Lesson 2.3 — Linear Algebra Sentences: Reading Transformations

and Structure
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1. Why this matters (Hook)

Linear algebra is the language of structure.

When a physicist writes H [y = E), they are not “doing matrix math.” They are saying: “this state is so
special that the energy operator only scales it — it does not rotate or distort it.”

When an ML engineer writes y = Wx + b, they are not “multiplying matrices.” They are saying: “the output
is a linear transformation of the input, shifted by a bias.”

Every equation with vectors, matrices, inner products, or eigenvalues is a sentence about geometry — about
directions, magnitudes, rotations, projections, and invariant structures.

If you can read these sentences, you can read quantum mechanics, machine learning, signal processing, and
statistics without first translating them into scalar arithmetic.

2. Core Intuition

2.1 Vectors are arrows with meaning

A vector is not a list of numbers. A vector is a direction plus a magnitude in some space.

The numbers are just coordinates — they change when you change the basis. The arrow stays the same.
When you see v = (3, —1,2), ask: - What space is this in? - What do the axes represent? - What direction
does this arrow point, and how long is it?

2.2 Matrices are verbs

A matrix is an action: it takes a vector and produces a new vector.

Av=w

Sentence: “A acts on v to produce w.”

Different matrices do different things: - Rotation matrices change direction but not length - Scaling
matrices change length but not direction (along axes) - Projection matrices collapse dimensions - Shear
matrices skew without changing area

When you see a matrix, ask: what does it do to arrows?



2.3 The inner product is a similarity detector

(u,v) = [[ullf}v]lcos 6
Sentence: “The inner product measures how much u and v point in the same direction, scaled by their
lengths.”

e Inner product large and positive: vectors are aligned
 Inner product zero: vectors are perpendicular (orthogonal)
e Inner product negative: vectors point in opposing directions

This is why inner products appear everywhere: they detect overlap, correlation, similarity.

2.4 Eigenvalues reveal what survives a transformation

Av = \v

4

Sentence: “v is so aligned with A’s action that A only scales it by A — it does not change its direction.”

Eigenvectors are the invariant directions of a transformation. Everything else gets rotated, sheared, or
mixed. Eigenvectors just get stretched or compressed.

This is why eigenvalues appear in quantum mechanics (measurement outcomes), stability analysis (growth
rates), and PageRank (importance scores): they describe what persists under repeated action.

3. Formal Lens (Light)
3.1 Linear systems: finding the pre-image

Ax=Db

Sentence: “Find the input x that A transforms into b.”

This is not “solve the system” — it is “undo the transformation.” If A is invertible: x = A~!b (the unique
pre-image exists). If A is singular: either no solution or infinitely many (the transformation destroys
information).

3.2 Orthogonal decomposition: separating a signal
V = projy, v + vt
Sentence: “Any vector can be split into a component inside subspace W and a component perpendicular to
W.77
This is the foundation of: - Least-squares regression (project data onto model space) - Fourier analysis

(project signal onto frequency components) - Quantum measurement (project state onto eigenstates)

3.3 Spectral decomposition: unpacking a transformation

A = Z AZ‘VZ‘VZT

Sentence: “A is built from its eigenvectors, each weighted by its eigenvalue. The transformation is a sum of
independent scalings along privileged directions.”

This reveals a matrix’s internal structure: it acts by scaling along its eigen-directions, each with its own
strength.



3.4 Singular value decomposition: the universal factorization

A=UxvT
Sentence: “Any matrix is a rotation (V7T), then a scaling (¥), then another rotation (U). Every linear
transformation is just rotate-scale-rotate.”
This is the deepest structural claim in linear algebra. It means that no matter how complicated a transformation
looks, its geometry is always: align, stretch, re-orient.
3.5 Determinant: a volume claim

det(A)

Sentence: “The determinant measures how much A scales volume.”

o |det(A)| > 1: A expands space

o |det(A)| < 1: A compresses space

o det(A) =0: A collapses at least one dimension (information lost)
o det(A) < 0: A flips orientation (mirror reflection)

3.6 Trace: a total scaling claim

Sentence: “The trace is the sum of eigenvalues — the total scaling across all invariant directions.”

This is why trace appears in quantum mechanics (tr(pA) = (A)): the expectation value sums contributions
from all eigenstates.

4. Cross-Domain Examples

4.1 Quantum Mechanics — measurement as eigenvalue extraction
Hly) = Ely)

Reading: “The Hamiltonian acts on |¢)) and only scales it. The scaling factor E is the energy. This state
has definite energy — measuring it always yields E.”

The eigenvalue equation is a stability condition: this state is a fixed point of the energy operator.

4.2 Machine Learning — PCA as eigenvector extraction

Cvk = /\ka
Reading: “The covariance matrix C, acting on the k-th principal component direction, only scales it. The
eigenvalue \j is the variance captured along that direction.”

PCA finds the directions where data varies most — the eigenvectors of the covariance matrix, ranked by
eigenvalue.




4.3 Physics — moment of inertia as a tensor

L=]w
Reading: “Angular momentum L is the inertia tensor I acting on angular velocity w. The tensor transforms
rotation axis into momentum axis — they need not point the same way.”

When they do point the same way: w is an eigenvector of I, and the eigenvalue is the moment of inertia about
that axis.

4.4 Network Science — PageRank as eigenvector centrality

Ax =x
Reading: “The adjacency matrix A, acting on the importance vector x, reproduces x. The importance
scores are self-consistent: a page is important if important pages link to it.”

This is an eigenvalue equation with A = 1. The eigenvector is the steady-state ranking.

5. Micro Drills
Answer in words, not calculations.

1. Read aloud:
Av = 3v

What does this say about the relationship between A and v?

2. Geometric meaning: If (u,v) = 0, what can you say about the two vectors? What does this mean
physically?

3. Information loss: If det(A) = 0, can you undo the transformation A? Why or why not?
4. SVD reading: In A = ULV, what does it mean if one singular value is much larger than the rest?

5. Translate: “The data varies most along the first principal component.” Write this as an eigenvalue
statement about the covariance matrix.

6. Reflection

Find one matrix equation from your work (a layer in a neural network, a Hamiltonian, a covariance matrix, a
transformation).

Without computing, write: - What does the matrix do to vectors? - Are there special directions (eigenvectors)
that only get scaled? - What would it mean if the matrix were the identity?

If you can answer these, you can read linear algebra.
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Concepts: vector-space, inner-product, eigenvalue-decomposition, linear-operators, orthogonality, matrix-
representation

Prerequisites: 1.2, 2.1, 2.2

Enables: 2.4, 2.5, 2.6, 3.4
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