Lesson 3.3 — Reals & Limits: Filling the Gaps, Completing the Line

Mathematical Intuition - Module 3 — Numbers Spaces

Node 3.3

1. Why this matters (Hook)

The rationals are dense — between any two, there is always another. But they have holes: /2, 7, e are not
rational.

Calculus cannot work with holes. If you try to define a derivative using only rationals, sequences that should
converge simply fail to land anywhere. The limit does not exist — not because the sequence is misbehaving,
but because the landing spot is missing from Q.

The real numbers R fix this. They fill every hole. They make every convergent sequence land. They make
calculus possible.

Understanding what the reals add — completeness — is understanding why analysis works, why physics
can model continuous motion, and why numerical methods converge.

2. Core Intuition
2.1 The reals are the complete number line
The rationals are a number line with invisible gaps. The reals fill those gaps.

R contains: - All integers (Z) - All rationals (Q) - All algebraic irrationals (v/2, /5, roots of polynomials) -
All transcendental numbers (7, e, numbers that satisfy no polynomial equation)

Completeness means: every sequence that “should” converge (gets closer and closer to itself) actually
converges to a point that exists in R.

2.2 Limits formalize “approaching”

lim f(z) =1L

Tr—a

Read: “As x gets arbitrarily close to a, f(x) gets arbitrarily close to L.

This is not a vague statement. The epsilon-delta definition makes it precise:

Ve>0,30>0: 0<|z—a|<d = |f(z)—L|<e
Read: “No matter how tight a tolerance e you demand on the output, I can find a tolerance § on the input
that guarantees it.”

This is a challenge-response definition. You challenge me with a precision requirement. I respond with an
input range that meets it. If I can always respond, the limit exists.



2.3 Continuity is the absence of surprises

lim f(z) = f(a)

r—a

Read: “The value of f at a is exactly what you would predict by approaching from nearby.”
Continuous functions have no jumps, no gaps, no surprises. You can draw them without lifting your pen.

This is why continuous functions are well-behaved: the intermediate value theorem, the extreme value theorem,
and the fundamental theorem of calculus all require continuity.

2.4 Completeness: the defining property
A metric space is complete if every Cauchy sequence converges to a point in the space.

A Cauchy sequence is one where the terms get arbitrarily close to each other:

Ve>0,3IN: mn>N = |an, —a,| <e€
In Q: the sequence 1,1.4,1.41,1.414,1.4142, ... is Cauchy, but its limit v/2 is not in Q. The sequence
converges, but the landing spot is missing.
In R: every Cauchy sequence converges. The landing spot always exists.

This is the entire point of the reals. They are the completion of the rationals — the smallest set that
contains QQ and has no missing limits.

3. Formal Lens (Light)
3.1 Least upper bound property

Every non-empty set of reals that is bounded above has a least upper bound (supremum) in R.

S={zecQ:2? <2}

In Q: this set has no least upper bound (it would be /2, which is missing). In R: sup S = v/2 exists.

Sentence: “The reals have no ‘just barely missing’ bounds. Every bounded set has a sharp boundary’

This property is equivalent to completeness and is the formal axiom that defines R.

3.2 Convergence of series: infinite sums land
1
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Sentence: “Adding infinitely many terms can produce a finite real number. Completeness guarantees that
this sum exists — the partial sums form a Cauchy sequence, and in R, Cauchy sequences converge.”

Without completeness, we could not define e, 7, or any function expressed as a power series.



3.3 The derivative as a limit

f'(a) = lim

fla+h) = f(a)
h

Sentence: “The derivative is the limit of the difference quotient as the step size h approaches zero. This
limit exists (when it does) because the reals are complete — the limiting slope has somewhere to land.”

Every concept in calculus — derivative, integral, Taylor series — is defined as a limit. Limits require
completeness. Completeness requires the reals.

3.4 Uncountability: the reals are a bigger infinity
Q is countable (listable). R is uncountable (not listable).

Cantor’s diagonal argument: Assume you have listed all reals in [0, 1]. Construct a new real that differs
from the n-th listed real in the n-th decimal digit. This new real is not on the list — contradiction.

