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Bell’s Theorem and Nonlocality
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Foundations and Open Problems Node: 10.1

This is the foundation node of the entire foundations module. Bell’s theorem is the structural watershed
of 20th-century physics: it converts a metaphysical question — “is the world locally classical?” — into
an experimentally falsifiable statement, and the experiment has been performed. The world is not locally
classical.

Every subsequent foundation node in this module sits in the conceptual space Bell’s theorem opened.

Formal Statement
Bell’s theorem (1964). Let A0, A1 be Alice’s measurement choices and B0, B1 be Bob’s, each producing
outcomes in {−1,+1}. Suppose the joint probabilities of outcomes admit a local hidden-variable description:

p(a, b | x, y) =
∫
p(λ) pA(a | x, λ) pB(b | y, λ) dλ,

where λ is a hidden variable shared by both parties, sampled from some distribution p(λ), and the marginals
depend only on each party’s local measurement choice.

Then the CHSH inequality holds:

|E(A0B0) + E(A0B1) + E(A1B0) − E(A1B1)| ≤ 2.

Quantum mechanics violates this bound. For the Bell state |Φ+⟩ and an appropriate choice of
measurement axes, quantum mechanics predicts

|E(A0B0) + E(A0B1) + E(A1B0) − E(A1B1)| = 2
√

2

(the Tsirelson bound), which exceeds the local hidden-variable bound of 2.

Experimental verification (loophole-free, 2015–present): the prediction is correct. No local hidden-
variable theory can reproduce the observed correlations.
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What This Rules Out
Bell’s theorem rules out a specific structural assumption about the world:

Local realism: physical systems possess definite values for all measurable quantities at all times
(realism), and these values cannot be influenced by spacelike-separated events (locality).

The conjunction of these two assumptions is empirically false. At least one must go.

What survives:

• Quantum mechanics (which is non-local in the sense of correlations, but not in the sense of usable
signalling).

• Bohmian mechanics (which is explicitly non-local but realist).
• Many-worlds (which is local at the level of the wavefunction but non-realist about single outcomes).
• QBism (which gives up “outcomes are properties of the world” entirely).

What does not survive:

• Any theory in which measurement reveals pre-existing local properties of the system being measured.

Intuition
Imagine two friends sent to opposite ends of the universe with sealed envelopes. Locally, each one can find
correlations between what is in their envelope and various contextual variables. The set of correlations
that can arise from “they each opened a pre-prepared envelope” is mathematically constrained — and the
constraint takes the form of the CHSH inequality.

Quantum mechanics produces correlations that exceed this constraint. Therefore: there is no pre-prepared
envelope. The act of measurement is not the act of reading out a value that was already there.

The crucial structural fact is that this is an empirical statement, not a philosophical one. The CHSH
inequality is a theorem about correlations in any local hidden-variable model; the violation is observed in
actual experiments. This is the closest physics has ever come to a formal experimental test of metaphysics.

Structural Role
Bell’s theorem is the central organizing fact of this module:

• Kochen–Specker theorem (10.2) strengthens it: even non-local hidden variables face structural
constraints (contextuality).

• PBR theorem (10.3) strengthens it differently: ψ-epistemic models (where the wavefunction represents
knowledge about a deeper reality) face structural constraints.

• Quantum-to-classical transition (10.4) is constrained by Bell — any reduction must preserve the
violation.

• Measurement problem (10.5) must be solved consistently with Bell’s empirical content.

It is also the empirical foundation of:

• Device-independent QKD: if you observe a Bell violation, you know the channel is secure regardless
of the hardware details.

• Quantum random number generators: Bell-violating outcomes are provably indeterministic.
• Self-testing of quantum devices: the observed correlations alone certify the underlying state and

measurements.
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Mathematical Development
Derivation of the CHSH classical bound

In any local hidden-variable model, the outcomes a, b ∈ {±1} factor through λ. For each fixed λ, the quantity

A0(λ)(B0(λ) +B1(λ)) +A1(λ)(B0(λ) −B1(λ))

equals ±2 (one of the two parenthesized expressions is zero, the other is ±2). Averaging over λ preserves the
bound, so

|E(A0B0) + E(A0B1) + E(A1B0) − E(A1B1)| ≤ 2.

This is the structural argument: the bound comes from the fact that classical outcomes are ±1 functions of
λ, and a ±1 function has bounded variation.

Quantum violation

Take |Φ+⟩ = (|00⟩ + |11⟩)/
√

2, Alice’s measurements A0 = Z,A1 = X, Bob’s measurements B0 = (Z +
X)/

√
2, B1 = (Z −X)/

√
2. Compute:

E(A0B0) = ⟨Φ+|Z ⊗ Z +X√
2

|Φ+⟩ = 1√
2
.

By symmetry, E(A0B1) = E(A1B0) = 1/
√

2 and E(A1B1) = −1/
√

2. The CHSH expression is then

1√
2

+ 1√
2

+ 1√
2

+ 1√
2

= 2
√

2 ≈ 2.828.

This is the maximum quantum value (Tsirelson 1980); no choice of state or measurement can exceed it.

Worked Example
Numerical Bell test from |Φ+⟩

Consider the Bell state |Φ+⟩ = (|00⟩ + |11⟩)/
√

2 and the four Tsirelson-optimal measurement settings:

• Alice: A0 = Z, A1 = X.
• Bob: B0 = (Z +X)/

√
2, B1 = (Z −X)/

√
2.

Step 1: Compute exact expectations. For each pair (Ax, By), compute E(AxBy) = ⟨Φ+|Ax ⊗By|Φ+⟩
using the identity ⟨Φ+|M ⊗N |Φ+⟩ = 1

2 tr(MNT ) for Pauli operators:

E(A0B0) = 1
2 tr(Z(Z +X)/

√
2) = 1

2
√

2 tr(Z2) = 1√
2 .

E(A0B1) = 1
2 tr(Z(Z −X)/

√
2) = 1√

2 .

E(A1B0) = 1
2 tr(X(Z +X)/

√
2) = 1

2
√

2 tr(X2) = 1√
2 .

E(A1B1) = 1
2 tr(X(Z −X)/

√
2) = − 1√

2 .
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Step 2: CHSH sum.

S = E(A0B0) + E(A0B1) + E(A1B0) − E(A1B1) = 1√
2 + 1√

2 + 1√
2 − (− 1√

2 ) = 4√
2 = 2

√
2.

The Tsirelson maximum 2
√

2 ≈ 2.828 is achieved exactly. The LHV bound 2 is violated by a margin of
2(

√
2 − 1) ≈ 0.828.

