Social Choice and Incentive Compatibility
Game Theory - Module 6 — Mechanism Design

Node 6.1

Position in Knowledge Graph
System: Game Theory Structural Domain: Mechanism Design Node: 6.1

This is the foundational node of Module 6 and the point at which game theory pivots from the descriptive
(how do rational agents play a given game?) to the normative (how should we design the game so that
rational agents produce the outcome we want?). Where Modules 1-5 took the game G as exogenous and
asked what equilibria it supports, mechanism design takes the equilibrium target as exogenous and asks
what games implement it. Social choice theory supplies the target — a rule that aggregates individual
preferences into a collective decision — and incentive compatibility supplies the constraint that the rule must
be robust to strategic misreporting. The two Impossibility Theorems that haunt this domain — Arrow’s (no
reasonable aggregation rule exists without dictatorship) and Gibbard—Satterthwaite’s (no non-dictatorial rule
is strategy-proof over unrestricted preferences) — are the walls against which every subsequent mechanism
(auctions, matching markets, voting systems) must be built.

Formal Definition

Let N ={1,...,n} be a finite set of agents and X be a set of social alternatives (outcomes). Each agent
1 has a type 0; € ©; encoding their private information — typically a preference ordering or a utility function
ui(+,0;) : X — R. The joint type space is © =[], ©;.

A social choice function (SCF) is a map
f:0—=X

that selects a social alternative as a function of the reported type profile.

A mechanism is a pair I' = (M, g) where M = [], M; is a message space (one M; per agent) and
g: M — X is an outcome function. A mechanism induces, for each type profile 8, a Bayesian game in
which agent ¢ with type 6; chooses a message m; € M, to maximize u;(g(m),6;).

A mechanism I" implements the SCF f in solution concept S if, for every type profile 6, the equilibrium
outcome under S of the induced game coincides with f(6).

Dominant-strategy incentive compatibility (DSIC). A direct mechanism (O, f) — where M; = O, and
g = [ — is dominant-strategy incentive compatible if, for every i, every 6, € ©,, every 6} € ©,, and
every _;, € ©_;:

wi(f(05,0-:),0:) > ui(f(0;,0-:),0;).

Truth-telling is a dominant strategy: no matter what the other agents report, agent ¢ is at least as well off
reporting their true type.

Bayesian incentive compatibility (BIC). Given a common prior F over O, a direct mechanism is
Bayesian incentive compatible if, for every i, every 6;, and every 0.:

Eo_ 0, [wi(f(0:,0-3),6:)] > Eo_ o, [wi(f(6;,6-:),6:)].



Truth-telling is a Bayes—Nash equilibrium: given the prior and assuming others report truthfully, each agent
prefers to report their true type.

Clearly DSIC = BIC: a dominant strategy is a best response against any belief.

Intuition

The normative question of mechanism design is: given a desired rule f for converting preferences into
outcomes, can we run f even though the preferences are private and agents may lie? If every agent can be
induced to truthfully report their type — because lying is never strictly profitable — then f can be executed
exactly as intended, and the strategic layer collapses to a reporting problem.

DSIC is the strongest form of this guarantee: truth-telling is optimal regardless of what other agents do, what
they believe, or what the prior is. This is a belief-free guarantee, which is why second-price auctions and the
VCG family are so celebrated — they work without any assumption on priors or beliefs.

BIC is weaker but permits richer mechanisms. Truth-telling must be a best response to others telling the
truth, which uses the prior to compute expectations. Bayesian IC allows averaging over opponent reports,
which gives the designer more freedom and is the relevant concept for Myerson’s optimal auction theory (6.4).

Arrow (1951) shows that purely ordinal preferences cannot be aggregated: any social welfare function satisfying
unanimity and independence of irrelevant alternatives with |X| > 3 must be dictatorial. Gibbard (1973) and
Satterthwaite (1975) show the strategic analogue: any SCF whose range has at least three alternatives and
which is DSIC over the full domain of strict preferences must be dictatorial. These are twin obstructions.
They tell us that mechanism design over unrestricted preferences is essentially hopeless; every interesting
positive result comes from restricting the type space (single-peaked, quasi-linear, substitutes, etc.) or from
weakening the solution concept (BIC, ex-post, virtual implementation).

