Lesson 2.4 — Probability & Statistics Sentences: Reading

Uncertainty and Evidence
Mathematical Intuition - Module 2 — Equation Literacy

Node 2.4

1. Why this matters (Hook)

Probability equations look different from the rest of mathematics.

Where physics says F' = ma (a deterministic claim), probability says P(A|B) (a claim about what we should
expect given what we know).

The notation is dense: P, E, Var, |, ~, <. But every symbol is doing one of three jobs:

1. Quantifying uncertainty — how likely is this?
2. Updating beliefs — how does new evidence change what we think?
3. Summarizing distributions — what is the shape of the uncertainty?

If you can identify which job each symbol is doing, probability equations become as readable as physics
equations.

2. Core Intuition
2.1 Probability is a measure of belief, not frequency
P(A)=0.7
This does not always mean “A happens 70% of the time.” It means: “Given what we know, we should
assign 70% confidence to A.’

The frequentist reading (long-run proportion) and the Bayesian reading (degree of belief) use the same
notation but carry different philosophical weight. Either way: P(A) is a number between 0 and 1 that
measures how strongly the evidence supports A.

2.2 The conditioning bar is the most important symbol

P(A] B)

Read: “The probability of A, given that we know B is true.”

The bar | means: “restrict attention to the world where B holds.” It is the operation of updating — taking
what you knew before and narrowing it down.

Almost every interesting probability statement is conditional. When you see the bar, ask: what information
is being assumed?



2.3 Expectation is a weighted vote

ElX]=) xz-P(X =)

Read: “Each possible value of X gets a vote proportional to its probability. E[X] is the average of those
votes.”

This is not the “most likely” value. It is the center of gravity of the distribution.

For continuous distributions:

E[X] = /xp(m) dx
Same idea: every possible value contributes, weighted by its density.

2.4 Variance measures the width of uncertainty

Var(X) = E [(X — E[X])?]

Read: “On average, how far does X land from its mean?”

Low variance: the distribution is tightly concentrated. High variance: outcomes are spread out. The standard
deviation o = 4/ Var(X) is the same thing in the original units.

3. Formal Lens (Light)
3.1 Bayes’ theorem: an evidence-processing machine

Pt | p) - L P

Sentence: “Your belief in hypothesis H after seeing data D equals: how well H predicts D, times your prior
belief in H, divided by how likely D was overall.”

e P(H): what you believed before

e P(D | H): how well H explains the data (likelihood)
e P(D): how surprising the data is in general

o P(H | D): what you should believe after

Bayes’ theorem is the update rule. Everything in Bayesian statistics is an application of this sentence.

3.2 The law of total probability: summing over stories

P(A):ZP(/HBi)P(Bi)

Sentence: “The total probability of A is the sum of its probability under each possible scenario B;, weighted
by how likely each scenario is.”

This is the foundation of marginalization — integrating out variables you don’t care about.



3.3 Independence: no information transfer

P(ANB)=P(A)P(B)
Sentence: “A and B are independent: knowing one tells you nothing about the other. Their joint probability
is the product of their individual probabilities.”

When this fails, A and B are correlated — learning about one changes your belief about the other.

3.4 Likelihood function: the data’s testimony

L) = P(D | 6) =[] Plai | 6)

i=1

Sentence: “The likelihood of parameter 6 is the probability that 6 would have generated the observed data.
Under independence, it is the product of per-observation probabilities.”

The likelihood is not a probability of § — it is the data’s testimony about 6.

3.5 KL divergence: distance between distributions

P(x)
Q(x)

Dir(PlQ) =) P(z)log

Sentence: “The KL divergence measures how much extra surprise you experience if the true distribution is
P but you were expecting Q.”

e Dgr =0: Pand Q are identical
e Dk >0: P and Q differ (always non-negative)
+ Not symmetric: Drcr(P|Q) # Dicz(Q||P)

3.6 The central limit theorem: a convergence claim

Xn_lj’
o/vn

Sentence: “As you average more and more independent observations, the standardized average converges to
a standard normal distribution, regardless of what the original distribution looks like.”

4 N(0,1)

This is why the bell curve appears everywhere: averaging washes out individual shapes.

4. Cross-Domain Examples

4.1 Machine Learning — cross-entropy loss

L:nyilogﬁi

Reading: “The loss penalizes the model for assigning low probability to the correct class. If the true label
gets probability near 1, the loss is near 0. If it gets probability near 0, the loss explodes.”

The logarithm converts probabilities into surprise (information content). The sum accumulates total surprise
across all data points.




4.2 Physics — the partition function
Z=3 e Bkt
i

Reading: “Z sums the Boltzmann weights of all possible states. Each state contributes in proportion to
e E/ksT: Jow-energy states contribute more, high-energy states are exponentially suppressed.”

The partition function is the normalization constant that turns Boltzmann weights into probabilities:
P(i) = e~ Bi/keT /7.

4.3 Information Theory — entropy

H(X)=-> P(x)log P()

Reading: “Entropy is the average surprise. Events that are certain contribute zero surprise. Events that are
rare contribute high surprise. H(X) is the expected information content of observing X.”

Maximum entropy occurs when all outcomes are equally likely — maximum uncertainty.

4.4 Quantum Mechanics — Born rule
P(a) = [{alt)|”

Reading: “The probability of measuring outcome a is the squared magnitude of the inner product between
the measurement eigenstate and the quantum state. The inner product detects overlap; squaring it converts
amplitude into probability.”

5. Micro Drills

Answer in words, not calculations.

1. Conditioning: In P(rain | clouds) = 0.8, what does the bar mean? Is this the probability of rain in
general?

2. Expectation vs mode: A die has outcomes {1, 2, 3, 4, 5, 6}, each equally likely. E[X]=3.5. Is 3.5 a
possible outcome? What does it represent?

3. Bayes reading: In a medical test, P(disease | positive test) depends on P(positive test | disease) and
P(disease). In one sentence: why does the base rate of the disease matter?

4. Likelihood vs probability: L(6) = P(D | 0) is not a probability distribution over 6. In one sentence:
what is it?

5. Independence test: If P(A | B) = P(A), what does this say about the relationship between A and B?

6. Reflection

Find one probability expression from your work — a loss function, a posterior, a likelihood, an entropy.

Without computing, write: - What uncertainty is being quantified? - What is being conditioned on? - What
would change if you observed new evidence?

If you can answer these, you can read probability.
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Concepts: bayesian-updating, conditional-probability, likelihood, expectation-value, variance-and-covariance,
prior-posterior

Prerequisites: 1.2, 1.5, 2.1, 2.2

Enables: 2.5, 2.6
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