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Nodes 7.1–7.3 developed the replicator equation and ESS within a single population playing a symmetric
game with a finite strategy set. Node 7.4 lifts these restrictions. A population game is a game played
by a continuum of agents, each infinitesimally small, where each agent’s payoff depends on the aggregate
strategy distribution of the entire population. This is the natural framework for economic settings — markets,
traffic networks, poker player pools — where the number of participants is large, no single agent moves the
aggregate, and payoffs are determined by the statistical profile of the population rather than by pairwise
encounters. The key structural objects are: the population state (a distribution over strategies), the payoff
function (a map from population states to payoff vectors), and evolutionary dynamics (ODEs on the
state space that generalize the replicator). The key results are: the identification of Nash equilibria with rest
points of “well-behaved” dynamics, the theory of potential games (where an evolutionary potential function
exists and dynamics are gradient flows), and the mean-field interpretation that connects finite-agent games
to their population limits. Population games are the bridge from evolutionary theory (Module 7) to learning
dynamics (Module 9) and to large-scale economic applications.

Formal Definition
A population game consists of:

• A finite set of strategies S = {1, . . . , n}.
• A population mass m > 0 (total measure of agents; often normalized to 1).
• The population state x = (x1, . . . , xn) ∈ X ⊆ Rn

≥0, where xi is the mass of agents using strategy i
and X = {x ∈ Rn

≥0 :
∑

i xi = m} is the state simplex.
• A payoff function F : X → Rn, where Fi(x) is the payoff to any agent using strategy i when the

population state is x.

A Nash equilibrium of the population game is a state x∗ ∈ X such that for all i with x∗
i > 0:

Fi(x∗) ≥ Fj(x∗) for all j ∈ S.

Every agent in use earns at least as much as any alternative. Equivalently, the support of x∗ is contained in
the set of payoff-maximizing strategies at x∗.

Definition (potential game, Monderer and Shapley, 1996; Sandholm, 2001). A population game F
is a potential game if there exists a continuously differentiable function V : X → R such that

∂V

∂xi
(x) = Fi(x) for all i, x.

Equivalently, F = ∇V . The function V is the potential.
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Definition (evolutionary dynamic). An evolutionary dynamic is a Lipschitz-continuous ODE ẋ = g(x)
on X satisfying: 1. Forward invariance: X is forward-invariant. 2. Positive correlation (PC):∑

i gi(x)Fi(x) > 0 whenever x is not a Nash equilibrium.

The replicator equation is the canonical example of an evolutionary dynamic satisfying PC. Other examples
include the BNN dynamic (Brown–von Neumann–Nash), the Smith dynamic, and the projection dynamic.

Intuition
The move from “two players play a game” to “a continuum of agents play a population game” is analogous to
the move from a two-body problem to statistical mechanics. In a two-player game, the strategic interaction is
specific and personal: player 1 cares about what player 2 does. In a population game, no agent cares about
any specific other agent. Instead, every agent cares about the aggregate — the distribution of strategies in
the population. The payoff function Fi(x) says: “if the population is in state x, then using strategy i gives
payoff Fi(x).”

This is the natural setting for any situation with many participants: a population of poker players, a pool
of commuters choosing routes, a market of firms choosing prices. In each case, your payoff depends on the
statistical composition of the population, not on any individual opponent. You might play against a specific
person at the table, but your expected payoff over many hands is determined by the aggregate distribution of
styles in the player pool.

The population game framework generalizes the replicator in three ways. First, the payoff function F need
not come from a bimatrix game; it can be any smooth function from the state space to payoffs. Second, the
dynamics need not be the replicator; any dynamic satisfying positive correlation will converge to Nash in
potential games. Third, the framework naturally accommodates multi-population games, congestion effects,
and externalities that do not fit the symmetric pairwise-encounter model.

Potential games are the most tractable subclass. In a potential game, there exists a single function V (x)
whose gradient gives the payoffs: Fi = ∂V/∂xi. The evolutionary dynamics then become gradient ascent on
V , and Nash equilibria are the critical points of V . Local maxima of V are asymptotically stable under any
well-behaved evolutionary dynamic. This provides a powerful tool: instead of analyzing a complex system of
ODEs, you analyze the landscape of a single scalar function.

The mean-field interpretation connects finite games to population games. Consider a finite game with N
agents, each choosing a strategy from S. As N → ∞, the empirical distribution of strategies converges to
a population state x ∈ X, and the payoff to each agent depends only on x (not on the specific opponents).
The population game is the N → ∞ limit of the finite game, and the Nash equilibria of the population game
approximate the equilibria of the large finite game. This is the game-theoretic analogue of the mean-field
approximation in physics.