Step 3: Monte Carlo simulation. Draw N samples per setting. For setting (Ax, By), diagonalize Ax ⊗By
in the Bell state and sample outcomes a, b ∈ {±1} with probability

p(a, b|x, y) = 1
4 (1 + abE(AxBy)).

For (A0, B0): p(+,+) = p(−,−) = (1 + 1/
√

2)/4 ≈ 0.427, p(+,−) = p(−,+) = (1 − 1/
√

2)/4 ≈ 0.073. For
(A1, B1): p(+,+) = p(−,−) ≈ 0.073, p(+,−) = p(−,+) ≈ 0.427.

With N = 104 samples per setting, the empirical CHSH estimate has standard error ∼ 4/
√
N = 0.04, so

Ŝ = 2.83 ± 0.04 — a 20σ violation of the LHV bound.

Step 4: Classical simulation fails. Any classical simulation that tries to reproduce these correlations
using pre-generated shared randomness λ must satisfy Ŝ ≤ 2 by construction (see Exercise 1). No amount of
classical cleverness can produce Ŝ > 2; this is the content of Bell’s theorem.

Experimental match. Loophole-free Bell tests (Hensen et al. 2015 with NV centers, Giustina et al. 2015
and Shalm et al. 2015 with entangled photons) all measured CHSH values consistent with 2

√
2 to high

statistical confidence. The world agrees with the quantum prediction, not the local-hidden-variable bound.

Cross-Links
• Module 4.4: CHSH operator and Bell states.
• Module 6: Interpretations module (Bell rules out local hidden variables; the survivors are precisely

the non-local interpretations).
• Statistics: Bell’s theorem is a constraint on conditional probability tables; CHSH is a no-go for

hidden-variable causal models.
• Quantum Information: Device-independent cryptography.

Structural Compression
Invariant: The set of correlations achievable by local hidden-variable models is strictly smaller than the set
achievable by quantum mechanics.

Mechanism: CHSH inequality ≤ 2 (LHV) vs ≤ 2
√

2 (QM), experimentally verified to favor QM.

Cross-System Echo: In causal inference (Pearl), Bell-type inequalities are constraints on observable
correlations imposed by latent-variable causal models. The quantum violation is the canonical example of the
world refusing to be modeled by a classical causal graph.

Exercises
1. Verify the CHSH classical bound algebraically by enumerating the four cases for B0(λ) ±B1(λ).
2. Compute the CHSH expectation value for |Φ+⟩ under the measurement choices given above.
3. Show that Tsirelson’s bound 2

√
2 cannot be exceeded by any quantum state.
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4. State precisely which assumption fails in the local hidden-variable proof when applied to entangled
quantum systems.

5. Argue why Bell’s theorem makes quantum mechanics empirically distinguishable from classical physics
in a way that no other quantum prediction does.
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Kochen–Specker and Contextuality
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Foundations and Open Problems Node: 10.2

Kochen–Specker (KS) is the second foundational no-go theorem of quantum mechanics, complementary to
Bell. Where Bell’s theorem rules out local hidden variables, KS rules out non-contextual hidden variables

— even if non-locality is allowed. The distinction matters: Bell exploits the spacelike separation of two
subsystems, but KS is a single-system theorem that needs no entanglement, no separation, and no statistics.
It is a logical-algebraic obstruction: it is simply impossible to assign definite pre-existing values to all the
observables of a quantum system of dimension d ≥ 3 in a way that is consistent with the algebraic relations
among them.

Formal Statement
Kochen–Specker theorem (1967). Let H be a Hilbert space with dim H ≥ 3. There is no function
v : O → R on the set O of self-adjoint observables on H satisfying both:

1. Spectrum rule. For every observable A, v(A) is an eigenvalue of A.
2. Functional composition (non-contextuality). For any commuting set {A1, ..., An} of observables

and any function f such that B = f(A1, ..., An) is also an observable, v(B) = f(v(A1), ..., v(An)).

In particular, if A1, ..., Ad are mutually commuting projectors summing to the identity (an orthonormal
resolution of I), then exactly one of them must be assigned the value 1 and the rest must be assigned 0.
KS shows that this assignment requirement is impossible: there exist finite sets of projectors that admit no
consistent {0, 1}-coloring at all.

Sharper combinatorial version (Peres 1991, Cabello 1996): There exist explicit finite sets of n vectors
in C3 or C4 such that no function v : vectors → {0, 1} satisfies the constraint “in every orthogonal triple (or
quadruple), exactly one vector is assigned 1.” The smallest known such set in R3 has 33 vectors (Peres); in
R4, 18 vectors (Cabello).

Physical content: The value of a quantum observable cannot be a pre-existing property of the system; it
can only be defined relative to a specific measurement context — the full set of commuting observables being
measured alongside it.

Intuition
Classical physics allows you to ask “what is the x-component of the momentum right now, whether or not
anyone is measuring it?” KS says: in quantum mechanics, if you try to build a hidden-variable theory in which
every observable has a definite pre-measurement value, you run into a logical dead end. Not a statistical one

— a purely combinatorial one. You try to color a finite set of vectors with 0s and 1s so that each basis has
exactly one 1, and it can’t be done.

The way out is: the value of an observable depends on the context — on which other commuting
observables you are measuring it with. An observable A has one value when measured with {B,C} and
potentially a different value when measured with {B′, C ′}, even though A commutes with both sets. This is
contextuality.

Bohmian mechanics escapes KS because it is explicitly contextual: the “hidden variable” (the particle position)
determines outcomes of position measurements directly, but outcomes of other observables are determined by
the full experimental setup, not by a pre-existing property of the particle alone.
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Structural Role
KS sharpens and extends Bell in three ways:

1. Dimension matters. KS needs d ≥ 3. For d = 2 (a single qubit), a non-contextual value assignment
does exist (Gleason’s theorem fails to bite in dimension 2). This is why KS is a genuinely “three-or-higher”
phenomenon while Bell is a “two-party” phenomenon.

2. No entanglement required. KS is a single-system theorem. You don’t need two separated labs.
3. Logical, not statistical. KS’s impossibility is a coloring obstruction; it doesn’t rely on violating

inequalities by some amount. There are finite sets of vectors that cannot be colored, period.

Contextuality is now recognized as a genuine quantum resource:

• Magic-state distillation (Howard, Wallman, Veitch, Emerson 2014): contextuality is the structural
resource that makes fault-tolerant quantum computing possible. Stabilizer operations alone are non-
contextual (and classically simulable); contextuality of magic states is what enables universal quantum
computation.

• Contextuality as computational advantage: parity-oblivious multiplexing, CSW correlations.
• Spekkens toy model: a non-contextual hidden-variable theory that reproduces some quantum

phenomena, precisely those without contextuality. The phenomena it fails to reproduce are the ones
that require contextuality.

