Module 5 — Clarity Drills

Mathematical Intuition

hbar.university

Lesson 5.1: Identify Operations

Overview

Rapid recognition drills to identify what each symbol and operation is doing in mathematical expressions.

Learning Objectives

o Instantly recognize operations: addition, multiplication, derivatives, integrals, etc.
e Identify the main operation vs auxiliary operations

e Understand operation precedence and grouping

e Build speed in parsing complex expressions

Drill Format

For each equation, identify: 1. Main operation: What is the primary operation? 2. Operands: What is
being operated on? 3. Auxiliary operations: What supporting operations are present? 4. Purpose: What
is this equation computing or describing?

Drill Set 1: Basic Operations
Equation 1: y = 3x + 5

e Main operation: Addition

e Operands: 3x and 5

o Auxiliary: Multiplication (3 times x)

e Purpose: Linear relationship between y and x

Equation 2: A = 7r?

e Main operation: Multiplication

e Operands: 7 and 12

e Auxiliary: Exponentiation (r squared)
e Purpose: Area of circle with radius r

Equation 3: v = dx/dt

o Main operation: Division (derivative)

e Operands: dx (infinitesimal change in x) and dt (infinitesimal change in t)
o Auxiliary: None (notation represents rate)

e Purpose: Velocity as rate of change of position



Equation 4: E = [F-dx

e Main operation: Integration (accumulation)

o Operands: F - dx (force times displacement)

o Auxiliary: Dot product (F - dx)

o Purpose: Work/energy from force over distance

Equation 5: P(A|B) = P(ANB)/P(B)

e Main operation: Division

o Operands: P(ANB) (joint probability) and P(B) (marginal probability)
o Auxiliary: Intersection (ANB)

o Purpose: Conditional probability (probability of A given B)

Drill Set 2: Composite Operations
Equation 6: V2p = 0%p/0x% + 0%p/0y? + 0%¢/0z>

e Main operation: Addition (summing second derivatives)
e Operands: Three second partial derivatives
o Auxiliary: Second derivatives (8%/9x2, etc.)
o Purpose: Laplacian operator (measures curvature in 3D)

Equation 7: (A) = Tr(phk)

e Main operation: Trace (sum of diagonal elements)

o Operands: p (density matrix) times (operator)

 Auxiliary: Matrix multiplication (pA)

e Purpose: Expectation value of observable A in quantum state p

Equation 8: L = -%; y;log(§;)

e Main operation: Summation

o Operands: y;log(y;) for each i

o Auxiliary: Logarithm (log), multiplication (y; times log(¥;)), negation
o Purpose: Cross-entropy loss (measures prediction error)

Equation 9: |9 (t)) = e~ (-ifit/h) [ (0))

e Main operation: Matrix/operator multiplication

« Operands: Time evolution operator ¢”(-iHt /%) and initial state [1(0))

o Auxiliary: Exponential of operator, division (t/4), negation, imaginary unit
e Purpose: Quantum state time evolution

Equation 10: JL/06 = (OL/0§) - (0§/02z) - (0z/00)

o Main operation: Multiplication (chain rule)

e Operands: Three partial derivatives

e Auxiliary: Partial derivatives at each step

e Purpose: Backpropagation gradient via chain rule

Drill Set 3: Advanced Recognition
Equation 11: H|¢) = El)

« Main operation: Operator application (ﬂ acting on [¢))
o Operands: Hamiltonian H and state |¢))



o Auxiliary: Scalar multiplication (E times |¢))
o Purpose: Energy eigenvalue equation (stationary state)

Equation 12: [_co"co e~ (-x?/20%)dx = o,/ (2m)

e Main operation: Integration

o Operands: Gaussian function e”(-x?/202)

e Auxiliary: Exponential, division, negation, square root
e Purpose: Normalization of Gaussian distribution

Equation 13: [x,p] = ih

e Main operation: Commutator (xp - px)

e Operands: Position operator x and momentum operator p

e Auxiliary: Subtraction, multiplication

o Purpose: Canonical commutation relation (uncertainty principle)

Equation 14: F = -VU

o Main operation: Gradient (vector of partial derivatives)
e Operands: Potential energy U

e Auxiliary: Negation, partial derivatives

e Purpose: Force as negative gradient of potential

Equation 15: S = -Tr(p log p)

e Main operation: Trace

o Operands: p log p (density matrix times its logarithm)
e Auxiliary: Matrix logarithm, multiplication, negation
e Purpose: Von Neumann entropy (quantum entropy)

