Lesson 2.2 — Calculus Sentences: Reading Rates and Accumulations
Mathematical Intuition - Module 2 — Equation Literacy
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1. Why this matters (Hook)

Calculus has two moves:

1. Differentiation — asking “how fast is this changing right now?”
2. Integration — asking “what is the total effect of all these small changes?”

Every equation involving d/dx, 9/0t, or f is making a statement about one of these two questions.

But most students learn calculus as a collection of rules (power rule, chain rule, integration by parts) without
learning to read what the equations are saying.

The goal of this lesson: when you see a derivative or integral in any context — physics, probability, optimization,
quantum mechanics — you can immediately state the claim in plain language.

2. Core Intuition

2.1 Derivatives are claims about sensitivity
dy
dx

This does not mean “take the derivative.” It means: “how sensitive is y to small changes in x7”

o Large dy/dz: y responds dramatically to x
o Small dy/dx: y barely notices changes in x
e Zero dy/dx: y is locally flat with respect to x
o Negative dy/dx: y decreases when x increases

Every derivative is a sensitivity report.

2.2 Integrals are claims about accumulation

/abf(x)dx

This means: “add up all the tiny contributions of f(x) as x sweeps from a to b.”

o The function f(z) is the rate or density
e The dx is the tiny step
o The integral is the total

Rate times step, summed over all steps, gives accumulation.



2.3 The fundamental theorem connects them
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Claim: “The rate of change of the accumulated total equals the current value of the thing being accumulated.”

Differentiation and integration are inverses — one asks about rates, the other answers about totals.

2.4 Partial derivatives are claims about one variable at a time
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Claim: “How does f respond to x, if we freeze everything else?”
This is the foundation of multivariable reasoning. In optimization, the gradient Vf = ( aa Tfl ey %) collects

all these one-at-a-time sensitivities into a single direction: the direction of steepest increase.

3. Formal Lens (Light)

3.1 Ordinary derivative: a rate claim
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Sentence: “Velocity is the rate at which position changes with respect to time.”
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Sentence: “Acceleration is the rate at which velocity itself changes — the rate of the rate.”

Second derivatives are claims about curvature or how the rate is evolving.

3.2 Definite integral: a total claim
b
W = / F(z)dx

Sentence: “Work is the total accumulation of force contributions as position sweeps from a to b.”

If force varies along the path, you cannot just multiply — you must integrate, because the contribution
changes at every point.

3.3 Differential equation: a relationship between a quantity and its own rate
dy
2k

at ~ Y

Sentence: “y changes at a rate proportional to its own current value.”

This is exponential growth (or decay, if k¥ < 0). The equation does not give you y — it gives you a rule that
y must obey. The solution y(t) = yoe*! is the function that satisfies the rule.



3.4 Partial differential equation: a spatial-temporal claim
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Sentence: “The temperature at each point changes at a rate proportional to the spatial curvature of the
temperature field around it.”

Hot spots surrounded by cooler regions lose heat. Cold spots surrounded by warmer regions gain heat. The
Laplacian V2u measures this spatial imbalance.

3.5 The chain rule: a composition claim
dz dz dy

dr — dy dzx
Sentence: “The sensitivity of z to x equals the sensitivity of z to y, scaled by the sensitivity of y to x.”
This is why backpropagation works: sensitivity propagates through a chain of layers, each multiplying the
previous sensitivity.

3.6 Gradient and divergence: directional claims
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Sentence: “The gradient points in the direction where f increases fastest, with magnitude equal to the
steepness.”
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Sentence: “The divergence measures how much the vector field F is expanding or contracting at each point
— a local source/sink detector.”

4. Cross-Domain Examples

4.1 Physics — Newton’s second law as a differential equation
A’z

Reading: “Mass times the second time-derivative of position (acceleration) equals the applied force. The
force determines how the trajectory curves.”

This is not a formula to plug into — it is a rule that trajectories must obey. Solving it means finding the
path z(t) that satisfies the rule.

4.2 Probability — expectation as integration

Reading: “The expected value of X is the accumulation of each possible value x, weighted by its probability
density p(x).”

The integral sums every possible outcome, each contributing in proportion to how likely it is.



4.3 Optimization — gradient descent as following a derivative

0t+1 = 0t — OZVL(Gt)
Reading: “Update the parameters by stepping opposite to the gradient of the loss. The gradient says which
direction increases loss fastest, so we go the other way.”

The derivative tells you where the landscape slopes; the update rule uses that information to descend.

4.4 Quantum Mechanics — the Schrodinger equation as a rate claim
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Reading: “The rate of change of the quantum state is determined by the Hamiltonian acting on that state.
The Hamiltonian is the generator of time evolution.”

This is a differential equation for the state itself — not a number, but a vector in Hilbert space, obeying a
rule about how it must evolve.

5. Micro Drills

Answer in words, not calculations.
1. Semnsitivity: In 3—5 > 0, what does this tell you about how pressure responds to temperature?

2. Accumulation:

T
distance = / u(t) dt
0

Why can’t you just multiply velocity by time here?

dN N
dt_rN<1_K)

In one sentence: what does this say about population growth?

3. Differential equation:

4. Chain rule reading: If profit depends on sales, and sales depend on advertising spend, what does

d(profit) d(profit) d(sales)

d(ad spend)  d(sales) d(ad spend)
tell you?

5. Gradient: If VL = (0.3, —0.1,0.8), which parameter does the loss care about most? Which direction
should you step?




6. Reflection

Find one differential equation or integral from your own work.

Without solving it, write: - What is the rate or accumulation being described? - What physical, probabilistic,
or computational process does it model? - What would happen if the derivative were zero everywhere?

If you can answer these, you can read calculus.
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