In this module, KS sits between Bell (10.1) and PBR (10.3). Bell kills local realism; KS kills non-contextual
realism; PBR kills ψ-epistemic realism. Together they carve out the remaining space of viable interpretations.

Mathematical Development
Peres–Mermin magic square

The cleanest finitary proof of contextuality (Mermin 1990, Peres 1990). Consider the 3 × 3 grid of two-qubit
observables:

X ⊗ I I ⊗X X ⊗X
I ⊗ Y Y ⊗ I Y ⊗ Y
X ⊗ Y Y ⊗X Z ⊗ Z

Properties:

• Each row consists of three mutually commuting observables whose product is +I.
• Each column consists of three mutually commuting observables whose product is +I, except the third

column, whose product is −I.

Now try to assign values v ∈ {+1,−1} to each of the nine cells such that each row’s product of values is +1
and each column’s product is +1,+1,−1. Taking the product of all nine values two ways:

• By rows: (+1)(+1)(+1) = +1.
• By columns: (+1)(+1)(−1) = −1.

Contradiction. No such assignment exists. ■

The observables are all Pauli products on two qubits (d = 4), and each commuting row/column defines a
measurement context. Contextuality shows up as: the “value” of X ⊗X must be +1 when measured with
{X ⊗ I, I ⊗ X} (row 1) but −1 when measured with {Y ⊗ Y,Z ⊗ Z} (column 3, which includes products
forcing this sign).
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Peres 33-vector proof in R3

For d = 3, take 33 specific unit vectors arranged in overlapping orthogonal triples. The coloring constraint is
“exactly one 1 per triple.” Peres showed a set of 33 vectors with this structure cannot be consistently colored;
the constraint graph has no valid 2-coloring (it contains odd cycles of coloring forces). Cabello found an
18-vector set in R4 with the same property, which is the current smallest-known KS proof.

Connection to Gleason’s theorem

Gleason’s theorem (1957): in d ≥ 3, the only functions µ on projectors satisfying µ(P ) ∈ [0, 1] and additivity
over orthogonal sets are of the form µ(P ) = tr(ρP ) for some density matrix ρ. KS can be read as a corollary:
if in addition µ takes values in {0, 1}, then no such µ exists for d ≥ 3, because density matrices don’t have
0/1 spectra outside of d = 1 projections. Thus the very idea of a “{0, 1}-valued Gleason measure” is ruled
out by the Gleason–KS combination.

State-independent vs state-dependent KS

The magic-square proof is state-independent: the contradiction arises from the algebra alone, not from any
particular quantum state. It means every quantum state of the two-qubit system exhibits contextuality.

State-dependent KS proofs (Klyachko et al. 2008; the pentagon inequality) give inequalities that particular
states violate. These are experimentally more convenient — you can verify them with a CHSH-like protocol.

Worked Example
Verifying Peres–Mermin in quantum mechanics

For the Pauli-product observables in the magic square, the products along each row and column are genuine
operator identities. Check row 1:

(X ⊗ I)(I ⊗X)(X ⊗X) = X ⊗X ·X ⊗X = I ⊗ I = +I. ✓

Check column 3:

(X ⊗X)(Y ⊗ Y )(Z ⊗ Z) = (XY Z) ⊗ (XY Z) = (iI) ⊗ (iI) = −I ⊗ I = −I. ✓

So the operator algebra is consistent: products of commuting observables yield exactly +I along rows and
along the first two columns, and −I along the third. The contradiction arises only when one insists on
assigning classical values to the individual observables.

Running the experiment

Mermin–Peres contextuality can be tested directly: prepare a two-qubit state, measure the three observables
in a row, multiply outcomes, and check that the product is +1 with certainty (for the +I rows) or −1 with
certainty (for the −I column). Every row and column’s product is deterministic. The contradiction shows up
as: there is no single value assignment v(X ⊗X) ∈ {+1,−1} that makes row 1’s product +1 and column 3’s
product −1, even though both row and column measurements are physically realizable.

Experimentally: this has been done in photonic, trapped-ion, and NMR systems (Kirchmair et al. 2009 in
trapped ions). The observed products are as predicted, confirming the contextual structure.
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Cross-Links
• 10.1 Bell’s theorem — the local case; KS is the contextual generalization that doesn’t need spacelike

separation.
• 10.3 PBR theorem — another no-go on hidden-variable models, this time targeting ψ-epistemic

theories.
• 6.4 Bohmian mechanics — explicitly contextual, which is why it survives KS.
• 7.3 Quantum channels — magic-state distillation uses contextuality as a resource.
• 2.2 Observables — KS is a constraint on how observables can be assigned values.
• Quantum logic — the failure of distributivity in the lattice of quantum propositions is the logical

shadow of KS.

Structural Compression
Invariant: No global function v : O → R can assign values to all observables of a d ≥ 3 system consistently
with the algebra.

Mechanism: Coloring obstruction on finite vector / observable sets. Peres–Mermin magic square; Peres
33-vector set; Cabello 18-vector set.

Cross-System Echo: Frustrated systems in statistical mechanics (no valid ground state assignment). Logical
paradoxes in non-distributive lattices. Cohomological obstructions in sheaf theory (Abramsky–Brandenburger
2011 recast contextuality as a sheaf-theoretic obstruction).

Exercises
1. Verify the nine operator identities in the Peres–Mermin magic square: three row products are +I, two

column products are +I, one column product is −I. Use the Pauli commutation and anti-commutation
relations.

2. Show that in d = 2, a non-contextual {0, 1}-valued assignment to projectors does exist, by exhibiting
one. Conclude that KS is a genuinely d ≥ 3 phenomenon.

3. From the operator identities of the magic square, argue directly that no classical value assignment is
consistent: take the product of all nine values two ways and derive the +1 = −1 contradiction.

4. Show that a non-contextual hidden-variable theory must assign definite values to all 18 vectors of
Cabello’s R4 proof, and sketch how the coloring constraints from orthogonal 4-tuples force a contradiction.

5. Explain why Bohmian mechanics is contextual, using the fact that the Bohmian particle position
determines outcomes of position measurements only, and that outcomes of other observables are
determined by the experimental setup.

6. Show that the magic-square test can be reformulated as a non-local game: two players share entanglement
and are each asked a random row or column; they win if their answers are consistent. Compute the
maximum classical winning probability and the quantum winning probability, and show that the latter
is 1.

