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Node 4.6

Overview
Putting it all together: the complete VQE workflow from problem definition to solution, with practical
considerations.

Learning Objectives
• Understand the full VQE pipeline end-to-end
• Recognize decision points and trade-offs at each stage
• Build intuition for debugging and improving VQE performance
• Apply VQE to real problems in chemistry, optimization, and beyond

Core Concepts
The VQE Pipeline

Stage 1: Problem Definition

1. Define the problem: What are you trying to solve?
2. Formulate Hamiltonian: Ĥ that encodes the problem
3. Choose target: Ground state? Excited state? Thermal state?

Stage 2: Ansatz Design

1. Select ansatz type: Hardware-efficient? Problem-inspired?
2. Determine depth: Balance expressibility and noise
3. Initialize parameters: Random? Classical guess? Layerwise?

Stage 3: Cost Function Setup

1. Decompose Hamiltonian: Ĥ = Σihi Pi (Pauli strings)
2. Group measurements: Commuting terms measured together
3. Add regularization (optional): Constraints, smoothing

Stage 4: Gradient Computation

1. Choose method: Parameter-shift? Finite differences?
2. Compute gradients: ∂E/∂θi for each parameter
3. Handle noise: Error mitigation, adaptive shots

Stage 5: Optimization

1. Select optimizer: Gradient descent? Adam? BFGS?
2. Set hyperparameters: Learning rate, momentum, etc.
3. Iterate: Update θ, evaluate cost, compute gradients, repeat
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Stage 6: Validation

1. Check convergence: Has E(θ) stabilized?
2. Verify solution: Does state have expected properties?
3. Benchmark: Compare to classical methods, exact solutions

Detailed Walkthrough

Example: H2 Molecule VQE Step 1: Problem Definition - Goal: Find ground state energy of H2
molecule - Hamiltonian: Electronic structure Hamiltonian - Mapping: Jordan-Wigner or Bravyi-Kitaev to
qubits

Step 2: Hamiltonian Construction - Molecular geometry: H-H distance = 0.74 Å - Basis set:
STO-3G (minimal basis) - Result: Ĥ = Σihi Pi (sum of Pauli strings) - Example: Ĥ = -1.05·I + 0.18·Z0
- 0.48·Z1 + 0.17·Z0Z1 + . . .

Step 3: Ansatz Selection - Choice: UCC singles and doubles (UCCSD) - Qubits: 2 qubits (2 spin
orbitals) - Parameters: 1 parameter (single excitation amplitude) - Circuit: Rγ(θ) on qubit 0, CNOT,
Rγ(-θ) on qubit 1, CNOT

Step 4: Initial State - Hartree-Fock: |01⟩ (one electron in each orbital) - Preparation: X gate on qubit
1

Step 5: Cost Function - E(θ) = ⟨ψ(θ)|Ĥ|ψ(θ)⟩ - Measurement: Measure each Pauli string - Shots:
1000 per Pauli string

Step 6: Gradient Computation - Method: Parameter-shift rule - E(θ + π/2) and E(θ - π/2) -
Gradient: ∂E/∂θ = [E(θ + π/2) - E(θ - π/2)]/2

Step 7: Optimization - Optimizer: Gradient descent - Learning rate: α = 0.1 - Update: θ ← θ -
α·∂E/∂θ - Iterations: ~20-50 iterations

Step 8: Result - Converged energy: E ≈ -1.137 Ha (Hartree) - Exact: -1.137 Ha - Error: < 0.001 Ha
(chemical accuracy)

Decision Points and Trade-offs

Ansatz Depth

• Shallow: Less noise, less expressive
• Deep: More expressive, more noise
• Decision: Match to hardware coherence time

Shot Budget

• Few shots: Fast, noisy estimates
• Many shots: Slow, accurate estimates
• Decision: Adaptive allocation, prioritize important terms

Optimizer Choice

• Gradient-free (Nelder-Mead, COBYLA): No gradients needed, slower
• Gradient-based (Adam, BFGS): Faster, requires gradients
• Decision: Use gradients if available (parameter-shift)

Error Mitigation

• None: Fastest, biased results
• ZNE: Moderate cost, reduces bias
• PEC: High cost, unbiased
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• Decision: Balance accuracy and runtime

