a disputed pot — the player who proposes the options and the order of discussion
has disproportionate influence. This is McKelvey’s chaos theorem in miniature: when multiple dimensions are
in play, the agenda-setter can steer the outcome. Being the person who frames the discussion is a strategic
advantage beyond the cards.

Cross-Links

e 10.1 Games embedded in institutions — the institutional meta-game whose structure is analyzed
here.

e 10.4 Commitment and credibility — credibility of collective-choice outcomes and agenda commit-
ment.

e 6.1 Mechanism design — voting rules as mechanisms; Gibbard-Satterthwaite as the impossibility of
strategy-proof non-dictatorial voting.

e 5.3 Trigger strategies — community enforcement as repeated-game trigger strategies sustaining
collective-choice norms.

e 10.6 Strategic ecosystems — ecosystem norms as collective-choice equilibria.

e 7.4 Evolutionary stability — the evolutionary dynamics of norm change.

 Political science / social choice theory — Arrow, Black, Condorcet, Downs, McKelvey.

Structural Compression

Invariant: Collective choice aggregates individual preferences into a group decision via a voting rule; under
single-peaked preferences, the median voter’s ideal point is the Condorcet winner (Black’s theorem) and the
equilibrium platform in electoral competition (median voter theorem); without single-peakedness, Condorcet
cycles generically exist (McKelvey’s chaos theorem) and outcomes depend on agenda control; no non-dictatorial
voting rule with three or more alternatives is both strategy-proof and surjective (Gibbard-Satterthwaite).

Mechanism: Voters rank alternatives; the social choice function maps preference profiles to outcomes;
single-peaked preferences guarantee existence of a Condorcet winner at the median; multidimensional policy
spaces destroy single-peakedness and produce cycling, recoverable only by institutional restrictions on the
alternative set (structure-induced equilibrium); the Gibbard-Satterthwaite theorem ensures that all real
voting rules are strategically manipulable.

Cross-System Echo: Arrow’s impossibility theorem is structurally parallel to the no-free-lunch theorems
of optimization and machine learning: no single procedure dominates all others across all environments. Just
as no optimization algorithm outperforms all others on all possible objective functions (Wolpert-Macready),
no voting rule satisfies all desiderata across all preference profiles. The impossibility is not a flaw of specific
voting rules but a structural constraint on aggregation itself — a fundamental limit analogous to Godel’s
incompleteness in logic and Heisenberg’s uncertainty in physics: systems of sufficient richness cannot be fully
resolved by any single formal device.



Exercises

1.

Three voters rank four candidates: Voter 1: A = B = C = D. Voter 2: B>~ C = D = A. Voter 3:
C > D > A > B. Does a Condorcet winner exist? If so, identify it. If not, identify the Condorcet cycle.

. Five voters have single-peaked preferences on X = [0, 100] with ideal points {10, 30, 50, 70,90}. Verify

that 50 is the Condorcet winner. Then show that if voter 5 strategically misreports their ideal point as
50 (instead of 90), the Condorcet winner shifts to 50 (unchanged). Interpret: under what conditions
can strategic misreporting change the outcome?

In a two-candidate election with voters’ ideal points uniformly distributed on [0, 1], derive the Nash
equilibrium platforms. Show that both candidates converge to 1/2.

Prove that single-peaked preferences are sufficient but not necessary for the existence of a Condorcet
winner. Give an example of a preference profile that is not single-peaked but has a Condorcet winner.

State and prove (or sketch) Arrow’s impossibility theorem for three voters and three alternatives.
Identify which axiom is violated by (a) majority rule, (b) Borda count, (c¢) dictatorial rule.

A poker community of 7 regulars must decide whether to (i) allow straddles, (ii) require English-only at
the table, (iii) enforce a shot clock. Each issue is voted on separately by majority rule. Show that even
if each individual issue has single-peaked preferences, the bundled outcome may not be a Condorcet
winner of the product space, because the three dimensions interact.

Argue, structurally, why McKelvey’s chaos theorem implies that agenda control is the most powerful
strategic instrument in multidimensional collective choice, more powerful than having extreme preferences
or a large coalition. Give an example from poker governance (tournament rule changes, community
policy) where the agenda-setter determined the outcome.
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