7. Argue, structurally, why contextuality is a stronger condition than non-locality — in particular, why
every non-local hidden-variable theory fails KS but not every KS-violating theory is non-local.
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The PBR Theorem
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Foundations and Open Problems Node: 10.3

The Pusey–Barrett–Rudolph (PBR) theorem is the third major no-go of quantum foundations, and the first
one that targets the ontological status of the wavefunction directly. Bell (10.1) and Kochen–Specker
(10.2) constrained the possible values assigned to observables. PBR constrains something more basic: whether
the wavefunction ψ itself refers to physical reality or merely to an agent’s knowledge of some deeper underlying
state. Under a natural independence assumption, PBR rules out the latter view — the wavefunction must be
part of the ontology.

Formal Statement
PBR theorem (Pusey, Barrett, Rudolph 2012). Consider a hidden-variable (ontological) model in
which:

1. Each physical system has an underlying ontic state λ ∈ Λ.
2. Each quantum-state preparation |ψ⟩ gives rise to a probability distribution µψ(λ) over ontic states.
3. The outcome probabilities of any measurement M on the prepared system are determined by λ and M

alone: p(k|ψ,M) =
∫
µψ(λ) ξM (k|λ) dλ.

Call the model ψ-epistemic if there exist two distinct pure states |ψ⟩, |ϕ⟩ whose distributions µψ, µϕ have
non-zero overlap on Λ — i.e. some ontic states λ are “compatible with both.” Call it ψ-ontic otherwise: every
pair of distinct pure states has disjoint distributions.

Preparation Independence Postulate (PIP). If two systems are prepared independently in states |ψA⟩
and |ϕB⟩, the joint distribution of ontic states factors: µψ⊗ϕ(λA, λB) = µψ(λA)µϕ(λB).

Theorem. No ontological model satisfying PIP can be ψ-epistemic while reproducing the predictions of
quantum mechanics.

Equivalently: if PIP holds and the quantum predictions are correct, then the wavefunction is ontic — it is
part of the underlying physical state, not merely an agent’s knowledge about it.

Intuition
A ψ-epistemic model says: the quantum state |ψ⟩ is like a probability distribution in classical statistics.
Two non-orthogonal pure states |ψ⟩ and |ϕ⟩ are like two overlapping Gaussians — they cover different but
intersecting regions of some underlying parameter space Λ. An ontic state λ in the intersection is compatible
with both preparations; an experimenter who happens to prepare that λ is “really” in a state that either
name would describe correctly.

If this picture were right, then the non-orthogonality of |ψ⟩ and |ϕ⟩ (their non-zero inner product) would
reflect only our ignorance about which preparation “really” occurred. The actual physics would be in λ, and
the wavefunction would be derivative.

PBR ruins this picture. They construct a measurement on two independently prepared systems whose
outcomes are anti-distinguishable: one of the four outcomes is guaranteed to never occur if the joint
preparation was truly a specific product |ψ⟩ ⊗ |ϕ⟩ for each of four possible combinations. But if the ontic
states of the two systems are sampled independently from overlapping distributions µψ, µϕ, some ontic-state
pairs will be in the intersection of both µψ and µϕ. The measurement apparatus doesn’t “know” the label —
it only sees (λA, λB) — so it has to output something on those joint ontic states. Whatever it outputs will,
in one of the four combinations, be the forbidden outcome, contradicting the quantum prediction.
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The only way to escape is to deny PIP: accept that independently prepared systems can have correlated
ontic states. But that’s a radical move — it means independence of preparation is a cognitive illusion, not a
physical fact.

Structural Role
PBR lives on a different axis than Bell/KS:

• Bell constrains locality of hidden variables.
• KS constrains non-contextuality of value assignments.
• PBR constrains ontological status of the wavefunction itself.

Together these three theorems partition the space of possible interpretations:

Interpretation Bell KS PBR
Local HV fails fails —
Non-contextual HV varies fails —
ψ-epistemic + PIP varies varies fails
ψ-ontic (Bohm, MWI,
GRW, Copenhagen)

passes passes passes

QBism (rejects PIP +
ontic reading)

N/A N/A escapes by rejecting PIP

Superdeterminism
(rejects measurement
independence)

escapes all three — —

The interpretations that survive all three no-gos are exactly the ψ-ontic ones (Bohmian, MWI, GRW,
Copenhagen) plus those (QBism, superdeterminism, relational QM) that reject one of the background
assumptions.

PBR is also the answer to a long-standing question: is the wavefunction “knowledge” or “reality”? PBR’s
answer: under PIP, it’s reality.

Mathematical Development
The PBR protocol

Consider two qubits, each independently prepared in one of two states: |0⟩ or |+⟩ = (|0⟩ + |1⟩)/
√

2. The four
possible preparations are

|00⟩, |0+⟩, | + 0⟩, | + +⟩.

These four product states are not mutually orthogonal (they pairwise overlap by 1/2 or 1/4), but they have a
remarkable property: there exists an entangled 4-outcome orthogonal measurement {|ξ1⟩, |ξ2⟩, |ξ3⟩, |ξ4⟩} such
that

• ⟨ξ1|00⟩ = 0
• ⟨ξ2|0+⟩ = 0
• ⟨ξ3| + 0⟩ = 0
• ⟨ξ4| + +⟩ = 0

That is, each of the four quantum outcomes is “forbidden” for exactly one of the four preparations. In
quantum mechanics this is a concrete fact about the 4-outcome measurement in C2 ⊗ C2.
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The PBR argument

Suppose we have a ψ-epistemic ontological model with PIP. Then the distributions µ0(λ) and µ+(λ) have
non-zero overlap — there is a subset Λ∗ ⊂ Λ with µ0(Λ∗), µ+(Λ∗) > 0.

By PIP, the joint distribution on pairs (λA, λB) for a product preparation is the product of the marginals.
So for each of the four preparations, the joint distribution assigns positive probability to the region Λ∗ × Λ∗.

Now consider a pair (λA, λB) ∈ Λ∗ × Λ∗. This pair is “compatible” with all four preparations. So the
measurement apparatus, seeing only this pair and the measurement setting, must output one of the four
outcomes {1, 2, 3, 4}. Say it outputs outcome k with probability ξM (k|λA, λB).

By consistency with quantum mechanics, the outcome probabilities on this pair, averaged over the distribution,
must reproduce the quantum prediction of zero probability for the forbidden outcome. But the pair is in
Λ∗ × Λ∗ for all four preparations, so we need ξM (1) = ξM (2) = ξM (3) = ξM (4) = 0 on this pair. That’s
impossible — they must sum to 1. ■

Refinements and extensions

• Multiple copies (Moseley 2013; Colbeck–Renner 2017): PBR’s original proof used 2 copies;
subsequent work showed n copies can give tighter bounds or deal with noise.