Common Pitfalls and Solutions

Pitfall 1: Stuck in Local Minimum

• Symptom: Optimization stops improving, energy above expected
• Solution: Multiple random initializations, simulated annealing

Pitfall 2: Barren Plateau

• Symptom: Gradients vanish, no progress
• Solution: Shallower ansatz, problem-inspired structure, local cost

Pitfall 3: Noisy Gradients

• Symptom: Optimization oscillates, doesn’t converge
• Solution: More shots, gradient filtering, smaller learning rate

Pitfall 4: Wrong Symmetry Sector

• Symptom: Solution violates known symmetries
• Solution: Symmetry-preserving ansatz, regularization

Pitfall 5: Measurement Overhead

• Symptom: Too many Pauli strings, too slow
• Solution: Group commuting terms, shadow tomography

Performance Metrics

Energy Accuracy

• Chemical accuracy: Error < 1.6 mHa (0.001 Ha)
• Relative error: |E_VQE - E_exact|/|E_exact|

Convergence Rate

• Iterations to convergence: Fewer is better
• Wall-clock time: Total runtime on hardware

Circuit Depth

• Gate count: Fewer gates → less noise
• Depth: Shorter circuits → more robust

Measurement Cost

• Total shots: Fewer shots → faster
• Circuit evaluations: Fewer evaluations → cheaper

Examples in Context
Quantum Chemistry

• Problem: Molecular ground state energies
• Ansatz: UCC (unitary coupled cluster)
• Success: H2, LiH, BeH2 within chemical accuracy
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Combinatorial Optimization

• Problem: MaxCut, TSP, graph coloring
• Ansatz: QAOA (Quantum Approximate Optimization Algorithm)
• Success: Small instances, competitive with classical

Condensed Matter Physics

• Problem: Lattice models (Hubbard, Heisenberg)
• Ansatz: Hardware-efficient or symmetry-adapted
• Success: Phase diagrams, ground state properties

Machine Learning

• Problem: Classification, regression
• Ansatz: Data-encoding + variational layers
• Success: Proof-of-concept, exploring quantum advantage

Practical Implementation Checklist
Before Running

□ Hamiltonian defined and decomposed
□ Ansatz chosen and implemented
□ Initial parameters set
□ Optimizer configured
□ Shot budget allocated
□ Error mitigation strategy decided

During Optimization

□ Monitor energy convergence
□ Track gradient magnitudes
□ Check for symmetry violations
□ Adjust learning rate if needed
□ Save intermediate results

After Convergence

□ Verify solution properties
□ Compare to benchmarks
□ Analyze error sources
□ Document results
□ Consider improvements

Advanced Topics
Adaptive VQE

• Idea: Grow ansatz during optimization
• Method: Add layers when gradients plateau
• Benefit: Balance expressibility and depth

Subspace VQE

• Idea: Solve in reduced subspace
• Method: Exploit symmetries, active space
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• Benefit: Fewer qubits, faster optimization

Excited State VQE

• Idea: Find excited states, not just ground
• Method: Orthogonality constraints, penalty terms
• Benefit: Access to spectroscopy, dynamics

Quantum Natural Gradient

• Idea: Use Fisher information metric
• Method: Compute F, solve F·∆θ = -∇E
• Benefit: Faster convergence, better geometry

Practice Problems
1. Design a VQE pipeline for finding the ground state of a 3-qubit Heisenberg model.
2. How would you debug a VQE run that’s stuck at high energy?
3. What’s the expected scaling of VQE runtime with number of qubits?

Key Takeaways
• VQE pipeline: problem → Hamiltonian → ansatz → cost → gradients → optimization → validation
• Key decisions: ansatz depth, shot budget, optimizer, error mitigation
• Common pitfalls: local minima, barren plateaus, noisy gradients, symmetry violations
• Success metrics: energy accuracy, convergence rate, circuit depth, measurement cost
• VQE is a flexible framework applicable to chemistry, optimization, physics, ML

Module 4 Complete
You now understand the full VQE pipeline and how to apply variational quantum algorithms. In Module 5,
we’ll sharpen your mathematical reading skills with practical clarity drills.

Mathematical Intuition · Module 4 — Optimization Regularization · Node 4.6
Concepts: parameterized-circuits, cost-function, gradient-descent, variational-principle, convergence

hbar.university — own.your.cognition
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