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Replicator Dynamics

Position in Knowledge Graph
System: Game Theory Structural Domain: Evolutionary Game Theory Node: 7.1

Classical game theory, through Module 6, rests on a single image: rational agents who know the game, reason
about it, and select strategies that are best responses to what other rational agents will select. Module 7
replaces that image with a different one. There are no agents doing reasoning. There is a population of
carriers — organisms, firms, poker players — each hard-wired or culturally locked into a strategy, and the
strategies that do well reproduce, while the strategies that do poorly disappear. Equilibria are not selected by
introspection but by differential survival. Node 7.1 introduces the canonical dynamics of this picture: the
replicator equation of Taylor and Jonker (1978), which translates the Darwinian slogan “fitness differences
drive frequency changes” into a precise ODE on the simplex. Everything downstream in Module 7 — ESS,
Hawk-Dove, population games, stochastic stability, adaptive dynamics — is built on this one dynamical
system, or on a variant of it. And the most striking result of the node is that in spite of being derived without
any reference to rationality, replicator dynamics recover Nash equilibrium as their rest points. The classical
and evolutionary pictures meet at the same fixed set.

Formal Definition

Fix a finite symmetric two-player game with strategy set S = {1,2,...,n} and payoff matrix A € R"*",
where A;; is the payoff to a player using strategy 7 against an opponent using strategy j. Consider an infinite
population in which each agent is locked into a single pure strategy. Let z;(¢) denote the frequency (relative
proportion) of strategy 4 in the population at time ¢, with

a(t) = (21(t),...,za(t) €A™, D ay=1, ;>0
i
The expected fitness of strategy 7 against the current population mixture is
filw) = (Ax); = Y Ayj,
J
and the mean population fitness is
fla) =2 Az = Zﬂﬁzfz(x)
i

The replicator equation (Taylor—Jonker, 1978) is the system of ODEs



wl:xz(fl(x)—f(x)), i:l,...,n.

Interpretation. A strategy grows in frequency if and only if its fitness exceeds the population average. A
strategy below average shrinks. The multiplicative factor x; enforces the boundary: a strategy at frequency
zero stays at zero (it has no carriers to reproduce), so the faces of the simplex are invariant.

Theorem (invariance of the simplex). The simplex A"~! is forward-invariant under the replicator
equation: x(0) € A"~1 implies () € A"~! for all t > 0. Each face {z; = 0} and each vertex e; is invariant.

Theorem (Taylor—Jonker folk theorem, 1978). The rest points of the replicator equation in int A"~1
coincide with the set of symmetric Nash equilibria of (A, AT) with full support. Every symmetric Nash
equilibrium is a rest point. Every strict symmetric Nash equilibrium is an asymptotically stable rest point.

The replicator equation is nonlinear (quadratic in ) but has the remarkable property that it is coordinate-wise
linear in the fitness difference f; — f. This makes it the gentlest possible “rationality-free” dynamic that still
recovers Nash equilibria as its rest set.

Intuition

Imagine a population of strategies, each represented by some number of individuals. Every generation, each
individual plays the game against a random opponent drawn from the population, accumulates a payoff,
and this payoff determines its reproductive rate. High-payoff strategies leave more offspring (or, in cultural
versions, are imitated more). Low-payofl strategies leave fewer. Over many generations, the frequencies x;
evolve, and the evolution is driven by the gap between each strategy’s fitness and the population average.
The replicator equation is the continuous-time limit of this logic.

Two structural features deserve emphasis.

First, the dynamic is payoff-monotone but not best-response driven. A strategy with slightly-above-
average fitness grows slightly; a strategy with much-above-average fitness grows rapidly; but no strategy
ever “jumps” to the best response in one step. This is what makes replicator dynamics a model of gradual
adaptation through differential reproduction, not of rational recalculation. Best-response dynamics (Module
9) sit at the other extreme: agents instantly switch to the optimal action. Replicator dynamics are the slow,
smooth, population-level version.

Second, the dynamic has no memory and no foresight. Agents do not plan for the future or remember
the past. The current state x(t) determines the current velocity #(t), and nothing else matters. This is a
radical departure from the Bayesian rationality of Modules 1-4, but it captures something biologists and
cultural theorists have long understood: most strategy change in real populations is not driven by explicit
optimization. Firms do not solve Bellman equations to decide pricing; species do not compute ESSs to decide
how aggressively to defend territory. What happens is that bad strategies leave fewer descendants — literal
descendants in biology, metaphorical descendants (imitators, students, survivors) in economics and poker.
Replicator dynamics is the minimal mathematical model of this fact.

The link to Nash equilibrium is the surprise of the theory. We wrote down a dynamical system that has no
mention of rationality, best response, or equilibrium. Yet its rest points are exactly the symmetric Nash
equilibria. This is not a coincidence and it is not trivial to prove — it falls out of the identity @; = x;(f; — f ):
a rest point in the interior has f; = f for all i with 2; > 0, which is precisely the indifference condition of a
Nash equilibrium. So the machinery of rational choice and the machinery of differential reproduction converge

on the same object.




Structural Role

7.1 is the gateway node of Module 7 and the structural bridge between the “reasoning” picture (Modules 1-6)
and the “selection” picture (Modules 7-9):

e 7.2 Evolutionarily stable strategies refines the rest-point characterization by asking which Nash
equilibria are actually stable under replicator dynamics (not just fixed points).

e 7.3 Hawk-Dove and asymmetric contests is the canonical biological example, where the replicator
equation is solved explicitly and the interior rest point is an ESS.

e 7.4 Population games generalizes the ODE to continuum-of-agent games where each agent controls a
negligible share and fitness is a general function of the population distribution.

e 7.5 Stochastic evolution and mutation adds a noise term, producing processes like the Moran
process and Kandori-Mailath-Rob stochastic stability.

e 7.6 Adaptive dynamics zooms into the “mutant invasion” logic and derives the canonical equation
governing slow evolution of continuous traits.

The replicator equation also exports to Module 9 (learning dynamics): it is formally equivalent to exponential
weights / multiplicative weights update in continuous time, which gives the classical Lyapunov connection
between no-regret learning and Nash equilibrium. This is one of the deepest cross-links in the course: a
biological dynamic written down in 1978 turns out to be the continuous-time limit of an online-learning
algorithm written down in the 1990s. The structural reason is that both describe “how to update a distribution
over options when each option has been getting a fitness/utility signal.”

Mathematical Development
Derivation from population dynamics

Let N;(t) denote the number of individuals using strategy i, and let N(t) = >, N;(t) be the total population.
Suppose N; grows at a rate proportional to its fitness:

Then N =Y, fi(x)N; = N f(x). For the frequency x; = N;/N:
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The replicator equation is the natural dynamic on frequencies induced by the exponential-growth dynamic on
absolute numbers. The nonlinearity (multiplication by z;) comes from the change of variables from counts to
frequencies.

Invariance and boundary behavior

Simplex invariance. Summing the replicator equation,
Sodi=Y wifi—fY wi=f-f=0,
i i i

so Y. x; is conserved. If z(0) € A"~! then z(t) € A" for all ¢.

Face invariance. If z; = 0 then &; = 0: once extinct a strategy stays extinct. This is the single most
important structural property of the replicator: it cannot “re-invent” a strategy that has died out. Stochastic
dynamics (7.5) repair this by adding a mutation term.



Linearity invariance
Proposition. Adding a column-constant vector to the payoff matrix does not change the replicator dynamic.

Proof. Let A’ = A+ 1c". Then f/(z) = fi(z) + 'z, so f/ — f' = f; — f. The replicator equation is
unchanged. [

The dynamic depends only on differences within each row, a positive-affine invariance inherited from the
utility invariance of 1.1.

Rest points and Nash equilibrium

Theorem. A state 2* € int A"~ is a rest point of the replicator equation iff f;(z*) = f(x*) for all 4, iff z*
is a symmetric Nash equilibrium of (A, AT) with full support.

Proof sketch. Rest point < x;(f; — f) = 0 for all i. In the interior ; > 0, so f; = f for all i — the classical
indifference condition of mixed Nash equilibrium. The vertices e; are always rest points (monomorphic
populations). O

Lyapunov function for interior equilibria

Suppose z* € int A"~ ! is an interior Nash equilibrium. Define the relative entropy

*

x>
H(z",x) = *log —.
(", 2) E v log *
Theorem. Along solutions of the replicator equation,

d

—H(z", z) = —((z* — x)TA:v).

dt

If z* is an ESS (see 7.2), then (z* — z)" Az > 0 for all ¥ near z*, so H is strictly decreasing: x* is
asymptotically stable with H as Lyapunov function.

This is the central stability result connecting replicator dynamics to evolutionary stability. The relative
entropy is the natural “distance” on the simplex, and ESS is exactly the condition under which it decreases
along trajectories.

Worked Example
Rock-Paper-Scissors

Symmetric two-player game, S = {R, P, S}, payoff matrix

The unique symmetric Nash equilibrium is * = (1/3,1/3,1/3).

Rest point. Compute Az* = (0,0,0)": every row sums to zero. So fi(x*) = 0 for all i and f(z*) = 0. Thus
T; =0 at z*.

Stability. Linearize at x*. The relevant Jacobian (on the tangent subspace to the simplex) has purely
imaginary eigenvalues +i//3. The linearization is a center — not asymptotically stable and not unstable.



Check a candidate Lyapunov: H(z*,z) = —(1/3) ", logz; —log3. Along replicator trajectories,
H= —(1/3)Zﬂ3i/xi = _(1/3)Z(fi - f)=0,
i i
since ), fi = 0 by the antisymmetry of A. So H is conserved along trajectories. Rock-Paper-Scissors
replicator dynamics has closed orbits encircling * — the population cycles forever.

Starting at = (0.7,0.2,0.1), rock dominates, so paper grows (paper beats rock) and scissors decays. Later
paper dominates and scissors grows. Then scissors dominates and rock grows. The system traces a closed
loop around z*. Nash equilibrium need not be an attractor: it is only a rest point.

Comparison: a stable perturbation

Replace A with A — el for small e > 0. Now trajectories spiral inward and x* becomes asymptotically stable.
The relative entropy H is strictly decreasing. This is the generic picture for a stable mixed ESS.

Poker Anchor
Concept mapping

Formal object Poker instantiation

Population frequencies ;(t) Proportion of regulars using playing style ¢ at time ¢

Payoff matrix A Expected win rate (bb/100) of style i against style j

Strategy (pure) A locked-in style: LAG, TAG, nit, solver-monkey,
exploit-hunter

Fitness f;(x) Expected win rate of style ¢ against the current
population mix

Mean fitness f(z) Average win rate at the tables (near zero, or negative
from rake)

Replicator equation Style frequencies change over time driven by
differential success

Rest point (interior) Metagame equilibrium: every style has equal win

rate against the mix

The mapping is not metaphorical. Poker populations literally evolve by differential reproduction: players
whose styles lose money drop out (financial extinction); players whose styles make money remain and are
imitated by new entrants (cultural reproduction).

Concrete situation: the evolution of the poker meta

9

In 2006 the dominant winning style was LAG (loose-aggressive). By 2012 it was tight-aggressive “regs’
grinding 6-max. By 2016 it was solver-trained GTO. By 2022 it was exploit-aware GTO with explicit
population reads. Each transition looks, at the population level, exactly like a replicator trajectory: a style
with above-average fitness grew until it saturated the population; a counter-style (with higher fitness against
the now-dominant population) emerged and grew; the cycle continued.

Take the 2006-2012 transition. In 2006, the population was predominantly loose recreational players, and
LAG had high fitness against them. As LAGs grew in frequency, the population became more aggressive, and
LAG-vs-LAG was lower in fitness than LAG-vs-recreational. Tight-aggressive style, which exploited LAG
aggression, now had the highest fitness. TAG grew, and the population cycled. This is not a metaphor — it
is a replicator equation in action, with A given by expected win-rate matrices and x(t) given by observed
style frequencies over time.



Replicator dynamics predicts that in a game with cyclic dominance (style A beats B, B beats C, C' beats A)
the population cycles forever, not converges. This is what is observed in the poker meta-game over decades,
with recurring oscillation between aggressive and tight styles.

What this understanding buys you

The meta is not an agreement, it is a dynamical system. When people talk about “the meta right
now,” they are describing the current state z(t) of a replicator equation. The meta is not chosen; it is the
current frequency distribution. It will change driven by fitness differentials. You cannot fight the meta any
more than you can fight gravity.

