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Full Course
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Module 1 — Operations

Lesson 1.1 — Addition & Subtraction: Combining and Undoing
Relations

1. Why this matters (Hook)

Addition and subtraction look like the most “basic” operations, so we tend to stop thinking about them early
in life.

But almost every advanced equation — in physics, probability, quantum mechanics, optimization — is built
from clever ways of adding and subtracting:

e adding energies, probabilities, or costs
e subtracting baselines, references, or “what we already know”
o forming differences that measure change

If you see what is being combined and what is being undone, almost any expression becomes readable.

2. Core Intuition

2.1 What Addition Really Is

At its core, addition is “putting relationships side by side.”

We are not just stacking counts. We are combining effects or contributions:

e “this much and that much”
e “initial state plus change”
o “force from source A plus force from source B”

Key images:

o Two arrows (vectors) placed head-to-tail — one longer arrow.
o Two flows of water merging into one stream.
e Two “stories” about reality contributing to the same total effect.
So when you see:
z=x+Yy

read:



“z is the result of the joint contribution of x and y.”
The important question is not “what are the numbers?” but:

“What kind of contribution is x?
What kind of contribution is y?”

2.2 What Subtraction Really Is
Subtraction is un-combining:

e remove a contribution
e compare two states
e isolate what changed

Three main roles:

1. Difference

“How much more is a than b?”
Difference = distance between states.

2. Change

Ax = ZTfinal — Tinitial

“What happened to x?”
Change = final minus baseline.

3. Undoing
If
z2=2x+Y,
then
z—y==zx

means “remove the y-contribution to recover x.”

Subtraction is how we separate influences that were previously combined.

3. Formal Lens (Light)

Let’s look at a few standard forms and read them as sentences.

3.1 Initial 4+ Change
z(t) = xo + vt
e x: initial position
e vt: change due to constant velocity over time
Sentence:

“Position at time t = where you started + how far the constant motion has carried you.”



3.2 Sum of Contributions

Frlet:F1+F2+"'+Fn

Sentence:
“Net force is the combined effect of all individual forces acting on the object.”

Each Fj is a separate relationship with the object; addition lays them side by side.

3.3 Difference as Measurement

V= Vhigh — Viow

Sentence:
“Voltage is how much higher one electric potential is compared to another.”

We don’t care about absolute values; the subtraction defines what is physically meaningful.
3.4 Error / Residual
error; = y; — Ui

Sentence:
“Error is the difference between what happened ( y; ) and what we predicted ( §; ).”

Subtraction is what turns two separate stories into a mismatch.

4. Cross-Domain Examples
4.1 Physics — Energy and Work

Work done by a constant force:

But energy bookkeeping often looks like:
Etotal =K+U
o K: kinetic energy (motion)

o U: potential energy (position / configuration)
Sentence:
“Total energy is motion contribution plus configuration contribution.”

When energy is “lost,” we often mean:
b

AE = FEgnal — Eipitial <0

Subtraction measures net change in the system.




4.2 Probability — Law of Total Probability
P(A)=P(A| B)P(B) + P(A| B°)P(B°)

Sentence:

“Chance of A is the sum of its contributions from two disjoint scenarios: one where B happens,
one where B does not.”

Addition here is summing disjoint stories about how A can happen.

4.3 Quantum Mechanics — Superposition

A 2-state superposition:

) = |0) + B[1)
Addition here is not just “0 plus 1.
It is combining possibility patterns:
“The state is the superposition of two basis possibilities, weighted by amplitudes o and 3.”

Subtraction appears when you form interference terms or differences of amplitudes, e.g. @ — 3, to see how
two paths oppose each other.

4.4 Optimization — Loss Decomposition

A regularized loss:

L(0) = t(folxi),yi) + AR(6)
: regularization penalty

data mismatch

Sentence:

“Total loss is the sum of mistakes on data plus a penalty for complicated parameter configu-
rations.”

Addition combines two qualitatively different influences: fitting data and keeping the model tame.

5. Micro Drills
Use these as quick checks; answers can be in words.

1. Role identification
For each equation, say whether the main role of + or — is:

e combining contributions
e measuring difference

« expressing change / update

a) s =g+ vt



b) AT = Tﬁnal - T‘initial

¢) Lot =T + 12+ I3
2. Rewrite in “initial 4 change” form

Rewrite each sentence as an equation in the pattern:
final = initial + change
a) “The bank balance after interest is the original balance plus the interest earned.”

b) “The new temperature is the old temperature minus what was lost to cooling.”
3. Difference vs absolute

You measure two voltages: V3 =5V, V5 = 8V.
Which is physically more meaningful in a circuit: (Vi, Va) separately, or Vo — V7
Explain in one sentence.

4. Error interpretation

Given error; = y; — ¥,

what does “error = 0” mean?

what does a large positive error mean?
what does a large negative error mean?

5. Quantum superposition

In |¢) = «|0) + 5]1),
what is the addition symbol conceptually doing?
(Answer in one sentence, no formulas.)

6. Reflection

e When you see a + or — in an equation from now on, ask:
— “What are the stories being combined?”

— “Is this a sum of influences, or a difference of states?”
o Look at one equation from your own work (VQE, regularization, or physics).
Without computing anything, write one short paragraph that explains:
— what is being added,

— what is being subtracted,

— and why it makes sense conceptually.



Lesson 1.2 — Multiplication: Scaling a Relationship

1. Why this matters (Hook)
Most people learn that:
“Multiplication is repeated addition.”

This is accidentally true for whole numbers but fundamentally false for real mathematics, physics, probability,
quantum mechanics, and continuous systems.

The true meaning is much deeper:

Multiplication = scaling.
It strengthens or weakens a relationship.

Understanding this lets you immediately see why:

e probabilities multiply

e quantum amplitudes multiply
e matrices multiply

e areas are products

e Jacobians scale volume

o gradients interact

o log-likelihood sums logs

e VQE parameters act like scaling knobs in Hilbert space

Multiplication is the core operation of intensity, interaction, and transformation.

2. Core Intuition

2.1 Multiplication = scaling one relationship by another
Forget “five groups of three.”

Think:

“Take this relationship and stretch its effect by a factor of N.”
Examples:

e 3 X 5 — scale “5” by 3

probability — scale one likelihood by another
e quantum — scale amplitudes when forming joint states
e geometry — scale one direction by another (area)

e optimization — scale an influence or penalty



2.2 Multiplication is about intensity

If addition combines effects,
multiplication adjusts their strength:

e intensity x duration = energy

o force x distance = work

e voltage X current = power

e frequency x time = phase

e amplitude x amplitude = joint amplitude

2.3 Multiplication creates interaction
Whenever two effects interact, we multiply them.

Example:

P(ANB)=P(A)P(B)
Not because of “groups of groups,”
but because:

“The likelihood of A, under the condition that B must also occur,
is A’s likelihood scaled by B’s likelihood.”

Multiplication = dependency.

3. Formal Lens (Light)
3.1 Area
A = length x width

Sentence:
“The space created by the length is scaled by the width.”

Area = two directional stretches interacting.

3.2 Probability of independent events

P(ANB) = P(A)P(B)
Sentence:
“The possibility of A is scaled by the possibility of B.”

If B is rare, it suppresses A.
If B is common, it amplifies A.

Multiplication expresses the joint intensity.




3.3 Rates and densities
work = F' - d

Sentence:
“The force relationship is extended across distance.”

power =V -1

Sentence:
“The electrical push is scaled by the flow.”

All rate x amount formulas follow this pattern.

3.4 Matrix multiplication, in one sentence
Matrix multiplication is:

“Apply the transformation of A,
scaled by the coordinates provided by B,
and combine the contributions.”

It is scaling + addition + interaction in structured form.

3.5 Quantum state composition

Two subsystems:
) = «[0) + B[1)
|¢) =10} + 6]1)

Joint state:

W) = [¢) ®|¢) = ay]00) + ad|01) + 5[10) + B4[11)

Sentence:
“Each amplitude is scaled by the amplitude of the other system.”

Multiplication = formation of joint possibilities.

4. Cross-Domain Examples

4.1 Physics — intensity x duration

Interpretation:
Energy is power’s intensity stretched across time.




4.2 Probability — Bayes numerator
P(B)P(A| B)

Interpretation:
The story “A happens through B” is B’s likelihood scaling the likelihood of A under B.

4.3 Geometry — scaling a direction

area of a parallelogram = ||al|||b|| sin @

Interpretation:
The projection of one vector onto a perpendicular direction scales the other.

4.4 Optimization — weighted loss

L:’UJ1€1+’UJ2€2+"'
Interpretation:
Each error contribution is scaled by its importance.

Multiplication encodes influence.

4.5 Quantum Mechanics — amplitude scaling

If a process has amplitude a
and another has amplitude b,
the combined process (if independent) has amplitude:

ab

Interpretation:
“Possibility intensity A is scaled by possibility intensity B.”

This is why quantum theory is fundamentally multiplicative.

5. Micro Drills

Answer in words; no calculations needed.

1. Interpret:

What is being scaled by what?

2. Interpret:

P(ANB)=02-04

What does the multiplication represent?



3. Rewrite:
Explain F - d in one sentence using the word “scale.”

4. Quantum:
If @« = 0.6 and 8 = 0.5, explain in one sentence what a8 means in the joint state.

5. Optimization:
In

what does w do conceptually?

6. Reflection

Think of one equation from your current work (physics, ML, quantum, or VQE).
Identify all the places where multiplication appears. For each occurrence, ask:

e What is being scaled?
e What is doing the scaling?

o What interaction or intensity is being represented?

Write one short paragraph of interpretation — not algebra.
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Lesson 1.3 — Division: Un-Scaling and Per-Unit Structure

1. Why this matters (Hook)

Division is one of the most misunderstood ideas in mathematics.

It is not “share equally”
and it is not “reverse multiplication” in a mechanical sense.

The conceptual truth is:

Division reveals what one unit of something does.
It removes scaling and exposes the underlying relationship.

This intuition is the backbone of:

all rates (velocity, density, pressure)

o all per-unit quantities (probability density, charge density)

o gradients and derivatives

« normalization in probability and quantum mechanics

o regularization in optimization (penalizing per-parameter magnitude)
« Jacobians and coordinate transformations

o Bayes’ rule (renormalizing by dividing out total probability)

Once you see division as un-scaling, every equation becomes clearer.

2. Core Intuition
2.1 Division = removing a scaling
If multiplication means:
“Scale this relationship by N,”
then division means:
“Remove the scaling of N and expose the effect of a single unit.”

Example:

means:
“What was the per-1-unit contribution that, when scaled by 3, gave 157"
This is why division answers the question:

“What is the effect of one?”

2.2 Division = per-unit structure

Every rate has the structure:

quantity per unit something

Examples:

11



o velocity = distance per unit time

d
v=-
t
o density = mass per unit volume

_m
=y

o electric field = force per unit charge
F
E=—
q

In all cases, division strips away a scaling factor (time, volume, charge)
to reveal the intrinsic intensity per one.

2.3 Division isolates causes
When you divide, you remove a confounding factor to see a pure effect.

For example:

SEES

asks:

“How does y behave per unit of x?
What is the effect of one unit of x on y?”

This is the essence of:

e slopes

o elasticities

o marginal effects

o gradients

e probability densities

o normalization constants

Division is how we separate intertwined influences.

3. Formal Lens (Light)

Let’s interpret some common division structures.

12



3.1 Rate of motion

|

Sentence:
“Distance is un-scaled by time to reveal how far you move per second.”

Velocity = the per-unit-time displacement.

3.2 Concentration / density

AS
[
<I3

Sentence:
“Mass is un-scaled by volume to reveal the mass contained in one unit of space.”

Density = “mass intensity.”

3.3 Electric field

F
E=—
q

Sentence:
“Force is un-scaled by charge to reveal the force experienced by one unit of charge.”

Division isolates the true intensity of the field.

3.4 Probability density

__ probability in small interval

fz) =

width of interval

Sentence:
“To understand how probability behaves at a point, divide by the interval size and take the limit.
This reveals probability per unit length.”

Division — per-unit — density — continuous structure.

3.5 Bayes normalization (crucial)

P(ANB)

P(A|B) = =55

Sentence:
“The joint story of (A and B) is un-scaled by the likelihood of B so that the result becomes a proper probability
distribution over A.”

Division restores the distribution to unit total mass = 1.

13



3.6 Quantum normalization

For a state:
) = a[0) + BI1),
we require:
o + 18> = 1.
If amplitudes are too large:
e P
=y Py

Sentence:
“We divide by N so that the total probability becomes 1 again.”

Division restores the intrinsic structure of the state.

4. Cross-Domain Examples

4.1 Physics — pressure

F
P=—
A

Interpretation:
“Force un-scaled by area = force density = force per unit area.”

4.2 Economics — elasticity

B % change in quantity

% change in price

Interpretation:
“How quantity responds per unit percent of price change.”

Division isolates responsiveness.

4.3 Machine Learning — mean squared error
1 N
MSE = — Z(?/i - 9:)°
3

Interpretation:
“Total squared error un-scaled by the number of data points gives average error per observation.”
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4.4 Quantum Mechanics — amplitude density

Probability density:

. Plx< X <z+ Ax)
2 _
[ ()] _Aligo Az

Interpretation:
“Probability of a small region un-scaled by its width.”

Pure division — density.

4.5 VQE — regularization (conceptual)

A regularized cost:

L(0) = E(9) + All0]”

But why is the penalty meaningful?

Because:
1611
5 = Joy?

interprets as:
“Magnitude of parameters per unit model.”

We often implicitly divide by “unit contribution,”
controlling the influence of each parameter.

5. Micro Drills

Answer in words—no calculations.

1. Interpret:

What is being un-scaled? What does the result represent?

2. Interpret:

A
[
<I3

What does division reveal here?
3. Explain what “per unit” means in one of the following;:

e pressure

e concentration

15



o electric field
4. In Bayes’ rule,
P(ANB)
P(B)
what does dividing by P(B) conceptually accomplish?

5. Quantum:
When a state is “renormalized” by dividing all amplitudes by NV,
what is division doing conceptually?

6. Reflection
Pick any equation from physics, ML, quantum, or optimization that contains division.
Write one short paragraph identifying:

e what is being un-scaled
e what “one unit” means in that context

e why the equation expresses something intrinsic or per-unit

Division is the operation that reveals hidden structure.
Use this lens throughout the course.
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Lesson 1.4 — Exponentials: Scaling-of-Scaling

1. Why Exponentials Matter (Hook)

Exponentials are the engine of modern mathematics, physics, information theory, ML, and quantum mechanics.
Not because they grow fast.
But because they represent the second-order transformation:

Multiplication scales a quantity.
Exponentiation scales the scaling itself.

They describe compounding, waves, rotations, probabilities, unitaries, growth and decay, entropy, and all
differential equations.

If multiplication is linear transformation,
exponentiation is iterated transformation —
the structure of change applied repeatedly.

2. Core Intuition
2.1 Multiplication = one scaling

a X b = scale a by factor b

2.2 Exponentiation = repeated scaling

a™ = scale by a, then scale the result by a, then again, n times

This is why exponentials govern phenomena where the effect depends on its own current state.

e population growth

e viral spread

e compound interest

o radioactive decay

o reinforcement learning updates
e noise propagation

o gradient explosion

o wavefunctions

e eigenvalues

differential equations

e unitary evolution

Whenever a process depends on itself — exponential structure appears.
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3. The Deep Meaning
3.1 Exponentials = “scaling the scaling”

Multiplying by 2 once:

2z
Multiplying by 2 twice:
2(2z) = 4z
Multiplying by 2 three times:
2(4z) = 8z
Instead of writing:
2x2x2
we say:
93

The exponential compresses iterative scaling into a single object.

This compression is why exponentials become the natural language of continuous change.

4. Exponentials in Continuous Systems

The discrete idea:

(T4r)"

becomes, in the continuous limit:

where e is the unique number that keeps compounding clean and lossless under infinite subdivision.

4.1 Why e?

Because only e has the property:

Meaning:

The exponential grows at a rate proportional to its current value.

18



This is the signature of: - physical systems, - populations, - probabilities, - amplitudes, - capital, - energy
decay, - learning rates, - gradients, - wave equations.

Any system where “change depends on current state” — exponential.

5. Exponentials in Geometry
5.1 Complex exponentials = rotations

Euler’s formula:

e = cosf + isinf

This means:

imposing an imaginary exponent turns scaling into rotation.
Magnitude stays fixed.

The exponential becomes the machine that rotates vectors in complex space.
This is the core of:

o Fourier analysis

e quantum wavefunctions
e unitary evolution

« oscillations

e waves of every kind

Whenever something rotates smoothly — it’s exponential underneath.

6. Exponential as the Solution to Every Differential Equation

Every first-order differential equation:

dy
2k
at Y
has solution:
y(t) = CeM.

Why?
Because exponentials are the only functions whose:

e rate of change

e is proportional to the function itself.
This is the deepest structural property in mathematics.

It means:
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The exponential is the natural language of systems that evolve.

No other function behaves this way.

7. Exponentials in Quantum Mechanics
(Critical for your intuition layer)

A quantum state evolves as:

(1)) = e M (0)).
Why exponential?

Because the Schrédinger equation is:

d 1
%W(t» = —ﬁHW(t))-

This is exactly the “proportional-to-current-state” form.
Thus:

e the Hamiltonian = generator of time evolution

e exponentiating it = applying change continuously
e imaginary exponent = rotation in Hilbert space

e magnitude preserved = unitary evolution

In plain language:

Quantum evolution is a rotation in a high-dimensional complex space created by
exponentiating the generator of motion.

Exponentials = evolution.
Exponentials = waves.
Exponentials = probability propagation.

Exponentials = the structure of the universe’s updates.

8. Exponentials in Machine Learning
(Directly relevant to VQE intuition)

Examples:

8.1 Softmax
e*t
Di = W
Exponentials turn relative differences into meaningful probability weights.

They amplify separation: - small increases — exponential dominance - large decreases — exponential
suppression

This is why softmax sharpens distinctions.
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8.2 Gradient Explosion / Vanishing

A recurrent product:

Wt
involves the exponential of the log of singular values.

If singular values > 1 — exponential blow-up.
If < 1 — exponential collapse.

All recurrent networks are ruled by exponentials.

8.3 Regularization

Weight decay:

w +— we M

is literally exponential decay to control parameter growth.

9. Exponential Drills
Answer conceptually.
1. Why does exponential growth happen whenever a process depends on its current state?
2. What does e do to a vector?
3. Why is e’ the only function equal to its own derivative?
4

. In the quantum evolution

o—iHt/h

what does the exponential mean intuitively?

5. Why do exponentials make softmax amplify differences between inputs?

10. Reflection

Pick one exponential from your world (quantum, ML, physics, music DSP):
. efiwt
)T
wx
o—iHt/h

e C

L]
(9]

e softmax exponentials
e exponential smoothing
e exponential filters

Write 2-3 sentences explaining:
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e what is being scaled repeatedly
o why exponentiation is the natural operator

e what the “generator” is in your example

Exponentiation = the grammar of change.
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Lesson 1.5 — Logarithms: Extracting Hidden Scaling

1. Why this matters (Hook)

If exponentiation is scaling-of-scaling,
then logarithms are the decoder.

A logarithm answers one simple question:
“How many times was I scaled?”
That is why logs appear everywhere:

« information theory

e entropy

e signal processing

o machine learning (log-likelihoods, cross-entropy)
o statistics (log-odds, logit)

e quantum mechanics (log-amplitude)

e complexity theory

o gradient methods

e normalization and stability

o fractals and dimensionality
Logs let you see inside a multiplicative structure.
They turn multiplicative complexity into additive clarity.

And that is their superpower.

2. Core Intuition
2.1 Exponentials: build scaling
a*=axax---xXa
—_———

x times

2.2 Logarithms: reveal scaling
z = log,(y)
Which means:
“y was produced by scaling a by itself x times.”
Logarithms invert the exponential conceptually, not just algebraically.
They extract:

e repeated scaling
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e growth depth

e information content
e contrast in data

e hidden multipliers

e order of magnitude

2.3 The Core Sentence

Logarithm =

“What power produced this result?”

But deeper:

Logarithm = “How deep into the scaling hierarchy are we?”

3. What Logs Actually Do
3.1 Turn multiplication into addition

log(ab) = loga + logb

Not a trick.
A structural truth:

Multiplication combines scalings.
Logarithms combine counts of scalings.

This is the reason logs dominate probability, ML, and information theory.

Multiplicative processes — logs give linear, additive structure.

3.2 Extract rate from exponential growth

If:

then:

Iny = kt.

The logarithm removes the exponential wrapping and returns the generator.
Logs expose:

e growth rate

e decay constant
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e eigenvalue
e depth

e number of compounding steps

3.3 Reveal hidden order of magnitude
The difference between:

e 10
o 100

« 1000

is invisible under addition
but perfectly visible under log;:

. loglO =1
e logl00 =2

e logl1000 = 3

Logs see scale, not magnitude.

3.4 Convert products of probabilities into sums

In ML, the likelihood of N independent events:

P=pips--py

becomes:

log P =logp1 +logps + - - - + log ps.

This turns numerical collapse into numerical stability
and multiplicative complexity into additive clarity.

3.5 Reveal dimensionality / fractal structure

Fractal dimension:

_ logN

log(1/r)

Log extracts the scaling pattern that defines the structure.
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4. Physical & Mathematical Interpretations
4.1 Entropy (information per uncertainty)

Shannon entropy:

H=-> pilogp

Interpretation:

log p tells you how “surprising” or “compressed” an event is.
Multiplying by p weights by likelihood.

Logs quantify informational “depth.”

4.2 Sound: decibels

1
dB = 10log;, (I)
0

Interpretation:
“How many orders of magnitude stronger is this intensity compared to baseline?”

Sound perception is logarithmic because human ears are adapted to ratios, not differences.

4.3 Quantum mechanics: log-amplitude

If:
[l = e
then:
log [¢[* = —az®
reveals:

e underlying Gaussian structure
e potential shape

e sSymmetry

Logs simplify wavefunctions into linear forms.

4.4 ML: log-odds & logistic regression
Logit:

logit(p) = log <p>

1-p

Interpretation:
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“How many log-units does the probability favor success vs failure?”

This converts probabilities into a linear space where gradient descent works.

4.5 Complexity theory
O(logn)

means:
“Work increases by one unit for each doubling of n.”

Logarithms measure depth of recursive decomposition.

5. Cross-Domain Examples
5.1 Physics — half-life

Decay:
N(t) = Noe_kt
Taking logs:

In N(t) =1In Ny — kt

Log removes exponent — reveals linear decay in log-space.

5.2 Neural networks — cross entropy
L==Y ylogp

Each log measures the “penalty depth” of assigning low probability to the true class.

5.3 Compression — code length

If an event has probability p, its optimal code length is:

¢ =—logyp

Meaning:

“Rare events require more bits.”
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5.4 VQE — log of gradients (advanced intuition)
Gradients often behave exponentially depending on ansatz depth.
Taking logs reveals:

e sensitivity

e collapse

e explosion

o relative scaling

Logs let us diagnose landscapes.

6. Micro Drills

Answer conceptually.

1. What does a logarithm measure?
Give the shortest correct intuition.

2. Interpret:
log(ab) = log a + logb.
What structural truth does this express?
3. Interpret:
Iny = kt
in the context of exponential growth.

4. Why do ML practitioners always take logs of probabilities?
5. What does

—logp

measure in information theory?

6. Why are human senses (sound, brightness) often logarithmic?

7. Reflection

Pick one instance where logs appear in your work:

¢ loss functions
e entropy

e exponential decay
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o normalization
o softmax stability
e quantum wavefunctions

¢ VQE gradient behavior
Write 2-3 sentences explaining:

e what scaling process the log is inverting
e what hidden structure is being revealed

e why addition in log-space is easier than multiplication in real-space

Logs are the bridge between scaling and understanding.
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Lesson 1.6 — Derivatives & Integrals: The Local and the Global
1. Why This Matters (Hook)

Derivatives and integrals are not “calculus tricks.”
They are the two fundamental ways the universe relates the local to the global.

e Derivative — local generator of change

e Integral — accumulated effect of local contributions
Everything that evolves, flows, propagates, or accumulates is governed by these two operations.

They are not just inverses.
They are conceptual duals:

Derivative = how something changes right here.
Integral = what all those tiny changes create together.

Together they let you read the dynamics of any system.

2. The Core Intuition
2.1 Derivative: Extracting the Local Rule
When we differentiate a function f(z), we're answering:
“How does f respond to an infinitesimal change in input?”
This is the essence of:

e slopes

e tendencies
o velocities
o sensitivity
o gradients
e generators

e local linear approximation
The derivative extracts the generator — the rule of change that produces the curve.

It is the DNA of the function.

2.2 Integral: Accumulating Local Effects
Integration asks:
“If T add up all infinitesimal contributions, what is the total effect?”

This covers:
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e area
o accumulated change
e total probability

e expectation values
e energy

o work

e probability mass

e signal power

e density — quantity

Integration is the total impact of local behavior.

3. Derivative: Deep Meaning
3.1 The derivative is a local linearization

Near any point:
flate)~ fz)+ f(2)e.

The derivative is the best linear predictor of the function nearby.
3.2 The derivative is a generator
In physics:

d i

Sy = ——H

Z10) = —+ H|y)
means:

The Hamiltonian H generates how the state changes.

In classical systems:

dx
s
dt
velocity generates position.
In machine learning:
VoL

the gradient generates parameter updates.
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3.3 The derivative is a sensitivity measure

If:
dE
— =0.01
do
then energy barely responds to parameter changes.
If:
dE
— =40
do

your cost landscape is explosive.

Derivatives measure how much output depends on input.

4. Integral: Deep Meaning

4.1 Integral = summing infinitely many infinitesimal effects

/f(x) dx

Each tiny piece of the domain contributes a tiny amount f(x) dz.
Add them all.

means:

4.2 The integral reveals totality from local structure

e Work = sum of infinitesimal force x displacement
o Probability = integral of density
e Area = sum of heights

o Expectation = weighted sum of values

4.3 Integration is reconstruction from derivative

If the derivative encodes “local rule,”
the integral rebuilds the global story from the rule.

5. Fundamental Theorem of Calculus (The Bridge)

The two operations are connected by:

& [ = s

and
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This is not magic.
It means:

Differentiation extracts the local behavior.
Integration recombines local behavior into global behavior.

They are opposites in concept and partners in structure.

6. Applications Across Domains
6.1 VQE (Quantum Optimization)

Cost function:

E(0) = (¥(0)|H|(0))

o Derivative:

E
— = sensitivity of energy to parameters

do

— the generator for optimization.

o Integral:
The expectation value s itself an integral over quantum probability density.

(H) = / * () Hib(z) de.

6.2 Quantum Mechanics
Derivative:

e Schrodinger equation gives the local generator of time evolution.
Integral:

e Wavefunction normalization is an integral over all space.

6.3 Machine Learning
Derivative:

e Gradient is local sensitivity of loss to parameters.
Integral:

o Loss functions often integrate over data points (“sum of contributions”).

33



6.4 Physics
Derivative:

o velocity = dx/dt
o acceleration = dv/dt

o curvature = d%y/dx?
Integral:
o distance = [ v dt

o work = [ F dx
o energy = [ density dV

6.5 Probability
Derivative:

o PDF = derivative of CDF.
Integral:

« total probability = [ p(x) dx

o expectation = [ x p(x) dx

7. Conceptual Drills
Answer in intuition-language.

1. What does a derivative extract?

2. What does an integral rebuild?

3. Why is the Schrodinger equation a derivative?

4. Why is an expectation value an integral?

5. Interpret
dy
dt

What is the derivative saying?
6. Interpret

without mentioning area.