Structural Role
7.4 generalizes the single-population replicator framework (7.1–7.3) to the large-game setting needed for
economic and learning applications:

• 7.1 Replicator dynamics is a special case: the payoff function Fi(x) = (Ax)i arises from a symmetric
bimatrix game, and the replicator is one specific evolutionary dynamic.

• 7.5 Stochastic evolution adds noise to population games, producing finite-population stochastic
processes whose mean-field limit is the deterministic population game.

• 7.6 Adaptive dynamics focuses on the case where the strategy space is continuous and mutations are
small.

• Module 9 Learning — population games are the natural environment for learning dynamics (fictitious
play, replicator, multiplicative weights), all of which are evolutionary dynamics on population states.
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• Module 6 Mechanism design — the designer’s problem can be formulated as choosing a population
game (a payoff function F ) that has the desired behavior as its Nash/ESS.

Potential games are the structural bridge to optimization: in a potential game, every evolutionary dynamic
is performing (noisy, constrained) gradient ascent on V . This connects game theory to convex optimization,
variational inequalities, and the calculus of variations. The potential function V is the game-theoretic analogue
of a Lagrangian.

Mathematical Development
Nash equilibria as variational inequalities

Theorem. x∗ is a Nash equilibrium of the population game F iff it solves the variational inequality: for
all x ∈ X,

(x − x∗)⊤F (x∗) ≤ 0.

This is the population-game generalization of “every agent in use plays a best response.” The variational-
inequality formulation is the standard tool for existence and uniqueness results.

Theorem (existence). Every population game with continuous payoff function F on the compact convex
set X has at least one Nash equilibrium.

Proof sketch. The Nash-equilibrium condition is equivalent to x∗ being a fixed point of the best-response
correspondence B(x) = arg maxy∈X y⊤F (x). Apply Kakutani’s fixed-point theorem. □

Positive correlation and convergence

Definition (positive correlation). An evolutionary dynamic ẋ = g(x) satisfies positive correlation (PC)
if

g(x) · F (x) > 0 whenever x is not a Nash equilibrium.

Agents tend to switch toward higher-payoff strategies. The replicator satisfies PC:
∑

i ẋiFi =
∑

i xi(fi−f̄)Fi =∑
i xifiFi − f̄

∑
i xiFi. By the Cauchy–Schwarz argument, this is positive when x is not at a rest point and

the payoff function is “aligned” with the fitness function.

Potential games and Lyapunov theory

Theorem (Sandholm, 2001). If F is a potential game with potential V , then under any evolutionary
dynamic satisfying positive correlation:

V̇ = ∇V (x) · g(x) = F (x) · g(x) > 0

whenever x is not a Nash equilibrium. So V is a strict Lyapunov function: every trajectory converges to the
set of Nash equilibria, and local maxima of V are asymptotically stable.

Corollary. In a potential game, the replicator equation converges to the Nash set from every interior initial
condition.

Example (congestion game). n routes between two cities. Route i has a cost ci(xi) that depends only on
the mass xi of commuters using it, with ci increasing. The payoff is Fi(x) = −ci(xi). This is a potential
game with
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V (x) = −
∑

i

∫ xi

0
ci(z) dz.

The Nash equilibrium (Wardrop equilibrium) is the state where all used routes have the same cost. Under any
PC dynamic, the system converges to this equilibrium. The potential V decreases, meaning total congestion
cost monotonically improves.

Stable games and contractive dynamics

Definition (stable game, Hofbauer and Sandholm, 2009). A population game F is stable if the
Jacobian DF (x) is negative semidefinite for all x ∈ X:

(y − x)⊤(F (y) − F (x)) ≤ 0 for all x, y ∈ X.

This is a monotonicity condition: if you increase the mass on strategy i, the payoff to strategy i decreases (or
at least does not increase). Stable games are the evolutionary analogue of concave optimization: every Nash
equilibrium is globally stable, and every evolutionary dynamic converges.

Theorem (Hofbauer and Sandholm). In a stable game, every interior Nash equilibrium is globally
asymptotically stable under the replicator equation.