• Experimental tests: Nigg et al. (2016) tested a PBR-like protocol with trapped ions. Results
consistent with quantum predictions; ψ-epistemic models with PIP ruled out to high confidence.

• Hardy’s ψ-ontic theorem (2013): A related no-go reaching the same conclusion through a simpler
but less general argument.

The PBR measurement explicitly

One valid choice of the four measurement vectors is:

|ξ1⟩ = 1√
2 (|01⟩ + |10⟩)

|ξ2⟩ = 1√
2 (|0−⟩ + |1+⟩)

|ξ3⟩ = 1√
2 (| − 0⟩ + | + 1⟩)

|ξ4⟩ = 1
2 (|0−⟩ − |1+⟩ − | − 0⟩ − | + 1⟩ + ...)

(The exact forms are set by orthogonality and the anti-distinguishability requirements; several equivalent
bases exist.) Direct computation verifies ⟨ξk|preparationk⟩ = 0 for each k.

Worked Example
Verifying anti-distinguishability

Take the first constraint: ⟨ξ1|00⟩ = 0. For |ξ1⟩ = (|01⟩ + |10⟩)/
√

2:

⟨ξ1|00⟩ = 1√
2

(⟨01|00⟩ + ⟨10|00⟩) = 1√
2

(0 + 0) = 0. ✓

So if the preparation is |00⟩, outcome 1 is forbidden in quantum mechanics. Similar computations for the
other three preparations — each has exactly one forbidden outcome.
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The ontological contradiction

Suppose µ0(λ) and µ+(λ) have overlap region Λ∗ with µ0(Λ∗) = µ+(Λ∗) = q > 0. Then for each of the four
product preparations, the probability that the joint ontic state lies in Λ∗ × Λ∗ is q2 > 0.

If the joint ontic state is in this region, the measurement apparatus cannot distinguish which of the four
preparations produced it. Its output distribution ξM (k|λA, λB) is a single function of (λA, λB), not of the
label. But quantum mechanics demands:

• Outcome 1 forbidden if prep was |00⟩
• Outcome 2 forbidden if prep was |0+⟩
• Outcome 3 forbidden if prep was | + 0⟩
• Outcome 4 forbidden if prep was | + +⟩

On the q2 fraction of joint ontic states in Λ∗ × Λ∗, the same function ξM has to output outcome 1 with
probability 0 (because preparation could have been |00⟩) and outcome 2 with probability 0 (because it could
have been |0+⟩) and similarly for 3 and 4 — all four outcomes with probability 0. Sum of probabilities is 0,
not 1. Contradiction.

Therefore q = 0: the distributions µ0 and µ+ have zero overlap, and the model is ψ-ontic.

Cross-Links
• 10.1 Bell’s theorem — constrains locality of hidden variables.
• 10.2 Kochen–Specker — constrains non-contextuality of value assignments.
• 6.6 Interpretations empirical equivalence — this is the no-go that rules out ψ-epistemic + PIP.
• 6.5 QBism — rejects PIP, so it evades PBR.
• 4.4 Entanglement — the four-outcome PBR measurement is genuinely entangled.
• Ontological models framework (Spekkens 2005) — formal setting in which PBR is stated.

Structural Compression
Invariant: ψ-epistemic + preparation independence is incompatible with quantum mechanics.

Mechanism: Anti-distinguishability of four product states by an entangled 4-outcome measurement. Forces
the ontic-state distributions of distinct pure states to be disjoint.

Cross-System Echo: Statistical inference cannot distinguish overlapping hypotheses with certainty, but
quantum anti-distinguishability does give certainty-of-exclusion for specific outcomes. The quantum world is
more decisive than classical statistics, and PBR shows that this decisiveness is structurally incompatible with
“ψ is knowledge.”

Exercises
1. Verify directly that ⟨ξk|preparationk⟩ = 0 for each of the four PBR preparations and the four measure-

ment outcomes, given an explicit (4, 4)-pair of orthonormal bases satisfying the anti-distinguishability
constraint.

2. Show that anti-distinguishability of n states requires an n-outcome measurement where each outcome is
orthogonal to one state, and that in general this is only possible when the states are sufficiently “spread
out” in Hilbert space.
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3. Construct a ψ-epistemic toy model (Spekkens 2005 is the standard reference) for a single qubit, and
show explicitly that it reproduces single-qubit quantum predictions. Then show that when extended to
two qubits via a product rule, it cannot reproduce the PBR anti-distinguishing measurement.

4. Explain why QBism, which treats |ψ⟩ as an agent’s personal probability assignment, is not refuted by
PBR. Identify the specific assumption QBism rejects.

5. Show that if one allows arbitrarily correlated hidden states between independent preparations (denying
PIP), a trivial ψ-epistemic model reproducing all quantum predictions exists. Comment on why this
escape is considered unphysical by most interpreters.

6. A retrocausal model allows the hidden-variable distribution to depend on the future measurement
setting. Show that this evades PBR, and explain the cost in terms of time-symmetry.

7. Argue, structurally, why PBR is a no-go along a genuinely different axis than Bell and KS. Identify
the assumption each theorem attacks, and show that the three assumptions are logically independent
(one can construct toy models that fail any one but pass the other two).
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Quantum-to-Classical Transition
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Foundations and Open Problems Node: 10.4

Why does the macroscopic world look classical even though it is made of quantum stuff? Tables don’t diffract.
Cats are either alive or dead. The moon has a definite position. Yet all of this matter is quantum-mechanical
at the microscopic level, governed by Schrödinger’s equation and capable in principle of superposition. The
quantum-to-classical transition is the collection of structural mechanisms that explain this apparent
mismatch.

The answer decomposes into two parts. One part — decoherence and its consequences (Module 5, especially
5.5 on pointer basis and einselection) — explains why macroscopic objects don’t exhibit interference. The
other part — the measurement problem proper (10.5) — concerns the step from “mixed state over
outcomes” to “one specific outcome.” Node 10.4 addresses the first part and sets up the second.

Formal Statement
The quantum-to-classical transition is the structural process by which a macroscopic system S, evolving
under unitary quantum dynamics together with an environment E, exhibits effectively classical behavior at
the level of any practically accessible observable. The key empirical facts to explain:

1. Suppression of interference: macroscopic superpositions don’t produce observable interference
patterns.

2. Definite pointer values: measurement apparatuses have stable, distinguishable outcome states.
3. Classical trajectories: macroscopic objects follow deterministic-looking paths consistent with classical

mechanics.
4. Objectivity: many observers agree on macroscopic facts, as if they were pre-existing properties.

The structural mechanisms:

• Decoherence. Coupling to environment diagonalizes the reduced density matrix ρS = trE(ρSE) in a
preferred pointer basis on extremely short timescales.