8. Reflection

Choose one system you work with:

¢ wavefunction
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e VQE cost

o gradient descent

e audio signal

e probability distribution

e motion
Write 2-3 sentences explaining:

e what the derivative represents in that system
o what the integral represents

e how the two interact

The derivative is local truth.
The integral is global truth.

Mathematics, physics, optimization, and quantum mechanics all rotate around this duality.

35



Module 2 — Equation Literacy

Lesson 2.1 — Algebra Sentences: Reading Equations as Claims
About Relationships

1. Why this matters (Hook)

You can already add, multiply, divide, exponentiate, take logs, and differentiate.

But open any physics textbook or ML paper and you hit a wall of symbols. The wall is not the math. The
wall is that nobody taught you to read.

An algebraic equation is a sentence. It has a subject (the quantity being described), a verb (the operation),
and an object (the other quantities it relates to).

y=mx—+b
This is not instructions to “solve for y.” This is a claim: “y is determined by a linear scaling of x, shifted by
a baseline b.”

Once you learn to read algebra as claims about relationships, every equation in every field becomes a sentence
you can parse before you compute anything.

2. Core Intuition
2.1 Every equation is a claim

The equals sign does not mean “calculate.” It means “these two things are the same.”

F =ma
Claim: “The force experienced by an object is its mass scaling its acceleration.”

E = mdc?

Claim: “Energy is mass, scaled by the square of the speed of light.”

Before you ever plug in numbers, you should be able to state the claim in plain language.

2.2 Variables are roles, not mysteries
Students often treat variables as unknowns to be solved. But variables are roles in a story.

In PV =nRT: - P plays the role of pressure - V' plays the role of volume - T" plays the role of temperature -
n and R set the scale

The equation says: “Pressure and volume, acting together, are proportional to temperature.”

When you see a variable, ask: what role does this play?
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2.3 Coefficients are importance weights
A coefficient tells you how strongly one quantity influences another.

In y =3z + 7: - The 3 says: “x’s influence on y is tripled.” - The 7 says: “even when x contributes nothing, y
starts at 7.

In F = —kx (Hooke’s law): - The k says: “the spring’s stiffness determines how strongly displacement creates
force.” - The minus sign says: “the force opposes the displacement.”

Signs, magnitudes, and units of coefficients carry the physics.

2.4 Equations have grammar

Every algebraic sentence follows a grammar:

Grammar element  Algebraic form  Meaning

Subject Left-hand side The quantity being described

Verb = <, x The relationship type

Object Right-hand side What determines the subject
Adjective Coeflicient How strongly

Conjunction + “and also”

Negation — “minus the effect of”

Grouping Parentheses “treat this sub-expression as one unit”

3. Formal Lens (Light)
3.1 Linear equations: proportional claims

y=mx—+b

Sentence: “y is proportional to x (scaled by m), shifted by a baseline b.”

The slope m is the rate — how much y changes per unit change in x. The intercept b is the starting point
— y’s value when x contributes nothing.

Every linear model, from Ohm’s law V' = IR to consumption functions C' = Cj 4 ¢Y, is an instance of this
one sentence.
3.2 Quadratics: curvature claims

y=az>+br+c
Sentence: “y has a curved relationship with x: a controls the curvature, b controls the tilt, ¢ sets the
baseline.”

e a > 0: the curve opens upward (has a minimum)
e a < 0: the curve opens downward (has a maximum)
o The vertex is where the competing influences of ax? and bz balance

This is the simplest equation that can describe optimization — a quantity that has a best value.
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3.3 Systems: simultaneous claims

20+ 3y="7
z—y=1

Sentence: “Two constraints must hold at the same time. The solution is the point where both claims are
true simultaneously.”

Geometrically: each equation is a line; the solution is their intersection. This generalizes: n equations in n
unknowns = n surfaces intersecting at a point.

3.4 Inequalities: constraint claims

I2+y2§7’2

Sentence: “The point (X, y) must lie inside or on the circle of radius r.”
Inequalities define regions, not points. In optimization, constraints carve out the feasible set — the territory

where solutions are allowed to live.

3.5 Functional equations: structural claims
fl@+y) = f(x)- fy)

Sentence: “The function converts addition into multiplication.”

This is not asking you to solve for f. It is a structural claim about what kind of function f must be. (The
answer: exponentials. Only f(z) = a® satisfies this.)

3.6 Polynomial factoring: decomposition claims

?—1=(z—-1)(z+1)

Sentence: “The expression z2 — 1 is zero exactly when x = 1 or x = -1.”

Factoring is not a calculation trick. It is a decomposition — breaking a complex claim into simpler
sub-claims.

4. Cross-Domain Examples
4.1 Physics — the ideal gas law
PV =nRT
Reading: “Pressure times volume (the mechanical state) equals the number of particles times a constant
times temperature (the thermal state). Mechanical and thermal descriptions of the same gas must agree.”

The equals sign here is a bridge between two ways of describing reality.
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4.2 Economics — supply and demand equilibrium

Qs(p) = Qa(p)

Reading: “The quantity suppliers want to sell at price p equals the quantity buyers want to buy. The
equilibrium price is where these two stories agree.”

The variable p is not being “solved for” — it is the price at which two independent claims become simultaneously
true.
4.3 Optimization — the normal equations

XTXp=XxTy

Reading: “The best linear fit 3 is the one where the data matrix’s own structure (via XTX) times the
coefficients equals the data matrix’s correlation with the target (via X7y).”

This is a claim about balance: the model’s internal geometry must match the data’s signal.

4.4 Quantum Mechanics — eigenvalue equation
Hly) = Ely)

Reading: “The Hamiltonian acting on the state |¢)) produces the same state back, scaled by E. The state is
a fixed point of the energy operator, and E is the energy.”

The equals sign is a consistency condition: the state must be compatible with the operator.

5. Micro Drills
Answer in words, not calculations.

1. Read aloud:
v =19+ at

State the claim this equation makes about velocity, in one sentence.

2. Identify the grammar: In F = —kx, what is the subject? The verb? The object? What does the
minus sign mean?

3. Spot the constraint:
1'1+£L'2+£L'3:1, :QZO

What kind of object does this define? (Hint: it lives in 3D space.)

4. Translate to algebra: “The population next year equals this year’s population plus births minus
deaths.” Write the equation and identify each term’s role.

5. Structural claim:
flzy) = f(z) + fy)
What kind of function must f be? Why does this say “multiplication becomes addition”?
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6. Reflection

Pick one equation from your current work — physics, ML, quantum computing, anything.

Without computing, write three sentences: - What claim does the equation make? - What role does each
variable play? - What would it mean if the equation were violated?

If you can answer these, you can read algebra.
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Lesson 2.2 — Calculus Sentences: Reading Rates and Accumulations

1. Why this matters (Hook)

Calculus has two moves:

1. Differentiation — asking “how fast is this changing right now?”
2. Integration — asking “what is the total effect of all these small changes?”

Every equation involving d/dz, d/9t, or [ is making a statement about one of these two questions.

But most students learn calculus as a collection of rules (power rule, chain rule, integration by parts) without
learning to read what the equations are saying.

The goal of this lesson: when you see a derivative or integral in any context — physics, probability, optimization,
quantum mechanics — you can immediately state the claim in plain language.

2. Core Intuition

2.1 Derivatives are claims about sensitivity
dy
dz

This does not mean “take the derivative.” It means: “how sensitive is y to small changes in x7”

o Large dy/dx: y responds dramatically to x
e Small dy/dx: y barely notices changes in x
o Zero dy/dx: y is locally flat with respect to x
o Negative dy/dx: y decreases when x increases

Every derivative is a sensitivity report.

2.2 Integrals are claims about accumulation

/abf(a:)dx

This means: “add up all the tiny contributions of f(x) as x sweeps from a to b.”

o The function f(z) is the rate or density
e The dz is the tiny step
e The integral is the total

Rate times step, summed over all steps, gives accumulation.
2.3 The fundamental theorem connects them

o / ") dt = fla)

Claim: “The rate of change of the accumulated total equals the current value of the thing being accumulated.”

Differentiation and integration are inverses — one asks about rates, the other answers about totals.
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2.4 Partial derivatives are claims about one variable at a time

of
ox

Claim: “How does f respond to x, if we freeze everything else?”

This is the foundation of multivariable reasoning. In optimization, the gradient V f = (%7 RN ;Tf) collects
all these one-at-a-time sensitivities into a single direction: the direction of steepest increase.

3. Formal Lens (Light)

3.1 Ordinary derivative: a rate claim

dz
V= —
dt

Sentence: “Velocity is the rate at which position changes with respect to time.”

dv d*x
a = — =

dt — dt?
Sentence: “Acceleration is the rate at which velocity itself changes — the rate of the rate.”

Second derivatives are claims about curvature or how the rate is evolving.

3.2 Definite integral: a total claim
b
W = / F(z)dx

Sentence: “Work is the total accumulation of force contributions as position sweeps from a to b.”

If force varies along the path, you cannot just multiply — you must integrate, because the contribution
changes at every point.

3.3 Differential equation: a relationship between a quantity and its own rate

dy

2k
at Y
Sentence: “y changes at a rate proportional to its own current value.”

This is exponential growth (or decay, if k¥ < 0). The equation does not give you y — it gives you a rule that
y must obey. The solution y(t) = yoe*! is the function that satisfies the rule.

3.4 Partial differential equation: a spatial-temporal claim
ou

— =aVu

ot

Sentence: “The temperature at each point changes at a rate proportional to the spatial curvature of the
temperature field around it.”

Hot spots surrounded by cooler regions lose heat. Cold spots surrounded by warmer regions gain heat. The
Laplacian V2u measures this spatial imbalance.
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3.5 The chain rule: a composition claim
dz dz dy
der dy dz
Sentence: “The sensitivity of z to x equals the sensitivity of z to y, scaled by the sensitivity of y to x.”

This is why backpropagation works: sensitivity propagates through a chain of layers, each multiplying the
previous sensitivity.

3.6 Gradient and divergence: directional claims

_(Of Of of
vi= (aaya)

Sentence: “The gradient points in the direction where f increases fastest, with magnitude equal to the
steepness.”

OF, n OF,  OF,
or dy 0z

V.F=

Sentence: “The divergence measures how much the vector field F is expanding or contracting at each point
— a local source/sink detector.”

4. Cross-Domain Examples

4.1 Physics — Newton’s second law as a differential equation
d*z

Reading: “Mass times the second time-derivative of position (acceleration) equals the applied force. The
force determines how the trajectory curves.”

This is not a formula to plug into — it is a rule that trajectories must obey. Solving it means finding the
path z(t) that satisfies the rule.

4.2 Probability — expectation as integration

E[X] = /00 zp(zx)dx

— 00

Reading: “The expected value of X is the accumulation of each possible value x, weighted by its probability
density p(x).”

The integral sums every possible outcome, each contributing in proportion to how likely it is.
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4.3 Optimization — gradient descent as following a derivative

0t+1 = Ht - OéVL(Gt)
Reading: “Update the parameters by stepping opposite to the gradient of the loss. The gradient says which
direction increases loss fastest, so we go the other way.”

The derivative tells you where the landscape slopes; the update rule uses that information to descend.

4.4 Quantum Mechanics — the Schrodinger equation as a rate claim
Loy
h—=H
ih—, |¥)

Reading: “The rate of change of the quantum state is determined by the Hamiltonian acting on that state.
The Hamiltonian is the generator of time evolution.”

This is a differential equation for the state itself — not a number, but a vector in Hilbert space, obeying a
rule about how it must evolve.

5. Micro Drills

Answer in words, not calculations.
1. Sensitivity: In % > 0, what does this tell you about how pressure responds to temperature?

2. Accumulation:

T
distance:/ u(t) dt
0

Why can’t you just multiply velocity by time here?

dN N
dt”N<1K>

In one sentence: what does this say about population growth?

3. Differential equation:

4. Chain rule reading: If profit depends on sales, and sales depend on advertising spend, what does

d(profit) ~ d(profit) d(sales)

d(ad spend)  d(sales) d(ad spend)

tell you?

5. Gradient: If VL = (0.3, —0.1,0.8), which parameter does the loss care about most? Which direction
should you step?

6. Reflection

Find one differential equation or integral from your own work.

Without solving it, write: - What is the rate or accumulation being described? - What physical, probabilistic,
or computational process does it model? - What would happen if the derivative were zero everywhere?

If you can answer these, you can read calculus.
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Lesson 2.3 — Linear Algebra Sentences: Reading Transformations
and Structure

1. Why this matters (Hook)

Linear algebra is the language of structure.

When a physicist writes [y = E), they are not “doing matrix math.” They are saying: “this state is so
special that the energy operator only scales it — it does not rotate or distort it.”

When an ML engineer writes y = Wax + b, they are not “multiplying matrices.” They are saying: “the output
is a linear transformation of the input, shifted by a bias.”

Every equation with vectors, matrices, inner products, or eigenvalues is a sentence about geometry — about
directions, magnitudes, rotations, projections, and invariant structures.

If you can read these sentences, you can read quantum mechanics, machine learning, signal processing, and
statistics without first translating them into scalar arithmetic.

2. Core Intuition

2.1 Vectors are arrows with meaning

A vector is not a list of numbers. A vector is a direction plus a magnitude in some space.

The numbers are just coordinates — they change when you change the basis. The arrow stays the same.

When you see v = (3, —1,2), ask: - What space is this in? - What do the axes represent? - What direction
does this arrow point, and how long is it?

2.2 Matrices are verbs

A matrix is an action: it takes a vector and produces a new vector.

Av=w

Sentence: “A acts on v to produce w.”

Different matrices do different things: - Rotation matrices change direction but not length - Scaling
matrices change length but not direction (along axes) - Projection matrices collapse dimensions - Shear
matrices skew without changing area

When you see a matrix, ask: what does it do to arrows?

2.3 The inner product is a similarity detector

(u,v) = [[ullf}v]lcos 6
Sentence: “The inner product measures how much u and v point in the same direction, scaled by their
lengths.”

e Inner product large and positive: vectors are aligned
 Inner product zero: vectors are perpendicular (orthogonal)
e Inner product negative: vectors point in opposing directions

This is why inner products appear everywhere: they detect overlap, correlation, similarity.
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2.4 Eigenvalues reveal what survives a transformation

Av = \v

Sentence: “v is so aligned with A’s action that A only scales it by A — it does not change its direction.”

Eigenvectors are the invariant directions of a transformation. Everything else gets rotated, sheared, or
mixed. Eigenvectors just get stretched or compressed.

This is why eigenvalues appear in quantum mechanics (measurement outcomes), stability analysis (growth
rates), and PageRank (importance scores): they describe what persists under repeated action.

3. Formal Lens (Light)
3.1 Linear systems: finding the pre-image

Ax=Db

Sentence: “Find the input x that A transforms into b.”

This is not “solve the system” — it is “undo the transformation.” If A is invertible: x = A~!b (the unique
pre-image exists). If A is singular: either no solution or infinitely many (the transformation destroys
information).

3.2 Orthogonal decomposition: separating a signal
V = projy v + vt
Sentence: “Any vector can be split into a component inside subspace W and a component perpendicular to
W.77
This is the foundation of: - Least-squares regression (project data onto model space) - Fourier analysis

(project signal onto frequency components) - Quantum measurement (project state onto eigenstates)

3.3 Spectral decomposition: unpacking a transformation

A = Z AZ‘VZ‘VZT

Sentence: “A is built from its eigenvectors, each weighted by its eigenvalue. The transformation is a sum of
independent scalings along privileged directions.”

This reveals a matrix’s internal structure: it acts by scaling along its eigen-directions, each with its own
strength.
3.4 Singular value decomposition: the universal factorization

A=Uxv"
Sentence: “Any matrix is a rotation (V7), then a scaling (¥), then another rotation (U). Every linear
transformation is just rotate-scale-rotate.”

This is the deepest structural claim in linear algebra. It means that no matter how complicated a transformation
looks, its geometry is always: align, stretch, re-orient.
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3.5 Determinant: a volume claim

det(A)

Sentence: “The determinant measures how much A scales volume.”

o |det(A)| > 1: A expands space

o |det(A)| < 1: A compresses space

o det(A) =0: A collapses at least one dimension (information lost)
o det(A) < 0: A flips orientation (mirror reflection)

3.6 Trace: a total scaling claim

tr(A) = Za“‘ = Z)\Z

Sentence: “The trace is the sum of eigenvalues — the total scaling across all invariant directions.”

This is why trace appears in quantum mechanics (tr(pA) = (A4)): the expectation value sums contributions
from all eigenstates.

4. Cross-Domain Examples

4.1 Quantum Mechanics — measurement as eigenvalue extraction
Hly) = El¢)

Reading: “The Hamiltonian acts on [¢) and only scales it. The scaling factor E is the energy. This state
has definite energy — measuring it always yields E.”

The eigenvalue equation is a stability condition: this state is a fixed point of the energy operator.

4.2 Machine Learning — PCA as eigenvector extraction

Cvk = )\kvk
Reading: “The covariance matrix C, acting on the k-th principal component direction, only scales it. The
eigenvalue Ay is the variance captured along that direction.”

PCA finds the directions where data varies most — the eigenvectors of the covariance matrix, ranked by
eigenvalue.

4.3 Physics — moment of inertia as a tensor

L=1w
Reading: “Angular momentum L is the inertia tensor I acting on angular velocity w. The tensor transforms
rotation axis into momentum axis — they need not point the same way.”

When they do point the same way: w is an eigenvector of I, and the eigenvalue is the moment of inertia about
that axis.
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4.4 Network Science — PageRank as eigenvector centrality

Ax =x
Reading: “The adjacency matrix A, acting on the importance vector x, reproduces x. The importance
scores are self-consistent: a page is important if important pages link to it.”

This is an eigenvalue equation with A = 1. The eigenvector is the steady-state ranking.

5. Micro Drills
Answer in words, not calculations.

1. Read aloud:
Av =3v

What does this say about the relationship between A and v?

2. Geometric meaning: If (u,v) = 0, what can you say about the two vectors? What does this mean
physically?

3. Information loss: If det(A) = 0, can you undo the transformation A? Why or why not?
4. SVD reading: In A = UXV7”, what does it mean if one singular value is much larger than the rest?

5. Translate: “The data varies most along the first principal component.” Write this as an eigenvalue
statement about the covariance matrix.

6. Reflection

Find one matrix equation from your work (a layer in a neural network, a Hamiltonian, a covariance matrix, a
transformation).

Without computing, write: - What does the matrix do to vectors? - Are there special directions (eigenvectors)
that only get scaled? - What would it mean if the matrix were the identity?

If you can answer these, you can read linear algebra.
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Lesson 2.4 — Probability & Statistics Sentences: Reading Uncer-
tainty and Evidence

1. Why this matters (Hook)

Probability equations look different from the rest of mathematics.

Where physics says F' = ma (a deterministic claim), probability says P(A|B) (a claim about what we should
expect given what we know).

The notation is dense: P, E, Var, |, ~, <. But every symbol is doing one of three jobs:

1. Quantifying uncertainty — how likely is this?
2. Updating beliefs — how does new evidence change what we think?
3. Summarizing distributions — what is the shape of the uncertainty?

If you can identify which job each symbol is doing, probability equations become as readable as physics
equations.

2. Core Intuition
2.1 Probability is a measure of belief, not frequency
P(A)=0.7
This does not always mean “A happens 70% of the time.” It means: “Given what we know, we should
assign 70% confidence to A.”

The frequentist reading (long-run proportion) and the Bayesian reading (degree of belief) use the same
notation but carry different philosophical weight. Either way: P(A) is a number between 0 and 1 that
measures how strongly the evidence supports A.

2.2 The conditioning bar is the most important symbol

P(A| B)

Read: “The probability of A, given that we know B is true.”

The bar | means: “restrict attention to the world where B holds.” Tt is the operation of updating — taking
what you knew before and narrowing it down.

Almost every interesting probability statement is conditional. When you see the bar, ask: what information
is being assumed?

2.3 Expectation is a weighted vote

EX]=) z-P(X =x)

Read: “Each possible value of X gets a vote proportional to its probability. E[X] is the average of those
votes.”

This is not the “most likely” value. It is the center of gravity of the distribution.

For continuous distributions:

E[X] :/xp(x) dx
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Same idea: every possible value contributes, weighted by its density.

2.4 Variance measures the width of uncertainty

Var(X) = E [(X — E[X])?]

Read: “On average, how far does X land from its mean?”

Low variance: the distribution is tightly concentrated. High variance: outcomes are spread out. The standard
deviation o = y/Var(X) is the same thing in the original units.

3. Formal Lens (Light)

3.1 Bayes’ theorem: an evidence-processing machine
P(D | H) P(H)

PUH | D) = =5

Sentence: “Your belief in hypothesis H after seeing data D equals: how well H predicts D, times your prior
belief in H, divided by how likely D was overall.”

o P(H): what you believed before

e P(D | H): how well H explains the data (likelihood)
e P(D): how surprising the data is in general

e P(H | D): what you should believe after

Bayes’ theorem is the update rule. Everything in Bayesian statistics is an application of this sentence.

3.2 The law of total probability: summing over stories

P(A) :ZP(A | B;) P(B;)

Sentence: “The total probability of A is the sum of its probability under each possible scenario B;, weighted
by how likely each scenario is.”

This is the foundation of marginalization — integrating out variables you don’t care about.

3.3 Independence: no information transfer

P(ANB)= P(A)P(B)
Sentence: “A and B are independent: knowing one tells you nothing about the other. Their joint probability
is the product of their individual probabilities.”

When this fails, A and B are correlated — learning about one changes your belief about the other.

3.4 Likelihood function: the data’s testimony

n

L(9) = P(D | ) = [[ Pl | 6)

i=1

Sentence: “The likelihood of parameter € is the probability that 6§ would have generated the observed data.
Under independence, it is the product of per-observation probabilities.”

The likelihood is not a probability of § — it is the data’s testimony about 6.
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3.5 KL divergence: distance between distributions

P(x)

Dir(P|Q) = ZP o0

Sentence: “The KL divergence measures how much extra surprise you experience if the true distribution is
P but you were expecting Q.”

e D =0: P and Q are identical
e Dk >0: P and Q differ (always non-negative)
o Not symmetric: D (P|Q) # Drr(QlP)

3.6 The central limit theorem: a convergence claim
X, —
o/vn

Sentence: “As you average more and more independent observations, the standardized average converges to
a standard normal distribution, regardless of what the original distribution looks like.”

—>J\/(0 1)

This is why the bell curve appears everywhere: averaging washes out individual shapes.

4. Cross-Domain Examples

4.1 Machine Learning — cross-entropy loss
L==> y;logj
i

Reading: “The loss penalizes the model for assigning low probability to the correct class. If the true label
gets probability near 1, the loss is near 0. If it gets probability near 0, the loss explodes.”

The logarithm converts probabilities into surprise (information content). The sum accumulates total surprise
across all data points.

4.2 Physics — the partition function

7 — Z o~ Bi/ksT

Reading: “Z sums the Boltzmann weights of all possible states. Each state contributes in proportion to
e~ E/kBT: low-energy states contribute more, high-energy states are exponentially suppressed.”

The partition function is the normalization constant that turns Boltzmann weights into probabilities:
P(i) = e~ Fi/ksT /7.

4.3 Information Theory — entropy

ZP )log P(x)

Reading: “Entropy is the average surprise. Events that are certain contribute zero surprise. Events that are
rare contribute high surprise. H(X) is the expected information content of observing X.”

Maximum entropy occurs when all outcomes are equally likely — maximum uncertainty.
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4.4 Quantum Mechanics — Born rule
P(a) = [{alt)|”

Reading: “The probability of measuring outcome a is the squared magnitude of the inner product between
the measurement eigenstate and the quantum state. The inner product detects overlap; squaring it converts
amplitude into probability.”

5. Micro Drills

Answer in words, not calculations.

1. Conditioning: In P(rain | clouds) = 0.8, what does the bar mean? Is this the probability of rain in
general?

2. Expectation vs mode: A die has outcomes {1, 2, 3, 4, 5, 6}, each equally likely. E[X]=3.5. Is 3.5 a
possible outcome? What does it represent?

3. Bayes reading: In a medical test, P(disease | positive test) depends on P(positive test | disease) and
P(disease). In one sentence: why does the base rate of the disease matter?

4. Likelihood vs probability: L(0) = P(D | #) is not a probability distribution over §. In one sentence:
what is it?

5. Independence test: If P(A | B) = P(A), what does this say about the relationship between A and B?

6. Reflection

Find one probability expression from your work — a loss function, a posterior, a likelihood, an entropy.

Without computing, write: - What uncertainty is being quantified? - What is being conditioned on? - What
would change if you observed new evidence?

If you can answer these, you can read probability.
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Lesson 2.5 — Quantum Mechanics Sentences: Reading States,
Operators, and Measurements

1. Why this matters (Hook)

Quantum mechanics has the most intimidating notation in all of science.

Kets, bras, hats, daggers, tensor products, commutators, traces. The symbols look like a different language —
and they are.

But the grammar is simple. There are only four kinds of quantum sentence:

1. State sentences — “the system is in this state”

2. Operator sentences — “this action transforms or measures the state”
3. Measurement sentences — “here is the probability of this outcome”
4. Evolution sentences — “the state changes according to this rule”

Every equation in quantum mechanics, quantum computing, and quantum information is one of these four.
Once you can classify an equation, you can read it.

2. Core Intuition

2.1 Kets are states: what the system is

|¥)

This is the complete description of a quantum system. It is a vector in Hilbert space. It encodes everything
there is to know.

When you see a ket, ask: what system, and what state?

) = al0) + 5|1)

Read: “The system is in a superposition: amplitude « for being in state |0), amplitude 8 for being in state
|1>.”

Amplitudes are not probabilities — they are complex numbers. Probabilities come from squaring: |a|? and

18I.

2.2 Bras are the dual: how you ask questions
(¢l

A bra is the conjugate-transpose of a ket. It represents a question you can ask of a state.

(8l¥)

Read: “How much does state |¢)) overlap with state |¢)?”

The inner product is a similarity measure. Its squared magnitude is a probability.
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2.3 Operators are verbs: what you do to a state
AlY) = [¢)

Read: “Operator A, acting on state |¢), produces state |¢).”

Operators come in two main flavors: - Hermitian (AT = A) observables — things you can measure -
Unitary (UTU = I): transformations — things you can do

Hermitian operators have real eigenvalues (measurement outcomes). Unitary operators preserve inner products
(probability is conserved).

2.4 The eigenvalue equation is the deepest sentence

Ala) = ala)
Read: “The state |a) is so aligned with operator A that A merely scales it by the number a. Measuring A
on this state always yields the value a.”

This is the quantum version of “this direction survives the transformation.” The eigenvalue a is a measurement
outcome. The eigenstate |a) is the state with a definite value for that observable.

3. Formal Lens (Light)
3.1 Normalization: probability must total to 1

(V) =1

Sentence: “The state is normalized — the total probability of finding the system in some state is exactly 1.
For a qubit: |a|? + || = 1. This constraint is why quantum states live on spheres (the Bloch sphere for a

single qubit).

3.2 Expectation value: the average measurement outcome
(A) = (W|A[Y)

Sentence: “If you prepared many copies of |¢) and measured A on each, the average result would be (fl).”

This is a sandwich: the state on both sides, the operator in the middle. The bra asks, the operator acts, the
ket answers.

3.3 Commutator: compatibility test
(A Bl = AB— BA

Sentence: “The commutator measures whether the order of operations matters. If it is zero, A and B can
be measured simultaneously. If not, they are fundamentally incompatible.”

