
Lesson 5.1: Identify Operations
Mathematical Intuition · Module 5 — Clarity Drills

Node 5.1

Overview
Rapid recognition drills to identify what each symbol and operation is doing in mathematical expressions.

Learning Objectives
• Instantly recognize operations: addition, multiplication, derivatives, integrals, etc.
• Identify the main operation vs auxiliary operations
• Understand operation precedence and grouping
• Build speed in parsing complex expressions

Drill Format
For each equation, identify: 1. Main operation: What is the primary operation? 2. Operands: What is
being operated on? 3. Auxiliary operations: What supporting operations are present? 4. Purpose: What
is this equation computing or describing?

Drill Set 1: Basic Operations
Equation 1: y = 3x + 5

• Main operation: Addition
• Operands: 3x and 5
• Auxiliary: Multiplication (3 times x)
• Purpose: Linear relationship between y and x

Equation 2: A = πr2

• Main operation: Multiplication
• Operands: π and r2

• Auxiliary: Exponentiation (r squared)
• Purpose: Area of circle with radius r

Equation 3: v = dx/dt

• Main operation: Division (derivative)
• Operands: dx (infinitesimal change in x) and dt (infinitesimal change in t)
• Auxiliary: None (notation represents rate)
• Purpose: Velocity as rate of change of position

Equation 4: E =
∫

F·dx

• Main operation: Integration (accumulation)
• Operands: F·dx (force times displacement)
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• Auxiliary: Dot product (F·dx)
• Purpose: Work/energy from force over distance

Equation 5: P(A|B) = P(A∩B)/P(B)

• Main operation: Division
• Operands: P(A∩B) (joint probability) and P(B) (marginal probability)
• Auxiliary: Intersection (A∩B)
• Purpose: Conditional probability (probability of A given B)

Drill Set 2: Composite Operations
Equation 6: ∇2φ = ∂2φ/∂x2 + ∂2φ/∂y2 + ∂2φ/∂z2

• Main operation: Addition (summing second derivatives)
• Operands: Three second partial derivatives
• Auxiliary: Second derivatives (∂2/∂x2, etc.)
• Purpose: Laplacian operator (measures curvature in 3D)

Equation 7: ⟨A⟩ = Tr(ρÂ)

• Main operation: Trace (sum of diagonal elements)
• Operands: ρ (density matrix) times (operator)
• Auxiliary: Matrix multiplication (ρÂ)
• Purpose: Expectation value of observable A in quantum state ρ

Equation 8: L = -Σi yilog(ŷi)

• Main operation: Summation
• Operands: yilog(ŷi) for each i
• Auxiliary: Logarithm (log), multiplication (yi times log(ŷi)), negation
• Purpose: Cross-entropy loss (measures prediction error)

Equation 9: |ψ(t)⟩ = eˆ(-iĤt/ℏ)|ψ(0)⟩

• Main operation: Matrix/operator multiplication
• Operands: Time evolution operator eˆ(-iĤt/ℏ) and initial state |ψ(0)⟩
• Auxiliary: Exponential of operator, division (t/ℏ), negation, imaginary unit
• Purpose: Quantum state time evolution

Equation 10: ∂L/∂θ = (∂L/∂ŷ)·(∂ŷ/∂z)·(∂z/∂θ)

• Main operation: Multiplication (chain rule)
• Operands: Three partial derivatives
• Auxiliary: Partial derivatives at each step
• Purpose: Backpropagation gradient via chain rule

Drill Set 3: Advanced Recognition
Equation 11: Ĥ|ψ⟩ = E|ψ⟩

• Main operation: Operator application (Ĥ acting on |ψ⟩)
• Operands: Hamiltonian Ĥ and state |ψ⟩
• Auxiliary: Scalar multiplication (E times |ψ⟩)
• Purpose: Energy eigenvalue equation (stationary state)
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Equation 12:
∫

−∞ˆ∞ eˆ(-x2/2σ2)dx = σ
√ (2π)

• Main operation: Integration
• Operands: Gaussian function eˆ(-x2/2σ2)
• Auxiliary: Exponential, division, negation, square root
• Purpose: Normalization of Gaussian distribution

Equation 13: [x,p] = iℏ

• Main operation: Commutator (xp - px)
• Operands: Position operator x and momentum operator p
• Auxiliary: Subtraction, multiplication
• Purpose: Canonical commutation relation (uncertainty principle)

Equation 14: F = -∇U

• Main operation: Gradient (vector of partial derivatives)
• Operands: Potential energy U
• Auxiliary: Negation, partial derivatives
• Purpose: Force as negative gradient of potential

Equation 15: S = -Tr(ρ log ρ)

• Main operation: Trace
• Operands: ρ log ρ (density matrix times its logarithm)
• Auxiliary: Matrix logarithm, multiplication, negation
• Purpose: Von Neumann entropy (quantum entropy)

Practice Exercises
For each equation below, identify the main operation, operands, auxiliary operations, and purpose:

1. a·b = ||a||·||b||·cos(θ)
2. ∂ρ/∂t + ∇·j = 0
3. P(x) = (1/√ (2πσ2))·eˆ(-(x-µ)2/2σ2)
4. θ_new = θ_old - α·∇L(θ)
5. ∇×E = -∂B/∂t
6. ⟨x⟩ =

∫
x·p(x)dx

7. A = UΣVˆT
8. H(X) = -Σ p(x)log2(p(x))
9. |Φ+⟩ = (|00⟩ + |11⟩)/√ 2

10. ∇2ψ + k2ψ = 0

Speed Drill
Set a timer for 30 seconds per equation. Identify the main operation as quickly as possible:

1. E = mc2

2. F = ma
3. V = IR
4. PV = nRT
5. E = hν
6. λ = h/p
7. ∆x∆p ≥ ℏ/2
8. S = k log W
9. G = H - TS

10. F = qE + qv×B
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Key Takeaways
• Identify the main operation first, then auxiliary operations
• Look for familiar patterns: derivatives, integrals, products, sums
• Operator notation (hats, bold) signals special operations
• Brackets and grouping show operation precedence
• Practice builds speed and accuracy

Next Steps
Next, we’ll practice translating word problems and physical scenarios into mathematical expressions.

Mathematical Intuition · Module 5 — Clarity Drills · Node 5.1
Concepts: conditional-probability

hbar.university — own.your.cognition
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