Your edge is a rate, not a state. Your fitness as a player is f;(x) — your expected win rate against the
current population. A style that wins today may lose tomorrow because the population changed, not because
the style did. Most player “declines” are actually meta shifts that moved the fitness differential against a
frozen style.

The “solver wins” claim is a replicator theorem. GTO tends to win over decades because it is the rest
point that is stable against invasion (7.2). But in pure cyclic structures, even GTO only produces neutral
stability — the population oscillates around it.

Cross-Links

e 7.2 Evolutionarily stable strategies — asking which rest points are Lyapunov-stable.

e 7.3 Hawk-Dove — the canonical example with an explicit solvable replicator equation.

e 7.4 Population games — the generalization to continuum populations and general fitness functionals.

¢ 9.2 Fictitious play and best-response dynamics — the “rational” cousin of replicator.

e 9.4 Multiplicative weights update — the discrete-time online-learning algorithm whose continuous
limit is the replicator.

e 2.1 Nash equilibrium — the classical concept that replicator dynamics recover as rest points.

e Statistics 4.x KL divergence — the Lyapunov function for replicator dynamics is the relative
entropy.

¢ Physics 3.x Hamiltonian systems — Rock-Paper-Scissors replicator is a conservative system with
closed orbits.

Structural Compression

Invariant: The rest points of the replicator equation i; = z;(f;(z) — f(z)) in the interior of the simplex
coincide with the symmetric Nash equilibria of the underlying game; strict Nash equilibria are asymptotically
stable; cyclic-dominance games produce closed orbits around the interior mixed Nash; and relative entropy to
an ESS is a Lyapunov function for its stability.

Mechanism: Frequencies grow in proportion to the gap between strategy fitness and mean fitness; nonlinearity
from the change of variables from counts to frequencies; invariance of the simplex and of each face; linearity
invariance under column-additive payoff transformations; the rest-point condition reduces to the indifference
condition of mixed Nash.

Cross-System Echo: The replicator equation is formally identical to the continuous-time limit of multi-
plicative weights update in online learning (9.4), where “fitness” is per-expert reward and “frequency” is
probability mass on each expert. It is also the Kolmogorov forward equation for a Moran-like birth-death
process in the infinite-population limit (7.5). And it is the gradient flow of expected payoff in the Shahsha-
hani metric on the simplex — a Riemannian geometry in which relative entropy is distance. Evolutionary,
learning-theoretic, and geometric interpretations are structurally the same object, which is why replicator
dynamics keeps reappearing across fields.



Exercises

1.

Derive the replicator equation from the exponential population dynamic N; = fi(xz)N; by computing &;
where x; = N;/N.

For the two-strategy symmetric game with payoff matrix A = , write out the replicator equation

b
d
in the single variable x = z; € [0,1], find all rest points, and classify them (stable / unstable) as a
function of a, b, ¢, d.

For Rock-Paper-Scissors, verify by direct computation that H(z*,2) = —(1/3) > ,logz; — log3 is
conserved along replicator trajectories. Numerically integrate from a generic initial condition and plot
the orbit in the simplex.

Show that if we replace A with A+ 1¢' (column-constant shift), the replicator dynamic is unchanged.
Conclude that the dynamic depends only on “row differences.”

Prove that every strict symmetric Nash equilibrium of (A4, AT) is an asymptotically stable rest point
of the replicator equation. (Hint: for a strict equilibrium 2* = e;, show f; > f; for all j # i in a
neighborhood of e;.)

Consider the replicator in a game where strategy 3 is strictly dominated by strategy 1. Show z5(t) — 0
as t — oo from any interior initial condition. This is the “iterated elimination of strictly dominated
strategies” theorem for replicator dynamics.

Argue, structurally, why the replicator equation recovers Nash equilibria as its rest points despite
making no reference to rationality or best response. What is it about the “fitness difference drives
frequency change” mechanism that produces the same fixed set as conscious optimization? Connect to
the online-learning interpretation (multiplicative weights update) and to the gradient-flow interpretation
on the Shahshahani metric.



Evolutionarily Stable Strategies

Position in Knowledge Graph
System: Game Theory Structural Domain: Evolutionary Game Theory Node: 7.2

Node 7.1 established that the rest points of the replicator equation are the symmetric Nash equilibria. But
not every rest point is stable — some are saddle points, some are neutral centers. The question becomes:
which Nash equilibria can survive the pressure of evolutionary perturbation? This is the question Maynard
Smith and Price (1973) answered by defining the evolutionarily stable strategy (ESS), perhaps the single
most influential concept in evolutionary biology since the modern synthesis. An ESS is a strategy that,
once established in a population, cannot be invaded by any rare mutant. The formal definition requires two
conditions: the strategy is a best response to itself (Nash), and it does strictly better against any alternative
best response than that alternative does against itself (the stability condition). The second condition is the
new ingredient — it is what separates ESS from Nash and what guarantees dynamic stability under replicator
dynamics. The payoff of this node is a clean comparison: ESS is strictly stronger than Nash, every ESS is
asymptotically stable under the replicator, but not every asymptotically stable rest point is an ESS. The
three concepts — Nash, ESS, replicator stability — form a strict hierarchy, and understanding where each
one sits is essential for the rest of Module 7.

Formal Definition

Fix a finite symmetric two-player game (S, A) with strategy set S = {1,...,n} and payoff matrix A. A mixed
strategy is a vector p € A"~ The expected payoff when a p-player meets a g-player is

ulp,q) =p' Aq.
Definition (Maynard Smith and Price, 1973). A strategy p* € A"~! is an evolutionarily stable
strategy (ESS) if for every strategy ¢ # p*:

1. Nash condition: u(p*,p*) > u(q,p*).
2. Stability condition: If u(p*,p*) = u(g,p*), then u(p*,q) > u(q, q).

Equivalently, p* is an ESS iff for every ¢ # p*, there exists € > 0 such that for all € € (0, €):

u(p®, (1 — €)p” +€q) > u(q, (1 — €)p* + €q).

This says: in a population playing p*, a small fraction e of mutants playing ¢ cannot invade, because the
incumbent p* does strictly better against the post-invasion mixture than the mutant ¢ does.

Theorem (ESS implies Nash). Every ESS is a symmetric Nash equilibrium. The converse is false in
general.

Theorem (Strict Nash implies ESS). If p* is a strict Nash equilibrium (unique best response to itself),
then p* is an ESS. The stability condition is vacuously satisfied because no g # p* achieves u(q, p*) = u(p*, p*).

Theorem (ESS and replicator stability). If p* is an ESS, then it is an asymptotically stable rest point
of the replicator equation. The converse is false: there exist asymptotically stable rest points of the replicator
that are not ESS.




Intuition

The Nash condition says p* is a best response to itself — no mutant can do better against the incumbent.
But Nash allows ties: there may be alternative strategies ¢ that do equally well against p*. If such a neutral
mutant appeared, Nash alone would not predict its fate. The stability condition resolves this: if ¢ ties with
p* against the incumbent, then p* must strictly beat ¢ in the head-to-head matchup u(p*,q) > u(q,q). In
biological terms: even if the mutant is equally fit in the old environment, the incumbent is fitter in a slightly
mutant-contaminated environment.

Think of it as a two-round test. Round 1: can the mutant invade if the population is all p*? If not (strict
Nash), the test is over — p* is ESS. If the mutant is “neutral” (ties in round 1), we proceed to round 2: can
the mutant invade when the population is mostly p* with a small fraction of the mutant itself? The stability
condition says no.

The biological origin matters. Maynard Smith was thinking about animal conflicts: two animals meet and
each chooses an aggressive or passive behavior. A population strategy is ESS if no rare mutation can spread.
The concept was developed for biology but applies verbatim to any population where strategies spread by
differential success — including poker.

An important negative result: not every symmetric game has an ESS. The classic example is Rock-
Paper-Scissors (7.1). The unique symmetric Nash is (1/3,1/3,1/3), but it fails the stability condition because
any pure strategy ¢ satisfies u(p*, p*) = u(g,p*) = 0 (the Nash condition binds) and u(p*,q) = 0 = u(q, q)
does not give the required strict inequality. Rock-Paper-Scissors has no ESS — which is consistent with the
replicator dynamics being neutrally stable (closed orbits) rather than asymptotically stable at the interior.

Structural Role
7.2 occupies the central position in Module 7’s hierarchy of stability concepts:

e 7.1 Replicator dynamics provides the dynamics; 7.2 provides the stability criterion for rest points of
those dynamics.

e 7.3 Hawk-Dove is the premier example where the interior mixed equilibrium is an ESS, and where
the ESS concept reveals the biological logic of mixed aggression.

e 7.4 Population games extends the invasion analysis to large populations with general payoff structures.

e 7.5 Stochastic evolution provides the probabilistic analogue: an ESS is the absorbing state that a
stochastic dynamic converges to in the long run.

e 2.1 Nash equilibrium — ESS strictly refines Nash. The relationship is: strict NE C ESS C NE, with
each inclusion strict in general.

The concept hierarchy that 7.2 establishes is:

Strict NE = ESS = Nash equilibrium

ESS = asymptotically stable under replicator = Lyapunov stable under replicator = rest point of replicator

Each implication is strict. Understanding this chain is the main structural deliverable of the node.

Mathematical Development
The two-condition characterization

For p* € A"~ L let C(p*) = {i € S : (Ap*); = u(p*,p*)} be the carrier of p* — the set of pure strategies
that are best responses to p*. The Nash condition says every strategy in the support of p* is in C'(p*), which
is automatic for a symmetric Nash equilibrium.



Proposition. The stability condition is equivalent to: for all ¢ # p* with supp(q) C C(p*),
ulp',q) > ulg,q),  ie.  (p*) Ag>q"Ag.

In matrix notation: (p* —q) T Ag > 0 for all such q # p*.

This is the condition that will connect to the Lyapunov function in 7.1. The relative-entropy derivative along
the replicator was H = —(p* — x) " Az; the ESS stability condition guarantees (p* — )T Az > 0 near p*,
hence H < 0, hence asymptotic stability.

Proof that ESS implies asymptotic stability
Theorem. If p* is an interior ESS, then it is asymptotically stable under the replicator equation.

Proof. Use the relative entropy Lyapunov function H(p*,z) = . p; log(p;/x;). From 7.1:

H=—(p*—2)" Az,

At z = p*, H = 0. We need H < 0 for  # p* in a neighborhood. ESS condition: for ¢ # p* with
u(g,p*) = u(p*, p*), we have (p* — q)" Aq > 0. By continuity, for x near p*, we have (p* — )" Az > 0. Hence
H<0. 0O

Counterexample: asymptotically stable but not ESS
Consider the three-strategy game

-1 -1 -1

The edge x3 = 0, 21 + x2 = 1 consists entirely of Nash equilibria (strategies 1 and 2 are equivalent, strategy
3 is dominated). None of these is ESS — the stability condition fails between strategies 1 and 2 since
u(er,es) = 0 = u(ez,ea). Yet the face x3 = 0 is globally attracting (strategy 3 always has below-average
fitness). The set of Nash equilibria on this face is Lyapunov stable as a set, but no individual point in it is
ESS. This separates the concepts.

Bishop—Cannings theorem

Theorem (Bishop and Cannings, 1978). If p* is an interior ESS, then every pure strategy in the support
of p* earns the same payoff against p*, and no pure strategy outside the support earns as much. Moreover,
no proper mixture of strategies in the support of p* can be an ESS.

This is the analogue of the indifference principle for mixed Nash, plus a uniqueness result: an interior ESS is
the unique symmetric Nash with that support.

ESS in two-strategy games

For S = {1, 2} with payoff matrix A = <i Z

), the analysis is exhaustive:

e If a > cand b > d: strategy 1 strictly dominates. p* = e; is the unique ESS.

e If a < cand b < d: strategy 2 strictly dominates. p* = eq is the unique ESS.

e If a > cand b < d: coordination game. Both e; and e, are ESS. The interior Nash exists but is not
ESS (it is unstable under the replicator — a saddle point on the simplex).

e If a < cand b > d: anti-coordination game (Hawk-Dove type). Neither pure strategy is ESS. The
unique interior Nash p* = (d — b)/(a — ¢ + d — b) is the unique ESS.

This exhaustive classification is the template for 7.3.
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Worked Example
Hawk-Dove with explicit ESS computation

Payoff matrix (Maynard Smith, 1982):

. <<v _00)/2 % )

V/2

where V' > 0 is the resource value and C' > 0 is the cost of fighting. Strategy 1 is Hawk (escalate), strategy 2

is Dove (display only).