Mean-field limit

Consider a symmetric N -player game where each player chooses si ∈ S and receives payoff ui(si, x−i)
depending on their own choice and the empirical distribution x−i = N−1 ∑

j ̸=i δsj
of opponents’ choices. As

N → ∞, the game converges to a population game with payoff function

Fi(x) = lim
N→∞

u(i, x−i) = u(i, x),

where the payoff depends on own strategy and the population state. The Nash equilibria of the N -player
game converge to those of the population game. The finite-population stochastic dynamics (7.5) converge
to the deterministic evolutionary dynamic (7.1) in the large-population limit. This is the mean-field
approximation — valid when N is large and individual effects are negligible.

Worked Example
A three-strategy population game with potential

Strategies S = {A, B, C}, population mass m = 1. Payoff function:

FA(x) = 10 − 2xA − xB , FB(x) = 8 − xA − 2xB , FC(x) = 6 − xC .

Check potential: ∂FA/∂xB = −1 = ∂FB/∂xA. ∂FA/∂xC = 0 = ∂FC/∂xA. ∂FB/∂xC = 0 = ∂FC/∂xB.
Symmetry holds. This is a potential game with

V (x) = 10xA + 8xB + 6xC − x2
A − x2

B − x2
C

2 − xAxB .

Nash equilibrium. At an interior equilibrium, all payoffs are equal: FA = FB = FC .

From FA = FB : 10 − 2xA − xB = 8 − xA − 2xB , giving 2 = xA − xB , so xA = xB + 2.
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But we also need xA + xB + xC = 1 and xA, xB , xC ≥ 0. If xA = xB + 2 and masses sum to 1, then
2xB + 2 + xC = 1, so xC = −1 − 2xB < 0. No interior equilibrium exists.

Try the face xC = 0: FA = FB gives xA = xB + 2, and xA + xB = 1 gives xB = −0.5. Infeasible.

Try the vertex xA = 1, xB = xC = 0: FA(1, 0, 0) = 8. FB(1, 0, 0) = 7. FC(1, 0, 0) = 6. Since FA > FB > FC ,
the vertex eA is a strict Nash equilibrium. The potential at this vertex: V (1, 0, 0) = 10 − 1 = 9.

Check vertex eB : FA(0, 1, 0) = 9, FB(0, 1, 0) = 6. FA > FB , so eB is not Nash (switching to A is profitable).

The unique Nash equilibrium is x∗ = (1, 0, 0) — the entire population uses strategy A. Under any PC dynamic,
the system converges to this vertex. The potential V is maximized here.

Under the replicator. Starting from x = (0.5, 0.3, 0.2): FA = 10 − 1 − 0.3 = 8.7, FB = 8 − 0.5 − 0.6 = 6.9,
FC = 6 − 0.2 = 5.8. Mean payoff F̄ = 0.5(8.7) + 0.3(6.9) + 0.2(5.8) = 4.35 + 2.07 + 1.16 = 7.58. Strategy A
grows (8.7 > 7.58), B shrinks (6.9 < 7.58), C shrinks (5.8 < 7.58). Population migrates toward all-A.

Poker Anchor
Concept mapping

Formal object Poker instantiation
Population state x Distribution of playing styles across the player pool
Payoff function Fi(x) Expected win rate of style i given the current pool

composition
Nash equilibrium of population game Metagame equilibrium: no style earns less than any

alternative it could switch to
Potential game A player pool where metagame dynamics can be

characterized by a single “health” function
Mean-field limit Approximating the specific opponents at your table

by “the average player in the pool”
Evolutionary dynamic How the pool composition changes as losing players

exit and winning styles are imitated

Concrete situation: the online poker player pool as a population game

Consider an online poker site with tens of thousands of active players. Each player uses one of several broad
styles: tight-aggressive (TAG), loose-aggressive (LAG), tight-passive (nit), loose-passive (fish), solver-based
GTO. The payoff to each style depends on the composition of the pool: LAG does well against fish but poorly
against TAG; GTO does moderately well against everyone; nit does well when the pool is aggressive but
poorly when the pool is tight.

This is a population game. The state x is the fraction of the pool in each style category. The payoff Fi(x)
is the expected win rate (in bb/100) of style i against a randomly selected opponent from the pool. The
Nash equilibrium is the metagame state where no player has an incentive to switch styles. The mean-field
approximation says: instead of modeling each specific opponent, treat the pool as a statistical distribution
and compute your expected win rate against that distribution.