The canonical example:

Sentence: “Position and momentum do not commute. You cannot simultaneously know both with arbitrary
precision. The ih is the irreducible uncertainty.”
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3.4 Time evolution: the Schrodinger equation
0 .
i 0(0) = Hlw(0)

Sentence: “The rate of change of the state is determined by the Hamiltonian acting on it. The Hamiltonian
generates time evolution.”

The solution:

[(t)) = e~ P |y(0))

Sentence: “Time evolution is a unitary rotation in Hilbert space, generated by the Hamiltonian.”

3.5 Density matrix: incomplete knowledge

p= ZPiWﬁWH

Sentence: “The system is in state |¢);) with classical probability p;. We don’t know which, so we describe
our ignorance with a density matrix.”

Pure state: p = [1)(1| (complete knowledge). Mixed state: tr(p?) < 1 (incomplete knowledge).
Expectation values generalize: (A) = tr(pA).

3.6 Tensor product: composite systems

|W)ap = [Y)a®|P)B

Sentence: “The joint state of systems A and B is the tensor product of their individual states. Each system’s
amplitude scales the other’s.”
When the joint state cannot be written as a tensor product, the systems are entangled:

1

V2

Sentence: “The two qubits are correlated in a way that has no classical analogue. Measuring one instantly
constrains what you can find for the other.”

|2F) = —=(100) + [11))

4. Cross-Domain Examples

4.1 Quantum Computing — a circuit as a sentence

|'l/)out> == Un e U2 U1|0>®n
Reading: “Start with all qubits in the |0) state. Apply gate Uj, then Us, and so on. The final state encodes
the computation’s answer.”

Each gate is a unitary operator — a verb acting on the state. The circuit is a sequence of sentences, read
left to right.
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4.2 Quantum Chemistry — variational principle

Eo < ((0)[H|4(0))
Reading: “The expectation value of the Hamiltonian in any trial state is an upper bound on the true ground
state energy. Minimize over 6 to approach the ground state.”

This is a sandwich inequality: the energy functional evaluated on a parameterized state can never go below
the true minimum.

4.3 Quantum Information — no-cloning theorem

AU U)0) = [¥)|v)  VIv)
Reading: “There is no unitary operation that can copy an arbitrary unknown quantum state. Quantum
information cannot be duplicated.”

This follows from linearity: cloning would require a nonlinear operation, but quantum evolution is always
unitary (linear).

4.4 Quantum Measurement — Born rule as probability extraction

Plax) = (Y| Ple) = [{ar|p)|®
Reading: “The probability of outcome aj is the expectation value of the projection operator onto the
eigenstate |ag). Equivalently, it is the squared overlap between the state and that eigenstate.”

After measurement, the state collapses: |1)) — |ax). The measurement extracts classical information and
destroys superposition.

5. Micro Drills

Answer in words, not calculations.
1. Classify the equation:
811 = +011)
Is this a state sentence, operator sentence, measurement sentence, or evolution sentence?

2. Read the sandwich: A
(1% [ = 2.3 nm

What does this tell you about measuring position on this state?

3. Commutator meaning: If [fl, B] = 0, what can you say about measuring A and B? What if it is not

zero?
4. Entanglement test: Can %(|Ol) — |10)) be written as |a) ® |8)? What does your answer imply?
5. Density matrix reading: If p = 1|0)(0| + 1|1)(1], is this a superposition or a mixture? How do you

know?
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6. Reflection
Find one quantum equation from your work — a Hamiltonian, a measurement, a circuit, a density matrix.

Without computing, identify: - Is this a state, operator, measurement, or evolution sentence? - What physical
claim is being made? - What would change if you replaced the operator or the state?

If you can classify and read quantum sentences, you have the foundation for quantum computing, quantum
information, and quantum chemistry.
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Lesson 2.6 — Optimization & ML Sentences: Reading Loss, Gradi-
ents, and Learning

1. Why this matters (Hook)

Machine learning papers are dense with notation. Loss functions, gradients, regularizers, update rules,
objective functions, Lagrangians.

But the grammar is uniform. Every optimization equation says one of three things:

1. Objective — “this is what we are trying to minimize (or maximize)”
2. Gradient — “this is which direction to move”
3. Update — “this is how we change the parameters”

And every ML equation adds a fourth:
4. Model — “this is how inputs map to outputs”

If you can classify an equation into one of these four categories, you can read any ML paper.

2. Core Intuition
2.1 Loss functions are report cards
L) = L Y )
- n 4 0\Ti),Yi
i=1
Read: “The loss is the average mistake. For each data point, compare the model’s prediction fp(z;) to the

true answer y;, score the error with ¢, and average over all data.”

The loss is a single number that summarizes how wrong the model is. The entire goal of training: make this
number small.

2.2 Gradients are slope detectors

VoL
Read: “The gradient is a vector pointing in the direction where the loss increases fastest. Each component
says how sensitive the loss is to that particular parameter.”

The gradient does not tell you the answer. It tells you which direction is uphill from where you currently
stand.

2.3 Update rules are steps downhill

9t+l = 925 - aV(;L(F)t)
Read: “Take the current parameters. Compute the gradient (uphill direction). Step in the opposite direction
(downhill) by a small amount «.”

This is gradient descent. Every optimizer — SGD, Adam, RMSProp — is a variation on this sentence, with
different strategies for choosing step size and direction.
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2.4 Regularization is a complexity tax

Ltotal = Ldata + )‘R(a)

Read: “The total objective has two terms: how well you fit the data, plus a penalty for complex parameters.
The trade-off is controlled by \.”

Without regularization, the model memorizes. With too much, it underfits. A sets the tax rate on complexity.

3. Formal Lens (Light)

3.1 Mean squared error: a distance claim

n

L= %Z(yz —:)°

i=1
Sentence: “The loss is the average squared distance between predictions and reality. Squaring penalizes

large errors more than small ones.”

This is the Euclidean distance in output space, averaged over data points.

3.2 Cross-entropy: a surprise claim
n
L==> y;logj
i=1

Sentence: “The loss is the average surprise. If the model assigns high probability to the correct class, the
log is close to zero (low surprise). If it assigns low probability, the log is very negative (high surprise, big
penalty).”

Cross-entropy measures how different the predicted distribution is from the true one.

3.3 Softmax: converting scores to probabilities

ek

~

Yk = > €

Sentence: “Take the raw scores zj, (logits), exponentiate them (make them positive and amplify differences),
then normalize so they sum to 1. The result is a probability distribution.”

Softmax is the standard bridge between unbounded scores and valid probabilities.

3.4 Backpropagation: the chain rule in layers

OL _ 0L 9y 0z Om 0xn
8’(1]1_(9@ 822 8a1 62’1 awl

Sentence: “The sensitivity of the loss to the first-layer weights is the product of sensitivities through every
layer in the chain. Each layer’s local Jacobian multiplies the error signal as it flows backward.”

Backpropagation is not a special algorithm — it is the chain rule applied systematically through a computa-
tional graph.
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3.5 Lagrangian: optimization with constraints
L(0,X) = f(0) +X-9(0)

Sentence: “Minimize f(6) subject to the constraint g(#) = 0. The Lagrange multiplier A enforces the
constraint by penalizing violations. At the optimum, the gradient of the objective is parallel to the gradient
of the constraint.”

The Lagrangian converts a constrained problem into an unconstrained one.

3.6 Adam optimizer: adaptive step sizes

my
9,5_;,.1 = 9,5 — OLAi
VU + €
where 77, is the bias-corrected first moment (mean gradient) and o, is the bias-corrected second moment
(gradient variance).

Sentence: “Step in the direction of the smoothed gradient, but scale the step by the inverse of the gradient’s
historical variability. Parameters with noisy gradients get smaller steps; parameters with consistent gradients
get larger steps.”

Adam adapts the learning rate per-parameter based on gradient statistics.

4. Cross-Domain Examples

4.1 Quantum Computing — VQE as an optimization sentence

0" = argmin(4(6)| |1 (0))

Reading: “Find the circuit parameters 6 that minimize the energy expectation value. The quantum circuit
prepares the state; the classical optimizer tunes the parameters; the Hamiltonian scores the result.”

VQE is gradient descent on a quantum cost function: the objective is quantum, the optimization is classical.

4.2 Statistics — maximum likelihood as optimization
n
OriLEe = arg maaxz; log P(x; | 0)
1=

Reading: “Find the parameter value that makes the observed data most probable. Summing log-probabilities
converts the product of likelihoods into an additive objective.”

Maximum likelihood estimation is optimization in probability space.

4.3 Physics — principle of least action
ta
0S8 = 5/ L(gq,¢,t)dt =0
ty

Reading: “Among all possible paths from #; to ts, the physical path is the one that makes the action
stationary. Nature optimizes.”

The Lagrangian L = T — V (kinetic minus potential energy) plays the role of the loss function, and the path
plays the role of the parameters.
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4.4 Game Theory — minimax as adversarial optimization

mGin max [Elog D(z)] + Ellog(1 — D(G(2)))]]
Reading: “The generator G minimizes what the discriminator D maximizes. G tries to fool D; D tries to
catch G. The equilibrium is a saddle point, not a minimum.”

GANSs are optimization sentences with two competing objectives.

5. Micro Drills
Answer in words, not calculations.

1. Classify:
0« 6—0.001VL

Is this an objective, gradient, update, or model sentence?

2. Read the loss:
L=lly—XB|*+ s>

In one sentence: what are the two terms doing, and what does A control?
3. Gradient meaning: If 59—53 = —0.5, should you increase or decrease ws to reduce the loss?

4. Softmax reading: If the logits are z = (2.0,1.0,0.1), which class gets the highest probability? What
does softmax do that taking the maximum does not?

5. Constraint interpretation: In min |Jw||? subject to y;(w”x; +b) > 1, what is the geometric meaning
of the constraint?

6. Reflection

Find one optimization equation from your work — a loss function, an update rule, a training loop.

Without computing, write: - What is being minimized? Why that quantity? - What parameters are being
tuned? - What would happen if you removed the regularization term?

If you can answer these, you can read any ML paper’s core equations.

Module 2 Complete

You can now read equations across six domains: algebra, calculus, linear algebra, probability, quantum
mechanics, and optimization. In Module 3, we build intuition for the number systems and spaces these
equations live in.
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Module 3 — Numbers Spaces

Lesson 3.1 — Integers: The Discrete Backbone
1. Why this matters (Hook)

Integers are the first numbers humans invented, and we stopped thinking about them too early.

We treat integers as “easy math” — counting, adding, multiplying whole numbers. But integers are the
backbone of:

e Cryptography — RSA, Diffie-Hellman, elliptic curve methods all live in integer arithmetic

e« Computer science — everything a computer does is ultimately integer operations on bits

e Quantum computing — measurement outcomes are integers; Shor’s algorithm factors integers

e Number theory — the distribution of primes is one of the deepest unsolved structures in mathematics

The key insight: integers are discrete. There is nothing between 3 and 4. This gap — the absence of
continuity — is not a limitation. It is a structural feature that makes counting, ordering, and exact
computation possible.

2. Core Intuition
2.1 Integers are positions on a lattice

Picture the number line, but only the dots — no line connecting them.

-3 -2 -1 01 2 3

Each dot is exactly one step from its neighbors. This regularity is what makes integers so useful: - You can
always ask “what comes next?” (n + 1) - You can always count steps between two integers (b — a) - You can
always divide and ask about remainders

2.2 Closure tells you what stays inside

Integers are closed under addition, subtraction, and multiplication: - 3 +5 = 8 (integer) - 7 — 12 = —5
(integer) - 4 x 6 = 24 (integer)

But NOT closed under division: - 7+ 3 = 2.333... (not an integer)

This failure of closure is significant. It means that to divide integers, you must either leave the integers
(going to rationals) or accept a remainder. The remainder is not a bug — it is the foundation of modular
arithmetic.

2.3 Primes are the atoms
60 =22 x3 x5
Every integer greater than 1 can be written as a product of primes, and this factorization is unique (the

fundamental theorem of arithmetic).

Primes are to integers what atoms are to molecules: irreducible building blocks. You cannot decompose 7
into a product of smaller integers (other than 1 x 7).

The distribution of primes — where they appear, how they thin out, their mysterious patterns — is one of
the central questions of mathematics.
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2.4 Modular arithmetic wraps the line into a circle

17=5 (mod 12)

Read: “17 and 5 are the same, if you only care about the remainder when dividing by 12.”

This is clock arithmetic: after 12, you wrap back to 0. The integers mod n form a finite system with n
elements: {0,1,2,...,n —1}.

Modular arithmetic converts the infinite integer line into a finite circle. This is why it appears in: -
Cryptography: operations in Z/nZ are efficient but hard to invert - Hashing: mapping arbitrary data to
fixed-size buckets - Signal processing: periodic signals, the discrete Fourier transform - Error detection:
checksums, CRC codes

3. Formal Lens (Light)

3.1 Divisibility: a structural relation

a|b < b=ka for some k € Z

Sentence: “a divides b means b is a multiple of a — there is no remainder.”

Divisibility organizes the integers into a hierarchy. The greatest common divisor ged(a,b) is the largest
number that divides both. The least common multiple lem(a, b) is the smallest number both divide into.

3.2 The Euclidean algorithm: finding structure efficiently
ged(a, b) = ged(b, a mod b)
Sentence: “The GCD of a and b equals the GCD of b and the remainder of a divided by b. Repeat until

the remainder is zero.”

This 2300-year-old algorithm is still used in modern cryptography (computing modular inverses for RSA).

3.3 Fermat’s little theorem: structure inside modular arithmetic

a?”' =1 (mod p) for prime p, ged(a,p) =1
Sentence: “Raise any integer to the power p — 1, and the result is always 1 modulo p. The prime p creates a
periodic structure in exponentiation.”
This is the mathematical foundation of RSA: the periodicity of modular exponentiation makes encryption
possible, while the difficulty of factoring makes decryption hard.
3.4 The integers as a ring

The integers form a ring: a set with addition and multiplication that obeys associativity, commutativity, and
distributivity.

(Z,+, %)

This is the algebraic structure that makes integer arithmetic work. Rings appear throughout mathematics:
polynomials form a ring, matrices form a ring, modular integers form a ring. Understanding Z as a ring
prepares you for abstract algebra.
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4. Cross-Domain Examples
4.1 Cryptography — RSA key generation
n=p-q, e-d=1 (mod ¢(n))
Reading: “Choose two large primes p and q. Their product n is easy to compute but hard to factor. The

encryption exponent e and decryption exponent d are modular inverses. Security rests on the difficulty of
recovering p and ¢ from n.”

Every online transaction depends on the hardness of integer factorization.

4.2 Computer Science — binary representation
422=1x2°+0x2"+1x2%4+0x2%+1x2"+0 x 2° = 101010,

Reading: “Every integer has a unique representation as a sum of powers of 2. Computers exploit this: each

bit stores one binary digit, and all computation reduces to integer operations on bit strings.”

Integer arithmetic is the physical substrate of all digital computation.

4.3 Quantum Computing — Shor’s algorithm

Order-finding: find r such that ¢" =1 (mod N)
Reading: “Shor’s algorithm uses quantum phase estimation to find the period of modular exponentiation.
Once you know the period, classical number theory extracts the prime factors of N.”

Quantum computers threaten RSA because they turn the hard problem (factoring) into an easy problem
(period-finding) by exploiting superposition.

4.4 Music — frequency ratios and harmony

Consonant musical intervals correspond to simple integer ratios:

Interval Ratio

Octave 2:1
Perfect fifth 3:2
Perfect fourth 4:3
Major third 5:4

Reading: “Two frequencies sound harmonious when their ratio is a ratio of small integers. The simpler the
ratio, the more consonant the interval.”

The Pythagoreans discovered this, and it remains true: integer structure underlies musical perception.
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5. Micro Drills

Answer in words where possible.

1.

Closure test: Is the set of even integers closed under addition? Under multiplication? Under division?
Explain each.

. Modular reading:

219=1 (mod 11)

What does this tell you about the structure of powers of 2 modulo 117

. Prime decomposition: Factor 2520 into primes. Why does knowing the prime factorization tell you

everything about the number’s divisibility?

. GCD interpretation: gcd(12,18) = 6. In one sentence: what does this tell you about the common

structure of 12 and 187

. Discrete vs continuous: Why can a computer represent 7 exactly but not % exactly? What property

of integers makes exact representation possible?

6. Reflection

Integers feel simple, but they support: - the security of the internet (cryptography) - the operation of all
computers (binary arithmetic) - the deepest open problems in mathematics (Riemann hypothesis, Goldbach
conjecture)

Pick one of these domains. In a few sentences, explain why the discreteness of integers — the fact that
there is nothing between consecutive integers — is essential to how that domain works.
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Lesson 3.2 — Rationals: Dense But Full of Holes

1. Why this matters (Hook)

The rational numbers Q are the first number system where division always works (except by zero).

They seem to fill the number line: between any two rationals, you can always find another. In fact, you can
find infinitely many others. The rationals are dense — there are no gaps between them.

And yet, the rationals are riddled with holes.
V/2 is not rational. 7 is not rational. e is not rational.
The rationals are an infinite, dense set that still manages to miss almost all real numbers.

Understanding this paradox — dense but incomplete — is the key to understanding why calculus needs the
reals, why computers struggle with exact arithmetic, and why approximation is always a trade-off.

2. Core Intuition

2.1 Rationals are exact ratios

g, peZ, qelZ\{0}

A rational number is the answer to a division that works out exactly. “Three-fourths” means: divide something
into 4 equal parts, take 3.

Every integer is rational (n = n/1). The rationals extend the integers by allowing exact division.

2.2 Density: between any two, always another

Between % and %:

153

2 8 4
Between % and %:

1.9.3

2 16 8

This never stops. You can always average two rationals to get a rational between them: “T'H’.

On the number line, rationals are everywhere. There is no interval, no matter how small, that is free of
rationals.

2.3 The holes: what density misses

Despite being everywhere, the rationals skip certain points.

Claim: There is no rational number whose square is 2.

Proof sketch: Suppose (p/q)? = 2 with p/q in lowest terms. Then p? = 2¢?, so p? is even, so p is even. Write
p = 2k, then 4k% = 2¢2, so ¢*> = 2k?, so ¢ is even. But then p/q was not in lowest terms — contradiction.

So /2 sits on the number line but between all the rational points, in a gap that no fraction can fill. The
rationals are dense but not complete.
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2.4 Decimal expansions as a diagnostic
Every rational number has a decimal expansion that either terminates or repeats:

. % = 0.25 (terminates)

"5 0.333... (repeats)

« 22 =3.142857142857. .. (repeats with period 6)

Conversely, any terminating or repeating decimal is rational.

Non-repeating, non-terminating decimals are irrational: m = 3.14159265 ... never settles into a pattern.

This gives you a test: if the decimal pattern eventually repeats, the number is rational.

3. Formal Lens (Light)
3.1 The rationals as a field

Q is a field: a set with addition, subtraction, multiplication, and division (except by zero), all obeying the
standard algebraic laws.

(Q,+, x) with a™' =1/a fora #0
Sentence: “In the rationals, every nonzero element has a multiplicative inverse. You can always undo
multiplication.”
The integers are a ring (no general division). The rationals upgrade to a field (division always works). This is
why rational arithmetic is exact: there is no rounding.
3.2 Continued fractions: the best rational approximations

Any real number « can be written as a continued fraction:

a=ap+
a1+
az +

1
a3+...

Truncating at each level gives the best rational approximation for the denominator size:

Truncation Approximation of 7 Error

3] 3 0.14159
[3: 7] 22/7 0.00126
[3;7,15] 333/106 0.00003
[3;7,15,1]  355/113 0.0000003

Sentence: “Continued fractions find the rational numbers that punch above their weight — small denomina-
tors, tiny errors.”

355/113 approximates 7 to 6 decimal places with a denominator of only 113. No fraction with a smaller
denominator does better.
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3.3 Countability: rationals are listable

Despite being dense, the rationals are countable — they can be put in a one-to-one correspondence with the
natural numbers.

Cantor’s diagonal arrangement:

Sentence: “You can list every rational number in a sequence without missing any. The rationals are infinite
but no bigger than the integers.”

This is in stark contrast to the reals, which are uncountable. The rationals are dense, but they are actually
a “thin” set — in measure-theoretic terms, the rationals have measure zero.
3.4 Diophantine approximation: how close can rationals get?

For any irrational «, there are infinitely many rationals p/q satisfying:

Sentence: “Rationals can approximate any irrational number with error that shrinks quadratically in the
denominator. The better the approximation you want, the larger the denominator you need.”

This is Dirichlet’s theorem. It means rationals are excellent approximators — good enough for engineering,
not quite enough for analysis.

4. Cross-Domain Examples
4.1 Computer Science — floating-point arithmetic
fllz) =mx2° meQ
Reading: “Floating-point numbers are a finite subset of the rationals (specifically, those with denominators
that are powers of 2). Every stored number is rational, but not every rational is representable.”

This is why 0.1 + 0.2 # 0.3 in most programming languages: 0.1 is not exactly representable in binary
floating-point. The gap between rationals and reals becomes a gap between stored values and mathematical
truth.

4.2 Music — just intonation vs equal temperament

Just intonation uses exact rational frequency ratios (3:2 for a fifth, 5:4 for a major third). Equal temperament
uses 2%/12 which is irrational for most k.

Reading: “Rational tuning sounds pure in the key it is built for but goes out of tune in other keys. Irrational
(equal temperament) tuning is slightly impure everywhere but equally impure, enabling modulation between
keys.”

The trade-off between rational exactness and irrational flexibility is literally audible.
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4.3 Probability — discrete distributions are rational

P(X:k):%)

Reading: “In a fair coin-flip experiment, every probability is a rational number. Discrete probability spaces

with integer-valued outcomes always produce rational probabilities.”

The irrationals only enter probability when you take limits (continuous distributions, the central limit
theorem).

4.4 Quantum Computing — phase estimation

Ul) = e*ly), 6€[0,1)
Reading: “Quantum phase estimation approximates the eigenphase  as a rational number j/2" using n
qubits. More qubits give a finer rational approximation.”

The algorithm literally converts an irrational quantum phase into its best rational approximation.

5. Micro Drills

Answer in words where possible.

1. Density check: Find a rational number between % and %. Then find another between those two.
Could you keep going forever?

2. Irrationality proof: The proof that \/2 is irrational uses contradiction. What assumption is contra-
dicted? What property of integers does the proof exploit?

3. Decimal diagnostic: Is 0.123123123... rational? Is 0.101001000100001 ... rational? How do you
know?

4. Approximation quality: 22/7 ~ 3.14286 and 355/113 ~ 3.14159292. Why is 355/113 considered a
much better approximation, even though both are “close” to 77

5. Closure reflection: The integers lack closure under division. The rationals fix this. What property
do the rationals lack that the reals fix?

6. Reflection

The rationals are a paradox: they are everywhere on the number line (dense) yet they miss almost everything
(measure zero).

In one paragraph, explain why this matters for computation. Specifically: why does the fact that computers
store rationals (floating-point numbers) mean that every computed answer is an approximation? What does
the density of rationals guarantee about the quality of these approximations?
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Lesson 3.3 — Reals & Limits: Filling the Gaps, Completing the
Line

1. Why this matters (Hook)

The rationals are dense — between any two, there is always another. But they have holes: v/2, 7, e are not
rational.

Calculus cannot work with holes. If you try to define a derivative using only rationals, sequences that should
converge simply fail to land anywhere. The limit does not exist — not because the sequence is misbehaving,
but because the landing spot is missing from Q.

The real numbers R fix this. They fill every hole. They make every convergent sequence land. They make
calculus possible.

Understanding what the reals add — completeness — is understanding why analysis works, why physics
can model continuous motion, and why numerical methods converge.

2. Core Intuition
2.1 The reals are the complete number line

The rationals are a number line with invisible gaps. The reals fill those gaps.

R contains: - All integers (Z) - All rationals (Q) - All algebraic irrationals (v/2, ¥/5, roots of polynomials) -
All transcendental numbers (7, e, numbers that satisfy no polynomial equation)

Completeness means: every sequence that “should” converge (gets closer and closer to itself) actually
converges to a point that exists in R.

2.2 Limits formalize “approaching”

lim f(z) =L

T—ra

Read: “As x gets arbitrarily close to a, f(x) gets arbitrarily close to L.

This is not a vague statement. The epsilon-delta definition makes it precise:

Ve>0,30>0: 0<|z—a|<d = |f(x)—L|<e
Read: “No matter how tight a tolerance ¢ you demand on the output, I can find a tolerance d on the input
that guarantees it.”
This is a challenge-response definition. You challenge me with a precision requirement. I respond with an

input range that meets it. If I can always respond, the limit exists.

2.3 Continuity is the absence of surprises

lim f(x) = f(a)

r—ra
Read: “The value of f at a is exactly what you would predict by approaching from nearby.”

Continuous functions have no jumps, no gaps, no surprises. You can draw them without lifting your pen.

This is why continuous functions are well-behaved: the intermediate value theorem, the extreme value theorem,
and the fundamental theorem of calculus all require continuity.
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2.4 Completeness: the defining property
A metric space is complete if every Cauchy sequence converges to a point in the space.

A Cauchy sequence is one where the terms get arbitrarily close to each other:

Ve>0,IN: mn>N = |ay —a,| <e
In Q: the sequence 1,1.4,1.41,1.414,1.4142, ... is Cauchy, but its limit /2 is not in Q. The sequence
converges, but the landing spot is missing.
In R: every Cauchy sequence converges. The landing spot always exists.

This is the entire point of the reals. They are the completion of the rationals — the smallest set that
contains Q and has no missing limits.

3. Formal Lens (Light)
3.1 Least upper bound property

Every non-empty set of reals that is bounded above has a least upper bound (supremum) in R.

S={reQ:2?<2}

In Q: this set has no least upper bound (it would be /2, which is missing). In R: sup S = /2 exists.
Sentence: “The reals have no ‘just barely missing’ bounds. Every bounded set has a sharp boundary.”

This property is equivalent to completeness and is the formal axiom that defines R.

3.2 Convergence of series: infinite sums land

— 1 11 1
ez;ﬁzl+l+§+6+ﬂ+m

Sentence: “Adding infinitely many terms can produce a finite real number. Completeness guarantees that
this sum exists — the partial sums form a Cauchy sequence, and in R, Cauchy sequences converge.”

Without completeness, we could not define e, 7, or any function expressed as a power series.

3.3 The derivative as a limit

f'(a) = lim

fla+h) - f(a)
h

Sentence: “The derivative is the limit of the difference quotient as the step size h approaches zero. This
limit exists (when it does) because the reals are complete — the limiting slope has somewhere to land.”

Every concept in calculus — derivative, integral, Taylor series — is defined as a limit. Limits require
completeness. Completeness requires the reals.
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3.4 Uncountability: the reals are a bigger infinity
Q is countable (listable). R is uncountable (not listable).

Cantor’s diagonal argument: Assume you have listed all reals in [0, 1]. Construct a new real that differs
from the n-th listed real in the n-th decimal digit. This new real is not on the list — contradiction.

IR| =2 > |N| = |Q|
Sentence: “There are strictly more real numbers than rational numbers. Filling the gaps in Q does not just
add a few points — it adds uncountably many.”

The rationals are dense but measure zero. The irrationals constitute “almost all” of the real line.

3.5 Algebraic vs transcendental irrationals

Algebraic numbers are roots of polynomials with integer coefficients: - v/2 is a root of 22 —2 =0 - 1+2‘/5

(the golden ratio) is a root of 22 —2 — 1 =0

Transcendental numbers are not roots of any polynomial: - 7 (Lindemann, 1882) - e (Hermite, 1873)

Algebraic numbers are countable. Transcendental numbers are uncountable. Almost all real numbers are
transcendental — yet proving any specific number is transcendental is extremely difficult.