Case 1: V > C. Then (V —-C)/2>0and V > V/2,

unique ESS.

so Hawk strictly dominates. p* = ey = (1,0) is the

Case 2: V < C. Hawk does not dominate. Check anti-coordination conditions: (V — C)/2 < 0 =
u(Dove, Hawk) and V' > V/2. This is the anti-coordination case. The unique interior ESS is:

v
C’

*

p:

ie. apy =V/C.

Verification of ESS conditions. At the interior equilibrium p* = (V/C,1 - V/C):

Nash condition: both strategies earn the same payoff against p*. Compute u(H,p*)=(V -C)/2-V/C+V -
(1-V/C)=V?/(2C)-V/2+V —=V?/C =V(1-V/(2C)). And u(D,p*) =0 -V/C + (V/2)(1 -V/C) =
V/2-V?/(2C) = V(1 -V/(2C))/1. Equal: Nash condition holds.

Stability condition: need u(p*,q) > u(q, q) for all ¢ # p*. For two strategies, this reduces to checking the
sign of d?/de? of the invasion fitness, which is (a —c+d—b)=(V-C)/2-0+V/2—-V = —-C/2 < 0. The
negative sign confirms ESS. Alternatively: the interior equilibrium of an anti-coordination game is always

ESS (from the classification above).

Biological interpretation. When fighting is costly (V' < C), the population settles at a fraction V/C
of Hawks. If the resource value increases, the population becomes more aggressive. If the cost of fighting
increases, it becomes more peaceful. The ratio V/C is the single parameter that governs the evolutionary

outcome.

Poker Anchor
Concept mapping

Formal object

Poker instantiation

Incumbent p*
Mutant ¢

Nash condition
Stability condition
ESS

Non-ESS Nash

Solver-approved GTO strategy

A novel exploitative style (e.g., massive overbetting,
unusual sizing)

GTO is a best response to itself — no exploit gains
against it

GTO beats the exploit in head-to-head more than
the exploit beats itself

GTO is the strategy that cannot be invaded by any
deviation

A population-wide “gentlemen’s agreement” that
collapses when tested
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Concrete situation: why GTO is the ESS of poker

Consider a population of online poker regulars. Over years, the population converges toward solver-like play.
Why? Because GTO satisfies both ESS conditions. First, no alternative style beats GTO (Nash condition):
by definition, GTO is a Nash equilibrium, so no deviation is profitable against it. Second, when a new style
appears that ties against GTO (because GTO is indifferent over certain mixed actions), GTO outperforms
that new style in the mixed population (stability condition): the new style’s weakness is exposed by the
general population while GTO remains robust.

The styles that fail the ESS test are the metagame agreements: “everyone plays tight preflop and nobody
squeezes.” This can be a Nash equilibrium (if everyone believes everyone else is tight, no one gains by
squeezing). But it fails the stability condition: a single aggressive player (mutant) who squeezes profitably
against the tight population will see their style spread (by imitation or by new players entering with that style),
and the agreement collapses. Any metagame norm that fails the ESS stability condition is evolutionarily
fragile.

What this understanding buys you

Not every equilibrium is robust. The distinction between “Nash but not ESS” and “ESS” maps directly
to the distinction between “metagame norms that hold until someone tests them” and “strategies that are
permanently stable.” If you are evaluating whether a current table dynamic will persist, the ESS criterion is
the right test: can a rare deviator invade?

GTO is not merely optimal, it is invasion-proof. The ESS framing gives a structural reason why GTO
matters beyond the one-table analysis. In a population of players, GTO is the attractor that resists all mutant
invasions. If you deviate from GTO, you may gain in the short run (against the current population), but the
replicator will punish you: the strategies that exploit your deviation will grow, and your fitness will decline.

The meta always breaks toward the ESS. When you observe a metagame shift, you are watching a
non-ESS equilibrium collapse under mutant invasion. The meta moves from the old equilibrium toward the
ESS. Understanding this lets you predict the direction of meta shifts: they move toward the invasion-proof
strategy.

Cross-Links

« 7.1 Replicator dynamics — the dynamics for which ESS provides the stability concept.

e 7.3 Hawk-Dove — the premier worked example of ESS in a biological context.

e 7.5 Stochastic evolution — ESS as the stochastically stable state.

e 2.1 Nash equilibrium — ESS strictly refines Nash.

e 2.2 Mixed-strategy Nash — the indifference principle reappears in the Bishop—Cannings theorem.

e Module 6 Mechanism design — designing games so that the desired outcome is an ESS, not just a
Nash.

¢ 9.5 Convergence to equilibrium — learning dynamics that select ESS over non-ESS Nash.

Structural Compression

Invariant: An ESS is a Nash equilibrium satisfying an additional stability condition: among all strategies
that tie against the incumbent, the incumbent wins the head-to-head. This is strictly stronger than Nash,
strictly weaker than strict Nash (for mixed strategies), and equivalent to asymptotic stability of the replicator
equation via the relative-entropy Lyapunov function. The hierarchy is: strict NE = ESS = Nash = rest
point of replicator.

Mechanism: Two-round invasion test: (1) can the mutant beat the incumbent in the incumbent’s own
environment? (Nash.) (2) If the mutant ties, can it survive in a slightly contaminated environment? (Stability.)
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The Lyapunov function H(p*,z) has H= —(p* — 2) T Az, which the ESS condition makes strictly negative,
guaranteeing asymptotic stability.

Cross-System Echo: ESS is the biological analogue of structural stability in dynamical systems theory:
a system is structurally stable if small perturbations of the vector field do not change the qualitative dynamics.
An ESS is “structurally stable” in the strategy space: small perturbations (mutant invasions) of the population
do not change the long-run outcome. The same logic appears in robust control theory (a controller is robust
if small model perturbations do not destabilize the closed loop) and in machine learning (a classifier is robust
if small adversarial perturbations do not flip predictions).

Exercises

1. Verify that every strict Nash equilibrium is an ESS by checking that the stability condition is vacuously
satisfied.

2. Show that Rock-Paper-Scissors has no ESS. (Hint: check the stability condition at the unique interior
Nash.)

30
5 1
which are ESS. Interpret biologically.

3. For the two-strategy game A = ( (Prisoner’s Dilemma), find all Nash equilibria and determine

4. Prove the Bishop—Cannings theorem for two-strategy games: if the interior equilibrium p* = (p,1 — p)
is an ESS, then both pure strategies earn the same payoff against p*, and no other mixture is ESS.

5. Construct a symmetric three-strategy game that has exactly two ESS (both pure) and one interior
Nash that is not ESS. Verify all three claims.

6. Show that in any two-strategy symmetric game, the number of ESS is at most 2 (the two pure strategies).
In particular, the interior Nash in a coordination game is never ESS.

7. Argue, structurally, why the ESS concept is necessary beyond Nash equilibrium. What evolutionary
failure mode does Nash alone miss, and why does the stability condition close this gap? Give a concrete
biological or economic example of a Nash equilibrium that is not ESS and explain what goes wrong
when a mutant invades.
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Hawk-Dove and Asymmetric Contests

Position in Knowledge Graph
System: Game Theory Structural Domain: Evolutionary Game Theory Node: 7.3

The Hawk-Dove game is the canonical model of evolutionary game theory — the Prisoner’s Dilemma of
biology. Every feature of the theory developed in 7.1 (replicator dynamics) and 7.2 (ESS) finds its cleanest
illustration here: an interior mixed ESS, an explicit replicator trajectory, and a precise prediction of population
composition from the payoff parameters. But the deeper lesson of 7.3 comes from its second half: asymmetric
contests. When players differ in a payoff-irrelevant way — one is the “owner” and the other the “intruder,” or
one arrived first — a new class of strategies becomes available: conditional strategies that condition on the
asymmetry. The most important is the bourgeois strategy (“if owner, play Hawk; if intruder, play Dove”),
which Maynard Smith showed can be an ESS even when ownership confers no intrinsic advantage. The
asymmetric contest framework explains territorial behavior in biology, incumbency advantages in economics,
and the profound role of position in poker. It also provides the first worked example of a game where the
symmetric ESS and the asymmetric ESS coexist and differ.

Formal Definition
Symmetric Hawk-Dove

Two players contest a resource of value V' > 0. Each chooses Hawk (escalate: fight for the resource) or Dove
(display: share or retreat). Payoff matrix:

(V50 )

where C > 0 is the cost of fighting (incurred only when two Hawks meet, split symmetrically). Rows and
columns: strategy 1 = Hawk, strategy 2 = Dove.

Payoff logic. Hawk-Hawk: fight, each wins half the time (gets V') and loses half the time (pays C'), expected
(V — C)/2. Hawk-Dove: Hawk takes the resource, Dove retreats. Dove-Dove: display, share the resource
equally.

Asymmetric Hawk-Dove (the owner-intruder game)

Now suppose each contest has a role asymmetry: one player is the “owner” (arrived first, or is larger, or
holds a territory) and the other is the “intruder.” With probability 1/2, a given individual is the owner; with
probability 1/2, the intruder. The asymmetry may or may not affect payoffs.

A conditional strategy specifies an action for each role. There are four:

o Hawk-Hawk (HH): play Hawk regardless of role.

» Dove-Dove (DD): play Dove regardless of role.

o Bourgeois (B): play Hawk if owner, Dove if intruder.

o Anti-bourgeois (AB): play Dove if owner, Hawk if intruder.

The payoff matrix for the asymmetric game (expected payoff, averaged over the two equally likely role
assignments) is a 4 X 4 matrix derived from the underlying 2 x 2 Hawk-Dove payoffs.

Definition (Bourgeois strategy). The bourgeois strategy B is: “if T am the owner, escalate; if I am the
intruder, defer.” In the asymmetric Hawk-Dove game, it is an ESS under the condition V' < C, even when
ownership confers no fitness advantage beyond the strategic convention.

Definition (Correlated asymmetry, Maynard Smith 1982). A correlated asymmetry is any
observable difference between the contestants (owner vs intruder, large vs small, first-mover vs second-mover)
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that is common knowledge and payoff-irrelevant (or at least not fully determined by payoffs). Strategies can
condition on the asymmetry, expanding the strategy space and potentially creating new ESS.

Intuition

The symmetric Hawk-Dove game captures the fundamental tradeoff in animal conflict: escalating gives you
the resource if the opponent backs down, but costs you dearly if the opponent also escalates. When fighting
is cheap (V > (), the cost is worth it and everyone escalates — all-Hawk is ESS. When fighting is expensive
(V < C), the cost exceeds the prize, and pure Hawk cannot be ESS (a pair of Hawks both lose on average).
Nor can pure Dove be ESS (a single Hawk invades a population of Doves and takes everything). The ESS
is a mixture: a fraction V/C of the population plays Hawk, the rest play Dove. The population reaches a
balance where the expected payoff to Hawk equals the expected payoff to Dove.

The asymmetric version adds a qualitatively new phenomenon. Suppose fighting is expensive (V < C'), but
before each contest one player is designated “owner” and the other “intruder.” Now the bourgeois strategy —
“fight if I own, yield if I do not” — is an ESS. In a population of bourgeois players, contests are settled without
fighting: the owner keeps the resource, the intruder defers. The average payoff is V/2 (each individual is
owner half the time), which is the same as Dove-Dove, but the bourgeois convention is stable against invasion
in a way that Dove-Dove is not.

The biological significance: territorial behavior in animals is explained not by any intrinsic advantage of
ownership, but by the stability of the bourgeois convention. A spider that holds a web defends it aggressively;
one that encounters an occupied web retreats. This is not because the web gives the holder a fighting
advantage, but because the convention “owner fights, intruder yields” is an ESS. The convention creates the
territorial behavior, not the other way around.

The anti-bourgeois strategy — “yield if owner, fight if intruder” — is the mirror image. It is also an ESS
under V < C| but it is far rarer in nature. The reason is that the owner typically has better information
about the resource (having already invested in it), making the bourgeois convention a Schelling focal point.
But the mathematical structure admits both.

Structural Role
7.3 is the canonical worked example for Module 7, analogous to the Prisoner’s Dilemma in Module 5:

e 7.1 Replicator dynamics — 7.3 provides the first game where the replicator is solved explicitly and
the interior trajectory is computed.

o 7.2 ESS — 7.3 provides the first full verification of ESS conditions for both a mixed strategy (symmetric
case) and a conditional strategy (bourgeois).

e 7.4 Population games — 7.3’s asymmetric extension motivates the multi-population framework.

e 7.6 Adaptive dynamics — the V/C ratio is the first example of an “invasion fitness gradient”
governing the direction of trait evolution.

e Module 3 Extensive-form games — the asymmetric Hawk-Dove is naturally modeled as a sequential
game with an information structure (who is the owner?), connecting evolutionary and extensive-form
perspectives.

