Lesson 5.5: Reverse Engineer Equations
Mathematical Intuition - Module 5 — Clarity Drills

Node 5.5

Overview

Given an equation, deduce what physical, computational, or mathematical process it describes.

Learning Objectives

e Analyze equation structure to infer meaning

e Recognize domain-specific patterns and conventions

o Build intuition for “reading” unfamiliar equations

e Develop systematic approach to equation interpretation

Reverse Engineering Strategy
Step 1: Identify Components

e What are the variables?
o What are the constants/parameters?
e What operations are present?

Step 2: Recognize Patterns

e Does it match a known form?
e What domain does it likely come from?
e Are there symmetries or special structures?

Step 3: Interpret Physically

e What quantities do variables represent?
e What relationships are being expressed?
e What process or phenomenon is described?

Step 4: Verify Understanding

e Does the equation make dimensional sense?
e Are signs and factors reasonable?
e Can you explain it in plain language?

Drill Set 1: Mystery Equations

Equation 1: 0p/0t + V:-(pv) = 0

Analysis: - Variables: p (density), v (velocity), t (time) - Operations: Partial derivative, divergence,
addition - Pattern: Conservation law form



Interpretation: - Domain: Fluid dynamics / continuum mechanics - Meaning: Continuity equation (mass
conservation) - Plain language: “The rate of density change plus the divergence of mass flux equals zero” -
Physical meaning: Mass is conserved—what flows out must come from somewhere

Equation 2: E = -V¢ - 0A/0t

Analysis: - Variables: E (electric field), ¢ (scalar potential), A (vector potential), t (time) - Operations:
Gradient, partial derivative, negation, subtraction - Pattern: Field from potentials

Interpretation: - Domain: Electromagnetism - Meaning: Electric field from potentials - Plain language:
“Electric field equals negative gradient of scalar potential minus time derivative of vector potential” - Physical
meaning: E-field has two sources: static potential and changing magnetic field

Equation 3: [f,0] = 0

Analysis: - Variables: H (Hamiltonian), O (some operator) - Operations: Commutator (HO - OH) -
Pattern: Zero commutator

Interpretation: - Domain: Quantum mechanics - Meaning: H and O commute - Plain language: “The

Hamiltonian commutes with operator O” - Physical meaning: O is a conserved quantity (constant of
motion); H and O have simultaneous eigenbasis

Equation 4: L = %m(dx/dt)? - V(x)

Analysis: - Variables: L (Lagrangian), x (position), t (time), m (mass), V (potential) - Operations:
Derivative, square, subtraction - Pattern: Kinetic energy - potential energy

Interpretation: - Domain: Classical mechanics (Lagrangian formulation) - Meaning: Lagrangian =T -V
- Plain language: “Lagrangian equals kinetic energy minus potential energy” - Physical meaning: Defines
equations of motion via Euler-Lagrange equations

Equation 5: S = k_B 1n(f))

Analysis: - Variables: S (entropy), {2 (number of microstates), kB (Boltzmann constant) - Operations:
Natural logarithm, multiplication - Pattern: Logarithm of multiplicity

Interpretation: - Domain: Statistical mechanics / thermodynamics - Meaning: Boltzmann entropy
formula - Plain language: “Entropy equals Boltzmann constant times natural log of number of microstates”
- Physical meaning: Entropy measures number of ways to arrange microscopic states

Drill Set 2: Contextual Clues
Equation 6: V) + (2m/h?)(E - V)¢ = 0

Clues: - h (Planck’s constant) — quantum mechanics - ¢ (wavefunction notation) - E (energy), V (potential)
- V2 (Laplacian) — spatial derivatives

Interpretation: - Domain: Quantum mechanics - Equation: Time-independent Schrédinger equation -
Meaning: Describes stationary states with energy E in potential V

Equation 7: du/0t = aV?u
Clues: - Time derivative on left - Spatial Laplacian on right - « (diffusion coefficient)

Interpretation: - Domain: Heat/diffusion equation - Meaning: Temperature (or concentration) evolves
based on spatial curvature - Physical meaning: Heat flows from hot to cold; diffusion smooths gradients



Equation 8: F = -kBT 1n(Z)

Clues: - kB (Boltzmann constant), T (temperature) - Z (partition function) - F (free energy) - Logarithm
of Z