4. Cross-Domain Examples

4.1 Calculus — the fundamental theorem depends on completeness
b
/ f(z)dx = F(b) — F(a), where F' = f

Reading: “The integral (total accumulation) equals the antiderivative evaluated at the endpoints. This
works because the intermediate value theorem guarantees that the antiderivative hits every value between
F(a) and F(b) — a fact that requires the reals to be complete.”

Without completeness, continuous functions could skip values, and the fundamental theorem would fail.

4.2 Physics — continuous motion as a limit
.zt + At) — x(t)
t) = 1 _ 7 7
=0T A

Reading: “Instantaneous velocity is the limit of average velocity as the time interval shrinks to zero. The
limit exists because position is a continuous function of time, and continuous functions on the reals have
well-defined derivatives.”

Physics models the world as continuous because the reals support calculus. Quantum mechanics introduces
discreteness at a different level, but the mathematical framework (Hilbert spaces, Schrodinger equation) is
still built on the real (and complex) continuum.
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4.3 Numerical Analysis — convergence guarantees

|Zn+1 — 2| < clwy, — x*‘Q
Reading: “Newton’s method converges quadratically: each iteration squares the error. This guarantee
requires the fixed point z* to exist in R — completeness ensures it does.”

Every numerical algorithm that “converges to the answer” implicitly relies on the completeness of the reals.

4.4 Probability — continuous distributions require the reals

Pla< X <b) :/bp(x)dac

a

Reading: “For a continuous random variable, the probability of any interval is an integral of the density.
This requires the density function to be defined on R, and the integral to converge — both of which depend
on completeness.”

On Q, continuous distributions cannot be defined. The reals are necessary for probability theory to work
beyond finite and countable settings.

5. Micro Drills

Answer in words where possible.

1. Completeness test: The sequence 3,3.1,3.14,3.141, 3.1415, . .. converges to m. Why does this sequence
converge in R but not in Q7

2. Epsilon-delta reading: In the definition Ve > 0,36 > 0: |x —a| < § = |f(z) — L| < ¢, who chooses
€? Who chooses §7 What does the implication mean?

3. Continuity check: The function f(z) = 1/ is continuous on (0, c0) but not defined at x = 0. Is this
a failure of continuity or a failure of domain?

4. Countability: The rationals are countable. The reals are uncountable. In one sentence: where do all
the extra real numbers “come from”?

5. Series convergence:
o0

IR TR

2T g

—n 6

The partial sums are all rational. The limit is irrational. What does this tell you about why the
rationals need to be completed?

6. Reflection

The move from Q to R adds a single property: completeness. Everything else — calculus, continuous
probability, convergence guarantees, physics models — follows from that one property.

In a few sentences, explain: - Why the rationals are “not enough” for the mathematics you use - What
completeness buys you that density alone does not - What the cost is (if any) of working with the reals
instead of the rationals
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Next Steps

Now that we have the complete number line, we extend to multi-dimensional spaces: vectors, inner products,
and the geometry of higher dimensions.
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Lesson 3.4: Vectors & Inner Products

Overview

Understanding vectors as directions with magnitude and inner products as measures of alignment and
projection.

Learning Objectives

e See vectors as arrows in space with direction and magnitude
e Understand inner products as measuring alignment

e Build geometric intuition for orthogonality and projection

e Recognize vector spaces and their properties

Core Concepts
What Are Vectors?
Geometric View

e Arrow in space: direction + magnitude
e Position vector: from origin to point
e Displacement vector: from one point to another

Algebraic View

e Column of numbers: v = [vq, vo, ..., v,]T
e Linear combination: v = vie; + voes + ... + vpe,
» Basis vectors: ey, e, ..., e, (standard basis)

Vector Operations
Addition

e u + v: tip-to-tail (parallelogram rule)
o Component-wise: [u; + vi, ug + va, ...
e Commutative: u + v=v 4+ u

}T

Scalar Multiplication
e « - v: scales magnitude by |«/|, flips direction if a < 0
o Component-wise: [« vy, a vy, ...]
Linear Combinations
e w=oa-u+ f-v:spanofuandv
e Span: all possible linear combinations
Inner Products
Dot Product (Euclidean)

e U*V =u;vy + usve + ... + u,v,: sum of component products
e u-v =||ul|-||v|| - cos(): geometric interpretation
e Measures alignment: positive if acute angle, negative if obtuse
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Properties
e Symmetric: u-v=v-u
o Linear: (au + gv) - w=a(u-w) + 8(v-w)
o Positive definite: v-v > 0, with equality iff v =0
Orthogonality
e u L v: “uand v are orthogonal” (perpendicular)
e u - v = 0: inner product is zero
e Orthogonal vectors are independent
Norms and Distance
Euclidean Norm
o vl = yvev) = \/(v12 + vo? + ... + v,,2): length of vector
e |lvll=0iff v=0
Unit Vectors

e v = v/||v]|: unit vector in direction of v

e ||v]] = 1: normalized
Distance
e d(u,v) = ||u - v||: distance between u and v

e Metric: satisfies triangle inequality

Projections
Projection onto Vector
e proj_u(v) = (v-u/u-u) - u: component of v in direction of u
e v = proj__u(v) + perp__u(v): orthogonal decomposition
Projection onto Subspace

o proj__W(v): closest point in subspace W to v
o Minimizes ||v - w|| over all w € W

Examples in Context
Physics

o Force vectors: ' = F,1 + F,j + F k
o Work: W =F - d (force dot displacement)
o Torque: 7 = rxF (cross product)

Machine Learning

o Feature vectors: x = [xj, Xg, ..., X,]T

o Cosine similarity: cos(0) = (u-v)/(||u]| - [|v|])
e Projection: least squares regression
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Quantum Mechanics

» State vectors: |¢) in Hilbert space

o Inner product: (p|y) (overlap of states)

o Orthonormal basis: (e;|e;) = 0;;
Computer Graphics

e 3D coordinates: position vectors
e« Normal vectors: perpendicular to surfaces
e Lighting: dot product for diffuse shading

Vector Spaces
Definition

e Set V with addition and scalar multiplication

o Satisfies axioms: closure, associativity, commutativity, identity, inverses
Examples

¢ R": n-dimensional real vectors

e C": n-dimensional complex vectors

o Polynomials: p(x) = a9 + a1x + ... + a,x"
e Functions: f: R - R

Subspaces

e W C V: closed under addition and scalar multiplication
o Examples: lines through origin, planes through origin

Practice Problems

1. Ifu-v =0and u-w = 0, what can you say about u and span{v,w}?
2. Find the projection of v = [3,4] onto u = [1,0].
3. Why is the inner product crucial in quantum mechanics?

Key Takeaways

e Vectors have direction and magnitude

e Inner products measure alignment and enable geometry
o Orthogonal vectors are independent (perpendicular)

e Projections find closest points in subspaces

o Vector spaces generalize the concept beyond R™

Next Steps

Next, we’ll explore Hilbert spaces—infinite-dimensional vector spaces where quantum mechanics lives.
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Lesson 3.5: Hilbert Spaces

Overview

Understanding Hilbert spaces as infinite-dimensional vector spaces with inner products, the natural setting
for quantum mechanics.

Learning Objectives

e Extend vector space intuition to infinite dimensions

e Understand completeness in infinite-dimensional spaces

o Recognize Hilbert spaces in quantum mechanics and signal processing
e Build intuition for orthonormal bases and expansions

Core Concepts
What Is a Hilbert Space?
Definition

e Vector space with inner product

e Complete: all Cauchy sequences converge

e Can be finite or infinite dimensional

o Examples: R", C", L2(R), space of square-integrable functions

Key Properties

o Inner product: (u,v) (generalizes dot product)

Norm: [[v|[ = ,/(v,v) (length)

e Completeness: limits of sequences stay in the space

o Separable: has countable dense subset (for most physical Hilbert spaces)

Infinite-Dimensional Spaces
Function Spaces
o L2(R): square-integrable functions
o [|f(x)|*dx < oco: finite “energy”
o Inner product: (f,g) = [*(x)g(x)dx
Sequence Spaces
o (2: square-summable sequences
e a= (aj, ag, ag, ...) with X, |a,|? < oo
o Inner product: (a,b) = ¥, a,*b,
Orthonormal Bases
Finite Dimensions
o {e1, €, ..., e,}: orthonormal if (e;,e;) = 0,
o Any vector: v = X;(e;,v)e;
o Coefficients: ¢; = (e;,v)
Infinite Dimensions

o {en}n=1"00: countable orthonormal basis
o Expansion: v = %, (e,,v)e,
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o Parseval’s identity: ||[v||? = Z,|(en,v)|?

Examples of Bases
Fourier Basis
* ey(x) = e"(inx)/,/(2m): orthonormal on [-m,7]
o Fourier series: f(x) = X, c,e”(inx)
o Coefficients: ¢, = (e,,f) = [f(x)e”(-inx)dx/(2)
Polynomial Basis

o Legendre polynomials: orthogonal on [-1,1]
e Hermite polynomials: orthogonal with Gaussian weight
e Used in quantum harmonic oscillator

Wavelet Basis

¢ Localized in time and frequency
o Used in signal processing and compression

Quantum Mechanics in Hilbert Space
State Vectors

e |Yb) € H: quantum state in Hilbert space
e ||%|| = 1: normalized (total probability = 1)
o (¥|) = 1: inner product with itself

Superposition

o |¢p) = ¥, cn|n): linear combination of basis states
e |ca|? = |(n])|?: probability of measuring state |n)
e Ynlcn]? = 1 (normalization)

Operators on Hilbert Space

o A: M — H: linear transformation
« Hermitian operators: At = A (observables)
« Unitary operators: UtU = I (time evolution)

Spectral Theorem

e« Hermitian operator A: has real eigenvalues and orthonormal eigenvectors
o A = ¥, )\, |n)(n|: spectral decomposition
e Measurement outcomes are eigenvalues

Examples in Context

Quantum Mechanics

« Position space: 1(x) € L*(R)

e Momentum space: p(p) € L2(R)
 Spin space: [1), |[}) € C?

o Multi-qubit: [¢) € C*(2") (n qubits)
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Signal Processing

o Audio signals: f(t) € L?(R)
e Fourier transform: decompose into frequencies
e Wavelet transform: time-frequency localization

Quantum Computing
e Qubit state: [¢)) = a|0) + 8|1) € C?
e n-qubit state: |¢) € C"(2")
« Entangled states: cannot be written as tensor products

Functional Analysis

e Operators: differential, integral, multiplication
« Eigenvalue problems: Af = \f
e Green’s functions: solutions to differential equations

Completeness and Convergence
Cauchy Sequences
o {v,}: Cauchy if ||v, - vin|| = 0 as n,m — o
e In Hilbert space: Cauchy sequences converge
Weak vs Strong Convergence

o Strong: ||v, - v|| = 0
o Weak: (w,v,,) — (w,v) for all w
e Weak convergence is weaker condition

Practice Problems

1. Why is L%(R) a Hilbert space but L!(R) is not?
2. Show that {sin(nx), cos(nx)} forms an orthogonal set on [0,27].
3. What is the dimension of the Hilbert space for 10 qubits?

Key Takeaways

o Hilbert spaces are complete vector spaces with inner products
o Can be infinite-dimensional (function spaces, sequence spaces)
e Orthonormal bases allow expansion of any vector

¢ Quantum mechanics naturally lives in Hilbert spaces

e Completeness ensures limits of sequences stay in the space

Next Steps

Next, we’ll explore operators—Ilinear transformations that act on Hilbert spaces and represent observables in
quantum mechanics.
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Lesson 3.6: Operators

Overview

Understanding operators as linear transformations on vector spaces, with special focus on Hermitian and
unitary operators in quantum mechanics.

Learning Objectives

e See operators as functions that transform vectors

e Understand eigenvalues and eigenvectors geometrically

o Recognize Hermitian operators as observables

e Build intuition for unitary operators as symmetries and time evolution

Core Concepts
What Are Operators?
Definition

e A: V — V: linear transformation on vector space V

o Linear: A(au + Bv) = aAu + BAv

e In finite dimensions: represented by matrices

e In infinite dimensions: differential operators, integral operators

Action on Vectors

o« Av =w: operator transforms vector v to w
e Can change direction and magnitude
o Special directions (eigenvectors) only get scaled

Matrix Representation
Finite Dimensions

e A = [a;;]: matrix with entries a;;

e Av = w: matrix-vector multiplication

o a;; = (e;|Ale;): matrix elements in basis {e;}
Change of Basis

e A’ = P !AP: similarity transformation
e Same operator, different basis
o Eigenvalues unchanged

Eigenvalues and Eigenvectors

Eigenvalue Equation

e Av = \v: v is eigenvector with eigenvalue \
o v is special direction that only scales
e A can be real or complex

Geometric Meaning

« Eigenvectors: directions that don’t rotate under A
o Eigenvalues: scaling factors
o Eigenspaces: span of eigenvectors with same eigenvalue
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Spectral Decomposition
« A= 2i\i|viy{(v;|: sum over eigenprojectors
e Any vector: v = X;¢;|v;)
o Action: Av = EZA1C1|V1>
Hermitian Operators
Definition
e At = A: “Hermitian” or “self-adjoint”
o (u|Av) = (Au|v): adjoint property
o Matrix: At = (A*)T (conjugate transpose)
Properties

e Real eigenvalues: \; € R

« Orthogonal eigenvectors: (v;|v;) = 0if \; # ),

e Complete basis: eigenvectors span the space
Physical Meaning

e Observables in QM: position, momentum, energy, spin
o Measurement outcomes: eigenvalues (always real)
e Measurement states: eigenvectors

Unitary Operators
Definition

« Ut0U = UU} = I “unitary”
e (Uu|Uv) = (ul|v): preserves inner products
o Preserves norms: ||Uv|| = ||v||

Properties

o Eigenvalues on unit circle: |\;| =1
e Orthonormal eigenvectors: if Hermitian
« Reversible: U~! = Ut

Physical Meaning

« Time evolution: U(t) = ¢ (-ift/h)

¢ Quantum gates: rotations on Bloch sphere

o Symmetries: rotations, translations, gauge transformations
Common Operators
Position and Momentum

e X: position operator (multiplication by x)
o p = -ikd/0x: momentum operator
e [x,p] = ifi: canonical commutation relation

Hamiltonian

. H: energy operator
e Hln) = E;[n): energy eigenstates
o Time evolution: ikd|y)/0t = H|y)
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Angular Momentum

e L = r x p: orbital angular momentum

e S: spin angular momentum

o [L;,L;] = ihe;;xLg: angular momentum algebra
Pauli Matrices

e 04y 0+, 0y spin-1/2 operators
o {04,0;} = 2§;;I: anticommutation relations
o [0i,0;] = 2ie;;x0,: commutation relations

Examples in Context

Quantum Mechanics

e Measurement: Ay = ai) gives outcome a
o Time evolution: [(t)) = " (-iHt/k)[1(0))
« Expectation value: (A) = (1|A[1))

Quantum Computing
o Single-qubit gates: X, Y, Z, H (Pauli and Hadamard)
» Rotation gates: R, (0) = e"(-ifo,/2)
e Two-qubit gates: CNOT, SWAP, CZ

Linear Algebra

« Projection: P? = P (idempotent)
« Reflection: RZ =1
« Rotation: R(f) in 2D or 3D

Differential Equations

 Differential operators: d/dx, V2, 9/0t
« Eigenvalue problems: -V2¢ = \¢
« Green’s functions: (A - A\I)~!

Operator Algebra
Commutators

+ [A,B] = AB - BA: measures non-commutativity
o [A,B] = 0: simultaneous eigenbasis exists
o [A,B] # 0: uncertainty relation

Functions of Operators

. f(A) = Y, Cc, n: power series
+ e”(ifA): exponential (rotation/evolution)
« Spectral theorem: f(A) = S;f(\;)|v;)(vi]

Tensor Products

« A ® B: operator on product space
e (A ®B)(Ju) ® |[v)) = (Au) ® (Bv)
e Multi-qubit operators
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Practice Problems

1. If and B commute, what can you say about their eigenvectors?
2. Why must observables be Hermitian operators?
3. Show that e"(ifo,) is a rotation around the x-axis on the Bloch sphere.

Key Takeaways

e Operators are linear transformations on vector spaces

o Eigenvectors are special directions that only get scaled

o Hermitian operators have real eigenvalues (observables)
 Unitary operators preserve inner products (time evolution)
o Commutators measure incompatibility of observables

Module 3 Complete

You now understand numbers, spaces, and operators from integers to Hilbert spaces. In Module 4, we’ll apply
this intuition to variational quantum eigensolvers and regularization.
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Module 4 — Optimization Regularization

Lesson 4.1: Parameterized States

Overview

Understanding parameterized quantum circuits (ansétze) as a way to explore the Hilbert space of quantum
states.

Learning Objectives

e See ansitze as parameterized families of quantum states

e Understand how circuit depth and structure affect expressibility

e Recognize common ansatz types and their trade-offs

e Build intuition for the relationship between parameters and state space

Core Concepts
What Is an Ansatz?
Definition

e Ansatz: “educated guess” for the form of the solution

o Parameterized circuit: U(¢) with tunable parameters § = (61, 6o, ..., 6,)
o Trial state: [)(0)) = U(0)|0)" (starting from computational basis)

e Goal: find 6* such that |[¢)(6*)) approximates ground state

Why Parameterize?

o Exploration: parameters let us search through state space

e Optimization: classical optimizer adjusts 6 to minimize cost

e« Hardware efficiency: shallow circuits reduce noise

e Physical intuition: structure can encode problem symmetries

Ansatz Structure
Single-Qubit Rotations

e R,(0) = e"(-ifo,/2): rotation around x-axis
« R,(0) = e”(-ifo,/2): rotation around y-axis
« R,(0) = e"(-if0,/2): rotation around z-axis
o Uj3(0,0,)\): general single-qubit rotation

Entangling Gates

e CNOT: creates entanglement between qubits
e CZ: controlled-Z gate
o RZZ(0) = e"(-i9ZZ/2): parameterized two-qubit gate

Layer Structure

« Rotation layer: apply R, (6;) to each qubit
o Entangling layer: apply CNOTs or other two-qubit gates
e Repeat: multiple layers increase expressibility
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Common Ansatz Types
Hardware-Efficient Ansatz

e Structure: matches native gate set of quantum hardware
¢ Pros: shallow circuits, low noise

e Cons: may not capture problem structure

o Example: alternating single-qubit rotations and CNOTs

Unitary Coupled Cluster (UCC)

e Structure: based on quantum chemistry excitations
e Pros: physically motivated, systematic improvement
e Cons: deep circuits, many parameters

o Example: UCCSD (singles and doubles excitations)

QAOA-Inspired Ansatz

e Structure: alternating problem and mixer Hamiltonians
e Pros: good for combinatorial optimization

e Cons: requires problem-specific design

« Example: eAHmixer)ei~H problem)

Symmetry-Preserving Ansatz

o Structure: respects problem symmetries (particle number, spin, etc.)
e Pros: reduces parameter space, improves optimization

e Cons: requires symmetry analysis

o« Example: particle-conserving gates

Expressibility vs Trainability
Expressibility

e How much of Hilbert space can the ansatz reach?
e More parameters — more expressible

e Deeper circuits — more expressible

o Trade-off: expressibility vs circuit depth (noise)

Trainability

e How easy is it to optimize the parameters?

o Too many parameters — barren plateaus (vanishing gradients)
e Too few parameters — can’t reach good solutions

e Sweet spot: enough expressibility, trainable gradients

Barren Plateaus

e Problem: gradients vanish exponentially with circuit depth
e Cause: random circuits have exponentially small gradients
e Solutions: problem-inspired ansétze, local cost functions, parameter initialization

Examples in Context
Quantum Chemistry

o Ansatz: UCC (unitary coupled cluster)
. State: [12(9)) = e (T(6)-Tt(6))|HF)
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o Parameters: excitation amplitudes
e Goal: find molecular ground state energy

Combinatorial Optimization

e Ansatz: QAOA (Quantum Approximate Optimization Algorithm)
State: [12(3,7)) = [T, mie0e(-iy, H_cost)|+)"

o Parameters: mixing angles 3, cost angles ~y

e Goal: find optimal solution to combinatorial problem

Quantum Machine Learning

e Ansatz: data-encoding + variational layers
State: |¢(x,0)) = U(A)U_encode(x)|0)"

e Parameters: trainable weights 6

o Goal: learn function f(x) = (¢ (x,0)| M|y (x,0))

Designing an Ansatz
Step 1: Understand the Problem

e What symmetries does the problem have?
e What’s the expected structure of the solution?
e What’s the available quantum hardware?

Step 2: Choose Structure

o Hardware-efficient for NISQ devices
e Problem-inspired for better optimization
o Balance expressibility and trainability

Step 3: Initialize Parameters

e Random initialization can lead to barren plateaus
o Problem-inspired initialization (e.g., classical solution)
e Layerwise training

Step 4: Test and Iterate

o Check expressibility: can it reach good states?
o Check trainability: do gradients vanish?
o Adjust depth, structure, initialization

Practice Problems

1. How many parameters does a hardware-efficient ansatz with L layers and n qubits have?
2. Why might a UCC ansatz be better than a hardware-efficient ansatz for quantum chemistry?
3. What is a barren plateau, and how can you avoid it?

Key Takeaways

o Ansitze are parameterized quantum circuits that explore state space

e Structure matters: hardware-efficient vs problem-inspired

o Trade-off: expressibility (can reach good states) vs trainability (can optimize)
e Barren plateaus are a major challenge in deep variational circuits

e Good ansatz design requires understanding the problem and hardware
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Next Steps

Next, we’ll explore cost functions—how to define what we’re trying to minimize in VQE.
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Lesson 4.2: Cost Functions

Overview

Understanding cost functions in VQE as energy expectation values and how to design and measure them on
quantum hardware.

Learning Objectives

e See cost functions as expectation values of Hamiltonians

e Understand how to decompose Hamiltonians into measurable terms
o Recognize the variational principle and energy bounds

e Build intuition for cost function landscapes

Core Concepts

Energy Expectation Value

Definition

E(0) = ($(0)[H[¢(6)): energy of state [1(0))
o H: Hamiltonian (energy operator)

o Goal: minimize E(6) to find ground state
o Variational principle: E(f) > E; (ground state energy)

Why Energy?

e Ground state has minimum energy

o Energy is a Hermitian observable (real-valued)

e Variational principle guarantees bound

e Physical meaning: total energy of quantum system

Hamiltonian Structure

Pauli Decomposition

A

e« H =X, h;P;: sum of Pauli strings

o P;: tensor product of Pauli operators (I, X, Y, Z)
e h;: real coefficients

e Example: H=0.5Z%Z; + 0.3-Xo-0.2-Y;

Measuring Pauli Strings

o (P;) = (¢|P;|9): expectation of Pauli string
e Measure in eigenbasis of P;

e Figenvalues: £1 for Pauli operators

o Estimate: average over many measurements

Total Energy

o« E(0) = X; h;(P;): sum of weighted expectations
e FEach term measured separately
o Total measurements: O(number of terms)
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Variational Principle

Upper Bound
o« E(0) > E for all §
e Any trial state gives upper bound on ground energy
o Minimizing E(6) approaches Eg

Excited States

e Can target excited states with constraints
o Orthogonalize to lower states
o Penalty terms for overlap

Cost Function Design

Standard VQE
e C(0) = ((0)|H|(H)): just the energy
e Simple, direct
e May have many local minima

With Constraints

o« C(0#) = E(f) 4+ )\ - penalty(0): energy + constraint
e Penalty enforces symmetries or other requirements
o Example: particle number conservation

Subspace VQE
o C(0) = ((0)|H|y()) in subspace
e Reduces problem size
o Exploits symmetries
Measurement Strategies
Individual Pauli Measurements

o Measure each Pauli string separately
e Rotate basis: apply gates before measurement
o Estimate expectation from measurement outcomes

Grouping Commuting Terms

« [P;,P;] = 0: can measure simultaneously
e Group commuting Pauli strings
o Reduces total measurements

Shadow Tomography

o Estimate many observables from few measurements
o Classical post-processing
o FEfficient for large Hamiltonians
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Examples in Context
Quantum Chemistry

e Hamiltonian: molecular electronic structure
o H =13%;; h;;a4;74; + Xijm hijrmd;ta; a4
e Map to qubits: Jordan-Wigner, Bravyi-Kitaev
e Measure energy in Pauli basis

Combinatorial Optimization

e« Hamiltonian: encodes optimization problem
« H=73,; J;;0,0; + i hyo; (Ising model)

e Ground state = optimal solution

e Measure cost function value

Quantum Simulation

e Hamiltonian: physical system to simulate

« H= ﬁ_kinetic + fI_potential + ﬂ_interaction
e Find ground state or dynamics

e Measure observables of interest

Cost Function Landscape
Local Minima

e Cost function may have many local minima
o Optimization can get stuck
e Strategies: multiple initializations, simulated annealing

Barren Plateaus

e Gradients vanish in large regions
o Exponentially hard to escape
o Related to ansatz design (see Lesson 4.1)

Noise Effects

e Measurement noise adds variance
e Coherent errors bias energy estimates
o Regularization can help (see Lesson 4.4)

Practical Considerations
Shot Budget

e N_ shots: number of measurements per Pauli string
e More shots — better estimate, but more time
e Trade-off: accuracy vs runtime

Error Mitigation

e Zero-noise extrapolation
e Probabilistic error cancellation
e Symmetry verification
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Adaptive Measurements

o Allocate shots based on term importance
e More shots for large coefficients h;
e Reduces total measurement cost

Practice Problems

.IfH=2" ZoZ1 + 3 - XpX1, how many measurement bases do you need?
2. Why does the variational principle guarantee E(6) > Eg?
3. How does measurement noise affect the cost function estimate?

Key Takeaways

« Cost function is energy expectation value E(6) = (1(0)|H[(6))

e Hamiltonians decompose into measurable Pauli strings

o Variational principle: any trial state gives upper bound on ground energy
e Measurement strategies: individual, grouped, or shadow tomography

e Cost landscape has local minima and barren plateaus

Next Steps

Next, we’ll explore gradients—how to compute derivatives of the cost function using parameter-shift rules.
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Lesson 4.3: Gradients

Overview

Understanding how to compute gradients of quantum cost functions using parameter-shift rules and other
techniques.

Learning Objectives

o See gradients as directions of steepest descent

e Understand the parameter-shift rule for quantum circuits

e Recognize when finite differences vs parameter-shift is appropriate

¢ Build intuition for gradient-based optimization on quantum hardware

Core Concepts
Why Gradients?
Optimization

o Gradient descent: §_new = 6_old - o - VE(0)
e Gradient points toward steepest increase

e Move opposite direction to minimize

« Requires computing JE/90; for each parameter

Classical vs Quantum

o Classical: backpropagation (chain rule)

e Quantum: parameter-shift rule (analytical gradients)
e Can’t directly access quantum state

o Must use measurement outcomes

Parameter-Shift Rule

Single-Parameter Gates

« Gate: U(0) = " (-i0G/2) where G2 = I (generator)
« Gradient: 9(H)/90 = [(H)(0 + 7/2) - (H)(0 - 7/2)]/2
o Intuition: shift parameter by 47 /2, take difference
o Exact: not an approximation (for Pauli generators)

Why It Works

« Taylor expansion: (¢(0)|H[¢(0)) = a + b - cos(d) + ¢ - sin(0)
o Derivative: d/df = -b - sin(f) + ¢ - cos(6)

e Shift formula: recovers derivative exactly

¢ Measurement-based: only need expectation values

Multi-Parameter Case

o Partial derivatives: 0E/00; computed independently
o« Gradient: VE = [0E/001, OE/00s, ..., OE/00,|T
o Cost: 2p circuit evaluations (p parameters)

Finite Differences

Forward Difference
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e OE/06 =~ [E(0 + ¢) - E(0)]/e
e Simple, but approximate
o Error: O(g)

Central Difference

e OE/00 ~ [E(0 4 ¢) - E(0 - €)]/(2¢)
e More accurate
e Error: O(&?)