The asymmetric version introduces a structural idea that pervades the rest of the course: role-contingent
strategies can be ESS even when the role carries no intrinsic advantage, because the role serves as a
coordination device. This is the evolutionary foundation of institutions, norms, and positional authority.
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Mathematical Development
Symmetric Hawk-Dove: replicator analysis

Let £ = xy be the frequency of Hawk. Then 1 — z is the frequency of Dove. The fitnesses are:

fH(a:)zV;Ca:—&—V(l—x):V—V;_OJ:,
fol@) =0z + 3 (1—2)= 5 (1—z)

Mean fitness: f = 2fy + (1 — x)fp. The replicator equation in the single variable a:

& =a(l—x)(fu — fp)-

ComputefH—fD:V—Mx—%(l—x):%—%w:%(V—C;ﬂ).

2
So:

Rest points: z =0 (all Dove), z = 1 (all Hawk), and «* = V/C (interior, exists iff V' < C).

Stability (case V < C): - At x =0: & ~ (V/2)x > 0, so all-Dove is unstable (Hawk invades). - At x = 1:
=~ —(C—-V)/2(1 —z) <0 for z slightly below 1, so all-Hawk is unstable (Dove invades). - At 2* = V/C"
linearize. d/dx[i] at x* gives a negative eigenvalue (the coefficient of the perturbation is —Cx*(1 —z*)/2 < 0).
So the interior is asymptotically stable. Confirmed: z* = V/C is the ESS.

Stability (case V > (): The interior point V/C > 1 is outside the simplex. All-Hawk x = 1 is the unique
stable equilibrium. & > 0 for all « € (0,1), so Hawk takes over.
Asymmetric Hawk-Dove: the four-strategy game

In the asymmetric version, the four strategies are HH, DD, B, AB. The expected payoff of strategy i against
strategy j is the average over the two role assignments (each player is owner with probability 1/2):

. 1 1
U(Za]) = iu(a?a 045) + iu(azl)a?)

where af is the action of strategy i in the owner role and o in the intruder role.

Computing the 4 x 4 payoff matrix (using symmetric Hawk-Dove payoffs):

(V —0)/2 v (V+(V=0)/2)/2 (V-C)j2+V)/2
. 0 V/2 V/4 V/4
Tl =0)240)/2 (V+V/2)/2 V)2 (V —C)/4
0+V)/2 0+ V/2)/2 (V - C)/4 V/2

Simplifying (case V < C):

U(B, B) = %(v+0) _ g U(HH, B) = % (

V-C 3V -C
L y)we

Since V < C, we have (3V — () /4 < V/2iff 3V — C < 2V iff V < C. True. So HH cannot invade B.

16



U(DD, B) = %(o +V/2) =

1<

DD cannot invade B either.

1 — _
U(AB,B):2<0+V20>=V4C<0<‘Q/:U(B,B).

AB cannot invade B. So B is a strict Nash in the four-strategy game, hence an ESS. The bourgeois strategy,
when V < C, is an ESS that settles all contests without fighting.

Ownership as coordination device

Theorem (Maynard Smith, 1982). In the asymmetric Hawk-Dove game with V' < C and payoff-irrelevant
role asymmetry, the bourgeois strategy is an ESS. The anti-bourgeois strategy is also an ESS. The symmetric
mixed ESS z* = V/C from the uncorrelated game is not an ESS of the asymmetric game.

The key insight: the role asymmetry creates a focal point for conditional strategies that coordinate behavior
more efficiently than any unconditional mixture. The bourgeois convention eliminates all fighting (average
payoff V/2), while the symmetric mixed ESS has fighting (average payoff V/2 — V2/(2C) < V/2). The
bourgeois ESS Pareto-dominates the mixed ESS.

Worked Example
Numerical Hawk-Dove: V =4,C =10

Symmetric game. Payoff matrix:

—3 4
A= ( . 2) .
ESS: 2* = V/C = 0.4. In a population of 40% Hawks and 60% Doves, both strategies earn the same fitness.
Verify: f17(0.4) = —3(0.4) +4(0.6) = —1.2+ 2.4 = 1.2. fp(0.4) = 0(0.4) + 2(0.6) = 1.2. Equal.
Mean fitness: f = 0.4(1.2) +0.6(1.2) = 1.2.

Replicator trajectory. Starting from zy = 0.8 (too many Hawks):

. 08-0.2
Tr =

(4—10-0.8) =0.08 - (—4) = —0.32.
Hawk frequency is decreasing — too many Hawks means Hawks are below average fitness. The system

approaches z* = 0.4 from above.

Starting from zg = 0.1 (too few Hawks):

0.1-0.9
b= (4-1) = 0.045 3 = 0.135.

Hawk frequency increasing. The system approaches 2* = 0.4 from below.

Asymmetric game. The bourgeois strategy gives payoff V/2 = 2 against itself (no fighting). Compare to
the symmetric ESS mean fitness 1.2. The bourgeois convention is better for everyone — it eliminates the
wasteful Hawk-Hawk fights that cost C' = 10 half the time.
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Bourgeois ESS check. Against bourgeois, the best invader is HH with payoff (3 -4 —10)/4 = 0.5 < 2. All
other strategies score less than 2. Bourgeois is a strict Nash, hence ESS.

Poker Anchor
Concept mapping

Formal object Poker instantiation

Hawk Aggressive play: 3-bet, c-bet, barrel, overbet

Dove Passive play: call, check, fold to aggression

Cost C Risk of large loss when both players escalate (cooler,
big bluff into big bluff)

Value V Pot size / expected gain from winning the contest

Mixed ESS V/C Optimal aggression frequency as a function of pot
odds and variance tolerance

Owner role Player with positional advantage (IP, or in a
re-raised pot, the 3-bettor)

Intruder role Player without positional advantage (OOP, or the
cold-caller)

Bourgeois strategy “When IP, play aggressively; when OOP, play
passively”

Concrete situation: positional Hawk-Dove

In a heads-up pot, the in-position (IP) player has a structural advantage: they act last, see more information,
control the pace. The out-of-position (OOP) player is at a disadvantage. A standard result from solver
outputs: the IP player c-bets more frequently, uses larger sizings, and applies more pressure. The OOP player
checks more, calls more, and rarely leads.

This is the bourgeois strategy in the Hawk-Dove framework. Position is the “ownership asymmetry.” It is
not payoff-irrelevant (IP genuinely has an informational edge), but the strategic convention amplifies the
asymmetry far beyond its intrinsic value. Solver solutions often have the IP player betting at high frequency
even with weak hands (Hawk behavior), while the OOP player checks even with medium-strong hands (Dove
behavior). The convention — “the IP player is the aggressor” — is an ESS because deviating from it (e.g.,
OOP leading into the IP player) exposes you to exploitation.

Concrete situation: the “who blinks first” dynamic

Two aggressive regulars in a high-stakes cash game. Both want to play Hawk (aggressive), but when both
escalate (mutual 4-bet bluffs, 5-bet shoves), the variance cost C' is enormous. The symmetric ESS says:
each should escalate with probability V/C, mixing aggression and passivity. In practice, players develop a
bourgeois-like convention: “whoever was the initial aggressor (the raiser) gets to be Hawk in the later streets;
the caller defers.” This is positional bourgeois applied dynamically across streets. It reduces variance while
preserving the ability to fight when holding a strong hand.

What this understanding buys you

Aggression is not free. The Hawk-Dove framework quantifies the tradeoff: aggression wins against passivity,
but mutual aggression is destructive. Optimal aggression frequency is V/C, which decreases as variance (C)
increases. High-stakes players who reduce aggression in high-variance spots are not “nitting up” — they are
playing the ESS.

Position is the ownership asymmetry. The single strongest predictor of who “should” be aggressive in a
poker hand is position. The bourgeois strategy — aggressive IP, passive OOP — is evolutionarily stable.
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Players who deviate (aggressive OOP without a strong hand, passive IP without a weak hand) are playing
anti-bourgeois, which is exploitable in most structures.

Territorial conventions are self-enforcing. Once the bourgeois convention is established (at a table, in a
player pool, in a metagame era), it is stable. New players who try to “fight for territory” (play aggressively
from bad position) lose to the convention. The convention persists not because anyone chose it, but because
it is an ESS.

Cross-Links

e 7.1 Replicator dynamics — the explicit trajectory for Hawk-Dove is a solved replicator equation.

e 7.2 ESS — Hawk-Dove is the standard example for ESS computation.

e 7.4 Population games — the asymmetric version motivates multi-population dynamics.

o 3.2 Information sets — the asymmetric game has an information structure (each player observes
their role).

e 4.1 Bayesian games — the role assignment is formally a type, and bourgeois is a Bayesian Nash
strategy.

o 5.3 Trigger strategies — bourgeois resembles a trigger strategy: “if I am the incumbent, defend.”

e Module 10 Strategic systems — conventions and institutions as ESS of asymmetric games.

Structural Compression

Invariant: The symmetric Hawk-Dove game with V' < C has a unique interior ESS z* = V/C; the
asymmetric extension with role labels creates the bourgeois strategy (Hawk-if-owner, Dove-if-intruder), which
is an ESS that eliminates all fighting and Pareto-dominates the symmetric mixed ESS; the role asymmetry
need not be payoff-relevant — it serves purely as a coordination device.

Mechanism: In the symmetric game, the replicator & = z(1 — z)(V — Cx)/2 drives the population to the
interior ESS. In the asymmetric game, the expanded strategy space (conditional on role) admits strict Nash
equilibria (bourgeois, anti-bourgeois) that reduce the cost of conflict to zero by assigning aggression and
deference based on observable role.

Cross-System Echo: Bourgeois strategies are the evolutionary analogue of property rights in economics
and conventions in philosophy (Lewis, 1969). A property right is a socially enforced bourgeois strategy:
“the owner has the right to exclude, the non-owner must defer.” The right need not be efficient in any deep
sense — it is simply the ESS of the underlying asymmetric contest. The same structure appears in TCP
congestion control: the “owner” (established flow) maintains its rate; the “intruder” (new flow) ramps up
slowly. And in territorial behavior in biology: the resident fights, the newcomer retreats.

Exercises

1. For the symmetric Hawk-Dove game with general V,C' > 0, compute the interior ESS x*, the mean
population fitness at x*, and the mean fitness under the bourgeois convention. Show the bourgeois
convention always Pareto-dominates the symmetric ESS.

2. Solve the replicator equation & = (1 — x)(V — Cx)/2 by separation of variables. Express x(t) in closed
form as a function of xq, V, C,t.

3. Verify that the anti-bourgeois strategy is also an ESS of the asymmetric Hawk-Dove game with V < C.
Why is it observed less frequently in nature than bourgeois?

4. Construct the full 4 x 4 payoff matrix for the asymmetric Hawk-Dove game with V' = 4, C = 10. Confirm
that bourgeois is a strict Nash equilibrium and compute the invasion barrier for each alternative strategy.
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5. Modify the Hawk-Dove game so that owners have a slight fighting advantage: if owner is Hawk and
intruder is Hawk, the owner wins with probability p > 1/2. How does this affect the ESS set? Show
that for p close to 1, the bourgeois strategy remains ESS but anti-bourgeois may no longer be ESS.

6. Consider a three-strategy variant: Hawk, Dove, and Retaliator (plays Dove initially, switches to Hawk
if the opponent plays Hawk). Show that Retaliator weakly dominates Dove and analyze the ESS set.