Practice Exercises

For each equation below, identify the main operation, operands, auxiliary operations, and purpose:

1. ab = llall-I1bll-cos()

2. 0p/Ot + V-j =0

3. P(x) = (1/,/(210%)) -e” (- (x-p)?/20°)
4. 0_new = 0_old - a-VL(H)

5. VXE = -0B/0t

6. (x) = [x-p(x)dx

7. A = UXV'T

8. HX) = -¥ p(x)loga(p(x))

9. |®*) = (100) + [11))/,/2

>—~
e

V2 + k%) = 0

Speed Drill

Set a timer for 30 seconds per equation. Identify the main operation as quickly as possible:

1. E = mc?
2. F = ma
3. V= 1R
4. PV = nRT
5. E = hv
6. A = h/p
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Key Takeaways

o Identify the main operation first, then auxiliary operations

o Look for familiar patterns: derivatives, integrals, products, sums
o Operator notation (hats, bold) signals special operations

e Brackets and grouping show operation precedence

e Practice builds speed and accuracy

Next Steps

Next, we’ll practice translating word problems and physical scenarios into mathematical expressions.



Lesson 5.2: Translate Stories

Overview

Practice converting word problems and physical scenarios into mathematical expressions and vice versa.

Learning Objectives

o Translate verbal descriptions into equations

e Convert equations into plain language explanations

e Recognize mathematical structure in real-world scenarios
e Build fluency in moving between representations

Drill Format
Story — Equation

Given a verbal description, write the mathematical expression.

Equation — Story

Given an equation, explain what it describes in plain language.

Drill Set 1: Story — Equation

Problem 1

Story: “The total cost is $50 plus $20 per hour.”

Translation: C = 50 + 20h - C: total cost ($) - h: number of hours - 50: fixed cost - 20: cost per hour

Problem 2

Story: “The population doubles every 3 years.”

Translation: P(t) = Pg-27(t/3) - P(t): population at time t - Py: initial population - 2"(t/3): doubling
factor (exponential growth)

Problem 3

Story: “The probability of both events happening is the product of their individual probabilities if they’re
independent.”

Translation: P(A N B) = P(A4)-P(B) - P(A N B): probability of both A and B - P(A), P(B): individual
probabilities - Assumes independence

Problem 4

Story: “The force on a charged particle is proportional to the electric field and the particle’s charge.”

Translation: F = gE - F: force (vector) - q: charge (scalar) - E: electric field (vector)

Problem 5
Story: “The average value of a function over an interval is the integral divided by the interval length.”

Translation: (f) = (1/(b-a)) [,* £(x)dx - (f): average value - [a,b]: interval - Integral divided by length
(b-a)



Drill Set 2: Equation — Story

Equation 1: A = %bh

Story: “The area of a triangle is half the product of its base and height.” - Geometric formula - Multiplication
and division by 2

Equation 2: v = vy? + 2aAx

Story: “The final velocity squared equals the initial velocity squared plus twice the acceleration times the
displacement.” - Kinematic equation - Relates velocity, acceleration, and distance - No time dependence (time
eliminated)

Equation 3: E[X] = ¥, x;-P(X=x;)

Story: “The expected value of a random variable is the sum of each possible value weighted by its probability.”
- Weighted average - Discrete probability distribution

Equation 4: V-E = p/eg

Story: “The divergence of the electric field equals the charge density divided by the permittivity of free
space.” - Gauss’s law (differential form) - Relates field to sources

Equation 5: |¢) = ¥, c,|n)

Story: “A quantum state is a linear combination of basis states, with each basis state weighted by a complex
amplitude.” - Superposition principle - Expansion in basis

Drill Set 3: Complex Scenarios

Problem 6

Story: “The rate at which a radioactive substance decays is proportional to the amount present.”

Translation: dN/dt = -AN - dN/dt: rate of change of amount - N: current amount - A: decay constant
(positive) - Negative sign: decreasing

Solution: N(t) = Nge~(-At) (exponential decay)

Problem 7

Story: “The energy of a quantum harmonic oscillator is quantized in units of fw, with a zero-point energy of
hw/2.”

Translation: E, = hw(n + %) - n: quantum number (0, 1, 2, ...) - fuw: energy quantum - %: zero-point
contribution
Problem 8

Story: “The gradient descent update moves parameters in the direction opposite to the gradient, scaled by
the learning rate.”

Translation: §_new = 6_old - a-VL(6_old) - 0: parameters - a: learning rate - VL: gradient of loss -
Negative sign: opposite direction
Problem 9

Story: “The probability of measuring a quantum state in a particular eigenstate is the squared magnitude of
the overlap between them.”