When to Use

e Non-Pauli generators
e Quick prototyping
¢ Classical simulation

Gradient-Based Optimizers

Gradient Descent

o 0 < 0 - a- VE(f): basic update rule
e « is learning rate
e Can be slow, sensitive to learning rate

Momentum

e v < v + VE(0): accumulate momentum
e 0+ 0 - «-v: update with momentum
e Helps escape shallow local minima

Adam

e m « fim + (1-51)VE: first moment (mean)

e v < (v + (1-32)(VE)?: second moment (variance)
e 0« 0-a-m/ /(v + e): adaptive learning rate

e Popular in machine learning

Quantum Natural Gradient

e § «— 0 - «a-F 'VE: use Fisher information matrix F
e Accounts for geometry of parameter space
e More efficient, but requires computing F

Challenges in Quantum Gradients

Barren Plateaus

e Problem: gradients vanish exponentially with system size
e Cause: random circuits have exponentially small gradients
e Solutions: problem-inspired ansétze, local cost functions

Shot Noise

¢ Problem: finite measurements add noise to gradient estimates
o Effect: noisy gradients slow optimization
e Solutions: more shots, adaptive shot allocation, gradient filtering
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Hardware Noise

e Problem: gate errors and decoherence
o Effect: biased gradient estimates
e Solutions: error mitigation, shorter circuits

Examples in Context
VQE for Quantum Chemistry

« Cost: E(f) = ((0)[H_mol|y(6))

o Gradient: JE/d0; via parameter-shift

e Optimizer: BFGS, Adam, or quantum natural gradient
e Goal: minimize molecular energy

QAOA for MaxCut

« Cost: E(8,y) = (¥(8,7)H_cut[y(8,7))

o Gradient: 0E/03,, 0E/0v, via parameter-shift
e Optimizer: gradient descent with momentum

o Goal: maximize cut value (minimize -E)

Quantum Machine Learning

e Cost: L(H) = Zz(yz - f(Xi,e))Q

« Gradient: JL/00; via parameter-shift on each sample
e Optimizer: mini-batch gradient descent

e Goal: learn function f

Parameter-Shift Variants
General Shift Rule
« For G with eigenvalues +\: shift by #/(4)\)
e Multiple eigenvalues: more shift terms needed
o Example: G = X + Y requires 4 shifts
Stochastic Parameter-Shift
¢« Randomly sample shift directions
¢ Reduces measurement cost
e Unbiased gradient estimate

Simultaneous Perturbation
e Perturb all parameters at once
o Estimate gradient direction
e Fewer circuit evaluations
Practical Implementation

Step 1: Define Cost Function
o E(0) = ((0)[H]$(0))

Step 2: Compute Shifted Costs
o For each 6;: compute E(f + 7/2-¢;) and E(6 - /2 - ¢;)
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Step 3: Calculate Gradient
o OE/00; = [E(0 + 7/2-¢;) - E(0-7/2"¢;)]/2

Step 4: Update Parameters
e 0+ 0-a-VE(®)

Step 5: Repeat

e Until convergence or max iterations

Practice Problems

1. How many circuit evaluations are needed to compute the gradient for p parameters?
2. Why is the parameter-shift rule exact for Pauli generators?
3. What is the advantage of quantum natural gradient over standard gradient descent?

Key Takeaways

¢ Gradients guide optimization toward lower cost

o Parameter-shift rule gives exact gradients from measurements

e Requires 2p circuit evaluations for p parameters

e Barren plateaus and shot noise are major challenges

e Various optimizers: gradient descent, momentum, Adam, quantum natural gradient

Next Steps

Next, we’ll explore regularization—how to add penalty terms to control the optimization landscape and
improve convergence.
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Lesson 4.4: Regularization

Overview

Understanding regularization as a way to control optimization landscapes, enforce constraints, and improve
VQE performance.

Learning Objectives

o See regularization as penalty terms added to cost functions

e Understand L1, L2, and physics-inspired regularization

o Recognize how regularization shapes optimization landscapes
e Build intuition for when and how to regularize VQE

Core Concepts

What Is Regularization?

Definition
» Regularized cost: C_total(d) = E(6) + A - R(0)
o E(6): original cost (energy)

o R(0): regularization term (penalty)
o A: regularization strength (hyperparameter)

Why Regularize?

e Prevent overfitting: in quantum machine learning

o Enforce constraints: symmetries, particle number, etc.

e« Smooth landscapes: reduce local minima, improve gradients
e Bias toward solutions: prefer certain parameter regions

Types of Regularization
L2 Regularization (Weight Decay)

o R(0) = ||0]]> = X;0;% penalize large parameters

o Effect: keeps parameters small, smooth solutions

o Gradient: OR/00; = 20, (simple to compute)

o Use case: prevent parameter explosion, improve generalization

L1 Regularization (Sparsity)

o R(0) = ||9||1 = X;|0;|: penalize non-zero parameters
« Effect: encourages sparse solutions (many 6; = 0)

o Gradient: OR/00; = sign(0;) (non-differentiable at 0)
e Use case: feature selection, circuit compression

Entropy Regularization

o R(9) = -S(p(h)): penalize low entropy (pure states)
o S(p) = -Tr(p log p): von Neumann entropy
o Effect: encourages mixed states, exploration
e Use case: quantum machine learning, thermal states
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Physics-Inspired Regularization
Symmetry Enforcement

« R(0) = |[S]4(0)) - s|v(0))]|?: penalize symmetry violation
o S: symmetry operator (e.g., total spin, particle number)

e s: target eigenvalue

o Effect: keeps state in correct symmetry sector

e Use case: quantum chemistry, many-body physics

Overlap Penalties

o R(0) = |(v_ref|y(0))|*: penalize overlap with reference state
o Effect: orthogonalize to known states (for excited states)
e Use case: excited state VQE

Gradient Regularization

o R(0) = ||VE(9)]|?: penalize large gradients
e Effect: smooths cost landscape
e Use case: mitigate barren plateaus

Regularization in VQE
Standard VQE
« C(0) = (¥(0)|H|1(0)): no regularization
e May have rough landscape, local minima
Regularized VQE

o C(0) = (W(O)|H|Y()) + A||0]]2: L2 regularization
e Smoother landscape, easier optimization
o Trade-off: may not reach exact ground state

Adaptive Regularization

o A(t): decrease A over optimization

o Start with strong regularization (smooth landscape)
e Gradually reduce to recover exact solution

e Similar to simulated annealing

Choosing Regularization Strength

Too Small (A — 0)

e Regularization has no effect
¢ Original rough landscape
e May get stuck in local minima

Too Large (A — o)

e Regularization dominates
e Solution biased away from true minimum
e May not find good solution
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Just Right

« Balances original cost and regularization
e Improves optimization without biasing too much
e Often found via hyperparameter search

Examples in Context
Quantum Chemistry VQE

¢ Regularization: particle number conservation

« R(f) = ((N) - N__target)?: penalize wrong particle number
o Effect: keeps state in correct Fock space sector

¢ Result: faster convergence, physically valid states

QAOA for Optimization

e Regularization: L2 on angles

e R(B,7) = |IB]1? + ||7]|?: keep angles moderate
o Effect: prevents extreme parameter values

e Result: more stable optimization

Quantum Machine Learning

e Regularization: L2 on circuit parameters

o R(0) = \||0]|*: prevent overfitting

o Effect: simpler models, better generalization
¢ Result: improved test set performance

Excited State VQE

e Regularization: orthogonality to ground state
o R(0) = |(vol|tr(0))|?: penalize overlap with |t)g)
o Effect: pushes state away from ground state

e Result: finds first excited state

Regularization and Noise
Noise as Implicit Regularization

o Hardware noise acts like regularization
e Decoherence smooths cost landscape
o Can help escape local minima (but biases solution)

Explicit Regularization for Noise

e Add regularization to counteract noise effects
e Example: penalize states sensitive to noise
e Improves robustness on NISQ devices

Practical Implementation
Step 1: Choose Regularization Type

e L2 for smoothness
e L1 for sparsity
o Physics-inspired for constraints
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Step 2: Set Initial A

o Start with small A (e.g., 0.01)
e Increase if optimization struggles
e Decrease if solution is biased

Step 3: Monitor Both Terms

o Track E(A) and R(0) separately
o Ensure regularization isn’t dominating
e Adjust X if needed

Step 4: Adaptive Schedule (Optional)

e Start with large A
e Decrease over optimization
e Final A — 0 for exact solution

Practice Problems

1. How does L2 regularization affect the gradient VC(6)?
2. Why might you want to enforce particle number conservation in quantum chemistry VQE?
3. What’s the trade-off between regularization strength and solution accuracy?

Key Takeaways

e Regularization adds penalty terms to cost functions
e L2 smooths landscapes; L1 encourages sparsity

e Physics-inspired regularization enforces constraints
e Regularization strength A must be tuned carefully
e Can improve optimization but may bias solutions

Next Steps

Next, we’ll explore how noise affects VQE cost landscapes and strategies to navigate noisy optimization.
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Lesson 4.5: Noise & Landscapes

Overview

Understanding how quantum noise affects VQE cost landscapes and developing strategies to navigate noisy
optimization.

Learning Objectives

e See how noise transforms ideal cost landscapes

e Understand different types of quantum noise and their effects
o Recognize noise-induced local minima and bias

¢ Build intuition for error mitigation strategies

Core Concepts
Types of Quantum Noise
Decoherence

o T, decay: energy relaxation (|]1) — |0))

o Ts decay: dephasing (loss of phase coherence)

o Effect: mixed states, reduced purity

e Impact on VQE: biased energy estimates, reduced expressibility

Gate Errors

o Over/under-rotation: 6_actual # 6__intended

e Crosstalk: unintended interactions between qubits

o Effect: wrong unitary applied

e Impact on VQE: incorrect state preparation, biased gradients

Measurement Errors

» Readout errors: measure |0) when state is |1) (and vice versa)
e SPAM errors: state preparation and measurement

o Effect: incorrect measurement outcomes

e Impact on VQE: noisy cost function estimates

How Noise Affects Cost Landscapes

Ideal Landscape
¢ Smooth: well-defined minima
o Deterministic: same 0 gives same E(6)
e Gradient: points toward minimum

Noisy Landscape

¢ Rough: noise adds high-frequency oscillations

o Stochastic: E(#) varies between runs (shot noise)
o Biased: systematic errors shift minimum

e Flattened: decoherence reduces landscape features

Noise-Induced Phenomena

Local Minima
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e Noise can create spurious local minima
e Optimizer gets trapped
e Solution: multiple initializations, simulated annealing

Barren Plateaus

e Gradients vanish in large regions
o Exponentially hard to escape
e« Worse with noise and deep circuits

Gradient Bias

» Noise biases gradient estimates
e Optimizer moves in wrong direction
e Solution: error mitigation, more shots

Energy Bias

e Decoherence typically increases energy
e Ground state estimate is too high
e Solution: extrapolation, error mitigation

Error Mitigation Strategies
Zero-Noise Extrapolation (ZNE)

e Idea: run at different noise levels, extrapolate to zero noise
e Method: amplify noise (e.g., pulse stretching), fit curve, extrapolate

e Effect: reduces systematic bias
e Cost: multiple circuit runs

Probabilistic Error Cancellation (PEC)

e Idea: represent noisy channel as linear combination of noiseless operations

e Method: sample from quasi-probability distribution
o Effect: unbiased estimates (but high variance)
o Cost: many more measurements

Symmetry Verification

e Idea: check if state respects known symmetries

e Method: measure symmetry operators, post-select or correct

Effect: filters out unphysical states
e Cost: additional measurements

Measurement Error Mitigation

e Idea: characterize readout errors, invert confusion matrix

e Method: calibration circuits, linear inversion
o Effect: corrects measurement outcomes
Cost: calibration overhead

Noise-Aware Optimization
Adaptive Shot Allocation

e Idea: allocate more shots where gradient is uncertain
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e Method: estimate gradient variance, increase shots accordingly
o Effect: reduces total shots for same accuracy
o Benefit: faster optimization

Noise-Aware Ansatz Design

e Idea: design circuits robust to noise

e Method: shorter circuits, native gates, symmetry-preserving
o Effect: less noise accumulation

o Trade-off: may reduce expressibility

Robust Cost Functions

e Idea: cost functions less sensitive to noise

e Method: local observables, symmetry-protected quantities
o Effect: more stable optimization

o Example: QAOA with local cost terms

Examples in Context
VQE on NISQ Hardware

e Challenge: decoherence limits circuit depth
e Strategy: shallow ansétze, error mitigation
e Result: approximate ground state energies

Noisy QAOA

e Challenge: gate errors accumulate over layers
e Strategy: optimize layer count, use ZNE
e Result: better approximation ratios

Quantum Machine Learning

e Challenge: training requires many circuit evaluations
e Strategy: noise-aware training, regularization
e Result: models robust to noise

Noise Models

Depolarizing Channel

o Effect: state — (1-p)p + p - I/d (mixed with maximally mixed state)
o Parameter: p (depolarizing probability)
e Impact: reduces purity, flattens landscape

Amplitude Damping

o Effect: |1) — |0) with probability ~
o Parameter: v (damping rate)
o Impact: biases toward |0) states

Phase Damping

o Effect: loses phase coherence
o Parameter: \ (dephasing rate)
o Impact: reduces off-diagonal density matrix elements
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Simulating Noisy VQE
Noise Simulation

e Tool: Qiskit, Cirq with noise models
e Method: add noise channels after each gate
e Purpose: predict performance on real hardware

Benchmarking

e Metrics: fidelity, energy error, convergence rate
o Comparison: ideal vs noisy, different error rates
e Goal: understand noise impact, test mitigation

Practical Considerations
Circuit Depth vs Noise

e Trade-off: deeper circuits — more expressive but more noise
o Strategy: find optimal depth for hardware
¢ Rule of thumb: keep depth < coherence time / gate time

Shot Budget

e Trade-off: more shots — better estimates but more time
e Strategy: adaptive allocation, prioritize important terms
o Typical: 1000-10000 shots per circuit

Calibration

o Importance: gate errors vary over time
e Strategy: regular calibration, use recent calibration data
e Impact: more accurate noise models, better mitigation

Practice Problems

1. How does decoherence typically affect ground state energy estimates?
2. Why might zero-noise extrapolation help with systematic errors but not shot noise?
3. What’s the trade-off between circuit depth and noise in ansatz design?

Key Takeaways

e Noise transforms cost landscapes: rougher, biased, flattened

o Different noise types: decoherence, gate errors, measurement errors

e FError mitigation: ZNE, PEC, symmetry verification, readout correction

o Noise-aware strategies: adaptive shots, robust ansétze, local cost functions
o Trade-offs: expressibility vs noise, shots vs time, accuracy vs cost

Next Steps
Next, we’ll put it all together and walk through the complete VQE pipeline from problem setup to solution.
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Lesson 4.6: VQE Pipeline

Overview

Putting it all together: the complete VQE workflow from problem definition to solution, with practical
considerations.

Learning Objectives

e Understand the full VQE pipeline end-to-end

e Recognize decision points and trade-offs at each stage

¢ Build intuition for debugging and improving VQE performance

e Apply VQE to real problems in chemistry, optimization, and beyond

Core Concepts
The VQE Pipeline
Stage 1: Problem Definition

1. Define the problem: What are you trying to solve?
2. Formulate Hamiltonian: H that encodes the problem
3. Choose target: Ground state? Excited state? Thermal state?

Stage 2: Ansatz Design

1. Select ansatz type: Hardware-efficient? Problem-inspired?
2. Determine depth: Balance expressibility and noise
3. Initialize parameters: Random? Classical guess? Layerwise?

Stage 3: Cost Function Setup

1. Decompose Hamiltonian: H = ;h; P; (Pauli strings)
2. Group measurements: Commuting terms measured together
3. Add regularization (optional): Constraints, smoothing

Stage 4: Gradient Computation

1. Choose method: Parameter-shift? Finite differences?
2. Compute gradients: JE/J0; for each parameter
3. Handle noise: Error mitigation, adaptive shots

Stage 5: Optimization

1. Select optimizer: Gradient descent? Adam? BFGS?
2. Set hyperparameters: Learning rate, momentum, etc.
3. Iterate: Update 6, evaluate cost, compute gradients, repeat

Stage 6: Validation

1. Check convergence: Has E(6) stabilized?
2. Verify solution: Does state have expected properties?
3. Benchmark: Compare to classical methods, exact solutions
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Detailed Walkthrough

Example: Hy; Molecule VQE Step 1: Problem Definition - Goal: Find ground state energy of Hy
molecule - Hamiltonian: Electronic structure Hamiltonian - Mapping: Jordan-Wigner or Bravyi-Kitaev to
qubits

Step 2: Hamiltonian Construction - Molecular geometry: H-H distance = 0.74 A - Basis set:
STO-3G (minimal basis) - Result: H = ¥;h; P; (sum of Pauli strings) - Example: H = -1.05-1 4 0.18 - Z
-048 -7y + 0.17 - ZogZ1 + ...

Step 3: Ansatz Selection - Choice: UCC singles and doubles (UCCSD) - Qubits: 2 qubits (2 spin
orbitals) - Parameters: 1 parameter (single excitation amplitude) - Circuit: R,(¢) on qubit 0, CNOT,
R4 (-6) on qubit 1, CNOT

Step 4: Initial State - Hartree-Fock: |[01) (one electron in each orbital) - Preparation: X gate on qubit
1

Step 5: Cost Function - E(f) = (4(0)|H|y(#)) - Measurement: Measure each Pauli string - Shots:
1000 per Pauli string

Step 6: Gradient Computation - Method: Parameter-shift rule - E(6¢ 4+ 7/2) and E(f - 7/2) -
Gradient: 0E/00 = [E(0 + 7/2) - E(0 - 7/2)]/2

Step 7: Optimization - Optimizer: Gradient descent - Learning rate: o = 0.1 - Update: 0 + 6 -
a - OE/00 - Iterations: ~20-50 iterations

Step 8: Result - Converged energy: E = -1.137 Ha (Hartree) - Exact: -1.137 Ha - Error: < 0.001 Ha
(chemical accuracy)

Decision Points and Trade-offs

Ansatz Depth

e Shallow: Less noise, less expressive
o Deep: More expressive, more noise
e Decision: Match to hardware coherence time

Shot Budget

e Few shots: Fast, noisy estimates
e Many shots: Slow, accurate estimates
e Decision: Adaptive allocation, prioritize important terms

Optimizer Choice

o Gradient-free (Nelder-Mead, COBYLA): No gradients needed, slower
o Gradient-based (Adam, BFGS): Faster, requires gradients
o Decision: Use gradients if available (parameter-shift)

Error Mitigation

e None: Fastest, biased results
e ZNE: Moderate cost, reduces bias

e« PEC: High cost, unbiased
e Decision: Balance accuracy and runtime

Common Pitfalls and Solutions
Pitfall 1: Stuck in Local Minimum

e Symptom: Optimization stops improving, energy above expected

106



e Solution: Multiple random initializations, simulated annealing

Pitfall 2: Barren Plateau

e Symptom: Gradients vanish, no progress

e Solution: Shallower ansatz, problem-inspired structure, local cost
Pitfall 3: Noisy Gradients

e Symptom: Optimization oscillates, doesn’t converge

e Solution: More shots, gradient filtering, smaller learning rate
Pitfall 4: Wrong Symmetry Sector

e Symptom: Solution violates known symmetries
e Solution: Symmetry-preserving ansatz, regularization

Pitfall 5: Measurement Overhead

e Symptom: Too many Pauli strings, too slow

e Solution: Group commuting terms, shadow tomography
Performance Metrics
Energy Accuracy

e Chemical accuracy: Error < 1.6 mHa (0.001 Ha)

» Relative error: [E_VQE - E_exact|/|E_exact|
Convergence Rate

e Iterations to convergence: Fewer is better

o Wall-clock time: Total runtime on hardware
Circuit Depth

e Gate count: Fewer gates — less noise

e Depth: Shorter circuits — more robust
Measurement Cost

o Total shots: Fewer shots — faster
e Circuit evaluations: Fewer evaluations — cheaper

Examples in Context
Quantum Chemistry

e Problem: Molecular ground state energies
o Ansatz: UCC (unitary coupled cluster)
e Success: Hs, LiH, BeHs within chemical accuracy

Combinatorial Optimization

e Problem: MaxCut, TSP, graph coloring
e Ansatz: QAOA (Quantum Approximate Optimization Algorithm)
e Success: Small instances, competitive with classical
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Condensed Matter Physics

o Problem: Lattice models (Hubbard, Heisenberg)
e Ansatz: Hardware-efficient or symmetry-adapted
e Success: Phase diagrams, ground state properties

Machine Learning

e Problem: Classification, regression
e Ansatz: Data-encoding + variational layers
e Success: Proof-of-concept, exploring quantum advantage

Practical Implementation Checklist
Before Running

[0 Hamiltonian defined and decomposed
0 Ansatz chosen and implemented

[ Initial parameters set

O Optimizer configured

O Shot budget allocated

] Error mitigation strategy decided

During Optimization

0 Monitor energy convergence

O Track gradient magnitudes

O Check for symmetry violations
O Adjust learning rate if needed
O Save intermediate results

After Convergence

O Verify solution properties
[0 Compare to benchmarks
O Analyze error sources

[0 Document results

OO0 Consider improvements

Advanced Topics
Adaptive VQE
e Idea: Grow ansatz during optimization
e Method: Add layers when gradients plateau
o Benefit: Balance expressibility and depth
Subspace VQE

e Idea: Solve in reduced subspace
e Method: Exploit symmetries, active space
e Benefit: Fewer qubits, faster optimization

Excited State VQE

e Idea: Find excited states, not just ground
e Method: Orthogonality constraints, penalty terms
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o Benefit: Access to spectroscopy, dynamics

Quantum Natural Gradient

e Idea: Use Fisher information metric
e« Method: Compute F, solve F - Af = -VE
o Benefit: Faster convergence, better geometry

Practice Problems

1. Design a VQE pipeline for finding the ground state of a 3-qubit Heisenberg model.
2. How would you debug a VQE run that’s stuck at high energy?
3. What’s the expected scaling of VQE runtime with number of qubits?

Key Takeaways

e VQE pipeline: problem — Hamiltonian — ansatz — cost — gradients — optimization — validation
e Key decisions: ansatz depth, shot budget, optimizer, error mitigation

e Common pitfalls: local minima, barren plateaus, noisy gradients, symmetry violations

e Success metrics: energy accuracy, convergence rate, circuit depth, measurement cost

e VQE is a flexible framework applicable to chemistry, optimization, physics, ML

Module 4 Complete

You now understand the full VQE pipeline and how to apply variational quantum algorithms. In Module 5,
we’ll sharpen your mathematical reading skills with practical clarity drills.
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Module 5 — Clarity Drills

Lesson 5.1: Identify Operations

Overview

Rapid recognition drills to identify what each symbol and operation is doing in mathematical expressions.

Learning Objectives

o Instantly recognize operations: addition, multiplication, derivatives, integrals, etc.
e Identify the main operation vs auxiliary operations

o Understand operation precedence and grouping

e Build speed in parsing complex expressions

Drill Format

For each equation, identify: 1. Main operation: What is the primary operation? 2. Operands: What is
being operated on? 3. Auxiliary operations: What supporting operations are present? 4. Purpose: What
is this equation computing or describing?

Drill Set 1: Basic Operations
Equation 1: y = 3x + 5

e Main operation: Addition

e Operands: 3x and 5

o Auxiliary: Multiplication (3 times x)

e Purpose: Linear relationship between y and x

Equation 2: A = 7r?

e Main operation: Multiplication

e Operands: 7 and 12

o Auxiliary: Exponentiation (r squared)
o Purpose: Area of circle with radius r

Equation 3: v = dx/dt

o Main operation: Division (derivative)

o Operands: dx (infinitesimal change in x) and dt (infinitesimal change in t)
o Auxiliary: None (notation represents rate)

e Purpose: Velocity as rate of change of position

Equation 4: E = [F-dx

o Main operation: Integration (accumulation)

o Operands: F - dx (force times displacement)

o Auxiliary: Dot product (F - dx)

o Purpose: Work/energy from force over distance

Equation 5: P(A|B) = P(ANB)/P(B)

e Main operation: Division
o Operands: P(ANB) (joint probability) and P(B) (marginal probability)
o Auxiliary: Intersection (ANB)
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o Purpose: Conditional probability (probability of A given B)

Drill Set 2: Composite Operations
Equation 6: V2p = 0%p/0x% + 0%p/0y? + 0%¢/0z>

e Main operation: Addition (summing second derivatives)
e Operands: Three second partial derivatives
o Auxiliary: Second derivatives (9%/9x2, etc.)
o Purpose: Laplacian operator (measures curvature in 3D)

Equation 7: (A) = Tr(phk)

e Main operation: Trace (sum of diagonal elements)

o Operands: p (density matrix) times (operator)

 Auxiliary: Matrix multiplication (pA)

e Purpose: Expectation value of observable A in quantum state p

Equation 8: L = -%; y;log(§;)

e Main operation: Summation

o Operands: y;log(y;) for each i

o Auxiliary: Logarithm (log), multiplication (y; times log(¥;)), negation
o Purpose: Cross-entropy loss (measures prediction error)

Equation 9: |9 (t)) = e~ (-ifit/h) [ (0))

o Main operation: Matrix/operator multiplication

« Operands: Time evolution operator ¢”(-iHt /%) and initial state [1(0))

o Auxiliary: Exponential of operator, division (t/4), negation, imaginary unit
e Purpose: Quantum state time evolution

Equation 10: 0L/0¢ = (JL/0§) - (0§/0z) - (0z/06)

e Main operation: Multiplication (chain rule)

e Operands: Three partial derivatives

e Auxiliary: Partial derivatives at each step

e Purpose: Backpropagation gradient via chain rule

Drill Set 3: Advanced Recognition
Equation 11: H|¢) = El)

e Main operation: Operator application (ﬂ acting on [1))
« Operands: Hamiltonian H and state [¢)

o Auxiliary: Scalar multiplication (E times |¢))

o Purpose: Energy eigenvalue equation (stationary state)

Equation 12: [_co"co e~ (-x?/20%)dx = o/ (2m)

e Main operation: Integration

e Operands: Gaussian function e”(-x?/20?)

e Auxiliary: Exponential, division, negation, square root
e Purpose: Normalization of Gaussian distribution
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Equation 13: [x,p] = ih

e Main operation: Commutator (xp - px)

e Operands: Position operator x and momentum operator p

e Auxiliary: Subtraction, multiplication

e Purpose: Canonical commutation relation (uncertainty principle)

Equation 14: F = -VU

o Main operation: Gradient (vector of partial derivatives)
e Operands: Potential energy U

e Auxiliary: Negation, partial derivatives

e Purpose: Force as negative gradient of potential

Equation 15: S = -Tr(p log p)

e Main operation: Trace

o Operands: p log p (density matrix times its logarithm)
e Auxiliary: Matrix logarithm, multiplication, negation
o Purpose: Von Neumann entropy (quantum entropy)

Practice Exercises

For each equation below, identify the main operation, operands, auxiliary operations, and purpose:

1. ab = |lall-|Ibl|-cos(8)

2. 0p/0t + V-j =0

3.P(x) = (1/,/(2r0h)) -e” (= (x-p)?/207)
4. 0_new = 0_old - «-VL(H)

5. VXE = -0B/0t

6. (x) = [x-p(x)dx

7. A = UXV'T

8. H(X) = -% p(x)logs(p(x))

9. 19%) = (l00) + [11))/,/2

H
e

V2 + k%) =0

Speed Drill

Set a timer for 30 seconds per equation. Identify the main operation as quickly as possible:

1. E = mc

2. F = ma

3.V =1IR

4. PV = nRT

5. E = hr

6. A = h/p

7. AxAp > h/2
8.8 =k log W
9.G=H-TS
10. F = qE + qvxB

Key Takeaways

o Identify the main operation first, then auxiliary operations
e Look for familiar patterns: derivatives, integrals, products, sums
o Operator notation (hats, bold) signals special operations
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e Brackets and grouping show operation precedence
e Practice builds speed and accuracy

Next Steps

Next, we’ll practice translating word problems and physical scenarios into mathematical expressions.
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Lesson 5.2: Translate Stories

Overview

Practice converting word problems and physical scenarios into mathematical expressions and vice versa.