7. Argue, structurally, why the bourgeois strategy is an ESS even when ownership confers no intrinsic
advantage. What is the minimal ingredient needed for the bourgeois convention to stabilize? Connect
to the concept of correlated equilibrium (Module 4) and to the role of observable asymmetries as
coordination devices in real-world institutions.
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Population Games

Position in Knowledge Graph
System: Game Theory Structural Domain: Evolutionary Game Theory Node: 7.4

Nodes 7.1-7.3 developed the replicator equation and ESS within a single population playing a symmetric
game with a finite strategy set. Node 7.4 lifts these restrictions. A population game is a game played
by a continuum of agents, each infinitesimally small, where each agent’s payoff depends on the aggregate
strategy distribution of the entire population. This is the natural framework for economic settings — markets,
traffic networks, poker player pools — where the number of participants is large, no single agent moves the
aggregate, and payoffs are determined by the statistical profile of the population rather than by pairwise
encounters. The key structural objects are: the population state (a distribution over strategies), the payoff
function (a map from population states to payoff vectors), and evolutionary dynamics (ODEs on the
state space that generalize the replicator). The key results are: the identification of Nash equilibria with rest
points of “well-behaved” dynamics, the theory of potential games (where an evolutionary potential function
exists and dynamics are gradient flows), and the mean-field interpretation that connects finite-agent games
to their population limits. Population games are the bridge from evolutionary theory (Module 7) to learning
dynamics (Module 9) and to large-scale economic applications.

Formal Definition
A population game consists of:

o A finite set of strategies S ={1,...,n}.

e A population mass m > 0 (total measure of agents; often normalized to 1).

o The population state v = (21,...,2,) € X C RZ,, where z; is the mass of agents using strategy i
and X = {z € R%,: >, 2; = m} is the state simplex.

« A payoff function F : X — R", where F;(z) is the payoff to any agent using strategy i when the
population state is x.

A Nash equilibrium of the population game is a state 2* € X such that for all ¢ with =} > 0:

Fi(z") > Fj(z*) forall j€S.
Every agent in use earns at least as much as any alternative. Equivalently, the support of x* is contained in
the set of payoff-maximizing strategies at x*.
Definition (potential game, Monderer and Shapley, 1996; Sandholm, 2001). A population game F

is a potential game if there exists a continuously differentiable function V' : X — R such that

oV
8:01-

(z) = Fi(z) for all i,x.

Equivalently, F' = VV. The function V is the potential.

Definition (evolutionary dynamic). An evolutionary dynamic is a Lipschitz-continuous ODE & = g(z)
on X satisfying: 1. Forward invariance: X is forward-invariant. 2. Positive correlation (PC):
>, 9i(x)Fi(x) > 0 whenever z is not a Nash equilibrium.

The replicator equation is the canonical example of an evolutionary dynamic satisfying PC. Other examples
include the BNN dynamic (Brown—von Neumann—Nash), the Smith dynamic, and the projection dynamic.
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Intuition

The move from “two players play a game” to “a continuum of agents play a population game” is analogous to
the move from a two-body problem to statistical mechanics. In a two-player game, the strategic interaction is
specific and personal: player 1 cares about what player 2 does. In a population game, no agent cares about
any specific other agent. Instead, every agent cares about the aggregate — the distribution of strategies in
the population. The payoff function F;(z) says: “if the population is in state z, then using strategy i gives
payoff F;(x).

This is the natural setting for any situation with many participants: a population of poker players, a pool
of commuters choosing routes, a market of firms choosing prices. In each case, your payoff depends on the
statistical composition of the population, not on any individual opponent. You might play against a specific
person at the table, but your expected payoff over many hands is determined by the aggregate distribution of
styles in the player pool.

The population game framework generalizes the replicator in three ways. First, the payoff function F' need
not come from a bimatrix game; it can be any smooth function from the state space to payoffs. Second, the
dynamics need not be the replicator; any dynamic satisfying positive correlation will converge to Nash in
potential games. Third, the framework naturally accommodates multi-population games, congestion effects,
and externalities that do not fit the symmetric pairwise-encounter model.

Potential games are the most tractable subclass. In a potential game, there exists a single function V' (x)
whose gradient gives the payoffs: F; = 9V/0z;. The evolutionary dynamics then become gradient ascent on
V', and Nash equilibria are the critical points of V. Local maxima of V' are asymptotically stable under any
well-behaved evolutionary dynamic. This provides a powerful tool: instead of analyzing a complex system of
ODEs, you analyze the landscape of a single scalar function.

The mean-field interpretation connects finite games to population games. Consider a finite game with N
agents, each choosing a strategy from S. As N — oo, the empirical distribution of strategies converges to
a population state z € X, and the payoff to each agent depends only on = (not on the specific opponents).
The population game is the N — oo limit of the finite game, and the Nash equilibria of the population game
approximate the equilibria of the large finite game. This is the game-theoretic analogue of the mean-field
approximation in physics.

Structural Role

7.4 generalizes the single-population replicator framework (7.1-7.3) to the large-game setting needed for
economic and learning applications:

o 7.1 Replicator dynamics is a special case: the payoff function F;(z) = (Ax); arises from a symmetric
bimatrix game, and the replicator is one specific evolutionary dynamic.

e 7.5 Stochastic evolution adds noise to population games, producing finite-population stochastic
processes whose mean-field limit is the deterministic population game.

e 7.6 Adaptive dynamics focuses on the case where the strategy space is continuous and mutations are
small.

e Module 9 Learning — population games are the natural environment for learning dynamics (fictitious
play, replicator, multiplicative weights), all of which are evolutionary dynamics on population states.

¢ Module 6 Mechanism design — the designer’s problem can be formulated as choosing a population
game (a payoff function F') that has the desired behavior as its Nash/ESS.

Potential games are the structural bridge to optimization: in a potential game, every evolutionary dynamic
is performing (noisy, constrained) gradient ascent on V. This connects game theory to convex optimization,
variational inequalities, and the calculus of variations. The potential function V' is the game-theoretic analogue
of a Lagrangian.
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Mathematical Development
Nash equilibria as variational inequalities

Theorem. z* is a Nash equilibrium of the population game F' iff it solves the variational inequality: for
all x € X,

(z —x*)TF(z*) <0.
This is the population-game generalization of “every agent in use plays a best response.” The variational-
inequality formulation is the standard tool for existence and uniqueness results.

Theorem (existence). Every population game with continuous payoff function F on the compact convex
set X has at least one Nash equilibrium.

Proof sketch. The Nash-equilibrium condition is equivalent to x* being a fixed point of the best-response
correspondence B(z) = argmax,cx y' F(z). Apply Kakutani’s fixed-point theorem. [J

Positive correlation and convergence
Definition (positive correlation). An evolutionary dynamic & = g(z) satisfies positive correlation (PC)
if

g(x)- F(xz) >0 whenever z is not a Nash equilibrium.

Agents tend to switch toward higher-payoff strategies. The replicator satisfies PC: ), & F; = >, xi(fi—f) F; =
Yo wifily — Y, xF;. By the Cauchy-Schwarz argument, this is positive when z is not at a rest point and
the payoff function is “aligned” with the fitness function.

Potential games and Lyapunov theory

Theorem (Sandholm, 2001). If F is a potential game with potential V', then under any evolutionary
dynamic satisfying positive correlation:

V =VV(x)-g(x) = F(z) - g(z) >0
whenever z is not a Nash equilibrium. So V is a strict Lyapunov function: every trajectory converges to the
set of Nash equilibria, and local maxima of V' are asymptotically stable.

Corollary. In a potential game, the replicator equation converges to the Nash set from every interior initial
condition.

Example (congestion game). n routes between two cities. Route 4 has a cost ¢;(x;) that depends only on
the mass x; of commuters using it, with ¢; increasing. The payoff is F;(z) = —c¢;(x;). This is a potential
game with

V(z)=— ;/ji ci(z) dz.

The Nash equilibrium (Wardrop equilibrium) is the state where all used routes have the same cost. Under any
PC dynamic, the system converges to this equilibrium. The potential V' decreases, meaning total congestion
cost monotonically improves.
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Stable games and contractive dynamics

Definition (stable game, Hofbauer and Sandholm, 2009). A population game F is stable if the
Jacobian DF(x) is negative semidefinite for all x € X:

(y—2)"(F(y)— F(z)) <0 forall z,y € X.

This is a monotonicity condition: if you increase the mass on strategy 4, the payoff to strategy i decreases (or
at least does not increase). Stable games are the evolutionary analogue of concave optimization: every Nash
equilibrium is globally stable, and every evolutionary dynamic converges.

Theorem (Hofbauer and Sandholm). In a stable game, every interior Nash equilibrium is globally
asymptotically stable under the replicator equation.

Mean-field limit

Consider a symmetric N-player game where each player chooses s; € S and receives payoff u;(s;, z7%)
depending on their own choice and the empirical distribution 2% = N=1 Y ki ds, of opponents’ choices. As
N — 00, the game converges to a population game with payoff function

Fi(z) = lim u(i,z™") = u(i,z),
N—oc0
where the payoff depends on own strategy and the population state. The Nash equilibria of the N-player
game converge to those of the population game. The finite-population stochastic dynamics (7.5) converge
to the deterministic evolutionary dynamic (7.1) in the large-population limit. This is the mean-field
approximation — valid when N is large and individual effects are negligible.

Worked Example
A three-strategy population game with potential

Strategies S = {A, B, C'}, population mass m = 1. Payoff function:

Fa(z) =10 — 224 — ap, Fg(z) =8—x4 —2up, Fo(x) =6 —z2c.

Check potential: 0F4/0xzp = —1 = 0Fp/0xa. OF4/0xc =0 = 0Fc/0xa. OFp/0xc = 0 = OF¢/0zp.
Symmetry holds. This is a potential game with

2
x
V(z) = 10z4 + 8z + b6zc — 24 — 2% — 70 —TATB.

Nash equilibrium. At an interior equilibrium, all payoffs are equal: Fy = Fg = F¢.
From Fy = Fp: 10 —2z4 —xp =8 — x4 — 22p, giving 2 =24 —xp, S0 x4 = Tp + 2.

But we also need x4 + g + ¢ = 1 and z4,25,2¢c > 0. If x4 = zp + 2 and masses sum to 1, then
2rp+2+2xc =1,s0 xc = —1 — 2z < 0. No interior equilibrium exists.

Try the face xc = 0: Fy = Fp gives z4 = xp + 2, and x4 + zp = 1 gives xp = —0.5. Infeasible.

Try the vertex z4 = 1,25 = z¢ = 0: F4(1,0,0) =8. Fp(1,0,0) =7. Fc(1,0,0) = 6. Since F4 > Fp > Fe,
the vertex e, is a strict Nash equilibrium. The potential at this vertex: V(1,0,0) =10—-1=9.

Check vertex ep: F4(0,1,0) =9, Fp(0,1,0) =6. F4 > Fp, so ep is not Nash (switching to A is profitable).
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The unique Nash equilibrium is z* = (1,0, 0) — the entire population uses strategy A. Under any PC dynamic,
the system converges to this vertex. The potential V' is maximized here.

Under the replicator. Starting from = = (0.5,0.3,0.2): F4 =10—-1-03=28.7, F5 =8—-0.5-0.6 =6.9,
Fo =6—0.2 =5.8. Mean payoff F' = 0.5(8.7) + 0.3(6.9) + 0.2(5.8) = 4.35 + 2.07 + 1.16 = 7.58. Strategy A
grows (8.7 > 7.58), B shrinks (6.9 < 7.58), C shrinks (5.8 < 7.58). Population migrates toward all-A.

Poker Anchor
Concept mapping

Formal object Poker instantiation

Population state x Distribution of playing styles across the player pool

Payoff function F;(x) Expected win rate of style ¢ given the current pool
composition

Nash equilibrium of population game Metagame equilibrium: no style earns less than any
alternative it could switch to

Potential game A player pool where metagame dynamics can be
characterized by a single “health” function

Mean-field limit Approximating the specific opponents at your table
by “the average player in the pool”

Evolutionary dynamic How the pool composition changes as losing players

exit and winning styles are imitated

Concrete situation: the online poker player pool as a population game

Consider an online poker site with tens of thousands of active players. Each player uses one of several broad
styles: tight-aggressive (TAG), loose-aggressive (LAG), tight-passive (nit), loose-passive (fish), solver-based
GTO. The payoff to each style depends on the composition of the pool: LAG does well against fish but poorly
against TAG; GTO does moderately well against everyone; nit does well when the pool is aggressive but
poorly when the pool is tight.

This is a population game. The state x is the fraction of the pool in each style category. The payoff F;(x)
is the expected win rate (in bb/100) of style ¢ against a randomly selected opponent from the pool. The
Nash equilibrium is the metagame state where no player has an incentive to switch styles. The mean-field
approximation says: instead of modeling each specific opponent, treat the pool as a statistical distribution
and compute your expected win rate against that distribution.

The mean-field approximation is extremely useful in practice. When a player uses a HUD (heads-up display),
they are estimating the population state x from observed statistics. When they adjust their strategy based
on “this pool is 60% TAG, 30% nit, 10% fish,” they are computing the best response to the mean field. The
population-game framework makes this reasoning precise.