The mean-field approximation is extremely useful in practice. When a player uses a HUD (heads-up display),
they are estimating the population state x from observed statistics. When they adjust their strategy based
on “this pool is 60% TAG, 30% nit, 10% fish,” they are computing the best response to the mean field. The
population-game framework makes this reasoning precise.
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What this understanding buys you

Your edge is against the field, not against one player. In a population game, your payoff is Fi(x) —
your expected win rate against the pool distribution. Optimizing against one specific player is pointless if
that player represents 1% of your hands. The right unit of analysis is the population state, and the right
objective is your fitness against the mean field.

Potential games give you a compass. If the metagame is a potential game (payoffs are “aligned” in the
sense that the Jacobian is symmetric), then there exists a single function V that the metagame dynamics are
climbing. The local maximum of V is the long-run metagame. This simplifies prediction: instead of tracking
a complex ODE, you find the peak of a scalar function.

The mean-field approximation breaks at small tables. The population-game framework assumes
individual agents are negligible. At a 6-max table with 5 specific opponents, this fails: each opponent is 20%
of your environment. The mean-field approximation is valid for the player pool (thousands of hands against
random opponents) but not for a single session against specific opponents. Recognizing where the mean-field
applies and where it breaks is a practical skill.

Cross-Links
• 7.1 Replicator dynamics — a special case of evolutionary dynamics on population games.
• 7.2 ESS — ESS in a population game is the Nash equilibrium that is asymptotically stable under all

PC dynamics.
• 7.5 Stochastic evolution — finite-population stochastic processes whose mean-field limit is the

population game.
• 9.1–9.5 Learning dynamics — all standard learning dynamics are evolutionary dynamics on popula-

tion games.
• 6.3 Mechanism design — implementation — choosing a payoff function (mechanism) so that the

population game has desired equilibria.
• Economics: Wardrop equilibrium — the Nash of the congestion population game.
• Physics: mean-field theory — the population game is the game-theoretic mean-field.

Structural Compression
Invariant: A population game maps population states to payoff vectors; Nash equilibria are states where
every agent in use maximizes payoff; potential games admit a scalar function whose gradient is the payoff,
making every evolutionary dynamic a gradient ascent; the mean-field limit connects finite-agent games to
population games as the number of agents grows; and positive-correlation dynamics converge to Nash in
potential games.

Mechanism: Variational-inequality characterization of Nash; potential function V as Lyapunov function
under any PC dynamic; stable-game monotonicity as global convergence guarantee; mean-field approximation
replacing individual opponents with the population distribution.

Cross-System Echo: Population games are the game-theoretic analogue of statistical mechanics:
individual agents are like particles, the population state is like a thermodynamic macrostate, the payoff
function is like the energy landscape, and the evolutionary dynamic is like the relaxation toward equilibrium.
Potential games correspond to conservative systems (gradient flows on an energy landscape), while
non-potential games correspond to dissipative or cyclic systems (like Rock-Paper-Scissors). The mean-field
approximation is literally the same mathematical object as in physics: replacing individual interactions with
an averaged “field” that each agent responds to.
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Exercises
1. Show that the replicator equation ẋi = xi(Fi(x) − F̄ (x)) satisfies the positive-correlation condition for

any population game with continuous payoff function.

2. Verify that the congestion game with cost functions ci(xi) is a potential game. Compute the potential
V and show that Nash equilibria are local maxima of −V (equivalently, local minima of total cost).

3. For the three-strategy worked example, numerically integrate the replicator equation from the initial
condition x = (0.5, 0.3, 0.2) and verify convergence to x∗ = (1, 0, 0). Plot V (x(t)) and confirm it is
monotonically increasing.

4. Construct a two-strategy population game that is not a potential game (the Jacobian DF is not
symmetric). Show that replicator dynamics can exhibit limit cycles.

5. Prove that in a stable game, the Nash equilibrium is unique (if it exists in the interior) and is globally
asymptotically stable under the replicator equation.

6. Consider a population game with n = 2 strategies and linear payoff Fi(x) = ai −
∑

j bijxj . Derive the
condition on (a, B) for the game to be a potential game and for the game to be stable.

7. Argue, structurally, why the mean-field approximation is appropriate for large player pools in online
poker but inappropriate for a single 6-max table. Identify the key mathematical assumption that fails
at small N and explain the practical consequences for strategy selection.

Game Theory · Module 7 — Evolutionary Game Theory · Node 7.4
Concepts: nash-equilibrium, dynamical-systems, replicator-dynamics, gradient-descent
Prerequisites: 7.1, 7.2, 7.3
Enables: 7.5, 7.6

hbar.university — own.your.cognition
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