The entire discipline of mechanism design is the story of which restrictions buy what. Quasi-linear utilities
ui(x, t;, 0;) = v;(x,0;) — t; with money transfers buy the VCG mechanism (DSIC, efficient). Single-peaked
preferences buy the median voter rule (DSIC, non-dictatorial). Two-sided matching buys deferred
acceptance (strategy-proof for one side). Each module of the discipline corresponds to a domain restriction
that dodges Gibbard—Satterthwaite.

Structural Role
6.1 is the foundation on which the rest of Module 6 is built:

e 6.2 Revelation principle uses the IC definitions to show that any implementable SCF is implementable
by a direct IC mechanism — we can restrict attention to truthful mechanisms without loss.

e 6.3 Auction theory foundations specializes to quasi-linear environments with a single good, where
the IC conditions take a tractable form (Myerson’s monotonicity + envelope).

e 6.4 Optimal auction design uses BIC to maximize revenue subject to individual rationality and IC.

e 6.5 Implementation theory weakens from “implement in truthful equilibrium” to “implement in
Nash / subgame-perfect equilibrium,” buying back some impossibility.

e 6.6 Matching and stable allocations restricts the outcome space to matchings and asks for DSIC
under preferences over partners.

The two Impossibility Theorems delimit the entire map. Everything downstream can be read as “which
restriction are we imposing to escape Gibbard—Satterthwaite?”




Mathematical Development
Arrow’s Impossibility Theorem (1951)

Let X be a finite set with |X| > 3 and let P be the set of strict total orderings on X. A social welfare
function (SWF) is a map
F:pP* =P

aggregating n individual orderings into a collective ordering.
Axioms.

o Unanimity (Pareto): if every i ranks = above y, then F(-) ranks z above y.

o Independence of irrelevant alternatives (ITA): the social ranking of = vs y depends only on each
agent’s ranking of = vs y, not on their rankings of other alternatives.

e Non-dictatorship: no single agent i* determines F' regardless of the others.

Theorem (Arrow). No SWF satisfies unanimity, ITA, and non-dictatorship when | X| > 3.

The proof proceeds by identifying a “pivotal” agent whose switching of a pair’s ranking flips the social ranking,
and then showing that this agent is actually pivotal over every pair — hence dictatorial.
Gibbard—Satterthwaite Theorem (1973, 1975)

The strategic analogue. A social choice function f: P" — X is strategy-proof (DSIC) if no agent can
gain by misreporting their preference:

f(Gl, 9_2) il f(@;, 0_1) for all 0;, 9_1

Theorem (Gibbard—Satterthwaite). If f : P" — X is strategy-proof, has range with at least three
elements, and is defined on the full domain of strict preferences, then f is dictatorial: there exists ¢* such
that f(0) = argmax,ex 0; for all 6.

Proof sketch. The strategy-proof SCF f induces a monotone, strategy-proof selection. One shows this
selection generates a social welfare function via repeated pairwise comparisons, and applies Arrow. The
obstruction is identical in structure.

Escaping the impossibility: quasi-linearity and VCG
Restrict to quasi-linear environments: agents have utilities
U,;(I, ti, 91) = ’Ui(l‘, 61) — ti

where v; is the agent’s valuation for the physical outcome x and ¢; is a monetary transfer. This domain is not the
full strict-preferences domain (preferences are restricted to linear forms in money), so Gibbard—Satterthwaite
does not apply. In this restricted domain, the Vickrey—Clarke—Groves (VCG) mechanism is DSIC and
selects the efficient outcome z*(0) € argmax, » . v;(x,0;). Transfers are

ti(0) = hi(0_;) = > _v;i(2*(0),0;),
i

for any function h; of other agents’ reports. The key identity: agent i’s utility under VCG equals the
total welfare minus a constant independent of their report, so truth-telling maximizes welfare and therefore
maximizes their own utility. DSIC follows.

Single-peaked preferences and the median-voter rule

Restrict to the domain of single-peaked preferences on a linear ordering of X: each agent has a “peak”
p; € X and prefers alternatives closer to p; monotonically in each direction. On this domain, the median



rule f(f#) = median(py,...,p,) is DSIC and non-dictatorial. This is Moulin’s generalization of Black’s
median-voter theorem, and it is the canonical example of domain restriction rescuing strategy-proofness.