What this understanding buys you

Your edge is against the field, not against one player. In a population game, your payoff is F;(z) —
your expected win rate against the pool distribution. Optimizing against one specific player is pointless if
that player represents 1% of your hands. The right unit of analysis is the population state, and the right
objective is your fitness against the mean field.

Potential games give you a compass. If the metagame is a potential game (payoffs are “aligned” in the
sense that the Jacobian is symmetric), then there exists a single function V' that the metagame dynamics are
climbing. The local maximum of V' is the long-run metagame. This simplifies prediction: instead of tracking
a complex ODE, you find the peak of a scalar function.
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The mean-field approximation breaks at small tables. The population-game framework assumes
individual agents are negligible. At a 6-max table with 5 specific opponents, this fails: each opponent is 20%
of your environment. The mean-field approximation is valid for the player pool (thousands of hands against
random opponents) but not for a single session against specific opponents. Recognizing where the mean-field
applies and where it breaks is a practical skill.

Cross-Links

e 7.1 Replicator dynamics — a special case of evolutionary dynamics on population games.

e 7.2 ESS — ESS in a population game is the Nash equilibrium that is asymptotically stable under all
PC dynamics.

e 7.5 Stochastic evolution — finite-population stochastic processes whose mean-field limit is the
population game.

e 9.1-9.5 Learning dynamics — all standard learning dynamics are evolutionary dynamics on popula-
tion games.

e 6.3 Mechanism design — implementation — choosing a payoff function (mechanism) so that the
population game has desired equilibria.

¢ Economics: Wardrop equilibrium — the Nash of the congestion population game.

¢ Physics: mean-field theory — the population game is the game-theoretic mean-field.

Structural Compression

Invariant: A population game maps population states to payoff vectors; Nash equilibria are states where
every agent in use maximizes payoff; potential games admit a scalar function whose gradient is the payoff,
making every evolutionary dynamic a gradient ascent; the mean-field limit connects finite-agent games to
population games as the number of agents grows; and positive-correlation dynamics converge to Nash in
potential games.

Mechanism: Variational-inequality characterization of Nash; potential function V' as Lyapunov function
under any PC dynamic; stable-game monotonicity as global convergence guarantee; mean-field approximation
replacing individual opponents with the population distribution.

Cross-System Echo: Population games are the game-theoretic analogue of statistical mechanics:
individual agents are like particles, the population state is like a thermodynamic macrostate, the payoff
function is like the energy landscape, and the evolutionary dynamic is like the relaxation toward equilibrium.
Potential games correspond to conservative systems (gradient flows on an energy landscape), while
non-potential games correspond to dissipative or cyclic systems (like Rock-Paper-Scissors). The mean-field
approximation is literally the same mathematical object as in physics: replacing individual interactions with
an averaged “field” that each agent responds to.

Exercises

1. Show that the replicator equation @; = x;(F;(x) — F(z)) satisfies the positive-correlation condition for
any population game with continuous payoff function.

2. Verify that the congestion game with cost functions ¢;(x;) is a potential game. Compute the potential
V and show that Nash equilibria are local maxima of —V (equivalently, local minima of total cost).

3. For the three-strategy worked example, numerically integrate the replicator equation from the initial
condition « = (0.5,0.3,0.2) and verify convergence to z* = (1,0,0). Plot V(z(¢)) and confirm it is
monotonically increasing.
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. Construct a two-strategy population game that is not a potential game (the Jacobian DF is not
symmetric). Show that replicator dynamics can exhibit limit cycles.

. Prove that in a stable game, the Nash equilibrium is unique (if it exists in the interior) and is globally
asymptotically stable under the replicator equation.

. Consider a population game with n = 2 strategies and linear payoff F;(z) = a; — Zj bijx;. Derive the
condition on (a, B) for the game to be a potential game and for the game to be stable.

. Argue, structurally, why the mean-field approximation is appropriate for large player pools in online
poker but inappropriate for a single 6-max table. Identify the key mathematical assumption that fails
at small N and explain the practical consequences for strategy selection.
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Stochastic Evolution and Mutation

Position in Knowledge Graph
System: Game Theory Structural Domain: Evolutionary Game Theory Node: 7.5

The replicator dynamics and ESS of 7.1-7.2 are deterministic: given an initial population state, the trajectory
is fully determined. This is a useful idealization for infinite populations but misses two features that real
evolutionary systems always have: randomness and mutation. Stochastic evolution adds both. The
population state is now a random process — a Markov chain on the simplex (or on a finite set of states
when the population is finite) — and mutation ensures that no strategy is ever fully eliminated, so the
system can explore the full strategy space even from a “locked-in” state. The central concept is stochastic
stability (Foster-Young 1990, Kandori-Mailath-Rob 1993, Young 1993): an equilibrium is stochastically
stable if it receives positive probability in the stationary distribution as the mutation rate vanishes. Stochastic
stability selects among multiple equilibria — it is the evolutionary equilibrium-selection mechanism that the
deterministic replicator dynamics (which may have multiple attractors) cannot provide. The result is striking:
in many games, stochastic stability selects the risk-dominant equilibrium, not the Pareto-dominant one.
This has deep implications for cooperation theory (Module 5) and learning theory (Module 9).

Formal Definition

Finite-population Markov chain. Consider a population of N agents, each choosing from a finite
strategy set S = {1,..., K}. The population state is a vector z = (z1,...,2x) with 2 € {0,1,..., N} and
> x Tk = N, where x;, is the number of agents playing strategy k. The state space is the set of such vectors,
denoted ().

Best-response dynamics with mutation. In each period: 1. One randomly selected agent revises their
strategy. 2. With probability 1 — €, the agent switches to a best response to the current population profile.
3. With probability € > 0, the agent mutates: chooses a strategy uniformly at random (or according to
some fixed mutation distribution).

This defines an ergodic Markov chain on €2 for any € > 0 — ergodic because mutation ensures every state is
reachable from every other state.

Stationary distribution. For € > 0, the chain has a unique stationary distribution 7¢ on 2.

Stochastic stability. A state w € ) is stochastically stable if
lim 7¢(w) > 0.
e—0

That is, w retains positive probability in the limit of vanishing mutation. The set of stochastically stable
states is the “long-run prediction” of the evolutionary process.

Resistance and the minimum-cost tree characterization. The resistance of a transition from state w
to w’ is the minimum number of simultaneous mutations required for the chain to move from w to w’ in one
step. Young (1993) showed that the stochastically stable states can be characterized by a minimum-cost
spanning tree construction on the graph of absorbing states of the unperturbed (e = 0) dynamics:

o Identify the absorbing states of the unperturbed best-response chain (the states from which no
best-response revision leads to a different state — these are the pure-strategy Nash equilibria when the
population fills a single strategy).

e For each pair of absorbing states, compute the resistance: the minimum number of mutations needed
to move from one basin of attraction to the other.

e Construct a directed graph with absorbing states as nodes and resistances as edge weights. The
stochastically stable states are those that are the “roots” of minimum-cost spanning trees in this graph.

Theorem (Young 1993; Kandori-Mailath-Rob 1993). In 2x2 symmetric coordination games played
by a finite population with best-response revision and uniform mutation: - Both pure Nash equilibria are
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absorbing states of the unperturbed dynamics. - The stochastically stable equilibrium is the risk-dominant
Nash equilibrium — the one with the larger basin of attraction under best-response dynamics.

Intuition

The intuition for stochastic stability is vivid. Imagine a finite population sitting at a Nash equilibrium. With
zero mutation, they stay there forever. With small mutation, occasionally an agent randomly switches to a
different strategy. If the mutation count is below a threshold, best-response dynamics push the population
back to the equilibrium. But if enough simultaneous mutations occur (a “cluster” of deviators), the population
can tip into the basin of attraction of a different equilibrium.

Stochastic stability asks: which equilibrium is hardest to dislodge? The answer is the one that requires
the most simultaneous mutations to escape. In a coordination game, the risk-dominant equilibrium has a
larger basin of attraction — more agents need to simultaneously deviate to push the population out. So it is
stochastically stable.

The risk-dominant equilibrium is defined by Harsanyi and Selten (1988) as the equilibrium with the larger
“basin” in the best-response sense. For a 2x2 coordination game with pure equilibria (A, A) and (B, B):

(A, A) is risk-dominant iff u(A, A) — u(B, A) > u(B, B) — u(A4, B),

i.e., the “incentive to play A when your opponent plays A” exceeds the “incentive to play B when your
opponent plays B Risk dominance measures the robustness of an equilibrium to strategic uncertainty about
the opponent’s choice.

The Pareto-dominant equilibrium (the one with the highest total payoff) may or may not be risk-dominant.
In the Stag Hunt game — (4, 4) for mutual Stag, (3,3) for mutual Hare, with miscoordination giving (0, 3) —
the Pareto-dominant equilibrium (Stag, Stag) is risk-dominated because the risk of playing Stag against a
Hare-player is high. Stochastic stability selects (Hare, Hare) — the safer, Pareto-inferior equilibrium.

This is a profound result with implications for cooperation theory. It says that evolutionary selection
favors risk over reward. In the long run, populations converge to the equilibrium that is safest against
deviations, not the one that is best for everyone. Cooperation is Pareto-dominant but often risk-dominated;
stochastic stability explains why defection and safe play are so persistent in evolutionary and social systems.

Structural Role

7.5 provides the equilibrium-selection theory that the deterministic framework of 7.1-7.4 lacks. The replicator
dynamics can have multiple stable fixed points; stochastic stability selects among them. The selection criterion
— risk dominance, not Pareto dominance — is the evolutionary answer to the equilibrium-selection problem
that the folk theorem (5.4) raised.

The connections are:

e 7.1-7.2 (Replicator dynamics, ESS) give the deterministic attractors; 7.5 selects among them.

o 7.4 (Population games) provides the large-population framework where the finite-population Markov
chain converges to the replicator; 7.5 studies the finite-population corrections.

e 5.4 (Folk theorem) raises the multiplicity problem; 7.5 is one evolutionary answer.

e 9.5 (Convergence to equilibrium) studies the learning-dynamics analogue: do agents learn to play
risk-dominant or Pareto-dominant equilibria?

e 7.6 (Adaptive dynamics) studies a related but distinct process: strategy mutation in continuous
strategy spaces.
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Mathematical Development
Moran process and finite-population dynamics
The Moran process is a specific finite-population evolutionary model:

1. Population of N agents, each playing one of K strategies.

2. Each period: one agent is selected to reproduce (proportional to fitness) and one is selected to die
(uniformly), maintaining constant N.

3. The offspring inherits the parent’s strategy, with mutation probability e: with probability ¢, the offspring
plays a uniformly random strategy; with probability 1 — ¢, they copy the parent.

The Moran process defines an ergodic Markov chain on the state space ) for € > 0. For € = 0, the absorbing
states are the monomorphic states where all N agents play the same strategy.

Fixation probability. Starting from a single mutant playing strategy B in a population of A-players, the
probability that B eventually fixes (takes over the whole population) is:

1
L+ Y00 T (£a )/ £5(3))

where f4(7) and fp(i) are the fitness of A and B players when there are ¢ copies of B in the population.
Under weak selection (fitness close to neutral), this simplifies to tractable expressions.

PA—-B =

KMR model (Kandori-Mailath-Rob 1993)

The KMR model is the foundational framework for stochastic stability. A population of N agents plays a
2x2 coordination game. In each period, one agent revises. Without mutation: the agent plays best response
to the current population frequencies. With mutation rate e: the agent plays a uniformly random strategy.

Absorbing states of the unperturbed chain. The states where all N agents play A or all play B (both
pure NE).

Resistance calculation. From the all-A state to the all-B state: best-response dynamics switch from A to
B when the proportion of B-players exceeds the threshold ¢*. So the minimum number of mutations to tip
from A to B is [N¢*]. From B to A: the minimum mutations are [N (1 — ¢*)].

Risk-dominant selection. (A, A) is stochastically stable iff ¢* < 1/2 — equivalently, the basin of attraction
of A is larger than that of B — equivalently, (A, A) is risk-dominant. The result follows from the minimum-
resistance tree: the cost of dislodging A exceeds the cost of dislodging B iff ¢* < 1/2.

Young’s minimum-cost tree characterization

Theorem (Young 1993). In a general finite-state Markov chain with multiple absorbing classes and small
perturbations, the stochastically stable states are determined by the minimum-cost spanning trees rooted at
each absorbing class. Specifically, state w is stochastically stable iff the minimum total resistance of a tree
rooted at w (where all edges point toward w) is minimized over all absorbing classes.