Translation: P(n) = [{nl|v)|? - P(n): probability of outcome n - |n): eigenstate - |¢): quantum state - | |*:

squared magnitude (Born rule)

Problem 10

Story: “The Fourier transform decomposes a time-domain signal into its frequency components by integrating
the signal multiplied by complex exponentials.”

Translation: F(w) = [_oco"co f(t)e" (-iwt)dt - F(w): frequency-domain representation - f(t): time-
domain signal - e”(-iwt): complex exponential (basis function)

Drill Set 4: Equation — Story (Advanced)
Equation 6: [A,B] = ih

Story: “The commutator of operators and B equals iA, indicating they are canonically conjugate variables
with an uncertainty relation.” - Non-commuting observables - Quantum uncertainty - Example: position and
momentum

Equation 7: 9y/0t = -ifiy/h

Story: “The time evolution of a quantum state is determined by the Hamiltonian operator acting on the
state, with a factor of -i/h.” - Schrodinger equation - H: energy operator - Determines dynamics

Equation 8: S = -k_B X; p; 1n(p;)

Story: “The entropy is the negative sum of each probability multiplied by its natural logarithm, scaled by
Boltzmann’s constant.” - Thermodynamic entropy - Information content - Measures disorder

Equation 9: R_uv - %Rg_pv = (87G/c*)T_uv

Story: “The Einstein field equations relate the curvature of spacetime (left side) to the energy-momentum
content (right side), with gravitational constant G and speed of light c¢.” - General relativity - Geometry =
matter/energy - Tensor equation

Equation 10: VXB = pugJ + ppggdE/0t

Story: “The curl of the magnetic field equals the current density plus the time rate of change of the electric
field, scaled by fundamental constants.” - Ampeére-Maxwell law - Relates B, J, and changing E - Predicts
electromagnetic waves

Practice Exercises
Story — Equation

1. “The kinetic energy is half the mass times the velocity squared.”

2. “The period of a pendulum is proportional to the square root of its length divided by gravitational
acceleration.”

3. “The mutual information between two variables is the difference between their individual entropies and
their joint entropy.”

4. “The force between two charges is proportional to the product of the charges and inversely proportional
to the square of the distance between them.”

5. “The variance is the expected value of the squared deviation from the mean.”



Equation — Story

6. 7 = rxF

7. AG = AH - TAS

8. I(X;Y) = H(X) + H(Y) - H(X,Y)
9.0 = /U - (D

10. U(t) = e~ (-ifit/h)

Reverse Translation Challenge

For each equation, write a story, then translate back to verify:

1. p =mv

2. W= [F-ds
3. p = 1)
4. L=T-V
5. V2u = 0

Key Takeaways

e Mathematical expressions encode relationships and processes

o Translation requires identifying quantities, operations, and relationships

o Context matters: same symbol can mean different things in different domains
e Practice both directions: story — equation and equation — story

e Fluency comes from recognizing common patterns

Next Steps

Next, we’ll practice spotting generators—operators that generate transformations like time evolution and
rotations.



Lesson 5.3: Spot Generators

Overview

Practice recognizing operators that generate transformations: time evolution, rotations, translations, and
other symmetries.

Learning Objectives

o Identify generators in exponential operators

e Understand the relationship between generators and transformations
o Recognize Lie algebras and commutation relations

e Build intuition for infinitesimal vs finite transformations

Core Concepts
What Is a Generator?
Definition

e Generator: Operator G that produces transformation via exponentiation
« Transformation: U = ¢"(i#G) (unitary transformation)

o Infinitesimal: U ~ I + i#G for small 6

« Finite: U = lim(n—o0)(I + i#G/n)"n

Why Exponentials?

o Exponentials turn addition into multiplication: e*(a+b) = €* °b
o Generators form Lie algebras: [CA}“GJ] = iZkfijka

e Continuous transformations: 6 parameterizes transformation

o Unitary: ¢ (i0G) is unitary if G is Hermitian

Drill Set 1: Identify the Generator
Transformation 1: U(t) = e~ (-ifit/h)

« Generator: H (Hamiltonian)

e Transformation: Time evolution

o Parameter: t (time)

e Physical meaning: Energy generates time evolution

Transformation 2: R(A) = e~ (-ifL,/h)

o Generator: L, (angular momentum around z-axis)

o Transformation: Rotation around z-axis

o Parameter: 0 (angle)

e Physical meaning: Angular momentum generates rotations

Transformation 3: T(a) = e~ (-idp/h)

o Generator: p (momentum operator)

e Transformation: Translation by distance a

o Parameter: a (displacement)

e Physical meaning: Momentum generates translations



Transformation 4: B(v) = e~ (-ivK/c)

o Generator: K (boost generator)

o Transformation: Lorentz boost (special relativity)

o Parameter: v (velocity)