Proof of DSIC for the median rule. Suppose agent ¢ has peak p; and the median of all peaks is m. If
p; < m, then reporting p; > p; either leaves the median unchanged (if p; < m) or moves it rightward away
from p; (if p} > m), which agent ¢ dislikes. Reporting p; < p; either leaves the median unchanged or moves
it leftward, which is farther from p; if the median was already at or above p;, or weakly closer only if the
median was already below p;, which contradicts p; < m. Symmetrically for p; > m. In all cases, misreporting
cannot strictly improve the outcome. DSIC holds.

The hierarchy of IC concepts

The strength ordering of incentive-compatibility concepts:
DSIC = ex-post IC = BIC = interim IR.

e DSIC: truth-telling optimal for all types, all opponent reports.

o Ex-post IC: truth-telling optimal for all types, all opponent true types (but not arbitrary reports).
e BIC: truth-telling optimal in expectation over opponents’ types given the prior.

e Interim IR: participation preferred in expectation given own type.

Each weakening enlarges the set of implementable SCFs. The mechanism designer’s tradeoff: stronger
IC gives more robustness but restricts the achievable outcomes more severely. DSIC mechanisms (VCG,
second-price auction, median voter) are the gold standard; BIC mechanisms (Myerson’s optimal auction,
Bayesian implementation) sacrifice robustness for optimality.

The hierarchy matters in practice: a DSIC mechanism works even if agents have wrong beliefs about each
other; a BIC mechanism works only if the common prior is correct. In environments where the prior is
well-established (large liquid markets, standardized auctions), BIC is defensible. In environments where the
prior is uncertain (novel markets, thin markets, one-shot interactions), DSIC is safer. This maps directly to
the poker distinction between “GTO” (which is robust to any opponent strategy, like DSIC) and “exploitative’
(which is optimal given a specific model of the opponent, like BIC).

)

The GTO/exploitative distinction is not a matter of taste — it is a formal question about which IC concept
applies. Against an unknown opponent distribution, DSIC (GTO) is the minimax-optimal choice. Against
a known, fixed opponent distribution, BIC (exploitative) extracts more value. The entire debate in poker
pedagogy about “should you play GTO or exploitative?” is a debate about which IC concept to optimize for,
and the answer depends on the informational environment — exactly as in mechanism design.

Worked Example
VCG on a simple public-good decision

Three agents decide whether to build a bridge (z = 1) or not (x = 0). Each agent i has private valuation
v; € R for the bridge. The cost of the bridge is ¢ = 10, shared equally if built: ¢/n = 10/3 per agent. The
efficient rule builds the bridge iff >, v; > c.

Suppose true valuations are v; = 5,v, = 4,v3 = 2. Sum is 11, so the efficient rule builds. Under a naive
cost-sharing mechanism (build iff everyone approves, charge each 10/3), agent 3 with v = 2 < 10/3
vetoes. The bridge is not built, welfare lost.

VCG solution. Define transfers by the Clarke pivot rule: agent ¢ pays the externality they impose on others,
t; = [maX(O,c =D i v;) - 1{bui1t}} - {max(o,c =D i v;) - 1{built w/o i}|.

For our numbers: 3, v; = 6 < 10 (would not build without 1), 37, ,v; = 7 < 10 (would not build
without 2), >, 5 v; =9 < 10 (would not build without 3). Each agent is pivotal, each pays the “cost of their



pivotality” = 10 — > j2i Vi agent 1 pays 4, agent 2 pays 3, agent 3 pays 1. Total revenue 8 — less than the
cost 10, so VCG runs a deficit (the classic “no-budget-balance” issue).

Verify DSIC. Agent 3’s utility if truthful: v —t3 =2 — 1 = 1, and the bridge is built. If agent 3 reports
v = 0: total reported sum is 9, bridge not built, utility 0. Truthful is better. If agent 3 reports v5 = 100:
bridge still built, transfer unchanged (transfer depends on j#3 Vs, ot on v3), utility unchanged. DSIC
confirmed.