Beyond 2x2: stochastic stability in general games

For general K x K games, the stochastic stability analysis is more complex. The minimum-cost tree may
select equilibria that are not obviously “risk-dominant” in the Harsanyi-Selten sense (which was defined
only for 2x2 games). The general principle is: stochastically stable equilibria are the ones with the
largest basins of attraction under the unperturbed dynamics, measured by the minimum number of
mutations needed to escape.

For potential games (games with a Lyapunov function), the stochastically stable states coincide with the
maximizers of the potential function — a clean characterization. For non-potential games, the analysis requires
the full tree construction.

30



Worked Example
Stag Hunt with finite population
Stage game:
‘ Stag Hare

Stag | (4,4) (0,3)
Hare | (3,0) (3,3)

Both (Stag, Stag) and (Hare, Hare) are Nash equilibria. (Stag, Stag) is Pareto-dominant; (Hare, Hare) is
risk-dominant.

Risk dominance check. u(Stag, Stag)—u(Hare, Stag) = 4—3 = 1. u(Hare, Hare) —u(Stag, Hare) = 3—0 = 3.
Since 1 < 3, Hare is risk-dominant.

Best-response threshold. An agent plays Stag iff the proportion of Stag-players in the population exceeds
q*. Best response: Stag iff 4¢ > 3¢ + 3(1 — q) = 3, so 4¢ > 3, ¢ > 3/4. The threshold is ¢* = 3/4. Basin of
Stag: ¢ > 3/4, a small region. Basin of Hare: ¢ < 3/4, a large region.

KMR analysis with N = 12. All-Stag absorbs. To tip to Hare: need [12-3/4] = 9 mutations (from Stag
to Hare). All-Hare absorbs. To tip to Stag: need [12-1/4] = 3 mutations.

Resistance of dislodging Stag: 9. Resistance of dislodging Hare: 3. Since 3 < 9, Hare is harder to dislodge.
Wait — the resistance of dislodging state X is the number of mutations needed to leave it. Resistance of
leaving all-Hare is 3 (need 3 Stag mutants to tip). Resistance of leaving all-Stag is 9 (need 9 Hare mutants to
tip). So all-Stag is easier to leave (lower resistance to escape). The stochastically stable state is the one that
is harder to leave: (Hare, Hare) with escape resistance 3... no, 9 is higher than 3. Let me be more careful.

Resistance from all-Stag to all-Hare = 9 (cost of escaping Stag). Resistance from all-Hare to all-Stag = 3
(cost of escaping Hare). The stochastically stable state is the one where the cost of escaping is higher. That
is all-Stag? No — in the minimum-cost tree, the stochastically stable state w minimizes the total resistance of
the tree rooted at w. With two states, the tree rooted at all-Hare has one edge: from all-Stag to all-Hare,
resistance 9. The tree rooted at all-Stag has one edge: from all-Hare to all-Stag, resistance 3.

Minimum cost: tree rooted at all-Stag has cost 3. Tree rooted at all-Hare has cost 9. The minimum-cost root
is all-Stag (cost 3 < 9). So all-Stag is stochastically stable?

Wait, I need to recheck the standard result. KMR says risk-dominant is stochastically stable, and Hare is
risk-dominant. Let me re-examine.

The convention: in Young’s tree construction, a tree rooted at w has directed edges pointing toward w from
all other states. The cost of the tree is the sum of edge resistances. The stochastically stable state minimizes
this cost.

Tree rooted at Hare: edge from Stag to Hare. How many mutations are needed to move from all-Stag to the
basin of Hare? We need enough Hare-mutants in the all-Stag population so that best-response dynamics
carry the population to all-Hare. This requires [N(1 — ¢*)] = [12-1/4] = 3 mutations. So resistance = 3.

Tree rooted at Stag: edge from Hare to Stag. We need enough Stag-mutants in the all-Hare population so
that best-response carries to all-Stag. This requires [N - ¢*] = [12 - 3/4] = 9 mutations. So resistance = 9.

Minimum cost: rooted at Hare, cost 3. Rooted at Stag, cost 9. So (Hare, Hare) is stochastically stable
(minimum cost tree root). This confirms risk dominance selects Hare.

Interpretation. In the long run, with occasional random mutations, the population spends most of its time
at Hare. The Pareto-superior Stag equilibrium is visited occasionally (when a lucky cluster of Stag-mutations
occurs) but is quickly destabilized (a few Hare mutations tip the population back). This is the evolutionary
tragedy: the safe outcome beats the good outcome.
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Poker Anchor
Concept mapping

Formal object Poker instantiation

Population state The distribution of strategy types at a given stake:
nits, LAGs, TAGs, maniacs

Mutation A player randomly trying a new strategy
(experimenting, tilting, studying a new approach)

Best-response revision A player switching to the most profitable strategy
given the current population

Stochastically stable state The long-run composition of the player pool

Risk-dominant equilibrium The “safe” strategy that is hardest to dislodge from
the player pool

Pareto-dominant equilibrium The “optimal” strategy that makes everyone better

off if everyone used it

Concrete situation: why TAG is the stochastically stable style

At mid-stakes online poker, the player pool has converged over the past decade toward a tight-aggressive (TAG)
meta. This is not the theoretically optimal strategy (GTO mixed strategies are), but it is the risk-dominant
one: TAG play is safe against a wide range of opponents, and a population of TAG players is hard to
dislodge (deviating to a more exploitative or more passive style is costly against TAG opponents). The GTO
equilibrium might be Pareto-superior (if everyone played GTO, everyone’s edge would be maximized against
the recreational pool), but it is risk-dominated: a single player deviating from GTO toward exploitation can
do very well against TAGs, but the TAGs respond, and the deviation is punished.

Occasional “mutations” happen: a player studies a new style, or tilts into a different strategy, or a new
training tool shifts the meta. But most mutations are quickly punished by the TAG population (a LAG
mutant loses to the nit-heavy TAG field; a nit mutant wins less because they cannot exploit). Only when a
critical mass of mutants appears (e.g., a new solver-informed cohort enters the pool) does the population tip
to a new equilibrium.

What this understanding buys you

You can predict meta stability. A meta is stochastically stable when the dominant strategy has a large
basin of attraction — hard to dislodge by individual deviations. If you can estimate the basin size (how many
players need to deviate to tip the population), you can predict how stable the current meta is and how likely
a meta shift is.

Mutations are the engine of meta evolution. Every player who experiments, studies a new approach,
or enters the pool with a fresh strategy is a mutant in the evolutionary model. The more experimentation
there is, the faster the population explores the strategy space and the more likely a meta shift becomes.

Cross-Links

e 7.1 Replicator dynamics — the deterministic limit of the stochastic process.

o 7.2 ESS - stochastic stability refines ESS (an ESS is stochastically stable in many models).

e 7.4 Population games — the large-population framework.

e 5.4 Folk theorem — stochastic stability selects among repeated-game equilibria.

e 9.5 Convergence to equilibrium — learning-dynamics analogue of stochastic stability.

o Statistics — Markov chains — the mathematical tools (ergodicity, stationary distributions, large
deviations).
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Structural Compression

Invariant: In finite-population evolutionary models with small mutation rates, the long-run behavior is
concentrated on stochastically stable states — the absorbing states of the unperturbed dynamics that require
the most mutations to dislodge; in 2x2 coordination games, stochastic stability selects the risk-dominant
equilibrium, not the Pareto-dominant one.

Mechanism: Ergodic Markov chain with absorbing states under zero mutation and full exploration under
positive mutation; minimum-cost spanning trees on the graph of absorbing states characterize the stationary
distribution in the vanishing-mutation limit; the cost of dislodging an equilibrium is the minimum number of
simultaneous mutations needed to tip the population out of its basin of attraction.

Cross-System Echo: Stochastic stability is the game-theoretic analogue of metastability in statistical
physics. A physical system at low temperature settles into local energy minima; occasional thermal fluctuations
(analogous to mutations) cause transitions between minima; the globally stable state is the one with the
deepest energy well (largest basin), which is the minimum of the free energy. The KMR model is a birth-death
chain with structure identical to the Kramers escape problem in physics: the escape rate from a metastable
state is exponential in the barrier height (number of mutations). The risk-dominant equilibrium is the
“ground state” of the evolutionary system — the analogy is exact for potential games.

Exercises

1. For the Stag Hunt game with payoffs (4, 4), (0, 3), (3,0), (3,3), compute the best-response threshold ¢*
and verify that (Hare, Hare) is risk-dominant and stochastically stable.

2. In a coordination game with payoffs (a, a) for (A, A) and (b,b) for (B, B) and (0, 0) for miscoordination,
derive the condition on a and b for (A, A) to be risk-dominant. Show that risk dominance and Pareto
dominance coincide iff the game is trivial (one equilibrium dominates the other in both senses).

3. For the KMR model with N = 20 and the Prisoner’s Dilemma (unique NE at (D, D)), what is the
stochastically stable state? Verify that stochastic stability does not help cooperation here.

4. Compute the fixation probability of a single Hawk mutant in a population of N = 10 Dove players in
the Hawk-Dove game with payoffs V = 2, C = 4 under the Moran process with neutral drift.

5. In a 3x3 coordination game with three pure NE, use Young’s minimum-cost tree construction to
determine the stochastically stable state. (Choose payoffs that make the construction non-trivial.)

6. Show that in a potential game, the stochastically stable states under log-linear dynamics coincide with
the maximizers of the potential function.

7. Argue, structurally, why stochastic stability selects for robustness (risk dominance) rather than
efficiency (Pareto dominance). What does this tell us about the long-run prospects for cooperation in
evolutionary systems, and how does this connect to Module 5’s theory of repeated-game cooperation?
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Adaptive Dynamics

Position in Knowledge Graph
System: Game Theory Structural Domain: Evolutionary Game Theory Node: 7.6

Adaptive dynamics is the theory of evolution in continuous strategy spaces. Nodes 7.1-7.5 worked with
discrete strategy sets: agents choose from a finite menu, and the population state is a distribution over that
menu. Adaptive dynamics drops the finiteness assumption and studies what happens when strategy is a
continuous variable — a real number, a vector, a function — and evolution proceeds by small mutations in
strategy space. The key objects are: the invasion fitness function (whether a rare mutant with a slightly
different strategy can invade the resident population), the canonical equation of adaptive dynamics (an
ODE describing how the resident strategy evolves under successive invasions), and evolutionary branching
(the phenomenon where a population splits into two coexisting types at a singular point). Adaptive dynamics
is where evolutionary game theory makes contact with dynamical systems theory and, through the thesis’s
lens, with the control-theoretic view of optimization developed in VQA Modules 6-7. The canonical
equation is a gradient-like flow on strategy space; evolutionary branching is a bifurcation; adaptive dynamics
is, structurally, optimization by a population of controllers who cannot see the objective function directly but
can measure local fitness gradients through mutation and selection.

Formal Definition

Setting. A population of agents, each characterized by a strategy z € X C R? (the trait space). The
population is monomorphic (all agents share the same trait x) except for rare mutants.

Invasion fitness. When a rare mutant with strategy y appears in a resident population at strategy x, the
invasion fitness is

f(y; x) = per-capita growth rate of mutant y in the environment set by resident x.

The mutant invades iff f(y;x) > 0. The resident is in ecological equilibrium: f(z;z) = 0 (zero growth at
equilibrium).

Selection gradient. The local direction of selection at resident strategy x is

D(x) = ofly:z)|

oy y—a

the gradient of invasion fitness with respect to the mutant strategy, evaluated at the resident. If D(z) > 0,
mutants with slightly higher strategies invade; if D(z) < 0, mutants with slightly lower strategies invade.

Canonical equation of adaptive dynamics (Dieckmann-Law 1996). Under the assumptions that
mutations are rare, small, and symmetric, the expected trajectory of the resident strategy is

@ = p(z) - o*(z) - N(z) - D(w),

where y(z) is the mutation rate, o%(z) is the mutation variance, and N (z) is the population size at equilibrium.
Ignoring the scaling, the canonical equation is a gradient ascent on invasion fitness:

i o D(x) = V, f(4:)]

y=x"

Singular strategies. A strategy z* is a singular strategy if D(z*) = 0 — a critical point of the adaptive
dynamics.