Learning Objectives

o Translate verbal descriptions into equations

e Convert equations into plain language explanations

e Recognize mathematical structure in real-world scenarios
e Build fluency in moving between representations

Drill Format
Story — Equation

Given a verbal description, write the mathematical expression.

Equation — Story

Given an equation, explain what it describes in plain language.

Drill Set 1: Story — Equation

Problem 1

Story: “The total cost is $50 plus $20 per hour.”

Translation: C = 50 + 20h - C: total cost ($) - h: number of hours - 50: fixed cost - 20: cost per hour

Problem 2

Story: “The population doubles every 3 years.”

Translation: P(t) = Pg-27(t/3) - P(t): population at time t - Py: initial population - 2"(t/3): doubling
factor (exponential growth)

Problem 3

Story: “The probability of both events happening is the product of their individual probabilities if they’re
independent.”

Translation: P(A N B) = P(A4)-P(B) - P(A N B): probability of both A and B - P(A), P(B): individual
probabilities - Assumes independence

Problem 4

Story: “The force on a charged particle is proportional to the electric field and the particle’s charge.”

Translation: F = gE - F: force (vector) - q: charge (scalar) - E: electric field (vector)

Problem 5
Story: “The average value of a function over an interval is the integral divided by the interval length.”

Translation: (f) = (1/(b-a)) [,* £(x)dx - (f): average value - [a,b]: interval - Integral divided by length
(b-a)
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Drill Set 2: Equation — Story

Equation 1: A = %bh

Story: “The area of a triangle is half the product of its base and height.” - Geometric formula - Multiplication
and division by 2

Equation 2: v = vy? + 2aAx

Story: “The final velocity squared equals the initial velocity squared plus twice the acceleration times the
displacement.” - Kinematic equation - Relates velocity, acceleration, and distance - No time dependence (time
eliminated)

Equation 3: E[X] = ¥, x;-P(X=x;)

Story: “The expected value of a random variable is the sum of each possible value weighted by its probability.”
- Weighted average - Discrete probability distribution

Equation 4: V-E = p/eg

Story: “The divergence of the electric field equals the charge density divided by the permittivity of free
space.” - Gauss’s law (differential form) - Relates field to sources

Equation 5: |¢) = ¥, c,|n)

Story: “A quantum state is a linear combination of basis states, with each basis state weighted by a complex
amplitude.” - Superposition principle - Expansion in basis

Drill Set 3: Complex Scenarios

Problem 6

Story: “The rate at which a radioactive substance decays is proportional to the amount present.”

Translation: dN/dt = -AN - dN/dt: rate of change of amount - N: current amount - A: decay constant
(positive) - Negative sign: decreasing

Solution: N(t) = Nge~(-At) (exponential decay)

Problem 7

Story: “The energy of a quantum harmonic oscillator is quantized in units of fw, with a zero-point energy of
hw/2.”

Translation: E, = hw(n + %) - n: quantum number (0, 1, 2, ...) - fuw: energy quantum - %: zero-point
contribution
Problem 8

Story: “The gradient descent update moves parameters in the direction opposite to the gradient, scaled by
the learning rate.”

Translation: §_new = 6_old - a-VL(6_old) - 0: parameters - a: learning rate - VL: gradient of loss -
Negative sign: opposite direction

Problem 9

Story: “The probability of measuring a quantum state in a particular eigenstate is the squared magnitude of
the overlap between them.”

115



Translation: P(n) = [{nl|v)|? - P(n): probability of outcome n - |n): eigenstate - |¢): quantum state - | |*:

squared magnitude (Born rule)

Problem 10

Story: “The Fourier transform decomposes a time-domain signal into its frequency components by integrating
the signal multiplied by complex exponentials.”

Translation: F(w) = [_oco"co f(t)e" (-iwt)dt - F(w): frequency-domain representation - f(t): time-
domain signal - e”(-iwt): complex exponential (basis function)

Drill Set 4: Equation — Story (Advanced)
Equation 6: [A,B] = ih

Story: “The commutator of operators and B equals iA, indicating they are canonically conjugate variables
with an uncertainty relation.” - Non-commuting observables - Quantum uncertainty - Example: position and
momentum

Equation 7: 9y/0t = -ifiy/h

Story: “The time evolution of a quantum state is determined by the Hamiltonian operator acting on the
state, with a factor of -i/h.” - Schrodinger equation - H: energy operator - Determines dynamics

Equation 8: S = -k_B X; p; 1n(p;)

Story: “The entropy is the negative sum of each probability multiplied by its natural logarithm, scaled by
Boltzmann’s constant.” - Thermodynamic entropy - Information content - Measures disorder

Equation 9: R_uv - %Rg_pv = (87G/c*)T_uv

Story: “The Einstein field equations relate the curvature of spacetime (left side) to the energy-momentum
content (right side), with gravitational constant G and speed of light c¢.” - General relativity - Geometry =
matter/energy - Tensor equation

Equation 10: VXB = pugJ + ppggdE/0t

Story: “The curl of the magnetic field equals the current density plus the time rate of change of the electric
field, scaled by fundamental constants.” - Ampeére-Maxwell law - Relates B, J, and changing E - Predicts
electromagnetic waves

Practice Exercises
Story — Equation

1. “The kinetic energy is half the mass times the velocity squared.”

2. “The period of a pendulum is proportional to the square root of its length divided by gravitational
acceleration.”

3. “The mutual information between two variables is the difference between their individual entropies and
their joint entropy.”

4. “The force between two charges is proportional to the product of the charges and inversely proportional
to the square of the distance between them.”

5. “The variance is the expected value of the squared deviation from the mean.”
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Equation — Story

6. 7 = rxF

7. AG = AH - TAS

8. I(X;Y) = H(X) + H(Y) - H(X,Y)
9.0 = /U - (D

10. U(t) = e~ (-ifit/h)

Reverse Translation Challenge

For each equation, write a story, then translate back to verify:

1. p =mv

2. W= [F-ds
3. p = 1)
4. L=T-V
5. V2u = 0

Key Takeaways

e Mathematical expressions encode relationships and processes

o Translation requires identifying quantities, operations, and relationships

o Context matters: same symbol can mean different things in different domains
e Practice both directions: story — equation and equation — story

e Fluency comes from recognizing common patterns

Next Steps

Next, we’ll practice spotting generators—operators that generate transformations like time evolution and
rotations.
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Lesson 5.3: Spot Generators

Overview

Practice recognizing operators that generate transformations: time evolution, rotations, translations, and
other symmetries.

Learning Objectives

o Identify generators in exponential operators

e Understand the relationship between generators and transformations
o Recognize Lie algebras and commutation relations

e Build intuition for infinitesimal vs finite transformations

Core Concepts
What Is a Generator?
Definition

e Generator: Operator G that produces transformation via exponentiation
« Transformation: U = ¢"(i#G) (unitary transformation)

o Infinitesimal: U ~ I + i#G for small 6

« Finite: U = lim(n—o0)(I + i#G/n)"n

Why Exponentials?

o Exponentials turn addition into multiplication: e*(a+b) = €* °b
o Generators form Lie algebras: [CA}“GJ] = iZkfijka

e Continuous transformations: 6 parameterizes transformation

o Unitary: ¢ (i0G) is unitary if G is Hermitian

Drill Set 1: Identify the Generator
Transformation 1: U(t) = e~ (-ifit/h)

« Generator: H (Hamiltonian)

e Transformation: Time evolution

o Parameter: t (time)

e Physical meaning: Energy generates time evolution

Transformation 2: R(A) = e~ (-ifL,/h)

o Generator: L, (angular momentum around z-axis)

o Transformation: Rotation around z-axis

o Parameter: 0 (angle)

e Physical meaning: Angular momentum generates rotations

Transformation 3: T(a) = e~ (-idp/h)

o Generator: p (momentum operator)

e Transformation: Translation by distance a

o Parameter: a (displacement)

e Physical meaning: Momentum generates translations
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Transformation 4: B(v) = e~ (-ivK/c)

o Generator: K (boost generator)

o Transformation: Lorentz boost (special relativity)

o Parameter: v (velocity)

¢ Physical meaning: Boost generator produces velocity transformations

Transformation 5: G(a) = e” (a4t - ax*i)

o Generator: adf - a*a (displacement operator)

o Transformation: Coherent state displacement

o Parameter: a (complex displacement)

e Physical meaning: Creates coherent states in quantum optics

Drill Set 2: Commutators and Algebras
Commutator 1: [x,p] = ih

o Generators: x (position), p (momentum)

e Algebra: Heisenberg algebra

e Transformations: Translations in momentum and position space
e Physical meaning: Canonical commutation relation

Commutator 2: [L;,L;] = ihe;;,Ly

o Generators: L,, L,, L, (angular momentum components)

o Algebra: SO(3) (rotation group)

« Transformations: Rotations in 3D space

e Physical meaning: Angular momentum generates rotations

Commutator 3: [0;,0;] = 2ig;;,04

» Generators: o, 0., 0, (Pauli matrices)

o Algebra: SU(2) (spin group)

o Transformations: Rotations on Bloch sphere

e Physical meaning: Spin operators generate qubit rotations

Commutator 4: [5,a1] = 1

o Generators: 4 (annihilation), 41 (creation)

e Algebra: Harmonic oscillator algebra

o Transformations: Ladder operators (change energy level)
o Physical meaning: Create/destroy quanta

Commutator 5: [,0(t)] = 0 (if H time-independent)

« Generators: H (Hamiltonian), U(t) (time evolution)
e Meaning: Hamiltonian commutes with its own time evolution
e Consequence: Energy is conserved

Drill Set 3: Recognize Transformation Type

For each exponential, identify what transformation it generates:
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Transformation 6: e~ (-ifo,/2)

e Type: Rotation around x-axis on Bloch sphere
o Generator: o, (Pauli X)

o Angle: ¢

o Quantum gate: R, (0)

Transformation 7: e~ (-iflo,/2)

e Type: Rotation around y-axis on Bloch sphere
» Generator: o, (Pauli Y)

e Angle: ¢

* Quantum gate: R,(6)

Transformation 8: e~ (-ifo,/2)

o Type: Rotation around z-axis on Bloch sphere (phase)
o Generator: o, (Pauli Z)

e Angle: ¢

e Quantum gate: R, (0)

Transformation 9: e~ (-if(0,Q0, + 0,®0,)/2)

o Type: Two-qubit entangling gate

o Generator: 0,Q0, + 0,Q0~ (XX + YY interaction)
e Angle: ¢

o Effect: Creates entanglement

Transformation 10: e~ (-SH)

o Type: Thermal state / Gibbs state

« Generator: H (Hamiltonian)

o Parameter: § = 1/(k_BT) (inverse temperature)
o Physical meaning: Boltzmann distribution

Drill Set 4: Infinitesimal Transformations
Problem 1

Given: U(e) = e”(-ieG) =~ I - ieG for small ¢
Question: What is the infinitesimal change in state [1)?

Answer: |¢') = U(e) |¢) = (I - ieG)|¢) = |¢) - ieGlyp) - Change: -ieG|e)) - First-order in €

Problem 2

Given: Time evolution |9 (t+dt)) = e” (-ifldt/A) |4 (£))

Question: What is the time derivative?

Answer: d|)/dt = 1im(dt—0) [l (t+dt)) - |9 (t))1/dt = -ifi|¢)/k - Schrodinger equation - H gen-
erates time evolution

Problem 3

Given: Rotation R(df) = e~ (-iL,d6/h) ~ I - iL,df/h

Question: How does a state change under infinitesimal rotation?
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Answer: |¢') = |¢) - iL,d6/h|v) - Change proportional to angular momentum - df is infinitesimal
angle

Drill Set 5: Symmetries and Conservation
Symmetry 1: Time Translation

« Generator: H (Hamiltonian)

« Transformation: U(t) = e"(-iflt/h)

e Conserved quantity: Energy

e Noether’s theorem: Time translation symmetry — energy conservation

Symmetry 2: Spatial Translation

o Generator: p (momentum)

o Transformation: T(a) = e"(-idp/h)

e Conserved quantity: Momentum

e Noether’s theorem: Spatial translation symmetry — momentum conservation

Symmetry 3: Rotation

o Generator: L (angular momentum)

o Transformation: R(#) = e (-i6L/h)

e Conserved quantity: Angular momentum

e Noether’s theorem: Rotational symmetry — angular momentum conservation

Symmetry 4: Gauge Transformation

o Generator: Q (charge operator)

o Transformation: G(a) = e (iaQ)

e Conserved quantity: Charge

e Noether’s theorem: Gauge symmetry — charge conservation

Practice Exercises

Identify the Generator

1. U = e"(-i63,) (What does J, generate?)

T = e"(ikx) (What does x generate?)

D(a) = e"(aat - a*a) (What transformation?)

S(r) = e"(r(af? - a%?)/2) (What is this? Hint: squeezing)
P = e”(imafa) (What does this do? Hint: parity)

Gl L

Compute Infinitesimal Transformations

6. If U(e) = e~ (-ieo,), what is U(e) |0) to first order in &7

7. If R(d9) = e~ (-iL,df), what is R(df) | ¢,m) to first order?

8. If T(dx) = e”(-ipdx/h), what is T(dx)¥ (x) to first order?
Recognize Algebras

9. Given [J;,J;1 = ig;;xJk, what group does this represent?
10. Given {0;,0;} = 26;;I, what does this anticommutation relation tell you?
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Key Takeaways

o Generators produce transformations via exponentiation: U = e”(i6G)

e Hermitian generators — unitary transformations

e Commutators define Lie algebras and determine transformation structure

« Infinitesimal transformations: U ~ I + i0G

o Symmetries and conservation laws: generator = conserved quantity (Noether)

Next Steps

Next, we’ll practice understanding how parameters scale, shift, and warp functions and spaces.
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Lesson 5.4: Scaling, Shifting, Warping

Overview

Practice understanding how parameters scale, shift, and warp functions and spaces.

Learning Objectives

» Recognize scaling transformations (multiplication)

o Identify shifting transformations (addition)

o Understand warping (nonlinear transformations)

e Build intuition for how parameters affect function behavior

Core Concepts

Three Fundamental Transformations

Scaling
e Vertical: £f(x) — A-f(x) (multiply output)
o Horizontal: f(x) — f(x/a) (divide input)
o Effect: Changes amplitude or frequency

Shifting

e Vertical: £(x) — £(x) + b (add to output)
o Horizontal: £f(x) — f(x - ¢) (subtract from input)
o Effect: Moves function up/down or left/right

Warping

e Nonlinear: £f(x) — f£(g(x)) (compose with nonlinear g)
e Effect: Distorts function shape
« Examples: exponential, logarithmic, power transformations

Drill Set 1: Identify the Transformation
Function 1: y = 3sin(x)

o Transformation: Vertical scaling
o Parameter: 3 (amplitude)
o Effect: Oscillates between -3 and 3 (instead of -1 and 1)

Function 2: y = sin(2x)

e Transformation: Horizontal scaling
o Parameter: 2 (frequency multiplier)
o Effect: Oscillates twice as fast (period = 7 instead of 2m)

Function 3: y = sin(x) + 2

o Transformation: Vertical shift
o Parameter: 2 (offset)
o Effect: Oscillates between 1 and 3 (shifted up by 2)
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Function 4: y = sin(x - 7/2)

o Transformation: Horizontal shift (phase shift)
o Parameter: 7/2 (phase)
o Effect: Shifted right by 7/2 (sin becomes cos)

Function 5: y = e~ (2x)

o Transformation: Horizontal scaling (warping)
o Parameter: 2 (growth rate)
o Effect: Grows twice as fast as e”x

Drill Set 2: General Form Analysis
General Sinusoid: y = A-sin(wx + ¢) + C

o A: Amplitude (vertical scaling)
e w: Angular frequency (horizontal scaling)
o : Phase shift (horizontal shift)
o C: Vertical offset (vertical shift)

General Gaussian: y = A-e” (-(x-p)2%/20?%)

o A: Amplitude (vertical scaling)

o p: Mean (horizontal shift)

o o: Standard deviation (horizontal scaling)

o Effect: Bell curve centered at p with width o
General Exponential: y = A-e"(A\x) + C

o A: Initial amplitude (vertical scaling)
o A: Growth/decay rate (warping)
o C: Asymptote (vertical shift)

General Power Law: y = A-x"n

o A: Coefficient (vertical scaling)
o n: Exponent (warping)
o Effect: n > 1 (superlinear), n < 1 (sublinear), n < 0 (decay)

Drill Set 3: Parameter Effects
Problem 1: f(x) = A-sin(x)
Question: What happens as A increases?

Answer: - Amplitude increases - Oscillates between -A and A - Frequency unchanged - Period unchanged

Problem 2: f(x) = sin(wx)
Question: What happens as w increases?

Answer: - Frequency increases - Oscillates faster - Period decreases: T = 27 /w - Amplitude unchanged

Problem 3: £f(x) = e~ (-x/7)

Question: What happens as 7 increases?
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Answer: - Decay slows down - 7 is time constant (time to decay to 1/e) - Larger 7 — longer decay -
Horizontal scaling

Problem 4: f(x) = (x - u)?

Question: What happens as p changes?

Answer: - Parabola shifts horizontally - Vertex moves to x = p - Shape unchanged - Horizontal shift

Problem 5: £(x) = 1/(1 + e~ (-k(x-xg)))
Question: What happens as k increases?

Answer: - Sigmoid becomes steeper - Transition at x = xy becomes sharper - k controls “temperature”
(sharpness) - Warping transformation

Drill Set 4: Quantum Mechanics Examples
Quantum Harmonic Oscillator: ¢, (x) = A,-H,(x/a) -e”~(-x2/2a2)

o A,: Normalization (vertical scaling)

o H,;: Hermite polynomial (shape)

« a = ,/(h/mw): Length scale (horizontal scaling)

o Effect: a determines spatial extent of wavefunction

Gaussian Wave Packet: ¥ (x,t) = A-e” (-(x-vt)2/202) -e” (i (kx-wt))

e A: Amplitude

o vt: Center position (horizontal shift, moving)

o o: Width (horizontal scaling)

o k, w: Wave vector and frequency (phase warping)

Coherent State: |a) = e (-lal?/2)%,(a"/, /(1)) In)

e «a: Complex displacement parameter

e |a]: Amplitude (scaling)

o arg(a): Phase (rotation)

o Effect: Displaced harmonic oscillator ground state

Drill Set 5: Machine Learning Examples
Sigmoid Activation: o(x) = 1/(1 + e”(-x))

o Scaling: o(kx) makes transition steeper (k > 1) or gentler (k < 1)
e Shifting: o(x - b) moves transition point to x = b
o Effect: Controls neuron activation threshold and sharpness

ReLU Activation: ReLU(x) = max(0, x)

e Scaling: ReLU(kx) scales positive outputs by k
e Shifting: ReLU(x - b) creates threshold at x = b
e Leaky ReLU: max(ax, x) allows small negative slope a

Softmax: P(y=k) = e"(z;)/X;e"(z;)

o Temperature scaling: P(y=k) = e"(z;/T)/¥;e" (z;/T)
o T > 1: Softer probabilities (more uniform)
o T < 1: Sharper probabilities (more peaked)
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o« T — 0: Approaches argmax (one-hot)

Drill Set 6: Identify Parameter Roles

For each function, identify which parameters scale, shift, or warp:

Function 6: y = A-cos(wt + ) + C

o A: Vertical scaling (amplitude)

o w: Horizontal scaling (frequency)
 : Horizontal shift (phase)

e C: Vertical shift (offset)

Function 7: y = A/(1 + (x/%¢) "n)
o A: Vertical scaling (maximum value)
o xg: Horizontal scaling (half-max point)
o n: Warping (steepness of transition)

Function 8: ¢ (x) = \/(2/L) -sin(nnx/L)

o L: Horizontal scaling (box size)
e n: Warping (number of nodes, energy level)
 /(2/L): Vertical scaling (normalization)

Function 9: E(k) = Ey, + A°k%/2m
o Eg: Vertical shift (band minimum)
e h?/2m: Vertical scaling (effective mass)
o k2: Warping (quadratic dispersion)
Function 10: P(xlu,0) = (1/\/(271'02) )-e” (-(x-p)?%/20?)

o u: Horizontal shift (mean)
o o: Horizontal scaling (standard deviation)
1/ (2m0?): Vertical scaling (normalization)

Practice Exercises
Identify Transformations

1. f(x) = 5-e°(3x) + 2

2. g(t) = 10-sin(27t/T - w/4)

3.h(x) = (x - 3)2 +1

4. p(x) = (1/0\/(27r))-e‘(—(x-u)2/202)
5. E(8) = Eg-cos2(0/2)

Predict Effects

6. If £(x) = sin(x), what is £(2x) + 37
7. If g(x) = e”(-x), what is 2-g(x/3)7
8. If h(x) = x?, what is h(x - 2) + 57
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Reverse Engineering

9. Given y = 3-sin(4x - w) + 2, identify all transformations from sin(x).
10. Given ¢ (x) = (1/,/2) e~ (-x2/2a?), what happens as a — 0? As a — 00?

Key Takeaways

o Scaling: multiply (vertical) or divide input (horizontal)

Shifting: add (vertical) or subtract from input (horizontal)

e Warping: nonlinear transformations change function shape

e Parameters control amplitude, frequency, phase, width, center

Understanding parameter effects is crucial for tuning models and interpreting equations

Next Steps

Next, we’ll practice reverse engineering equations—given an equation, deduce what process it describes.
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Lesson 5.5: Reverse Engineer Equations

Overview

Given an equation, deduce what physical, computational, or mathematical process it describes.

Learning Objectives

e Analyze equation structure to infer meaning

e Recognize domain-specific patterns and conventions

e Build intuition for “reading” unfamiliar equations

e Develop systematic approach to equation interpretation

Reverse Engineering Strategy
Step 1: Identify Components

o What are the variables?
o What are the constants/parameters?
e What operations are present?

Step 2: Recognize Patterns

e Does it match a known form?
e What domain does it likely come from?
e Are there symmetries or special structures?

Step 3: Interpret Physically

e What quantities do variables represent?
e What relationships are being expressed?
e What process or phenomenon is described?

Step 4: Verify Understanding

e Does the equation make dimensional sense?
e Are signs and factors reasonable?
e Can you explain it in plain language?

Drill Set 1: Mystery Equations
Equation 1: 9p/0t + V- (pv) = 0

Analysis: - Variables: p (density), v (velocity), t (time) - Operations: Partial derivative, divergence,
addition - Pattern: Conservation law form

Interpretation: - Domain: Fluid dynamics / continuum mechanics - Meaning: Continuity equation (mass
conservation) - Plain language: “The rate of density change plus the divergence of mass flux equals zero” -
Physical meaning: Mass is conserved—what flows out must come from somewhere

Equation 2: E = -V - 0A/0t

Analysis: - Variables: E (electric field), ¢ (scalar potential), A (vector potential), t (time) - Operations:
Gradient, partial derivative, negation, subtraction - Pattern: Field from potentials

Interpretation: - Domain: Electromagnetism - Meaning: Electric field from potentials - Plain language:
“Electric field equals negative gradient of scalar potential minus time derivative of vector potential” - Physical
meaning: E-field has two sources: static potential and changing magnetic field
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Equation 3: [f,0] = 0

Analysis: - Variables: H (Hamiltonian), O (some operator) - Operations: Commutator (HO - OH) -
Pattern: Zero commutator

Interpretation: - Domain: Quantum mechanics - Meaning;: H and O commute - Plain language: “The
Hamiltonian commutes with operator O” - Physical meaning: O is a conserved quantity (constant of
motion); H and O have simultaneous eigenbasis

Equation 4: L = ¥m(dx/dt)? - V(x)

Analysis: - Variables: L (Lagrangian), x (position), t (time), m (mass), V (potential) - Operations:
Derivative, square, subtraction - Pattern: Kinetic energy - potential energy

Interpretation: - Domain: Classical mechanics (Lagrangian formulation) - Meaning: Lagrangian = T - V
- Plain language: “Lagrangian equals kinetic energy minus potential energy” - Physical meaning: Defines
equations of motion via Euler-Lagrange equations

Equation 5: S = k_B 1n({))

Analysis: - Variables: S (entropy), 2 (number of microstates), k_B (Boltzmann constant) - Operations:
Natural logarithm, multiplication - Pattern: Logarithm of multiplicity

Interpretation: - Domain: Statistical mechanics / thermodynamics - Meaning: Boltzmann entropy
formula - Plain language: “Entropy equals Boltzmann constant times natural log of number of microstates”
- Physical meaning: Entropy measures number of ways to arrange microscopic states

Drill Set 2: Contextual Clues
Equation 6: V3¢ + (2m/h?) (E - V)7 = 0

Clues: - I (Planck’s constant) — quantum mechanics - ¢ (wavefunction notation) - E (energy), V (potential)
- V2 (Laplacian) — spatial derivatives

Interpretation: - Domain: Quantum mechanics - Equation: Time-independent Schrédinger equation -
Meaning: Describes stationary states with energy E in potential V

Equation 7: du/0t = aVZu
Clues: - Time derivative on left - Spatial Laplacian on right - o (diffusion coefficient)

Interpretation: - Domain: Heat/diffusion equation - Meaning: Temperature (or concentration) evolves
based on spatial curvature - Physical meaning: Heat flows from hot to cold; diffusion smooths gradients

Equation 8: F = -kBT 1n(Z)

Clues: - kB (Boltzmann constant), T (temperature) - Z (partition function) - F (free energy) - Logarithm
of Z

Interpretation: - Domain: Statistical mechanics - Equation: Helmholtz free energy - Meaning: Free
energy from partition function - Physical meaning: F minimized at equilibrium; Z encodes all thermodynamic
info

Equation 9: §_new = 6_old - a- (VL + A\0_old)

Clues: - 0 (parameters) - « (learning rate) - VL (gradient of loss) - Af (regularization term)

Interpretation: - Domain: Machine learning / optimization - Equation: Gradient descent with L2
regularization - Meaning: Update parameters by moving opposite to gradient plus weight decay - Purpose:
Train model while preventing overfitting
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Equation 10: p_A = Tr_B(l¢)(¥|)

Clues: - p_ A (density matrix of subsystem A) - Tr_ B (partial trace over subsystem B) - 1)) ()| (pure state
density matrix)

Interpretation: - Domain: Quantum mechanics / quantum information - Equation: Reduced density
matrix - Meaning: Subsystem A’s state obtained by tracing out subsystem B - Purpose: Describes entangled
subsystems; p_ A mixed if entangled

Drill Set 3: Dimensional Analysis

Equation 11: E = mc?