¢ Physical meaning: Boost generator produces velocity transformations

Transformation 5: G(a) = e” (a4t - ax*i)

o Generator: adf - a*a (displacement operator)

o Transformation: Coherent state displacement

o Parameter: a (complex displacement)

e Physical meaning: Creates coherent states in quantum optics

Drill Set 2: Commutators and Algebras
Commutator 1: [x,p] = ih

o Generators: x (position), p (momentum)

e Algebra: Heisenberg algebra

e Transformations: Translations in momentum and position space
e Physical meaning: Canonical commutation relation

Commutator 2: [L;,L;] = ihe;;,Ly

o Generators: L,, L,, L, (angular momentum components)

o Algebra: SO(3) (rotation group)

« Transformations: Rotations in 3D space

e Physical meaning: Angular momentum generates rotations

Commutator 3: [0;,0;] = 2ig;;,04

» Generators: o, 0., 0, (Pauli matrices)

o Algebra: SU(2) (spin group)

o Transformations: Rotations on Bloch sphere

e Physical meaning: Spin operators generate qubit rotations

Commutator 4: [5,a1] = 1

o Generators: 4 (annihilation), 41 (creation)

e Algebra: Harmonic oscillator algebra

o Transformations: Ladder operators (change energy level)
o Physical meaning: Create/destroy quanta

Commutator 5: [,0(t)] = 0 (if H time-independent)

« Generators: H (Hamiltonian), U(t) (time evolution)
e Meaning: Hamiltonian commutes with its own time evolution
e Consequence: Energy is conserved

Drill Set 3: Recognize Transformation Type

For each exponential, identify what transformation it generates:
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Transformation 6: e~ (-ifo,/2)

e Type: Rotation around x-axis on Bloch sphere
o Generator: o, (Pauli X)

o Angle: ¢

o Quantum gate: R, (0)

Transformation 7: e~ (-iflo,/2)

e Type: Rotation around y-axis on Bloch sphere
» Generator: o, (Pauli Y)

e Angle: ¢

* Quantum gate: R,(6)

Transformation 8: e~ (-ifo,/2)

o Type: Rotation around z-axis on Bloch sphere (phase)
o Generator: o, (Pauli Z)

e Angle: ¢

e Quantum gate: R, (0)

Transformation 9: e~ (-if(0,Q0, + 0,®0,)/2)

o Type: Two-qubit entangling gate

o Generator: 0,Q0, + 0,Q0~ (XX + YY interaction)
e Angle: ¢

o Effect: Creates entanglement

Transformation 10: e~ (-SH)

o Type: Thermal state / Gibbs state

« Generator: H (Hamiltonian)

o Parameter: § = 1/(k_BT) (inverse temperature)
o Physical meaning: Boltzmann distribution

Drill Set 4: Infinitesimal Transformations
Problem 1

Given: U(e) = e”(-ieG) =~ I - ieG for small ¢
Question: What is the infinitesimal change in state [1)?

Answer: |¢') = U(e) |¢) = (I - ieG)|¢) = |¢) - ieGlyp) - Change: -ieG|e)) - First-order in €

Problem 2

Given: Time evolution |9 (t+dt)) = e” (-ifldt/A) |4 (£))

Question: What is the time derivative?

Answer: d|)/dt = 1im(dt—0) [l (t+dt)) - |9 (t))1/dt = -ifi|¢)/k - Schrodinger equation - H gen-
erates time evolution

Problem 3

Given: Rotation R(df) = e~ (-iL,d6/h) ~ I - iL,df/h

Question: How does a state change under infinitesimal rotation?

11



Answer: |¢') = |¢) - iL,d6/h|v) - Change proportional to angular momentum - df is infinitesimal
angle

Drill Set 5: Symmetries and Conservation
Symmetry 1: Time Translation

« Generator: H (Hamiltonian)

« Transformation: U(t) = e"(-iflt/h)

e Conserved quantity: Energy

e Noether’s theorem: Time translation symmetry — energy conservation

Symmetry 2: Spatial Translation

o Generator: p (momentum)

o Transformation: T(a) = e"(-idp/h)

e Conserved quantity: Momentum

e Noether’s theorem: Spatial translation symmetry — momentum conservation

Symmetry 3: Rotation

o Generator: L (angular momentum)

o Transformation: R(#) = e (-i6L/h)

e Conserved quantity: Angular momentum

e Noether’s theorem: Rotational symmetry — angular momentum conservation

Symmetry 4: Gauge Transformation

o Generator: Q (charge operator)

o Transformation: G(a) = e (iaQ)

e Conserved quantity: Charge

e Noether’s theorem: Gauge symmetry — charge conservation

Practice Exercises

Identify the Generator

1. U = e"(-i63,) (What does J, generate?)

T = e"(ikx) (What does x generate?)