Gibbard—Satterthwaite obstruction on 3 alternatives

Three agents, three alternatives X = {a,b, c}. Full domain of strict preferences. Consider the plurality rule
with fixed tiebreaker a > b > ¢: each agent votes for their most-preferred, winner is the one with most votes
(tiebreaker picks).

This is manipulable. Suppose truthful preferences are 1 = a > b > ¢, 0 =b > c > a, 03 =c > a = b.
Plurality gives each alternative one vote; tiebreaker selects a. But agent 2 prefers b, which currently has
one vote. Suppose agent 2 reports truthfully. Outcome a. Agent 2’s utility depends on the ranking — they
rank a last. If agent 2 could instead make b win by misreporting — but with one vote each, tiebreaker
a > b > c still picks a. So agent 2 might try voting for ¢ as compromise? No — that just shifts tiebreaker
outcomes. The structural point is that some agent in some type profile will find misreporting profitable;
Gibbard—Satterthwaite guarantees it. Constructing the specific deviation is an exercise in case analysis.

Poker Anchor
Concept mapping

Formal object Poker instantiation

Social choice function f: 0 — X The rule by which the house determines winner and
pot distribution as a function of reported actions

Agent type 6; Player’s hole cards (private information)

Truthful report Showing cards at showdown

Strategic report Betting actions that reveal or conceal your type

DSIC mechanism A rule so robust that no player can gain by lying
about their hand regardless of beliefs

BIC mechanism A rule where truthful play is optimal given a specific

prior on opponent ranges

Concrete situation: why poker is not a mechanism-design problem in the classical sense

Poker’s pot-distribution rule ¢s DSIC at showdown: once all betting is complete, the rule “highest five-card
hand wins” is strategy-proof because you cannot profitably misreport your actual cards (you show what you
have). The strategic layer is in the betting, not the reporting. The betting mechanism is the poker equivalent
of “communication in extensive form with private information,” and the question is not “how to design a
strategy-proof mechanism” but rather “given the betting mechanism, what is the equilibrium?”

However, a cleaner mechanism-design angle appears in tournament structure design. The tournament operator
chooses payoff curves, blind schedules, and structures as a mechanism to produce certain incentives: a flat
payoff curve produces conservative play, a top-heavy curve produces aggressive bubble dynamics. These
are design choices analogous to choosing f. The tournament operator is the “mechanism designer” and the
players are the “agents.”



Concrete situation: collusion as a mechanism-design failure

Consider a home game of five friends. The “mechanism” is standard poker: blinds, antes, payoff-to-pot.
Two of the five have a private side agreement to share profits. This is a failure of the mechanism to be
coalition-proof — the rule is individual-IC (no single player can gain by deviating alone) but not coalition-IC
(two players can jointly do better). Gibbard—Satterthwaite’s worry is about single-agent misreports; the
coalitional analogue is stronger still and motivates “coalition-proof equilibrium” as a refinement.

What this understanding buys you

Tournaments and cash games are different mechanisms with different IC properties. In cash,
the per-hand distribution rule is nearly DSIC: you win proportional to your equity, and there is no ICM
distortion. In tournaments, the ICM distortion (6.3-6.4 anchor) breaks the clean DSIC story: your report
(betting action) affects not only this hand but your tournament equity through chip stack changes. This is
why tournament strategy is not just cash strategy scaled — the mechanism is different.

Designing a poker variant is a mechanism-design problem. If you want to run a variant that produces
more action on the turn (say), you are choosing a rule f over the outcome space “betting rounds and their
structure.” The constraint is that rational players must find the variant worth playing (IR) and must not be
able to degenerate-exploit it (IC). Gibbard—Satterthwaite tells you that you cannot simultaneously satisfy
“all preferences,” “non-dictatorial,” “strategy-proof” — you must restrict somewhere (to quasi-linear in chips,
to risk-neutral, etc.).

Rakeback and rewards programs are mechanisms. A rakeback scheme is a transfer ¢;(f) as a function
of reported play. It is designed to incentivize volume, and its IC properties are critical: if the scheme rewards
certain patterns of play, rational players will report (i.e. play) those patterns, possibly distorting the game. A
well-designed rakeback is (approximately) DSIC in the sense that the optimal strategic play is not distorted
by the reward; a poorly designed one is manipulable.