• Einselection. The pointer basis is selected by the environmental coupling: it is the set of states that
remain stable under interaction with the environment.

• Quantum Darwinism (Zurek 2003, 2009). Pointer-basis information about S is redundantly
encoded in many fragments of E. Independent observers sampling different fragments obtain the same
answer, which is the structural origin of objectivity.

• Coarse-graining. Macroscopic observables are inherently coarse — position to within atomic scales,
energy to within thermal scales — so they cannot resolve microscopic coherences even if present.

• Dynamical instability. Chaotic classical systems amplify microscopic fluctuations into macroscopic
ones; this makes the “preferred basis” effectively unique at macroscopic scales.

The transition is not a solution to the measurement problem. It explains why ρS becomes diagonal in
the pointer basis, and it explains why many observers agree on the diagonal entries, but it does not explain
why a single diagonal entry happens in any one run of the experiment. That question is the content of 10.5.

Intuition
Think of a dust mote floating in air. It is constantly being hit by air molecules and illuminated by thermal
photons. Each scattering event entangles the mote’s position with the state of the incoming particle, and the
particle flies off carrying “which position” information to infinity. Any conceivable interference experiment
would require collecting all of that information back together — every scattered photon, every deflected air
molecule — which is practically impossible.
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The decoherence timescale for a macroscopic object in ordinary conditions is on the order of 10−23 seconds
for a 1 gram dust grain in room-temperature air. This is faster than any conceivable measurement; the object
is effectively always in a definite position from the observer’s perspective.

Quantum Darwinism adds another layer: the same “which position” information is carried by 1023 scattered
photons, so any observer intercepting even a tiny fragment of that environment gets the same answer as
any other observer. Objectivity — the feature of classical physics that different observers agree on facts —
emerges from the redundancy of environmental records.

What decoherence does not do: it doesn’t tell you why the mote is in the specific position it is in. The reduced
density matrix becomes diag(p1, p2, ...), but all entries are still positive; the mote “is” in a probabilistic
mixture of positions. For any observer to see one specific position, something else must happen — and
identifying that something else is the measurement problem.

Structural Role
10.4 is the operational foundation for 10.5. It establishes what the quantum-to-classical transition accomplishes,
so that 10.5 can focus on what is left over.

• Decoherence (Module 5) provides the mathematical machinery.
• Pointer basis (5.5) identifies which basis becomes classical.
• Quantum Darwinism adds the objectivity story.
• Coarse-graining connects to statistical mechanics (Module 9).

Downstream:

• Measurement problem (10.5) asks “why a definite outcome?” — the residual that decoherence
alone cannot answer.

• Interpretations (Module 6) each address this residual differently: MWI says all outcomes happen,
Bohmian says the hidden variable picks one, GRW says spontaneous collapse localizes, Copenhagen
says the classical/quantum cut is primitive.

• Quantum gravity (10.6) must incorporate decoherence since any theory of quantum spacetime must
reproduce classical general relativity in the macroscopic limit.

Mathematical Development
Decoherence timescale formula

For a massive object of mass m at temperature T in a spatial superposition of width ∆x, with an environment of
thermal photons (or air molecules) of characteristic wavelength λth, the decoherence timescale is approximately

τdec ≈ 1
Λ∆x2 , Λ ≈ σscatnvth

λ2
th

,

where Λ is the localization rate, σscat is the scattering cross-section, n is the number density of scatterers,
and vth is the thermal velocity of the environment.

Plugging in room-temperature air for a 1 gram dust mote in a superposition of width 1µm:

Λ ∼ 1036 m−2s−1, τdec ∼ 10−24 s.

For a single electron in a superposition of 1 nm width in ultra-high vacuum, τdec can be on the order of
seconds — which is why atom-interferometry experiments must go to extraordinary lengths to preserve
coherence.
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Einselection and the pointer basis

The environment-system coupling Hamiltonian HSE singles out a preferred basis {|si⟩} on S such that
[HSE , |si⟩⟨si|] ≈ 0. Pointer states are the states for which the environmental coupling acts diagonally;
superpositions of pointer states get rapidly entangled with E and vanish from ρS .

For position-coupled environments (the usual case for macroscopic objects), pointer states are localized in
position. For momentum-coupled environments (rare, but e.g. charged particle in magnetic field noise),
pointer states are localized in momentum. The pointer basis is an emergent property of the coupling, not a
fundamental choice.

Quantum Darwinism

The redundancy of environmental records is quantified by the fragment mutual information I(S : Ef ),
where Ef is a fraction f of the environment. For classicalizing systems, this curve exhibits a plateau:

I(S : Ef ) ≈ H(S) for f > f0 ≪ 1,

meaning even a small fragment already carries almost all of the pointer-basis information. This is the formal
statement of “many independent copies of the classical fact.” Numerical simulations of spin baths, photon
baths, and harmonic environments all show this plateau.

Coarse-graining

Macroscopic observables are sums of many microscopic ones. The central limit theorem guarantees that their
statistics are dominated by the mean and variance, both of which are insensitive to microscopic coherences.
Coherent superpositions of microstates contribute to the tails of distributions but not to the bulk, and
macroscopic measurements only resolve the bulk.

Worked Example
Schrödinger’s cat decoherence

Take a “cat” of mass M = 1 kg in a superposition of positions x = 0 and x = 1 m (alive vs dead encoded
as macroscopic pointer). Assume the cat is in a room at 300 K with n ≈ 1025 m−3 air molecules and
nγ ≈ 1015 m−3 thermal photons.

Collision rate with air molecules: Γ ≈ nσcollvth ≈ 1028 s−1.

Distinguishability: each collision carries “which position” information because the cross section depends on
the cat’s position at atomic scales.

Decoherence rate: for each air molecule scattering from the cat, the “which branch” marker is faithfully
recorded. The reduced density matrix of the cat loses off-diagonal coherences at rate Γ, giving

τdec ∼ Γ−1 ∼ 10−28 s.

This is 1015 times shorter than one femtosecond. No experiment could ever observe a macroscopic superposition
of a 1 kg object under ordinary conditions, regardless of sensitivity. The superposition is destroyed before it
is detectable.

Experimental analogues: macroscopic mechanical oscillators prepared in superpositions at millikelvin
temperatures under extreme vacuum (Aspelmeyer group, 2010s). Cooling by 25 orders of magnitude in
decoherence rate is required to preserve coherence even for nanosecond intervals with 1010 atoms. Macroscopic-
scale quantum coherence is achievable in principle, but only in isolated conditions far removed from “ordinary”
room-temperature air.
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Objectivity via quantum Darwinism

Consider a small ball in a spotlight, illuminated by N photons per second. Each scattered photon carries
position information. If N = 1020, then any observer intercepting even 1010 photons (a tiny fraction)
already has enough information to determine the position to within the diffraction limit. Different observers
intercepting different photons get the same answer. This is the structural origin of “we all see the same
moon.”