D(a) = e"(aat - a*a) (What transformation?)

S(r) = e"(r(af? - a%?)/2) (What is this? Hint: squeezing)
P = e”(imafa) (What does this do? Hint: parity)

Gl L

Compute Infinitesimal Transformations

6. If U(e) = e~ (-ieo,), what is U(e) |0) to first order in &7

7. If R(d9) = e~ (-iL,df), what is R(df) | ¢,m) to first order?

8. If T(dx) = e”(-ipdx/h), what is T(dx)¥ (x) to first order?
Recognize Algebras

9. Given [J;,J;1 = ig;;xJk, what group does this represent?
10. Given {0;,0;} = 26;;I, what does this anticommutation relation tell you?

12



Key Takeaways

o Generators produce transformations via exponentiation: U = e”(i6G)

e Hermitian generators — unitary transformations

e Commutators define Lie algebras and determine transformation structure

« Infinitesimal transformations: U ~ I + i0G

o Symmetries and conservation laws: generator = conserved quantity (Noether)

Next Steps

Next, we’ll practice understanding how parameters scale, shift, and warp functions and spaces.
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Lesson 5.4: Scaling, Shifting, Warping

Overview

Practice understanding how parameters scale, shift, and warp functions and spaces.

Learning Objectives

» Recognize scaling transformations (multiplication)

o Identify shifting transformations (addition)

o Understand warping (nonlinear transformations)

e Build intuition for how parameters affect function behavior

Core Concepts

Three Fundamental Transformations

Scaling
e Vertical: £f(x) — A-f(x) (multiply output)
o Horizontal: f(x) — f(x/a) (divide input)
o Effect: Changes amplitude or frequency

Shifting

e Vertical: £(x) — £(x) + b (add to output)
o Horizontal: £f(x) — f(x - ¢) (subtract from input)
o Effect: Moves function up/down or left/right

Warping

e Nonlinear: £f(x) — f£(g(x)) (compose with nonlinear g)
e Effect: Distorts function shape
« Examples: exponential, logarithmic, power transformations

Drill Set 1: Identify the Transformation
Function 1: y = 3sin(x)

o Transformation: Vertical scaling
o Parameter: 3 (amplitude)
o Effect: Oscillates between -3 and 3 (instead of -1 and 1)

Function 2: y = sin(2x)

e Transformation: Horizontal scaling
o Parameter: 2 (frequency multiplier)
o Effect: Oscillates twice as fast (period = 7 instead of 2m)

Function 3: y = sin(x) + 2

o Transformation: Vertical shift
o Parameter: 2 (offset)
o Effect: Oscillates between 1 and 3 (shifted up by 2)
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Function 4: y = sin(x - 7/2)

o Transformation: Horizontal shift (phase shift)
o Parameter: 7/2 (phase)
o Effect: Shifted right by 7/2 (sin becomes cos)

Function 5: y = e~ (2x)

o Transformation: Horizontal scaling (warping)
o Parameter: 2 (growth rate)
o Effect: Grows twice as fast as e”x

Drill Set 2: General Form Analysis
General Sinusoid: y = A-sin(wx + ¢) + C

o A: Amplitude (vertical scaling)
e w: Angular frequency (horizontal scaling)
o : Phase shift (horizontal shift)
o C: Vertical offset (vertical shift)

General Gaussian: y = A-e” (-(x-p)2%/20?%)

o A: Amplitude (vertical scaling)

o p: Mean (horizontal shift)

o o: Standard deviation (horizontal scaling)

o Effect: Bell curve centered at p with width o
General Exponential: y = A-e"(A\x) + C

o A: Initial amplitude (vertical scaling)
o A: Growth/decay rate (warping)
o C: Asymptote (vertical shift)

General Power Law: y = A-x"n

o A: Coefficient (vertical scaling)
o n: Exponent (warping)
o Effect: n > 1 (superlinear), n < 1 (sublinear), n < 0 (decay)

Drill Set 3: Parameter Effects
Problem 1: f(x) = A-sin(x)
Question: What happens as A increases?