Cross-Links

e 4.1 Bayesian games and type spaces — the framework where types and priors live.

e 6.2 Revelation principle — reduces general mechanisms to direct truthful mechanisms.

e 6.3 Auction theory foundations — the canonical quasi-linear mechanism-design environment.

e 6.4 Optimal auction design — uses BIC to maximize designer’s objective.

e 6.5 Implementation theory — Nash and SPE implementation, weaker solution concepts.

¢ 6.6 Matching and stable allocations — DSIC in matching markets (Gale-Shapley).

» Social choice theory (Economics) — Arrow, Sen, and the literature on preference aggregation.

e Computer science 3.x Algorithmic mechanism design — computational limits on mechanism
implementation.

Structural Compression

Invariant: A social choice function maps type profiles to outcomes; incentive compatibility requires that
truthful reporting be optimal (dominant-strategy or Bayesian). Arrow and Gibbard—Satterthwaite establish
that over the full domain of preferences, the only SCFs satisfying non-triviality plus IC are dictatorial; every
escape route is a restriction of the type domain.

Mechanism: Agents have private types; designer announces a rule mapping reports to outcomes; agents’
best response is to misreport unless the rule is IC; IC pins down the class of rules that can be executed as if
preferences were public.

Cross-System Echo: The IC constraint is structurally the game-theoretic analogue of identifiability
in statistics (can the parameter be recovered from observable data?) and observability in control theory



(can the internal state be recovered from outputs?). In all three cases, the question is whether a latent
quantity (type, parameter, state) can be faithfully extracted from behavior (report, data, output). Arrow and
Gibbard—Satterthwaite are the game-theoretic analogue of “identifiability failure under too-rich a parameter
space.”

Exercises

1.

Verify that the second-price sealed-bid auction with quasi-linear utilities is DSIC by computing, for a
bidder with value v;, the payoff of reporting b; = v; versus b; = v; + € and b; = v; — €, conditional on
the second-highest opposing bid.

Construct a social welfare function on three alternatives {a,b,c} that satisfies unanimity and non-

dictatorship but violates ITA. Show explicitly where the violation occurs.

In the public-goods VCG example from the Worked Example, verify that the total transfer collected is
always at most the cost ¢, so VCG cannot in general be budget-balanced. Interpret this as the “price of
dominant-strategy implementation.”

. Show that on the domain of single-peaked preferences over a linear order X = {1,2,..., K}, the

median-voter rule is DSIC. Use the monotonicity of single-peaked preferences relative to distance from
the peak.

Give an example of a social choice function on three agents and three alternatives that is BIC for some
prior but not DSIC. Identify the type profile where the dominant-strategy property fails.

Prove that any DSIC mechanism on a finite type space is also BIC for every prior. Then show the
converse fails by exhibiting a BIC-but-not-DSIC mechanism.

Argue, structurally, why Gibbard—Satterthwaite is a strictly strategic strengthening of Arrow’s
theorem — i.e., why strategy-proofness is harder to achieve than ordinal coherence of preference
aggregation. In particular, explain what structural feature of the strategic environment the ITA axiom
corresponds to in the preference-aggregation setting.

Game Theory - Module 6 — Mechanism Design - Node 6.1

Concepts: mechanism-design, incentive-compatibility, social-choice, impossibility-theorems, incomplete-
information

Prerequisites: 4.1, 4.2

Enables: 6.2, 6.3, 6.4, 6.5, 6.6

hbar.university — own.your.cognition



	Position in Knowledge Graph
	Formal Definition
	Intuition
	Structural Role
	Mathematical Development
	Arrow’s Impossibility Theorem (1951)
	Gibbard–Satterthwaite Theorem (1973, 1975)
	Escaping the impossibility: quasi-linearity and VCG
	Single-peaked preferences and the median-voter rule
	The hierarchy of IC concepts

	Worked Example
	VCG on a simple public-good decision
	Gibbard–Satterthwaite obstruction on 3 alternatives

	Poker Anchor
	Concept mapping
	Concrete situation: why poker is not a mechanism-design problem in the classical sense
	Concrete situation: collusion as a mechanism-design failure
	What this understanding buys you

	Cross-Links
	Structural Compression
	Exercises