Dimensional analysis: - [E] = energy = ML?T~2 - [m] = mass = M - [c] = velocity = LT~! - [mc?] =
M- (LT~ 12 = ML?*T~2 v

Interpretation: - Mass-energy equivalence (special relativity) - Energy and mass are interconvertible - ¢? is
conversion factor

Equation 12: F = qvB sin(f)

Dimensional analysis: - [F] = force = MLT~2 - [q] = charge = Q - [v] = velocity = LT~! - [B] = magnetic
field = MT~2Q~ ! - [qvB] = Q- LT~! - MT~2Q~! = MLT 2 v/

Interpretation: - Lorentz force (magnetic component) - Force on moving charge in magnetic field -
Perpendicular to both v and B
Equation 13: A = h/p

Dimensional analysis: - [\] = length = L - [h] = action = ML?T~! - [p] = momentum = MLT~! - [h/p]
= ML2T~!/(MLT-1) = L v/

Interpretation: - de Broglie wavelength - Wave-particle duality - Relates momentum to wavelength

Drill Set 4: Sign and Factor Analysis
Equation 14: F = -kx
Sign analysis: - Negative sign — restoring force - Force opposes displacement - Pulls back toward equilibrium

Interpretation: - Hooke’s law (spring force) - k is spring constant - Harmonic oscillator

Equation 15: dN/dt = -AN
Sign analysis: - Negative sign — decay - Rate proportional to current amount - Exponential decrease

Interpretation: - Radioactive decay - A is decay constant - Solution: N(t) = Nge"(-At)

Equation 16: dv/0t = -ifiyp/h

Factor analysis: - i (imaginary unit) — unitary evolution - /i (Planck’s constant) — quantum scale -
Negative sign — convention

Interpretation: - Schrodinger equation (time-dependent) - H generates time evolution - Preserves normal-
ization (unitary)

Practice Exercises

Reverse Engineer These

1. VXE = -0B/0t
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L XN TR WN

PV = nRT

Ap-Ax > h/2

H(X) = -¥ p(x)log(p(x))
VB =0

7 = la

G=H-TS

P (x,t) = Ae” (i(kx-wt))
V2p = 4nGp

dsS > 0 (for isolated system)

Challenge Problems

11.
12.
13.
14.
15.

0%9/0t? = c>V?% (What wave equation? What does c represent?)

[x;,p;] = ihd;; (What does this generalize?)

Tr(p?) < 1 (What does this tell you about p?)

§E-dl = -d®_B/dt (What law? Integral form of what?)

S = -k_B Tr(p 1n p) (Generalization of what? When does it reduce to Boltzmann?)

Key Takeaways

Systematic approach: identify components — recognize patterns — interpret physically — verify
Dimensional analysis checks consistency

Signs and factors carry physical meaning

Domain-specific notation provides clues (A — quantum, kB — statistical, etc.)

Practice builds pattern recognition

Module 5 Complete

You’ve sharpened your mathematical reading skills through focused drills. In Module 6, we’ll apply everything
to decode real equations from physics, ML, and quantum computing.
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Module 6 — Capstone

Lesson 6.1: Schrodinger Equation

Overview

Complete decoding of the Schrodinger equation—the fundamental equation of quantum mechanics.

The Equation
Time-Dependent Schrédinger Equation
ih OY/0t = By

Time-Independent Schrodinger Equation

Ay = Eq

Symbol-by-Symbol Breakdown
Time-Dependent Form: ik Ov/0t = Hy

Left Side: ifi 0¢/0t i (imaginary unit) - Value: \/(—1) - Purpose: Makes time evolution unitary
(preserves normalization) - Effect: Without i, probability wouldn’t be conserved - Physical meaning;:
Quantum mechanics is fundamentally complex-valued

h (reduced Planck’s constant) - Value: 1.054571817... x 1073% J-s - Units: Action (energy x time) -
Purpose: Sets quantum scale - Physical meaning: Fundamental constant relating energy and frequency

oY /0t (partial time derivative) - Operation: Rate of change of wavefunction with time - ¥: Wavefunction
(complex-valued function) - Interpretation: “How fast is the quantum state changing?” - Units: [¢]/time

Combined: i 01 /0t - Meaning: “Quantum rate of change” - Units: Energy x [¢)] - Role: Describes
time evolution

Right Side: fyy H (Hamiltonian operator) - Definition: Energy operator - Typical form: H=-
R?/(2m)V? + V(x) - Components: Kinetic energy + potential energy - Physical meaning: Total energy
of system

1 (wavefunction) - Domain: 1 (x,t) or [¢(t)) - Values: Complex numbers - Normalization: [|¢|?dx =1 -
Physical meaning: Encodes all information about quantum state

I:h/z (Hamiltonian acting on wavefunction) - Operation: Operator multiplication - Result: Another
wavefunction - Meaning: “Energy operator acting on state” - Units: Energy x [¢]

The Equation as a Whole
ih 0y /ot = Hy

Plain language: “The rate at which a quantum state changes in time is determined by the energy operator
acting on that state.”

Deeper meaning: - Time evolution is generated by energy (Hamiltonian) - Unitary evolution (i ensures
probability conservation) - Deterministic: given ¢(0), can predict ¢ (t) - Linear: superpositions evolve as
superpositions
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Expanded Form

Position Representation

ih O (x,t)/0t = [-h2/(2m) 0%/0x® + V(x)1v¢(x,t)
Breaking down the Hamiltonian:

-h?/(2m) 9?/0x? (kinetic energy operator) - 9%/9x?: Second spatial derivative (curvature) - -h?/(2m):
Converts curvature to kinetic energy - Physical meaning: Kinetic energy from momentum p = -id/9x

V(x) (potential energy) - Function of position: Different for each system - Examples: V(x) = '%kx?
(harmonic oscillator), V(x) = -e?/r (hydrogen atom) - Physical meaning: External forces, interactions

Time-Independent Form
Eigenvalue Equation: fy = Ey
Meaning: “The Hamiltonian acting on 1 just scales it by E”

Interpretation: - ¢ is an energy eigenstate (stationary state) - E is the energy eigenvalue - These states
don’t change shape over time (only phase)

Time evolution of eigenstate:
P(x,t) = Ypx)e~ (-iEt/h)

o Only phase changes: e”(-iEt /)
o Probability |¢|? is time-independent

Physical Interpretation
What the Equation Tells Us

1. Determinism: Given initial state 1(0), evolution is determined
2. Linearity: If ¢y and v are solutions, so is a1 + Ss
3. Unitarity: Probability is conserved: d/dt [[[*dx = 0

4. Energy generates time: H is the generator of time evolution

What It Doesn’t Tell Us

1. Measurement outcomes: Born rule (|{¢|¢)|?) is separate postulate
2. Collapse: Measurement process not described

3. Why complex numbers: Fundamental mystery

4. Relativistic effects: Need Dirac equation or QFT

Examples

Free Particle (V = 0)

ih OY/0t = -h*/(2m) O*/0x?

Solution: Plane waves 9(x,t) = Ae”(i(kx-wt)) - k: wave vector (momentum p = fik) - w: angular frequency
(energy E = hw) - Dispersion relation: w = Ak?/(2m)

Harmonic Oscillator (V = Y2mw?x?)

ih OY/0t = [-h%/(2m) 02%/0%% + ¥mw?x%]1)

Energy eigenvalues: E,, = fiw(n 4+ %£) - Quantized in units of fiw - Zero-point energy: Eq = fuw/2 - Equally
spaced levels
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Hydrogen Atom (V = -e?/r)
ih 9yp/0t = [-h?/(2m)V? - e*/rly

Energy eigenvalues: E, = -13.6 eV/n? - Bound states: n = 1, 2, 3, ... - Ground state: n = 1 (lowest
energy) - Explains atomic spectra

Deeper Connections
Relation to Classical Mechanics
Ehrenfest theorem: Quantum expectation values obey classical equations

d(x)/dt = (p)/m
d(p)/dt = -(dV/dx)

Correspondence principle: Quantum — classical as i — 0 or large quantum numbers

Relation to Path Integrals
Feynman formulation: Sum over all paths
Y(x_£,t_£) = [¢(x_i,t_i)e”(iS[path]l/A)DI[path]
e S: Classical action
e Equivalent to Schrédinger equation
Relation to Heisenberg Picture
Schrodinger picture: States evolve, operators fixed Heisenberg picture: Operators evolve, states fixed
dA/dt = (i/h) [#,A] + OR/0t

¢ Equivalent formulations
« Different perspectives on time evolution

Practice Problems

1. Dimensional analysis: Verify that both sides of ihdy /0t = Hi have the same units.

2. Probability conservation: Show that d/dt [[¢)|*dx = 0 using the Schrédinger equation.
Stationary states: If 1(x,t) = o(x)e"(-iEt/h), show that ¢(x) satisfies Ho = Ee.

Expectation values: Show that d(x)/dt = (p)/m using the Schrédinger equation.

AN

Uncertainty principle: Derive AxAp > /2 from [x,p] = ih.

Key Takeaways

e Schrodinger equation governs quantum time evolution
e ik ensures unitary evolution (probability conservation)
o Hamiltonian H = kinetic + potential energy

e Time-independent form gives energy eigenstates

e Linear equation — superposition principle

e Deterministic evolution, probabilistic measurement

Historical Note

Erwin Schrodinger (1926): Formulated wave mechanics - Inspired by de Broglie’s matter waves - Equivalent
to Heisenberg’s matrix mechanics - Nobel Prize 1933 (shared with Dirac) - “Schrodinger’s cat” thought
experiment (1935)
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Next Steps

Next, we'll decode QAOA—the Quantum Approximate Optimization Algorithm that uses quantum circuits
to solve combinatorial problems.
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Lesson 6.2: QAOA (Quantum Approximate Optimization Algo-
rithm)

Overview

Complete decoding of QAOA—a hybrid quantum-classical algorithm for combinatorial optimization.

The Algorithm

QAOA State Preparation

1Y (B,7)) = U(B_p,y_p)...U(B_1,y_1) |+)"@n
where each layer is:

U(B,v) = e~ (-iBA_mixer)e~ (-ivA_cost)

Cost Function
C(B,y) = (W(B,y) H_costl(B,7))

Symbol-by-Symbol Breakdown
Initial State: |[+)"®n

|[+) (plus state) - Definition: |+) = (|0) + [1))/,/2 - Meaning: Equal superposition of 0 and 1 -
Preparation: Apply Hadamard gate to |0)

®n (tensor product, n times) - Meaning: n qubits, each in |+) state - Result: |+)"®n = |[+); ® |+)2 ®
. ® |+)n - Superposition: Equal amplitude on all 2"n basis states - Purpose: Start with maximum
uncertainty (explore all solutions)

Cost Hamiltonian: H_cost

Definition: Encodes optimization problem

B _cost = Y¥_edges J_ij 0_z"i 0_z"j + ¥_nodes h_i o_z"i
For MaxCut problem:

A cost = -% ¥_(i,j)€E (1 - 0_z"1i 0_z"j)

Breaking it down:

**g_z°1** (Pauli Z on qubit i) - Eigenvalues: +1 (for |0)), -1 (for |1)) - Meaning: Measures qubit state -
Role: Encodes binary variable (0 or 1)

**g_ 71 o_z"j** (product of Z operators) - Eigenvalues: +1 (same state), -1 (different states) - Meaning;:
Measures agreement between qubits i and j - MaxCut: Reward different states (cut edge)

J__ij (coupling strength) - Values: Problem-dependent weights - Meaning: Importance of edge (i,j) - Sign:
Negative for MaxCut (reward cuts)
Cost Unitary: e~ (-ivA_cost)

e” (-ivH__cost) (exponential of cost Hamiltonian) - v: Angle parameter (to be optimized) - Operation:
Unitary transformation - Effect: Encodes problem structure into quantum state - Intuition: “Rotate toward
low-cost states”

For diagonal H_cost:

e~ (-iyfA_cost) |z) = e~ (-iyC(2)) |z)
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e C(z): Classical cost of bitstring z

o Effect: Phase proportional to cost

e Low cost — small phase; high cost — large phase
Mixer Hamiltonian: A_mixer
Standard mixer:
A mixer = ¥_i o_x"i

**g_x"i** (Pauli X on qubit i) - Operation: Bit flip (]0) <+ |1}) - Eigenvalues: +1 - Eigenstates: |+), |-)
- Purpose: Explores solution space

Why X? - X doesn’t commute with Z (cost operator) - Creates superpositions - Enables quantum tunneling
between solutions - Classical analog: random walk
Mixer Unitary: e~ (-iBH_mixer)

eA(-i,BI:I_mixer) (exponential of mixer) - 3: Angle parameter (to be optimized) - Operation: Unitary
transformation - Effect: Mixes computational basis states - Intuition: “Explore nearby solutions”

**For H mixer = ¥ io x"i**:
e~ (-ifo_x) = cos(B)I - i sin(B)o_x
e [ = 0: No mixing (identity)
e [ = w/2: Hadamard-like (maximum mixing)
e [ = m: Full bit flip
QAOA Layer: U(8,7y) = e~ (-ipBA_mixer)e~ (-iyfA_cost)

Order matters! 1. First: Apply cost unitary eA(—ifyIjlicost) - Encodes problem structure - Adds phase based
on cost 2. Second: Apply mixer unitary e”(-ifH__ mixer) - Explores solution space - Creates superpositions

Intuition: “Bias toward good solutions, then explore”

Multiple Layers: U(8_p,v_p)...U(8_1,v_1)

p layers (circuit depth) - p = 1: Single layer (limited expressibility) - p — oo: Can reach any state
(universal) - Trade-off: More layers — better solutions but more noise

Parameters: 2p total (81, 1, B2, V2, .--, 8_Dp, 7_p) - Each layer has independent parameters - Optimized
classically

Final State: ¢ (8,7))

Full expression:

19 (B,7)) = e~ (-if_pH_mixer)e~ (-iy_pH_cost)...e"(-iB_18_mixer)e~(-iy_1H_cost) |+)"®n
Properties: - Superposition of all 2"n bitstrings - Amplitudes depend on 3, v - Good solutions have higher
amplitude (ideally)

Cost Function: C(3,7) = (¢(3,7) |H_cost | (3,7))

(¥(Byy)| (bra) - Dual of |¢(5,7)) - Used for inner product

H_ cost (cost Hamiltonian) - Same as before - Observable to measure

(1h(Byy)|H__cost|i(B,7)) (expectation value) - Meaning: Average cost of state [1)(8,7)) - Measurement:
Sample bitstrings, compute average cost - Goal: Minimize C(8,7) over 3, v
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The Complete QAOA Workflow
Step 1: Problem Encoding

o Define cost function C(z) for bitstring z
e Construct H cost sucAh that eigenvalues are costs
o Example (MaxCut): H_cost = -%%_ (1,j)(1 - 0_z"1 0_2z"j))

Step 2: Initialize Parameters

o Choose p (number of layers)

o Initialize ﬂ = (517 ) ﬁ_p)v Y= (717 LR} ’Y—p)
¢ Common: random or heuristic initialization

Step 3: Quantum Circuit

o Prepare |[+)"®n
e For each layer k = 1 to p:

— Apply eA(—iviinIicost)

— Apply e”(-i8_kH_ mixer)
e Measure in computational basis

Step 4: Cost Evaluation

e Repeat circuit N_ shots times
o Collect bitstrings {z1, z2, ..., z_ N}
o Estimate: C(8,y) ~ (1/N)%; C(z;)

Step 5: Classical Optimization
o Compute gradient: 9C/9p_k, dC/dv_k (parameter-shift rule)
o Update: 8+ B-a-0C/0p3, v <+ v-a-90C/dy
o Repeat until convergence

Step 6: Solution Extraction

e Run final circuit with optimal 3, ~
o Sample bitstrings
o Return best bitstring (lowest cost)

Example: MaxCut on Triangle Graph

Problem

o Graph: 3 vertices, 3 edges (triangle)
e Goal: Maximize number of cut edges
o Optimal: 2 edges cut (any partition with 1 vs 2 vertices)

Cost Hamiltonian

%[(1 -0.z00.z"1) + 1 -0.2z"10.272)+ @ -0_2"20_z"0)]
-3/2 + $(0_z"0 0_2z"1 + 0_2"1 0_272 + 0_2"2 0_2"0)

H cost

Mixer Hamiltonian

H mixer = 0 _x°0 + 0. x"1 + 0_x"2
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QAOA Circuit (p=1)
1. Initialize: HQH®H|000) = [+++)
2. Cost layer: " (-iyH_ cost)
e Diagonal in Z basis
e Adds phases based on cost
3. Mixer layer: ¢ (-ifH_ mixer)
e Product of single-qubit rotations
e e"(-ifo_x) on each qubit

Optimization

o Parameters: 3, v (2 parameters for p=1)

o Landscape: C(8,7) has local minima

e Optimal: Found via gradient descent or grid search

e Result: [¢(8,7)) has high amplitude on good solutions

Physical Intuition
Adiabatic Connection

¢ QAOA = discretized adiabatic evolution
e p — oo: Approaches adiabatic algorithm
« Finite p: Approximate, but faster

Quantum Annealing Analogy

o Cost layer: Encodes problem (like problem Hamiltonian)
o Mixer layer: Provides quantum fluctuations (like transverse field)
o Alternation: Discrete time steps (vs continuous annealing)

Classical Analog

o Cost layer: Evaluate objective function
o Mixer layer: Random walk / local search
¢ Quantum advantage: Tunneling through barriers

Performance and Limitations
Approximation Ratio

o Definition: C_QAOA / C_optimal
o Depends on: p (layers), problem instance, optimization quality
o Typical: Better than random, worse than best classical (for small p)

Noise Sensitivity

o Gate errors: Accumulate over layers
e Decoherence: Limits effective p
e Mitigation: Error mitigation, noise-aware optimization

Scalability

o Circuit depth: O(p) (shallow for fixed p)
o Parameters: 2p (grows slowly) A
o Measurements: O(number of terms in H_cost)
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Practice Problems
MaxCut cost: For bitstring z = 010 on triangle graph, compute C(z).
. Expectation value: Show that (¢|o_z"1 o_z"j|¢p) = 2P(same) - 1.

1.

2

3. Gradient: Derive 9C/0v using parameter-shift rule.

4. Optimal p=1: For 2-qubit MaxCut, find optimal 3, v analytically.
5

. Mixer design: Why is H mixer = Yo _x"ia good choice? What if we used Xo_ z"i?

Key Takeaways

e« QAOA alternates cost and mixer unitaries

e Cost layer encodes problem structure

e Mixer layer explores solution space

e Parameters 3, v optimized classically

o More layers (p) — better approximation

e Hybrid quantum-classical algorithm

o Applicable to combinatorial optimization problems

Next Steps

Next, we’ll decode VQE—the Variational Quantum Eigensolver for finding ground states of quantum systems.
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Lesson 6.3: VQE (Variational Quantum Eigensolver)

Overview

Complete decoding of VQE—the variational quantum eigensolver for finding ground states and energies of
quantum systems.

The Core Equations
Energy Expectation
EW) = (@) IHIyp@))

Variational Principle

E() > Eg (ground state energy)

Optimization Goal

Ox = argmin_0 E(6)

Symbol-by-Symbol Breakdown
Parameterized State: |¢(6))

[¥(0)) (trial state) - Form: |¢(0)) = U(6)|0)"®n - U(#): Parameterized quantum circuit (ansatz) - 6:
Classical parameters § = (61, 05, ..., §_p) - Purpose: Explore Hilbert space to find ground state

Ansatz U(6) - Structure: Product of parameterized gates - Example: U(0) = [[_k e"(-i0_k P_k) (Pauli
rotations) - Design: Hardware-efficient or problem-inspired - Trade-off: Expressibility vs depth (noise)

Hamiltonian: #

H (Hamiltonian operator) - Meaning: Energy operator of quantum system - Hermitian: ﬁT =1 (real
eigenvalues) - Eigenvalues: {Eg, E1, Eq, ...} (energy levels) - Ground state: [1)g) with lowest eigenvalue
Eo

Pauli Decomposition:
I:[ = Zi hi Pi
o P;: Pauli strings (tensor products of I, X, Y, Z)

¢ h;: Real coefficients

A

e Example: H=0.5"%7¢Z; + 0.3-X5-0.2-Y;

Energy Expectation: (1) (0) |8 (0))
((9)] (bra) - Definition: Dual vector (conjugate transpose of |1)(6))) - Purpose: Forms inner product

H|¢(6)) (Hamiltonian acting on state) - Operation: Linear transformation - Result: Another quantum
state - Meaning: “Energy operator applied to trial state”

(1p(0)[H|(0)) (expectation value) - Definition: (H) = ¥; h;(P;) - Meaning: Average energy if we measured
many times - Real-valued: Because H is Hermitian - Units: Energy (Joules, eV, Hartree, etc.)
Measurement of Expectation Value

For each Pauli string P;:

(P;) = ((0) 1P 1% (0))

141



Measurement process: 1. Prepare state [¢)(f)) 2. Rotate to eigenbasis of P; 3. Measure in computational
basis 4. Outcome: +1 (eigenvalues of Pauli operators) 5. Repeat N times, estimate: (P;) ~ (ny - n_)/N

Total energy:
E@) = X; h(P;)
e Sum of weighted expectation values
o Each term measured separately (or grouped if commuting)
Variational Principle: E(0) > Eg
Statement: Any trial state gives upper bound on ground energy

Proof sketch: - Expand: [1/(6)) = £, ¢,|n) (eigenbasis of H) - Energy: E(0) = £,, |cn|?E, - Since E,, > Eq
and X, |c, |2 = 1: - E(0) = Z,|cul?En > Salcn]?Eo = Eo

Consequence: Minimizing E(6) approaches Eg

Equality: E(0) = Eq iff |¢(6)) = |[¢0) (ground state)

Optimization: 6* = argmin_6 E(6)

Goal: Find parameters that minimize energy
Gradient-based optimization:

f0_new = #_old - «-VE(#_old)

e «: Learning rate
o VE: Gradient (vector of partial derivatives)

Gradient computation (parameter-shift rule):
OE/00; = [E(0 + w/2-¢;) - E(0 - 7/2-¢;)1/2

e ¢;: Unit vector in direction i
o Exact: For Pauli generators
o Cost: 2p circuit evaluations (p parameters)

Complete VQE Workflow
Step 1: Problem Setup

« Define Hamiltonian: H for system of interest
o Example: Molecular Hamiltonian for Hs, LiH, etc.

A

e Decompose: H = ¥;h; P; (Pauli strings)

Step 2: Ansatz Design

e Choose structure: UCC, hardware-efficient, etc.
e Determine depth: Balance expressibility and noise
o Initialize ¢: Random, classical guess, or heuristic

Step 3: Energy Evaluation

For given 6: 1. Prepare [1(0)) on quantum computer 2. Measure each (P;) (with shots) 3. Compute E(0) =
Xihi(Pi)
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Step 4: Gradient Computation

For each parameter 6;: 1. Evaluate E(0 4+ 7/2 - ¢;) 2. Evaluate E(6 - /2 - ¢;) 3. Compute 0E/90; = [E(+) -
B())/2

Step 5: Parameter Update
0 < 0 - a-VE(@))

e (lassical optimization step
e Various optimizers: GD, Adam, BFGS, etc.

Step 6: Convergence Check

o Criterion: |E_new - E_old| < ¢
o Or: ||VE|| < ¢ (gradient vanishes)
¢ Or: Maximum iterations reached

Step 7: Solution Extraction

o Optimal parameters: 6*
o Ground state: |¢(6%))
o Ground energy: E(0*) = Eg

Example: H, Molecule
Hamiltonian (STO-3G basis, 0.74 A)

H=-1.0523-T + 0.3979-Zy - 0.3979-Z; - 0.0112-ZyZ;
+ 0.1809:-XpX; + 0.1809-YpY;

Terms: - -1.0523 + I: Constant energy shift - 0.3979 + Zg, -0.3979 - Z;: One-body terms - -0.0112 + ZZ:
Coulomb interaction - 0.1809 - XX, 0.1809 * Y,Y;: Exchange interaction

Ansatz (UCC Singles and Doubles)
uee) = eA(_ie(XoYl - YoX1)/2)

 Single parameter: 6 (excitation amplitude)
o Operator: XoY; - YoX; (single excitation)
o Initial state: |01) (Hartree-Fock)

Circuit Implementation

1. Prepare |01): X gate on qubit 1
2. Apply U(0):

e R,(#) on qubit 0

« CNOT (0 — 1)

o R,(-8) on qubit 1

« CNOT (0 — 1)

Energy Landscape

o E(6): Smooth function of 0

e Minimum: 6* = 0.2 radians

o Ground energy: E(0*) ~ -1.137 Ha

o Exact: -1.137 Ha (chemical accuracy achieved!)
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Optimization Trace

Iteration 0: 6 = 0.0, E = -1.116 Ha
Iteration 1: 6 = 0.05, E = -1.130 Ha
Iteration 2: 6 = 0.10, E = -1.135 Ha

Iteration 20: # = 0.20, E

-1.137 Ha (converged)

Advanced Topics
Excited States

o Orthogonality constraint: ((0)[¢o) =0

o Penalty method: E(0) + A {¢(0)[0)|?

e Subspace search: Find multiple eigenstates
Adaptive VQE

e Grow ansatz: Add layers when needed

e Prune parameters: Remove unimportant ones

e Balance: Expressibility vs circuit depth

Quantum Natural Gradient

e Metric: Fisher information matrix F

« Update: § + 0 - a-F'VE

o Benefit: Accounts for parameter space geometry

o Faster convergence than standard gradient descent

Error Mitigation

e Zero-noise extrapolation: Extrapolate to zero noise
o Probabilistic error cancellation: Invert noise channel
e Symmetry verification: Check physical constraints

Challenges and Solutions
Challenge 1: Barren Plateaus

e Problem: Gradients vanish exponentially

e Solution: Problem-inspired ansétze, local cost functions
Challenge 2: Local Minima

e Problem: Optimizer gets stuck

e Solution: Multiple initializations, simulated annealing
Challenge 3: Measurement Noise

e Problem: Finite shots — noisy gradients

¢ Solution: Adaptive shot allocation, more shots
Challenge 4: Hardware Noise

e Problem: Gate errors, decoherence
e Solution: Error mitigation, shorter circuits
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Practice Problems
Variational principle: Prove E(0) > Eq for any normalized [1(0)).
. Gradient formula: Derive the parameter-shift rule for 0E/06.

1.
2
3. Hy energy: Compute E(0=0) for the Ho Hamiltonian above with [¢(0)) = |01).
4. Measurement: How many shots needed to estimate (P;) to precision &?

5

. Ansatz expressibility: Can a single-parameter ansatz reach all 2-qubit states?

Key Takeaways

o VQE finds ground states via variational principle

« Energy expectation E(0) = (1(0)|[H[¢(6)) is cost function

o Variational principle: E(f) > Eq (upper bound)

e Parameter-shift rule computes exact gradients

e Hybrid quantum-classical: quantum state prep, classical optimization
o Applications: quantum chemistry, materials science, condensed matter

Historical Note

VQE introduced by Peruzzo et al. (2014) - First demonstrated on photonic system - Calculated Ho ground
state energy - Pioneered variational quantum algorithms - Foundation for NISQ-era quantum computing

Next Steps

Next, we’ll decode Maxwell’s equations—the fundamental equations of classical electromagnetism.
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Lesson 6.4: Maxwell’s Equations

Overview

Complete decoding of Maxwell’s equations—the four fundamental equations that describe all of classical
electromagnetism.