Classification of singular strategies. A singular z* is:

o Convergence stable (CSS) if the adaptive dynamics converge to z* from nearby initial conditions:
d
D(z)| <0.
dx T=x*
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o Evolutionarily stable (ESS) if no nearby mutant can invade the resident at z*: %‘;@w) <0.

y=x*
e Evolutionary branching point if z* is convergence-stable but not ESS: the dynamics carry the
population to x*, but once there, mutants on both sides can invade, and the population splits into two

coexisting lineages that diverge.

Intuition

Adaptive dynamics captures an important idea: evolution is a controller that has no access to the
objective function, only to local fitness gradients measured through mutation and selection.
The population “explores” strategy space by producing mutants with slightly different traits. Mutants that
are fitter invade; mutants that are less fit perish. The net effect is that the population climbs the fitness
landscape — but the landscape changes as the population moves, because the fitness function depends on the
resident strategy. This is the key difference from optimization: in adaptive dynamics, the objective (invasion
fitness) is a function of both the mutant strategy and the resident strategy, so the landscape shifts under the
optimizer’s feet.

This is exactly the structure of the thesis’s “separation of objective from dynamics” principle from VQA
Module 6. The objective is f(y;x) — invasion fitness — and it depends on the current state . The dynamics
are the canonical equation & o« D(x). The optimizer (selection) does not see f directly; it only sees D(x), the
local gradient. The separation is clean: the dynamics are gradient-like, but the gradient is of a state-dependent
objective.

Evolutionary branching is the adaptive-dynamics analogue of a bifurcation in dynamical systems: a smooth
parameter change (the population reaching a singular point) causes a qualitative change in the dynamics (from
monomorphism to dimorphism). The branching phenomenon is uniquely biological — classical optimization
does not have it, because classical objectives do not depend on the optimizer’s position in the way that
invasion fitness depends on the resident.

The broader lesson is that adaptive dynamics is a concrete example of a “controller with incomplete information
about the plant”: the population is the controller, the ecological environment is the plant, and the controller
has access only to local fitness gradients, not to the global fitness landscape. This connects directly to the
HOPSO-as-controller framework of VQA Module 10.7 and to the learning-in-games framework of Module 9.

Structural Role

7.6 is the closing node of Module 7, connecting evolutionary dynamics to the broader dynamical-systems and
control-theoretic themes that will be developed in Modules 9 and 10.

o 7.1 (Replicator dynamics) is the discrete-strategy special case; adaptive dynamics extends the
replicator to continuous traits.

o 7.4 (Population games) provides the population-level framework; adaptive dynamics adds the
trait-space dimension.

« 7.5 (Stochastic evolution) studies mutations in discrete strategy spaces; adaptive dynamics studies
mutations in continuous ones.

» 9.5 (Convergence to equilibrium) will use the selection-gradient framework to study when learning
dynamics converge.

+ 9.6 (RL in games) will use the “controller with local fitness gradient” view.

e VQA 6-7 (Optimization dynamics, control-theoretic view) is the thesis’s own framework that
the canonical equation parallels.

The thesis voice enters here: the canonical equation & o« D(z) is a dynamical system on strategy space, and
the population is a controller that navigates this space using only local information. The separation of the
invasion fitness (objective) from the canonical equation (dynamics) is the same architectural principle that
the thesis argues for in VQA optimizer design.
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Mathematical Development
Derivation of the canonical equation

Start with a monomorphic resident population at strategy z. A rare mutant appears with strategy y = = + €£,
where £ is a random mutation direction and e is small. The mutant’s invasion fitness is

flz+e&x) = e€ - D(x) 4+ O(€%),

using f(x;2) = 0. The mutant invades with probability approximately proportional to max(0, f(y;x)).

Averaging over many rare-mutation events (mutations arrive at rate u, have variance o2, and the population
size at equilibrium is N):
&= po?N - D(x).

This assumes: (i) mutations are rare (so the population is always monomorphic between invasions), (ii)
mutations are small (so the first-order expansion is valid), and (iii) establishment probabilities are proportional
to fitness advantage (the branching-process approximation).

Pairwise invasibility plots (PIPs)

A PIP is a graphical tool: the (z,y)-plane where x is the resident strategy and y is the mutant strategy,
with regions where f(y;x) > 0 (invasion possible) shaded. The diagonal y = x is always the zero contour.
The selection gradient is the slope of the invasion-positive region at the diagonal.

From the PIP, one can read off: direction of selection (which side of the diagonal is fitter), singular strategies
(where the zero contour crosses the diagonal tangentially), and ESS vs branching (whether the zero contour
curves toward or away from the diagonal at singular points).

Evolutionary branching: the canonical example

Consider a model where organisms compete for a resource along a niche axis x € R. The carrying capacity is
K (x), peaked at some optimal trait value. The competition kernel «(x,y) describes how much a resident at
x is affected by a competitor at y. Classic assumption: K is broader than « (there is more niche space than
competition covers).
The invasion fitness is .
fly;z) =r (1 _ a(y, )N (37))
K(y)
where N*(z) = K(x)/a(z,x) is the equilibrium population size.

At the singular strategy «* (the trait maximizing carrying capacity), the selection gradient vanishes. If the
competition kernel is narrower than the carrying capacity curve, the second derivative of invasion fitness is
positive at * — meaning z* is not ESS. The population converges to z* (convergence stability) but then
branches: mutants on both sides of * can invade, and the population splits into two lineages that evolve
away from each other. This is evolutionary branching — the onset of speciation in the adaptive-dynamics
framework.

Adaptive dynamics as gradient flow

When the invasion fitness derives from a symmetric payoff function 7(x,y) = m(y, x), the selection gradient
simplifies. For potential games, the canonical equation becomes exact gradient ascent on the potential. For
non-potential games, the dynamics are gradient-like but not true gradient — there may be limit cycles or
chaos. This mirrors the VQA setting: HOPSO’s dynamics are gradient-like (include a gradient term) but not
pure gradient (include momentum, swarm attraction, and noise).
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Connection to replicator dynamics

In the limit of small mutations in a finite-strategy replicator, the adaptive dynamics on a one-dimensional
trait space recovers a discretized version of the canonical equation. The replicator dynamics describe what
happens when mutations are not rare (many strategies coexist); adaptive dynamics describe what happens
when mutations are rare (the population is nearly monomorphic and evolves by successive invasions). The
two are complementary regimes of the same evolutionary process.

Worked Example
Adaptive dynamics in a symmetric contest game
Two contestants each choose a level of aggression z,y € [0,00). Payoff to the mutant:

Y
Y+

m(y,x) = -V —y-c,

where V' is the prize value and c¢ is the per-unit cost of aggression.

Selection gradient.

D(Q’J) — 87T(y,l‘) € V—e= 14

Singular strategy. D(z*) =0: z* = V/(4¢).
Convergence stability. D’(z) = —V/(42?) < 0 for all > 0. Convergence-stable.
ESS check. 9?m/dy?| = —V/(4(z*)?) < 0. ESS confirmed.

y=zc=c*

Numerical example. V = 8, ¢ = 1. Singular strategy: x* = 2. The population evolves toward aggression
level 2. Payoff at equilibrium: 7(2,2) =4 —2 = 2.

Interpretation as a control problem. The population is “optimizing” by climbing the selection gradient.
The singular point £* is where the gradient vanishes. The dynamics are a natural-selection implementation
of gradient descent on the contest cost. But the objective 7(z,2) = V/2 — cx is not the quantity being
maximized — what selection maximizes is invasion fitness f(y;x) at y = x, which has the same critical point
but different curvature. This mismatch is the reason convergence stability and ESS are distinct conditions.

Poker Anchor
Concept mapping

Formal object Poker instantiation

Continuous strategy x A player’s aggression parameter: 3-bet frequency,
c-bet size, bluff-to-value ratio

Invasion fitness f(y;x) The EV of a slightly different strategy y against the
current population playing x

Selection gradient D(z) The direction in which a small strategy tweak
improves EV against the current field

Canonical equation The trajectory of the meta’s aggregate strategy over
time

Singular strategy «* The GTO equilibrium or the meta’s fixed point

Evolutionary branching The meta splitting into two coexisting archetypes

(e.g., nits and LAGs both being viable)
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Concrete situation: the c-bet frequency meta

Consider the evolution of continuation-bet frequency on the flop as a continuous variable = € [0, 1]. Early
online poker: the meta was to c-bet nearly always (x ~ 0.8). This was a local ESS: deviating slightly was
unprofitable because opponents folded too much. But the meta attracted exploiters who started check-raising
against the high c-bet frequency, and the selection gradient reversed. The meta evolved toward a singular
strategy around z* &~ 0.55, where the selection gradient vanished. At this point, both “c-bet more in some
spots” and “c-bet less in some spots” could invade — an evolutionary branching event. The result was a split
meta: players who c-bet aggressively in certain board textures and passively in others, coexisting with players
who take different branches.

This branching is exactly the adaptive-dynamics prediction: convergence to a singular point, followed by
diversification because the singular point is CSS but not ESS.

What this understanding buys you

The meta evolves by gradient ascent on a moving landscape. When you study the meta’s evolution
over time — increasing aggression, then decreasing, then stabilizing — you are watching the canonical equation
play out. The landscape moves because opponent strategies change in response to yours.

Evolutionary branching explains why diverse styles coexist. If the meta were a simple ESS, only one
style would survive. The fact that multiple viable styles coexist suggests the meta is near a branching point
where multiple niches are available.

Cross-Links

e 7.1 Replicator dynamics — the discrete-strategy parent framework.

e 7.4 Population games — the population-level model.

e 7.5 Stochastic evolution — mutations in discrete spaces; adaptive dynamics extends to continuous.

e 9.5 Convergence to equilibrium — learning dynamics as the strategic analogue.

¢ 9.6 RL in games — learning as a controller navigating fitness landscapes.

e VQA 6 (Optimization dynamics) — the canonical equation parallels the optimizer-as-controller
framework.

« VQA 10.7 (HOPSO) - a structured controller navigating a landscape with local gradient information.

o Biological systems — speciation — evolutionary branching as the onset of speciation.

Structural Compression

Invariant: Adaptive dynamics describes evolution in continuous strategy spaces via the canonical equation
i < D(z), a gradient-like flow driven by the selection gradient of invasion fitness. Singular strategies where
D = 0 can be convergence-stable, evolutionarily stable, both, or neither; the distinction between CSS and
ESS creates the possibility of evolutionary branching.

Mechanism: Rare small mutations generate variation; selection retains fitter mutants; the net effect is
gradient ascent on the invasion fitness landscape. The landscape is state-dependent (it depends on the
resident strategy), so the dynamics are not simple gradient flow but a coupled system where the optimizer
and the objective co-evolve.

Cross-System Echo: Adaptive dynamics is the natural-selection implementation of the thesis’s “optimizer
as controller” principle. The canonical equation is a first-order controller navigating strategy space using
only local gradient information from a state-dependent objective — exactly the structure of gradient-descent
optimizers applied to parameterized quantum circuits in VQA. Evolutionary branching is the analogue of a
bifurcation in a controlled dynamical system. The connection to HOPSO is direct: HOPSO’s population
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of particles exploring a noisy landscape with local gradient feedback is a computational analogue of the
adaptive-dynamics population exploring trait space via mutation and selection.

Exercises

1.

For the symmetric contest game 7(y, x) = yV/(y + x) — yc with V = 10, ¢ = 2, compute the singular
strategy, verify convergence stability and ESS, and sketch the PIP.

Consider a resource-competition model where K (z) = exp(—2?/2) and a(z,y) = exp(—(z — y)?/(202)).
For what values of o, does the singular strategy exhibit evolutionary branching?

Derive the canonical equation from the assumption of rare small symmetric mutations and a branching-
process establishment probability. Identify each assumption explicitly.

For a symmetric two-player game with payoff 7 (z,y), carefully distinguish the convergence-stability
condition (about the dynamics near 2*) from the ESS condition (about the local curvature of invasion
fitness). Show by example that they can disagree.

In the Hawk-Dove game with continuous aggression z, let the payoff include a quadratic fighting cost:
7(y,z) = yV/(y + x) — cy — By*. How does the quadratic cost change the singular strategy and its
classification?

Construct a symmetric game where the singular strategy is CSS but not ESS (a branching point).
Describe what happens qualitatively after branching.

Argue, structurally, why adaptive dynamics is the natural-selection implementation of the “optimizer
as controller” principle from VQA Modules 6-7. Identify the state, the dynamics, the objective, and the
feedback loop in both settings. What does evolutionary branching correspond to in the optimization
context?
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