Answer: - Amplitude increases - Oscillates between -A and A - Frequency unchanged - Period unchanged

Problem 2: f(x) = sin(wx)
Question: What happens as w increases?

Answer: - Frequency increases - Oscillates faster - Period decreases: T = 27 /w - Amplitude unchanged

Problem 3: £f(x) = e~ (-x/7)

Question: What happens as 7 increases?

15



Answer: - Decay slows down - 7 is time constant (time to decay to 1/e) - Larger 7 — longer decay -
Horizontal scaling

Problem 4: f(x) = (x - u)?

Question: What happens as p changes?

Answer: - Parabola shifts horizontally - Vertex moves to x = p - Shape unchanged - Horizontal shift

Problem 5: £(x) = 1/(1 + e~ (-k(x-xg)))
Question: What happens as k increases?

Answer: - Sigmoid becomes steeper - Transition at x = xy becomes sharper - k controls “temperature”
(sharpness) - Warping transformation

Drill Set 4: Quantum Mechanics Examples
Quantum Harmonic Oscillator: ¢, (x) = A,-H,(x/a) -e”~(-x2/2a2)

o A,: Normalization (vertical scaling)

o H,;: Hermite polynomial (shape)

« a = ,/(h/mw): Length scale (horizontal scaling)

o Effect: a determines spatial extent of wavefunction

Gaussian Wave Packet: ¥ (x,t) = A-e” (-(x-vt)2/202) -e” (i (kx-wt))

e A: Amplitude

o vt: Center position (horizontal shift, moving)

o o: Width (horizontal scaling)

o k, w: Wave vector and frequency (phase warping)

Coherent State: |a) = e (-lal?/2)%,(a"/, /(1)) In)

e «a: Complex displacement parameter

e |a]: Amplitude (scaling)

o arg(a): Phase (rotation)

o Effect: Displaced harmonic oscillator ground state

Drill Set 5: Machine Learning Examples
Sigmoid Activation: o(x) = 1/(1 + e”(-x))

o Scaling: o(kx) makes transition steeper (k > 1) or gentler (k < 1)
e Shifting: o(x - b) moves transition point to x = b
o Effect: Controls neuron activation threshold and sharpness

ReLU Activation: ReLU(x) = max(0, x)

e Scaling: ReLU(kx) scales positive outputs by k
e Shifting: ReLU(x - b) creates threshold at x = b
e Leaky ReLU: max(ax, x) allows small negative slope a

Softmax: P(y=k) = e"(z;)/X;e"(z;)

o Temperature scaling: P(y=k) = e"(z;/T)/¥;e" (z;/T)
o T > 1: Softer probabilities (more uniform)
o T < 1: Sharper probabilities (more peaked)
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o« T — 0: Approaches argmax (one-hot)

Drill Set 6: Identify Parameter Roles

For each function, identify which parameters scale, shift, or warp:

Function 6: y = A-cos(wt + ) + C

o A: Vertical scaling (amplitude)

o w: Horizontal scaling (frequency)
 : Horizontal shift (phase)

e C: Vertical shift (offset)

Function 7: y = A/(1 + (x/%¢) "n)
o A: Vertical scaling (maximum value)
o xg: Horizontal scaling (half-max point)
o n: Warping (steepness of transition)

Function 8: ¢ (x) = \/(2/L) -sin(nnx/L)

o L: Horizontal scaling (box size)
e n: Warping (number of nodes, energy level)
 /(2/L): Vertical scaling (normalization)

Function 9: E(k) = Ey, + A°k%/2m
o Eg: Vertical shift (band minimum)
e h?/2m: Vertical scaling (effective mass)
o k2: Warping (quadratic dispersion)
Function 10: P(xlu,0) = (1/\/(271'02) )-e” (-(x-p)?%/20?)

o u: Horizontal shift (mean)
o o: Horizontal scaling (standard deviation)
1/ (2m0?): Vertical scaling (normalization)

Practice Exercises
Identify Transformations

1. f(x) = 5-e°(3x) + 2

2. g(t) = 10-sin(27t/T - w/4)

3.h(x) = (x - 3)2 +1

4. p(x) = (1/0\/(27r))-e‘(—(x-u)2/202)
5. E(8) = Eg-cos2(0/2)

Predict Effects

6. If £(x) = sin(x), what is £(2x) + 37
7. If g(x) = e”(-x), what is 2-g(x/3)7
8. If h(x) = x?, what is h(x - 2) + 57
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Reverse Engineering

9. Given y = 3-sin(4x - w) + 2, identify all transformations from sin(x).
10. Given ¢ (x) = (1/,/2) e~ (-x2/2a?), what happens as a — 0? As a — 00?