Interpretation: - Domain: Statistical mechanics - Equation: Helmholtz free energy - Meaning: Free
energy from partition function - Physical meaning: F minimized at equilibrium; Z encodes all thermodynamic
info

Equation 9: f_new = 0_old - a- (VL + Al_old)

Clues: - 0 (parameters) - « (learning rate) - VL (gradient of loss) - Af (regularization term)

Interpretation: - Domain: Machine learning / optimization - Equation: Gradient descent with L2
regularization - Meaning: Update parameters by moving opposite to gradient plus weight decay - Purpose:
Train model while preventing overfitting

Equation 10: p_A = Tr_B(l4){)])

Clues: - p_ A (density matrix of subsystem A) - Tr_ B (partial trace over subsystem B) - |1) (x| (pure state
density matrix)

Interpretation: - Domain: Quantum mechanics / quantum information - Equation: Reduced density
matrix - Meaning: Subsystem A’s state obtained by tracing out subsystem B - Purpose: Describes entangled
subsystems; p_ A mixed if entangled

Drill Set 3: Dimensional Analysis
Equation 11: E = mc?

Dimensional analysis: - [E] = energy = ML?*T~2 - [m] = mass = M - [c] = velocity = LT~ ! - [mc?] =
M- (LT-1)2 = ML2T2 v

Interpretation: - Mass-energy equivalence (special relativity) - Energy and mass are interconvertible - ¢? is
conversion factor
Equation 12: F = qvB sin(0)

Dimensional analysis: - [F] = force = MLT 2 - [q] = charge = Q - [v] = velocity = LT~! - [B] = magnetic
field = MT=2Q~! - [qvB] = Q - LT~ - MT~2Q~! = MLT2 v

Interpretation: - Lorentz force (magnetic component) - Force on moving charge in magnetic field -
Perpendicular to both v and B
Equation 13: A = h/p

Dimensional analysis: - [\] = length = L - [h] = action = ML?T~! - [p] = momentum = MLT~! - [h/p]
— ML2T~'/(MLT ) = L v

Interpretation: - de Broglie wavelength - Wave-particle duality - Relates momentum to wavelength

Drill Set 4: Sign and Factor Analysis
Equation 14: F = -kx
Sign analysis: - Negative sign — restoring force - Force opposes displacement - Pulls back toward equilibrium

Interpretation: - Hooke’s law (spring force) - k is spring constant - Harmonic oscillator



Equation 15: dN/dt = -AN
Sign analysis: - Negative sign — decay - Rate proportional to current amount - Exponential decrease

Interpretation: - Radioactive decay - A is decay constant - Solution: N(t) = Nge"(-At)

Equation 16: 9y/d0t = -iflyy/h

Factor analysis: - i (imaginary unit) — unitary evolution - i (Planck’s constant) — quantum scale -
Negative sign — convention

Interpretation: - Schrodinger equation (time-dependent) - a generates time evolution - Preserves normal-
ization (unitary)
Practice Exercises

Reverse Engineer These

1. VXE = -0B/0t

2. PV = nRT

3. Ap-Ax > h/2

4. H(X) = -3 p(x)log(p(x))
5. VB =0

6. 7 = Ia

7.G=H-TS

8. P(x,t) = Ae” (i(kx-wt))
9. V2p = 4nGp

10. dS > 0 (for isolated system)

Challenge Problems

11. 9%9/0t? = c2V?y) (What wave equation? What does ¢ represent?)

12. [x;,p;] = ihd;; (What does this generalize?)

13. Tr(p?) < 1 (What does this tell you about p?)

14. §E-d1 = -d®_B/dt (What law? Integral form of what?)

15. 8 = -k_B Tr(p 1n p) (Generalization of what? When does it reduce to Boltzmann?)

Key Takeaways

e Systematic approach: identify components — recognize patterns — interpret physically — verify
e Dimensional analysis checks consistency

« Signs and factors carry physical meaning

o Domain-specific notation provides clues (A — quantum, k_ B — statistical, etc.)

e Practice builds pattern recognition

Module 5 Complete

You've sharpened your mathematical reading skills through focused drills. In Module 6, we’ll apply everything
to decode real equations from physics, ML, and quantum computing.
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