Cross-Links
• 5.1 Density matrices — the reduced density matrix is the mathematical object of decoherence.
• 5.5 Pointer basis / einselection — specifies which basis becomes classical.
• 10.1 Bell’s theorem — the quantum-to-classical transition must preserve the empirical content of

Bell (i.e. macroscopic observers still see Bell violations in careful experiments).
• 10.5 Measurement problem — this node explains what decoherence does; 10.5 explains what it

doesn’t.
• 9.x Thermodynamics — coarse-graining, entropy, and the second law are the classical shadows of

the transition.
• Classical mechanics — the macroscopic limit in which Ehrenfest’s theorem becomes literal particle

trajectories.

Structural Compression
Invariant: Macroscopic systems coupled to any realistic environment decohere into the pointer basis on
timescales far shorter than any observational window.

Mechanism: Environment-induced superselection (einselection) + quantum Darwinism (redundant records)
+ coarse-graining + dynamical instability.

Cross-System Echo: Classical statistical mechanics achieves effective irreversibility from coarse-graining
alone; the quantum case adds decoherence as an additional, structurally distinct mechanism. Both are
necessary and neither is sufficient.

Exercises
1. Derive the decoherence-rate formula τdec ≈ 1/(Λ∆x2) starting from a master equation of the form
ρ̇ = −i[H, ρ] − Λ[x, [x, ρ]], and compute the off-diagonal decay rate.

2. Estimate the decoherence time for (a) a 10−18 kg nanoparticle in ultrahigh vacuum at 10 mK, and
(b) a single electron in a Penning trap. Explain why (a) is a candidate for macroscopic-superposition
experiments and (b) has been observed.

3. Show that the pointer basis of a system coupled to the environment via HSE = X ⊗B (where X is the
system observable and B is a bath operator) is the eigenbasis of X, provided the self-Hamiltonian of S
is negligible.

4. Define the fragment mutual information I(S : Ef ) and explain why the plateau in I as a function of f
is the quantum-Darwinism signature of classicality.

5. Show that the Wigner function of a macroscopic coherent state, under environmental coupling, ap-
proaches a classical Liouville distribution in the limit ℏ → 0 combined with environmental averaging.

6. Explain why a perfectly isolated macroscopic object would not decohere, and why this scenario is
impossible to realize in practice for ordinary matter.
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7. Argue, structurally, why decoherence solves the “why no interference” problem but not the “why
this outcome” problem. Identify the precise step in the argument where the residual question arises.
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The Measurement Problem (Technical)
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Foundations and Open Problems Node: 10.5

This node is the technical companion to the framing lesson of 6.1. The measurement problem is the most
persistent open question in quantum foundations: what happens when a measurement “occurs”? Why does a
coherent superposition give way to a single observed outcome? Node 6.1 stated the problem structurally
and introduced the vocabulary of interpretations. Node 10.5 equips itself with the results of the intervening
modules — decoherence (10.4), no-go theorems (10.1, 10.2, 10.3), open-systems dynamics (8.x) — and asks
what, precisely, remains unresolved, and what modern proposed solutions look like.

Formal Statement
The measurement problem decomposes into three distinct sub-problems, which are often conflated in
introductory treatments but which have very different statuses:

Sub-problem 1: Preferred basis. Why does measurement pick out a particular observable to resolve,
rather than an arbitrary basis of the system’s Hilbert space? Status: Resolved by einselection (5.5). The
system-environment coupling selects a pointer basis as the basis that is stable under interaction with the
environment.

Sub-problem 2: Non-observation of macroscopic superpositions. Why are macroscopic “Schrödinger
cat” states not observed? Status: Resolved by decoherence (10.4). Decoherence timescales for macroscopic
objects are vastly shorter than any observational timescale, so macroscopic coherences are destroyed before
they can be detected.

Sub-problem 3: Definite outcome selection. Why does any single run of an experiment produce one
specific outcome, rather than the mixed ensemble of outcomes that the reduced density matrix describes?
Status: Unresolved. The reduced density matrix ρS =

∑
i pi|i⟩⟨i| represents a probabilistic mixture, but in

a single run an observer sees a single i. The transition from “mixture over outcomes” to “one outcome” has
no description within the unitary formalism.

The unresolved sub-problem 3 is what the contemporary literature calls “the measurement problem” in the
strict sense. Modern proposed solutions fall into four classes:

1. No-collapse (MWI, Everett): there is no outcome selection; all branches are equally real. The
appearance of a single outcome is subjective to each branch-local observer. Dispenses with the problem
by denying its premise.

2. Hidden variable (Bohmian): the outcome is determined by a pre-existing hidden variable (particle
position in configuration space). No physical collapse; the outcome is simply what the hidden variable
always pointed to.

3. Dynamical collapse (GRW, CSL, Diósi, Penrose): modify the Schrödinger equation with a stochastic
non-linear term that localizes wavefunctions at rates depending on mass/size. Makes the collapse a
physical process subject to empirical test.

4. Epistemic (Copenhagen, QBism, Relational QM): the wavefunction is not a physical state but an
agent’s information or belief. Measurement is a Bayesian update, not a physical process. Empirical
predictions are unchanged; the “problem” dissolves by reinterpretation.

Only option 3 makes experimentally distinct predictions from standard quantum mechanics and is therefore
testable.
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Intuition
The fundamental tension is this. The Schrödinger equation is deterministic and linear. If you feed it an initial
superposition |ψ⟩ = α|0⟩ + β|1⟩ and a measurement apparatus in state |ready⟩, unitary evolution produces

|Ψ⟩ → α|0, sees 0⟩ + β|1, sees 1⟩.

This is a superposition of two macroscopically distinct situations: the apparatus is in two configurations at
once. Decoherence tells you that the two branches become dynamically uncorrelated and cannot interfere,
but both branches are still in the wavefunction. The math never selects one.

Yet in the lab, you see one outcome per run. This is an empirical fact: the experimentalist records either 0 or
1, not both. The wavefunction “collapses” to a single branch — or something happens that acts like collapse.

The measurement problem asks: what is that something? The no-collapse view says “nothing — you’re one
of many observers, and each of you sees their own outcome.” The hidden-variable view says “the outcome was
always determined, you just didn’t know it.” The collapse view says “the wavefunction really does collapse,
via a physical process we can model stochastically.” The epistemic view says “the wavefunction was never a
physical thing, so nothing collapses.”