Key Takeaways

o Scaling: multiply (vertical) or divide input (horizontal)

Shifting: add (vertical) or subtract from input (horizontal)

e Warping: nonlinear transformations change function shape

e Parameters control amplitude, frequency, phase, width, center

Understanding parameter effects is crucial for tuning models and interpreting equations

Next Steps

Next, we’ll practice reverse engineering equations—given an equation, deduce what process it describes.
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Lesson 5.5: Reverse Engineer Equations

Overview

Given an equation, deduce what physical, computational, or mathematical process it describes.

Learning Objectives

e Analyze equation structure to infer meaning

e Recognize domain-specific patterns and conventions

e Build intuition for “reading” unfamiliar equations

e Develop systematic approach to equation interpretation

Reverse Engineering Strategy
Step 1: Identify Components

o What are the variables?
o What are the constants/parameters?
e What operations are present?

Step 2: Recognize Patterns

e Does it match a known form?
e What domain does it likely come from?
e Are there symmetries or special structures?

Step 3: Interpret Physically

e What quantities do variables represent?
e What relationships are being expressed?
e What process or phenomenon is described?

Step 4: Verify Understanding

e Does the equation make dimensional sense?
e Are signs and factors reasonable?
e Can you explain it in plain language?

Drill Set 1: Mystery Equations
Equation 1: 9p/0t + V- (pv) = 0

Analysis: - Variables: p (density), v (velocity), t (time) - Operations: Partial derivative, divergence,
addition - Pattern: Conservation law form

Interpretation: - Domain: Fluid dynamics / continuum mechanics - Meaning: Continuity equation (mass
conservation) - Plain language: “The rate of density change plus the divergence of mass flux equals zero” -
Physical meaning: Mass is conserved—what flows out must come from somewhere

Equation 2: E = -V - 0A/0t

Analysis: - Variables: E (electric field), ¢ (scalar potential), A (vector potential), t (time) - Operations:
Gradient, partial derivative, negation, subtraction - Pattern: Field from potentials

Interpretation: - Domain: Electromagnetism - Meaning: Electric field from potentials - Plain language:
“Electric field equals negative gradient of scalar potential minus time derivative of vector potential” - Physical
meaning: E-field has two sources: static potential and changing magnetic field
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Equation 3: [f,0] = 0

Analysis: - Variables: H (Hamiltonian), O (some operator) - Operations: Commutator (HO - OH) -
Pattern: Zero commutator

Interpretation: - Domain: Quantum mechanics - Meaning;: H and O commute - Plain language: “The
Hamiltonian commutes with operator O” - Physical meaning: O is a conserved quantity (constant of
motion); H and O have simultaneous eigenbasis

Equation 4: L = ¥m(dx/dt)? - V(x)

Analysis: - Variables: L (Lagrangian), x (position), t (time), m (mass), V (potential) - Operations:
Derivative, square, subtraction - Pattern: Kinetic energy - potential energy

Interpretation: - Domain: Classical mechanics (Lagrangian formulation) - Meaning: Lagrangian = T - V
- Plain language: “Lagrangian equals kinetic energy minus potential energy” - Physical meaning: Defines
equations of motion via Euler-Lagrange equations

Equation 5: S = k_B 1n({))

Analysis: - Variables: S (entropy), 2 (number of microstates), k_B (Boltzmann constant) - Operations:
Natural logarithm, multiplication - Pattern: Logarithm of multiplicity

Interpretation: - Domain: Statistical mechanics / thermodynamics - Meaning: Boltzmann entropy
formula - Plain language: “Entropy equals Boltzmann constant times natural log of number of microstates”
- Physical meaning: Entropy measures number of ways to arrange microscopic states

Drill Set 2: Contextual Clues
Equation 6: V3¢ + (2m/h?) (E - V)7 = 0

Clues: - I (Planck’s constant) — quantum mechanics - ¢ (wavefunction notation) - E (energy), V (potential)
- V2 (Laplacian) — spatial derivatives

Interpretation: - Domain: Quantum mechanics - Equation: Time-independent Schrédinger equation -
Meaning: Describes stationary states with energy E in potential V

Equation 7: du/0t = aVZu
Clues: - Time derivative on left - Spatial Laplacian on right - o (diffusion coefficient)