The Four Equations

Differential Form

1. V-E = p/eg (Gauss's Law)

2. V-B=0 (No magnetic monopoles)
3. VXE = -0B/0t (Faraday's Law)

4. VXB = upJ + pogp0E/0t (Ampére-Maxwell Law)

Integral Form

1. § E-dA = Q_enc/eg

2. § B-dA =0

3. § E-dl = -dP_B/dt

4. § B-dl = ppl_enc + poeod®_E/dt

Symbol-by-Symbol Breakdown
Common Symbols

E (electric field) - Vector field: E(r,t) = [E;, E,, E,] - Units: V/m (volts per meter) or N/C (newtons per
coulomb) - Physical meaning: Force per unit charge - Source: Charges (static and moving)

B (magnetic field) - Vector field: B(r,t) = [B,, B,, B,] - Units: T (tesla) or Wb/m? (weber per square
meter) - Physical meaning: Force on moving charges - Source: Moving charges (currents)

p (charge density) - Scalar field: p(r,t) - Units: C/m? (coulombs per cubic meter) - Physical meaning:
Charge per unit volume - Relation to charge: Q = [p dV

J (current density) - Vector field: J(r,t) = [J,, J,, J,] - Units: A/m? (amperes per square meter) -
Physical meaning: Current per unit area - Relation to current: I = f J-dA

o (permittivity of free space) - Value: 8.854 x 10712 F/m (farads per meter) - Physical meaning: How
much electric field is produced by charges - Role: Couples charges to electric field

po (permeability of free space) - Value: 47 x 10”7 H/m (henries per meter) - Physical meaning: How
much magnetic field is produced by currents - Role: Couples currents to magnetic field

c (speed of light) - Value: ¢ = 1/, /(pog0) =~ 3 X 10% m/s - Emerges from: Maxwell’s equations -
Significance: Electromagnetic waves travel at c

Equation 1: Gauss’s Law
Differential Form: V-E = p/eg

V - E (divergence of E) - Definition: V -E = 9E,/0x + 0E,/dy + 0E,/0z - Meaning: “Outflow” of
electric field from a point - Positive: Field lines emanate (source) - Negative: Field lines converge (sink)

p/eo (charge density scaled) - Meaning: Charge density creates divergence - Positive p: Electric field points
outward - Negative p: Electric field points inward

Physical interpretation: - “Electric field lines begin and end on charges” - Positive charges are sources (field
lines out) - Negative charges are sinks (field lines in) - No charges — no divergence (field lines continuous)
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Integral Form: f E-dA = Q_enc/eg

§ E - dA (flux through closed surface) - E - dA: Electric field dot surface element - ¢: Integral over closed
surface - Meaning: Total electric field passing through surface

Q__enc (enclosed charge) - Definition: Q enc = [V p dV - Meaning: Total charge inside surface

Physical interpretation: - “Total flux through surface equals enclosed charge” - Gauss’s law for calculating
E from symmetric charge distributions - Divergence theorem connects differential and integral forms

Equation 2: No Magnetic Monopoles
Differential Form: V-B = 0

V - B (divergence of B) - Always zero: No magnetic charges - Meaning: Magnetic field lines never begin
or end - Consequence: Magnetic field lines form closed loops

Physical interpretation: - “No magnetic monopoles exist” - Magnetic field lines always form closed loops -
Every north pole has a south pole - Fundamental asymmetry between E and B
Integral Form: § B-dA = 0

§ B - dA (magnetic flux through closed surface) - Always zero: What goes in must come out - Meaning:
No net magnetic flux through any closed surface

Physical interpretation: - “Magnetic field lines cannot begin or end” - If field lines enter surface, they
must exit - No isolated magnetic charges

Equation 3: Faraday’s Law
Differential Form: VxXE = -9B/0t

VXE (curl of E) - Definition: VxE = [0E,, /0y - OE, /0z, OE,/0z - OE,, /0x, OE,/0x - OE;/Jy| - Meaning:
“Circulation” or “rotation” of electric field - Non-zero: Electric field has vortex structure

-0B /0t (negative time derivative of B) - Meaning: Changing magnetic field - Negative sign: Lenz’s law
(opposes change)

Physical interpretation: - “Changing magnetic field creates circulating electric field” - Basis of electromag-
netic induction - Generators, transformers, inductors
Integral Form: ¢ E-d1 = -d®_B/dt

¢ E - dl (line integral of E around closed loop) - Meaning: Electromotive force (EMF) around loop - Units:
Volts

®_ B (magnetic flux) - Definition: ® B = [B-dA - Units: Wb (webers) - Meaning: Total magnetic
field through loop

-d®__B/dt (rate of change of flux) - Meaning: How fast magnetic flux is changing - Negative sign:
Induced EMF opposes change (Lenz’s law)

Physical interpretation: - “Changing magnetic flux induces EMF” - Faraday’s law of induction - Moving
magnet through coil — current

Equation 4: Ampeére-Maxwell Law

Differential Form: VxB = poJ + pupegdE/0t

VxB (curl of B) - Meaning: Circulation of magnetic field - Sources: Currents and changing electric fields
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tod (current term) - Ampeére’s law: Currents create circulating magnetic field - Right-hand rule: Curl
fingers with current, thumb points along B

1og00E /0t (displacement current) - Maxwell’s addition: Changing electric field acts like current - Crucial:
Enables electromagnetic waves - Symmetry: Completes parallel with Faraday’s law

Physical interpretation: - “Magnetic field circulates around currents and changing electric fields” - Currents
create magnetic fields (Ampére) - Changing E creates magnetic fields (Maxwell’s insight) - Displacement
current enables wave propagation

Integral Form: § B-dl = poI_enc + jocod®_E/dt

. ine integral of B around closed loop) - Meaning: Circulation of magnetic field - Related to:
B - dl (line i 1 of B d closed 1 M i Circulati f ic field - Related
Current enclosed by loop

pol_enc (enclosed current) - Definition: I _enc = [J-dA - Meaning: Total current through surface
bounded by loop

tocod®__E/dt (displacement current term) - ®__E: Electric flux through surface - d®__E/dt: Rate of
change of electric flux - Acts like current: Even without physical charges moving

Physical interpretation: - “Magnetic field circulates around currents” - Ampere’s law for calculating B
from currents - Displacement current: changing E field equivalent to current

Electromagnetic Waves
Wave Equation from Maxwell

Taking curl of Faraday’s law and using Ampere-Maxwell:

V2E - oeg0?E/0t% = 0
V2B - ppeg0?B/Ot% = 0

Wave speed:

c = 1/\/(u050) ~ 3 x 10% m/s

Physical meaning: - E and B satisfy wave equation - Waves propagate at speed ¢ (light!) - E and B oscillate
perpendicular to each other and to propagation direction

Plane Wave Solution

E = Eg sin(k'r - wt)
B = By sin(k'r - wt)

Properties: - E | B: Electric and magnetic fields perpendicular - E | k, B 1 k: Both perpendicular to
propagation direction - |E| = ¢|B|: Magnitudes related by ¢ - w = ck: Dispersion relation
Energy and Momentum
Energy Density
u = %(eoE? + B%/pp)
o Electric energy: YeoE?
o Magnetic energy: %B?/u
Poynting Vector (Energy Flux)
S = (1/p0)ExB

e Meaning: Energy flow per unit area
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o Direction: ExB (perpendicular to both)
o Units: W/m? (watts per square meter)
Momentum Density
g = ggExB = 8/c?

o Electromagnetic fields carry momentum
o Radiation pressure

Conservation Laws
Charge Conservation
Jp/ot + V-J =0
e Meaning: Charge is conserved
o Derived from: Maxwell’s equations (take divergence of Ampére-Maxwell)
Energy Conservation (Poynting’s Theorem)
Ju/0t + V-S = -J-E

e u: Energy density
o S: Poynting vector (energy flux)
e -J + E: Work done by field on charges

Applications

Static Fields (0/0t = 0)

Electrostatics: - V- E = p/gp (Gauss) - VXE = 0 (no curl - E = -Vy)
Magnetostatics: - V- B = 0 (no monopoles) - VxB = pgJ (Ampere)

Electromagnetic Induction

o Generators: Rotating coil in magnetic field
e Transformers: Changing current in primary — induced EMF in secondary
e Inductors: Changing current — self-induced EMF

Electromagnetic Waves

e Radio waves, microwaves, infrared, visible light, UV, X-rays, gamma rays
o All described by Maxwell’s equations
o Different frequencies, same physics

Practice Problems
1. Gauss’s law: Calculate E field of point charge Q using integral form.

2. Faraday’s law: A circular loop of radius r is in a uniform B field increasing at rate dB/dt. Find
induced EMF.

3. Ampeére’s law: Calculate B field inside a long straight wire carrying current I.
4. Wave equation: Derive V2E = 119g¢00?E/0t? from Maxwell’s equations.

5. Poynting vector: For a plane wave with E = Egsin(kz-wt)x, find S.
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Key Takeaways

e Four equations describe all classical electromagnetism

o Gauss: Charges create electric field (divergence)

o No monopoles: Magnetic field lines form closed loops

o Faraday: Changing B creates circulating E (induction)

e Ampere-Maxwell: Currents and changing E create circulating B
e Together: Predict electromagnetic waves at speed ¢

o Unified electricity, magnetism, and light

Historical Note

James Clerk Maxwell (1865): Published unified theory - Combined known laws (Gauss, Faraday, Ampére)
- Added displacement current term (uocoOE/0t) - Predicted electromagnetic waves - Heinrich Hertz (1887):
Experimentally confirmed waves - Foundation of modern physics and technology

Next Steps

Next, we’ll decode logistic regression—the fundamental equation of binary classification in machine learning.
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Lesson 6.5: Logistic Regression

Overview

Complete decoding of logistic regression—the fundamental model for binary classification in machine learning.

The Core Equations
Model (Prediction)
§=0WTx+Db) =1/1 + e (-(w"T x +b)))

Loss Function (Binary Cross-Entropy)
L(w,b) = -1/N %;[y; log(§;) + (1-y;)log(1-9,)]

Gradient Descent Update

W+ w - o OL/Ow
b+ b-«a dL/Ob

Symbol-by-Symbol Breakdown
Input and Output

x (feature vector) - Form: x = [x1, X2, ..., x_d] T - Dimension: d features - Example: [age, income,
credit_ score] - Meaning: Input data describing an instance

y (true label) - Values: 0 or 1 (binary classification) - Example: 0 = not spam, 1 = spam - Meaning;:
Ground truth class

¥ (predicted probability) - Range: [0, 1] - Meaning: P(y=1|x) (probability of class 1) - Interpretation:
Confidence in positive class
Model Parameters

w (weight vector) - Form: w = [wy, wo, ..., w_d] T - Meaning: Importance of each feature - Learned:
Optimized during training - Interpretation: w; > 0 — feature i increases probability of class 1

b (bias term) - Scalar: Single number - Meaning: Baseline log-odds (intercept) - Learned: Optimized
during training - Interpretation: Shifts decision boundary
Linear Combination: z = w"T x + b

w T x (dot product) - Expansion: w"T x = wix; + woxa + ... + w_dx_d - Meaning: Weighted sum of
features - Units: Depends on features and weights

z (logit or log-odds) - Range: (-o0, +00) - Meaning: Log of odds ratio - Interpretation: - z > 0 — more
likely class 1 - z < 0 — more likely class 0 - z = 0 — equal probability
Sigmoid Function: o(z) = 1/(1 + e~ (-2))

o (sigmoid activation) - Domain: z € (-00, +00) - Range: o(z) € (0, 1) - Properties: - 6(0) = 0.5 - 0(2)
—lasz— 4+00-0(z) >0asz — -00-0(-z) =1-0(z)

Why sigmoid? - Squashes real line to [0,1] (valid probability) - Smooth and differentiable - Derivative: o’(z)
= 0(z)(1 - o(z)) - Probabilistic interpretation (logistic distribution)

Alternative forms:
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o(z) = e7z/(1 + e”2)

o(z) 1/(1 + e~ (-2))

Prediction: § = o(w"T x + b)
Complete model:
§ = P(y=1lx;w,b) = 1/(1 + e (-(w"T x + b)))

Decision rule: - If § > 0.5 — predict class 1 - If § < 0.5 — predict class 0 - Threshold can be adjusted
based on application

Interpretation: - Linear decision boundary in feature space - Boundary: w™T x + b = 0 - Probabilistic
output (not just hard classification)

Loss Function

Binary Cross-Entropy: L = -1/N 3, [y; log(§;) + (1-y;)log(1-§;)]
Breaking it down:

For single example:

0(§,y) = [y log(§) + (1-y)log(1-9)]

If y = 1 (true class is 1):

¢ = -log(§)

e Penalizes low predicted probability
e § — 1: loss — 0 (good)
e § — 0: loss — oo (bad)

If y = 0 (true class is 0):
¢ = -log(1-%)

e Penalizes high predicted probability
e § — 0: loss — 0 (good)
e ¥ — 1: loss — oo (bad)

Average over dataset:
L =1/N3%; {(§;, yi)

e N: number of training examples
e Sum over all examples
o Average loss (mean)

Why Cross-Entropy?

Maximum likelihood: - Equivalent to maximizing likelihood of data - Assumes Bernoulli distribution for y
- Convex loss function (single global minimum)

Gradient properties: - Smooth and differentiable - Gradients don’t vanish (unlike squared error) - Penalizes
confident wrong predictions heavily

Connection to KL divergence:
L = D_KL(P_true || P_model) + H(P_true)

e Minimizing cross-entropy = minimizing KL divergence
o H(P_true) is constant (entropy of true distribution)
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Gradients

Gradient of Loss w.r.t. Weights
Chain rule:

JL/Ow = OL/0§ - 0§/0z - 0z/0w
Step 1: OL/0%

oL/0y = -y/3 + (1-y)/(1-9)

Step 2: 0§/0z (sigmoid derivative)
03/0z = o(z) (1 - 0(2)) = §(1-9)
Step 3: J0z/0w

0z/0w = x

Combining (beautiful cancellation):
OL/Ow = 1/N X,(§; - yi)=x;
Interpretation: - Gradient = (prediction error) x (input) - Large error — large gradient - Correct prediction
(§ = y) — zero gradient

Gradient of Loss w.r.t. Bias
Similarly:

OL/0b = 1/N %;(§; - i)

Interpretation: - Average prediction error - Shifts decision boundary

Gradient Descent Update

Update Rules

Weights:

W<+ w-adl/Oow=w- a/N 35;({F - yi)x;

Bias:

b+ b-a«adl/Ob=Db - a/N X;(F - v

a (learning rate) - Hyperparameter: Controls step size - Too large: Oscillation, divergence - Too small:
Slow convergence - Typical values: 0.001 to 0.1

Variants

Batch Gradient Descent: - Use all N examples per update - Exact gradient - Slow for large datasets

Stochastic Gradient Descent (SGD): - Use single example per update - Noisy gradient - Fast, online
learning

Mini-batch Gradient Descent: - Use batch of B examples (e.g., B=32) - Balance between batch and SGD
- Most common in practice

Complete Training Algorithm
Step 1: Initialize

w < random small values (e.g., N(O, 0.01))
b+ 0
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Step 2: Forward Pass

For each example i:

z;, =wTzx; +Db

¥ = o(z)

Step 3: Compute Loss

L = -1/N %;[y; log(§;) + (1-y;)log(1-§;)]

Step 4: Backward Pass (Compute Gradients)

OL/0b = 1/N %, (§; - yi)

Step 5: Update Parameters
W< w -« JL/Ow

b+ b - «a JL/0b

Step 6: Repeat

o Until convergence (loss stops decreasing)
o Or maximum iterations reached

Example: Spam Classification
Problem Setup

o Features: x = [word__count_ “free”, word__count_ “money”, email_length]
o Label: y =1 (spam), y = 0 (not spam)
o Goal: Predict P(spam|email)

Training Data (simplified)

x; = [5, 3, 100], y; = 1 (spam)
xg = [0, 0, 200], yo 0 (not spam)
X3 [2, 1, 150], y3 1 (spam)

After Training

w = [0.8, 0.6, -0.002] (learned weights)
b=-1.5 (learned bias)

Interpretation: - “free” increases spam probability (w; = 0.8 > 0) - “money” increases spam probability
(wg = 0.6 > 0) - Longer emails slightly decrease spam probability (w3 = -0.002 < 0) - Baseline bias: b = -1.5
(slightly biased toward not spam)

Prediction on New Email

x_new = [4, 2, 120]
z =wT x_new + b = 0.8(4) + 0.6(2) - 0.002(120) - 1.5 = 2.46
§ =0(2.46) = 1/(1 + e~(-2.46)) ~ 0.92

Prediction: 92% probability of spam — classify as spam
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Regularization
L2 Regularization (Ridge)
L.reg =L + A lwll?
e Penalizes large weights
e Prevents overfitting
e \: regularization strength
L1 Regularization (Lasso)
Lreg =L + Allwlly
o Encourages sparsity (some w; = 0)
o Feature selection
e \: regularization strength
Elastic Net
Lreg =L + Allwlly + Aol lwll?

e Combines L1 and L2
e Balance between sparsity and smoothness

Multiclass Extension: Softmax Regression
Model
P(y=klx) = e"(w_k"T x + b k) / X; e (w_j°T x + b_j)

Loss (Cross-Entropy)
L =-1/N %; ¥ y_ik log(y_ik)

o y_ik: one-hot encoded (1 if example i is class k, else 0)
o §_ik: predicted probability of class k

Practice Problems

1. Sigmoid derivative: Prove that ¢’(z) = o(2)(1 - o(2)).

2. Decision boundary: For w = [1, 2], b = -3, find the equation of the decision boundary.
3. Gradient: Compute JL/0w for a single example with x = [1, 2], y =1,y = 0.7.
4

. Convergence: Why does cross-entropy loss lead to better convergence than squared error for classifi-
cation?

5. Regularization: How does L2 regularization affect the gradient update?

Key Takeaways

e Logistic regression: Linear model + sigmoid activation
o Predicts probabilities: P(y=1|x) = o(w"T x + b)

o Cross-entropy loss: Penalizes wrong predictions

e Gradient descent: Iteratively updates w and b

o Convex optimization: Single global minimum

o Foundation for neural networks (single-layer network)
o Interpretable: Weights show feature importance
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Historical Note

Logistic function introduced by Pierre Frangois Verhulst (1838) - Originally for population growth models
- David Cox (1958): Applied to regression (logistic regression) - Foundation of generalized linear models
(GLMs) - Still widely used despite deep learning advances

Next Steps

Next, we’ll decode the Fourier transform—the fundamental tool for signal processing and frequency analysis.
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Lesson 6.6: Fourier Transform

Overview

Complete decoding of the Fourier transform—the fundamental tool that decomposes signals into frequency
components.

The Core Equations
Fourier Transform (Continuous)

F(w) = [_{-oc} {oo} f(t)e {-iwt} dt

Inverse Fourier Transform

£(t) = 1/@2n) [_{-00}"{oo} Flw)e {iwt} dw

Discrete Fourier Transform (DFT)
F k =Y {n=0}"{N-1} f n e {-27rikn/N}

Symbol-by-Symbol Breakdown
Time and Frequency Domains

f(t) (time-domain signal) - Domain: t € R (time) - Values: Real or complex - Meaning: Signal as function
of time - Examples: Audio waveform, voltage over time, stock price

F(w) (frequency-domain representation) - Domain: w € R (angular frequency) - Values: Complex numbers
- Meaning: Amplitude and phase at each frequency - Interpretation: “How much of frequency w is in
f(t)?”

w (angular frequency) - Units: rad/s (radians per second) - Relation to frequency: w = 2xf (f in Hz) -
Meaning: Rate of oscillation

The Transform: F(w) = f_{—oo}“{oo} f(t)e {-iwt} dt

[ {-o0} {oo} ... dt** (integral over all time) - Meaning: Sum up contributions from all time points -
Accumulation: Weighted sum of signal

f(t) (signal at time t) - Multiplied by: Complex exponential - Contribution: Each time point contributes
to each frequency

e”{-iwt} (complex exponential) - Euler’s formula: e"{-iwt} = cos(wt) - i sin(wt) - Meaning: Basis
function (pure frequency w) - Real part: cos(wt) (cosine wave) - Imaginary part: -sin(wt) (sine wave)

Why complex exponentials? - Encode both amplitude and phase - Orthogonal basis functions - Simplify
convolution (multiplication in frequency domain) - Eigenfunctions of LTI systems

Complete Interpretation
F(w) = [ f(t)e"{-iwt} dt

Plain language: “The Fourier transform at frequency w is the overlap between the signal f(t) and a pure
oscillation at frequency w.”

Process: 1. Take signal f(t) 2. Multiply by e"{-iwt} (oscillation at frequency w) 3. Integrate over all time 4.
Result: Complex number F(w)

F(w) as complex number:
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F(w) = |F(w)le {ip(w)}

o |F(w)|: Magnitude (amplitude at frequency w)
e (w): Phase (time shift of that frequency component)

Inverse Transform: £(t) = 1/(27) [ F(w)e {iwt} dw

Meaning: “Reconstruct signal by summing up all frequency components”

Process: 1. Take frequency component F(w) 2. Multiply by e”{iwt} (oscillation at frequency w) 3. Integrate
over all frequencies 4. Scale by 1/(27) 5. Result: Original signal f(t)

Interpretation: Every signal is a superposition of pure frequencies

1/(27) (normalization factor) - Ensures f(t) = F"{-1}[F[f(t)]] - Convention: Can be split between forward
and inverse - Alternative: 1/, /(2m) on both

Properties of Fourier Transform
Linearity
Flaf(t) + bg(t)] = aF(w) + bG(w)
o Transform of sum = sum of transforms
e Scaling preserved
Time Shift
Flf(t - t9)] = e~ {-iwto}F(w)
e Shifting in time — phase shift in frequency
o Magnitude unchanged: |F(w)| same
Frequency Shift
Fle™{iwot}f ()] = Flw - wo)
e Modulation in time — shift in frequency
 Basis of AM/FM radio
Scaling
Flf(at)] = 1/lal F(w/a)

e Compress time — stretch frequency
e Stretch time — compress frequency
e Uncertainty principle manifestation

Convolution Theorem
Flf * g] = F(w)-G(w)

e Convolution in time — multiplication in frequency
e Crucial for signal processing
o Filtering = multiplication in frequency domain
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Parseval’s Theorem (Energy Conservation)
JI£) 12 dat = 1/2m) [IF(W)|? dw

e Total energy same in time and frequency domains
e Energy preserved under transform

Common Transform Pairs

Delta Function

() =6(¢t) +— Flw) =1
e Impulse at t=0 — all frequencies equally
e Flat spectrum

Constant

£(t) =1 <— F(w) = 216 (w)
e DC signal — spike at w=0

o No oscillation — zero frequency

Cosine

f(t) = cos(wopt) <+— F(w) = mld(w-wp) + §(wtwg)]

o Pure frequency — two spikes (fwg)
o Positive and negative frequencies

Gaussian

f(t) = e~ {-t?/20%} +— F(w) = U\/(Qﬂ)eA{—02w2/2}

o Gaussian — Gaussian

o Width inversely related: narrow in time — wide in frequency

Rectangular Pulse
f(t) = rect(t/T) +— F(w) = T-sinc(wT/2)

e Box function — sinc function
e Sharp edges — high frequencies

Discrete Fourier Transform (DFT)
Definition: F_k = ¥_{n=0}"{N-1} f_n e"“{-27ikn/N}

f n (discrete time samples) - Index: n =0, 1, 2, ..., N-1 - Meaning: Signal sampled at N points - Spacing:

At (sampling interval)

F_ k (discrete frequency bins) - Index: k=0, 1, 2, ..., N-1 - Meaning: Frequency components - Frequency:

w_k = 27k/(NAt)

e"{-27ikn/N} (DFT basis) - Discrete version of e"{-iwt} - Periodic: e"{-27i(k+N)n/N} = e"{-27ikn/N}

- Orthogonal: Different k values are orthogonal

Fast Fourier Transform (FFT)

Naive DFT: O(N?) operations FFT algorithm: O(N log N) operations - Cooley-Tukey algorithm
(1965) - Exploits symmetry and periodicity - Revolutionized signal processing

159



Applications
Signal Processing

Audio compression (MP3; AAC): 1. Transform audio to frequency domain 2. Remove inaudible frequencies
3. Quantize remaining frequencies 4. Inverse transform

Noise filtering: 1. Transform noisy signal 2. Identify noise frequencies 3. Attenuate or remove 4. Inverse
transform

Image Processing
2D Fourier Transform:
F(u,v) = [[ f(x,y)e {-i(ux+vy)} dx dy
e Decomposes image into spatial frequencies
o JPEG compression uses DCT (related to Fourier)
Quantum Mechanics
Position <+ Momentum:
P(p) = 1/\/(27Tﬁ) | Y x)e~{-ipx/h} dx
e Fourier transform relates position and momentum representations
o Uncertainty principle: AxAp > fi/2
Differential Equations

Solving PDEs: - Transform equation to frequency domain - Differential operators — algebraic - Solve
algebraically - Inverse transform

Example (heat equation):
ou/ot = aV?u — 90/t = -aw’0

o Laplacian — multiplication by -w?

Spectrograms and Time-Frequency Analysis
Short-Time Fourier Transform (STFT)
STFT(t,w) = [ £(Mu(r-t)e {-iwr} dr

o w(7-t): Window function centered at t

e Meaning: Fourier transform of windowed signal

e Result: Time-frequency representation

o Trade-off: Time resolution vs frequency resolution

Wavelet Transform
W(a,b) = [ £(t)Y*((t-b)/a) dt

o t: Mother wavelet (localized in time and frequency)
o a: Scale (frequency)

o b: Translation (time)

e Advantage: Better time-frequency localization

160



Uncertainty Principle
Time-Frequency Uncertainty
At-Aw > 1/2

e Cannot have perfect localization in both time and frequency
e Narrow in time — wide in frequency

e Narrow in frequency — wide in time

o Fundamental limit (not just measurement)

Example: - Short pulse (narrow At) — broad spectrum (large Aw) - Pure tone (narrow Aw) — must last
long time (large At)

Practice Problems
1. Cosine transform: Compute F[cos(wot)] using Euler’s formula.
2. Gaussian: Verify that Gaussian is its own Fourier transform (up to scaling).
3. Convolution: If f(t) = e"{-t?} and g(t) = e"{-t?}, find F[f * g].
4. Sampling: What is the Nyquist frequency for sampling rate 1000 Hz?
5. DFT: Compute 4-point DFT of [1, 0, 0, 0] by hand.

Key Takeaways

e Fourier transform decomposes signals into frequency components
o Complex exponentials e”{iwt} are basis functions

o F(w) is complex: magnitude = amplitude, phase = time shift

e Convolution in time = multiplication in frequency

e FFT makes computation practical (O(N log N))

e Fundamental tool in signal processing, quantum mechanics, PDEs
e Time-frequency uncertainty: cannot localize perfectly in both

Historical Note

Jean-Baptiste Joseph Fourier (1822): “Théorie analytique de la chaleur” - Studied heat equation -
Claimed any function can be represented as sum of sines and cosines - Controversial at the time - Dirichlet
(1829): Proved convergence conditions - Cooley & Tukey (1965): FFT algorithm - Foundation of modern
signal processing

Course Complete!

Congratulations! You’ve completed the Foundations of Mathematical Intuition course. You can now: -
Understand fundamental operations and their meanings - Read equations across multiple mathematical
domains - Navigate different number systems and spaces - Apply intuition to VQE and quantum optimization
- Decode complex equations from physics, ML, and quantum computing

You’ve achieved true mathematical literacy. Keep practicing, and remember: every equation tells a story.
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