IR =2 > N = |Q|
Sentence: “There are strictly more real numbers than rational numbers. Filling the gaps in Q does not just
add a few points — it adds uncountably many.”

The rationals are dense but measure zero. The irrationals constitute “almost all” of the real line.

3.5 Algebraic vs transcendental irrationals

Algebraic numbers are roots of polynomials with integer coefficients: - v/2 is a root of 22 —2 =0 - 1+2‘/5

(the golden ratio) is a root of 22 —x — 1 =0

Transcendental numbers are not roots of any polynomial: - 7 (Lindemann, 1882) - e (Hermite, 1873)

Algebraic numbers are countable. Transcendental numbers are uncountable. Almost all real numbers are
transcendental — yet proving any specific number is transcendental is extremely difficult.

4. Cross-Domain Examples

4.1 Calculus — the fundamental theorem depends on completeness
b
/ F(@)dz = F(b) — F(a), where F' = f
a

Reading: “The integral (total accumulation) equals the antiderivative evaluated at the endpoints. This
works because the intermediate value theorem guarantees that the antiderivative hits every value between
F(a) and F(b) — a fact that requires the reals to be complete.”

Without completeness, continuous functions could skip values, and the fundamental theorem would fail.

4.2 Physics — continuous motion as a limit

ozt + A —z(t
o) = Jim, TG0

Reading: “Instantaneous velocity is the limit of average velocity as the time interval shrinks to zero. The
limit exists because position is a continuous function of time, and continuous functions on the reals have
well-defined derivatives.”



Physics models the world as continuous because the reals support calculus. Quantum mechanics introduces
discreteness at a different level, but the mathematical framework (Hilbert spaces, Schrodinger equation) is
still built on the real (and complex) continuum.

4.3 Numerical Analysis — convergence guarantees

|Znt1 — 2| < clwn — 2
Reading: “Newton’s method converges quadratically: each iteration squares the error. This guarantee
requires the fixed point z* to exist in R — completeness ensures it does.”

Every numerical algorithm that “converges to the answer” implicitly relies on the completeness of the reals.

4.4 Probability — continuous distributions require the reals

P(a<X<b):/bp(x)dx

a

Reading: “For a continuous random variable, the probability of any interval is an integral of the density.
This requires the density function to be defined on R, and the integral to converge — both of which depend
on completeness.”

On Q, continuous distributions cannot be defined. The reals are necessary for probability theory to work
beyond finite and countable settings.

5. Micro Drills

Answer in words where possible.

1. Completeness test: The sequence 3,3.1,3.14, 3.141, 3.1415, . . . converges to m. Why does this sequence
converge in R but not in Q7

2. Epsilon-delta reading: In the definition Ve > 0,35 > 0: |z —a| < 6 = |f(x) — L| < €, who chooses
€? Who chooses 67 What does the implication mean?

3. Continuity check: The function f(z) = 1/ is continuous on (0, 00) but not defined at x = 0. Is this
a failure of continuity or a failure of domain?

4. Countability: The rationals are countable. The reals are uncountable. In one sentence: where do all
the extra real numbers “come from”?

5. Series convergence:
0 2
S e
> =
—n 6
The partial sums are all rational. The limit is irrational. What does this tell you about why the
rationals need to be completed?




6. Reflection

The move from Q to R adds a single property: completeness. Everything else — calculus, continuous
probability, convergence guarantees, physics models — follows from that one property.

In a few sentences, explain: - Why the rationals are “not enough” for the mathematics you use - What
completeness buys you that density alone does not - What the cost is (if any) of working with the reals
instead of the rationals

Next Steps

Now that we have the complete number line, we extend to multi-dimensional spaces: vectors, inner products,
and the geometry of higher dimensions.

Mathematical Intuition - Module 8 — Numbers Spaces - Node 3.8
Concepts: convergence

Prerequisites: 3.1, 3.2

Enables: 3.4, 3.5
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