Interpretation: - Domain: Heat/diffusion equation - Meaning: Temperature (or concentration) evolves
based on spatial curvature - Physical meaning: Heat flows from hot to cold; diffusion smooths gradients

Equation 8: F = -kBT 1n(Z)

Clues: - kB (Boltzmann constant), T (temperature) - Z (partition function) - F (free energy) - Logarithm
of Z

Interpretation: - Domain: Statistical mechanics - Equation: Helmholtz free energy - Meaning: Free
energy from partition function - Physical meaning: F minimized at equilibrium; Z encodes all thermodynamic
info

Equation 9: §_new = 6_old - a- (VL + A\0_old)

Clues: - 0 (parameters) - « (learning rate) - VL (gradient of loss) - Af (regularization term)

Interpretation: - Domain: Machine learning / optimization - Equation: Gradient descent with L2
regularization - Meaning: Update parameters by moving opposite to gradient plus weight decay - Purpose:
Train model while preventing overfitting
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Equation 10: p_A = Tr_B(l¢)(¥|)

Clues: - p_ A (density matrix of subsystem A) - Tr_ B (partial trace over subsystem B) - 1)) ()| (pure state
density matrix)

Interpretation: - Domain: Quantum mechanics / quantum information - Equation: Reduced density
matrix - Meaning: Subsystem A’s state obtained by tracing out subsystem B - Purpose: Describes entangled
subsystems; p_ A mixed if entangled

Drill Set 3: Dimensional Analysis

Equation 11: E = mc?

Dimensional analysis: - [E] = energy = ML?T~2 - [m] = mass = M - [c] = velocity = LT~! - [mc?] =
M- (LT~ 12 = ML?*T~2 v

Interpretation: - Mass-energy equivalence (special relativity) - Energy and mass are interconvertible - ¢? is
conversion factor

Equation 12: F = qvB sin(f)

Dimensional analysis: - [F] = force = MLT~2 - [q] = charge = Q - [v] = velocity = LT~! - [B] = magnetic
field = MT~2Q~ ! - [qvB] = Q- LT~! - MT~2Q~! = MLT 2 v/

Interpretation: - Lorentz force (magnetic component) - Force on moving charge in magnetic field -
Perpendicular to both v and B
Equation 13: A = h/p

Dimensional analysis: - [\] = length = L - [h] = action = ML?T~! - [p] = momentum = MLT~! - [h/p]
= ML2T~!/(MLT-1) = L v/

Interpretation: - de Broglie wavelength - Wave-particle duality - Relates momentum to wavelength

Drill Set 4: Sign and Factor Analysis
Equation 14: F = -kx
Sign analysis: - Negative sign — restoring force - Force opposes displacement - Pulls back toward equilibrium

Interpretation: - Hooke’s law (spring force) - k is spring constant - Harmonic oscillator

Equation 15: dN/dt = -AN
Sign analysis: - Negative sign — decay - Rate proportional to current amount - Exponential decrease

Interpretation: - Radioactive decay - A is decay constant - Solution: N(t) = Nge"(-At)

Equation 16: dv/0t = -ifiyp/h

Factor analysis: - i (imaginary unit) — unitary evolution - /i (Planck’s constant) — quantum scale -
Negative sign — convention

Interpretation: - Schrodinger equation (time-dependent) - H generates time evolution - Preserves normal-
ization (unitary)

Practice Exercises

Reverse Engineer These

1. VXE = -0B/0t
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L XN TR WN

PV = nRT

Ap-Ax > h/2

H(X) = -¥ p(x)log(p(x))
VB =0

7 = la

G=H-TS

P (x,t) = Ae” (i(kx-wt))
V2p = 4nGp

dsS > 0 (for isolated system)

Challenge Problems

11.
12.
13.
14.
15.

0%9/0t? = c>V?% (What wave equation? What does c represent?)

[x;,p;] = ihd;; (What does this generalize?)

Tr(p?) < 1 (What does this tell you about p?)

§E-dl = -d®_B/dt (What law? Integral form of what?)

S = -k_B Tr(p 1n p) (Generalization of what? When does it reduce to Boltzmann?)

Key Takeaways

Systematic approach: identify components — recognize patterns — interpret physically — verify
Dimensional analysis checks consistency

Signs and factors carry physical meaning

Domain-specific notation provides clues (A — quantum, kB — statistical, etc.)

Practice builds pattern recognition

Module 5 Complete

You’ve sharpened your mathematical reading skills through focused drills. In Module 6, we’ll apply everything
to decode real equations from physics, ML, and quantum computing.
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