Lesson 4.4: Regularization

Mathematical Intuition - Module 4 — Optimization Regularization

Node 4.4

Overview

Understanding regularization as a way to control optimization landscapes, enforce constraints, and improve
VQE performance.

Learning Objectives

e See regularization as penalty terms added to cost functions

e Understand L1, L2, and physics-inspired regularization

e Recognize how regularization shapes optimization landscapes
¢ Build intuition for when and how to regularize VQE

Core Concepts

What Is Regularization?

Definition
o Regularized cost: C_total(d) = E(8) + A - R(0)
o E(0): original cost (energy)

o R(0): regularization term (penalty)
o \: regularization strength (hyperparameter)

Why Regularize?

e Prevent overfitting: in quantum machine learning

e Enforce constraints: symmetries, particle number, etc.

e Smooth landscapes: reduce local minima, improve gradients
e Bias toward solutions: prefer certain parameter regions

Types of Regularization
L2 Regularization (Weight Decay)

e R(0) = ||0]]*> = ;0% penalize large parameters

o Effect: keeps parameters small, smooth solutions

o Gradient: OR/060; = 26, (simple to compute)

e Use case: prevent parameter explosion, improve generalization

L1 Regularization (Sparsity)

o« R(0) = ||0]|1 = %:|0;|: penalize non-zero parameters
o Effect: encourages sparse solutions (many 6; = 0)

o Gradient: OR/06; = sign(6;) (non-differentiable at 0)
e Use case: feature selection, circuit compression



Entropy Regularization

e R(9) = -S(p(h)): penalize low entropy (pure states)
o S(p) = -Tr(p log p): von Neumann entropy
o Effect: encourages mixed states, exploration
e Use case: quantum machine learning, thermal states

Physics-Inspired Regularization
Symmetry Enforcement

« R(0) = |[S]4(0)) - s|v(0))]|?: penalize symmetry violation
. S: symmetry operator (e.g., total spin, particle number)

e s: target eigenvalue

o Effect: keeps state in correct symmetry sector

e Use case: quantum chemistry, many-body physics

Overlap Penalties

e R(0) = |(v_ref]1(0))|?: penalize overlap with reference state
o Effect: orthogonalize to known states (for excited states)
e Use case: excited state VQE

Gradient Regularization

e R(0) = ||VE(9)||*: penalize large gradients
e Effect: smooths cost landscape
e Use case: mitigate barren plateaus

Regularization in VQE
Standard VQE
« C(0) = (¥(0)|H|1(0)): no regularization
e May have rough landscape, local minima
Regularized VQE

e C(0) = (W(O)|H|Y(H)) + A||0]]2: L2 regularization
e Smoother landscape, easier optimization
o Trade-off: may not reach exact ground state

Adaptive Regularization

o A(t): decrease A over optimization

o Start with strong regularization (smooth landscape)
e Gradually reduce to recover exact solution

e Similar to simulated annealing

Choosing Regularization Strength

Too Small (A — 0)

e Regularization has no effect
¢ Original rough landscape
e May get stuck in local minima



Too Large (A — o)

e Regularization dominates
e Solution biased away from true minimum
e May not find good solution

Just Right

o Balances original cost and regularization
e Improves optimization without biasing too much
e Often found via hyperparameter search

Examples in Context
Quantum Chemistry VQE

e Regularization: particle number conservation

e R(A) = ((N) - N__target)?: penalize wrong particle number
o Effect: keeps state in correct Fock space sector

e Result: faster convergence, physically valid states

QAOA for Optimization

e Regularization: L2 on angles

R(B,7) = |I8II? + ||7]]?: keep angles moderate
o Effect: prevents extreme parameter values

e Result: more stable optimization

Quantum Machine Learning

e Regularization: L2 on circuit parameters

o R(0) = \||0]|*: prevent overfitting

o Effect: simpler models, better generalization
e Result: improved test set performance

Excited State VQE

e Regularization: orthogonality to ground state
e R(0) = |(wol|v(0))|?: penalize overlap with |t)g)
o Effect: pushes state away from ground state

e Result: finds first excited state

Regularization and Noise
Noise as Implicit Regularization

o Hardware noise acts like regularization
e Decoherence smooths cost landscape
o Can help escape local minima (but biases solution)

Explicit Regularization for Noise

e Add regularization to counteract noise effects
o Example: penalize states sensitive to noise
e Improves robustness on NISQ devices



Practical Implementation
Step 1: Choose Regularization Type

e L2 for smoothness
e L1 for sparsity
o Physics-inspired for constraints

Step 2: Set Initial A

o Start with small A (e.g., 0.01)
o Increase if optimization struggles
e Decrease if solution is biased

Step 3: Monitor Both Terms

o Track E(f) and R(6) separately
e Ensure regularization isn’t dominating
e Adjust X if needed

Step 4: Adaptive Schedule (Optional)

e Start with large A
e Decrease over optimization
e Final A — 0 for exact solution

Practice Problems

1. How does L2 regularization affect the gradient VC(6)?
2. Why might you want to enforce particle number conservation in quantum chemistry VQE?
3. What’s the trade-off between regularization strength and solution accuracy?

Key Takeaways

e Regularization adds penalty terms to cost functions
e L2 smooths landscapes; L1 encourages sparsity

o Physics-inspired regularization enforces constraints
e Regularization strength A must be tuned carefully
e Can improve optimization but may bias solutions

Next Steps

Next, we’ll explore how noise affects VQE cost landscapes and strategies to navigate noisy optimization.
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