These four positions make dramatically different metaphysical commitments. But only the collapse view
predicts experimentally new things — specifically, a breakdown of unitarity at macroscopic scales, testable
via interference experiments with larger and larger objects.

Structural Role
10.5 sits at the apex of the foundations module. All prior no-go theorems (Bell, KS, PBR) constrain which of
the four options is viable, and decoherence (10.4) determines what those options must still explain. The final
verdict:

• No-collapse (MWI) survives Bell, KS, PBR by accepting branching and denying outcome selection
as a real event. Costs: ontological extravagance.

• Bohmian survives by being non-local (allowed by Bell), contextual (allowed by KS), and ψ-ontic
(allowed by PBR). Costs: hidden variables need a pilot wave.

• Dynamical collapse survives by modifying quantum mechanics slightly. Costs: experimental con-
straints from macromolecule interferometry are tightening.

• Epistemic survives PBR by rejecting preparation independence (QBism) or by declaring ψ non-physical
(strict Copenhagen). Costs: “what is the ontology, then?”

10.5 is also the empirical frontier: unlike 10.1–10.3, which are settled no-gos, 10.5 identifies a question that is
experimentally open and being actively pursued.

Mathematical Development
GRW model

The Ghirardi–Rimini–Weber model (1986) modifies the Schrödinger equation by adding spontaneous
localizations: at random times distributed as a Poisson process with rate λGRW, the wavefunction of each
particle is multiplied by a Gaussian centered at a random position drawn from |ψ|2:

ψ(x1, ..., xN ) → Nj e
−(xj−x0)2/(2r2

C) ψ(x1, ..., xN ).
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Parameters: λGRW ≈ 10−16 s−1 per particle, rC ≈ 10−7 m. For a single particle, localizations are rare (once
per 1016 seconds), so atomic physics is unaffected. For a macroscopic object of 1023 particles, localizations
occur at rate 107 s−1, effectively continuously — so macroscopic superpositions collapse in microseconds.

CSL (Continuous Spontaneous Localization)

CSL (Pearle 1989, Ghirardi–Pearle–Rimini 1990) replaces the discrete jumps of GRW with a continuous
stochastic process:

d|ψ⟩ =
[

− i

ℏ
H dt+

∑
k

(Ak − ⟨Ak⟩)dWk − 1
2

∑
k

(Ak − ⟨Ak⟩)2dt

]
|ψ⟩,

where Wk are independent Wiener processes and Ak are position-localization operators. The effective
localization rate is the same as GRW in the single-particle limit but scales with mass density rather than
particle count, resolving some issues with identical particles.

Both GRW and CSL predict predictable deviations from unitarity: the more massive / the more
particles, the faster the collapse. This is the empirical fingerprint of dynamical collapse theories.

Penrose gravitational collapse

Penrose (1996) proposed that gravitational self-energy limits how long a superposition can persist:

τPenrose ≈ ℏ/EG,

where EG is the gravitational self-energy of the mass-density difference between the two branches of the
superposition. For a 10−18 kg nanoparticle superposed over 10−7 m, τPenrose ∼ 10−3 seconds — within reach
of ongoing experiments.

Experimental constraints

Molecular interference experiments (Arndt group) have observed interference of C60, C70, and larger molecules
up to ∼ 2000 amu. Non-observation of collapse at these scales places upper bounds on λGRW and lower
bounds on rC . Current bounds are consistent with original GRW parameters but increasingly constrain the
allowed parameter space.

The “gold-standard” test would be to observe interference of an object of mass ∼ 10−14 kg — just inside the
regime where GRW predicts observable collapse. This is the target of several ongoing experiments (optically
trapped nanoparticles, levitated microspheres).

Worked Example
GRW-modified double-slit for a macroscopic object

Take a mass M = 10−14 kg (∼ 1010 atoms) prepared in a superposition of two slits separated by ∆x = 100 nm.
In standard quantum mechanics, the coherence time is set only by environmental decoherence (10.4) and can
be made arbitrarily long by isolating the system.

In GRW, each atom has a collapse rate of 10−16 s−1. With N = 1010 atoms, the collective collapse rate is

λN = NλGRW = 10−6 s−1.
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The expected coherence time is τ ∼ λ−1
N ∼ 106 seconds. So over a 1-second experiment, collapse is unlikely.

But for M = 10−11 kg → N = 1013, λN = 10−3 s−1, and coherence is lost within milliseconds — well within
the range of an interference experiment.

If such an experiment observes interference with high visibility for M > 10−13 kg over ∼ 1 second, then GRW
with original parameters is ruled out. Experiments are approaching this threshold.

CSL mass-density scaling

Under CSL, the scaling is with mass density rather than particle count. A solid with mass density ρ ≈
103 kg/m3 collapses faster than an equivalent gas of the same total mass. Experiments with micro-oscillators
(silicon beams) test the mass-density scaling, and the latest bounds place CSL’s collapse rate at most
∼ 10−8 s−1 per nucleon — two orders of magnitude tighter than GRW’s original proposal.

Falsification criterion

Dynamical collapse theories make a concrete, falsifiable prediction: unitarity breaks down at sufficiently
large scales. If an experiment ever observes persistent interference of an object of mass ≫ 10−13 kg over ∼ 1
second, dynamical collapse (as currently parameterized) is falsified. If, conversely, an experiment observes
faster-than-environmental decoherence at that scale, it is confirmed. This is the sharpest empirical frontier in
quantum foundations today.

Cross-Links
• 6.1 Measurement problem (framing) — conceptual introduction; 10.5 is the technical version.
• 10.4 Quantum-to-classical transition — decoherence resolves sub-problems 1 and 2; sub-problem 3

is what 10.5 is about.
• 6.2 MWI, 6.4 Bohmian, 6.5 QBism, GRW/CSL literature — the four families of proposed

solutions.
• 10.1, 10.2, 10.3 — no-go theorems constraining which solutions are viable.
• 8.x Open-systems — the Lindblad and stochastic formalisms underlie both decoherence and dynamical

collapse.
• Experimental physics — macromolecule interferometry, levitated nanospheres.

Structural Compression
Invariant: The transition from “unitary superposition” to “single observed outcome” is not accounted for by
the unitary formalism alone.

Mechanism: None within standard quantum mechanics. Proposed mechanisms: many-worlds branching,
Bohmian hidden variables, dynamical collapse, epistemic reinterpretation. Only the third is experimentally
distinct.

Cross-System Echo: All foundational theories of physics face underdetermination — multiple consistent
ontologies fit the same empirical data. The measurement problem is underdetermination at its sharpest: the
math is finished, the experiments are done, and multiple incompatible pictures remain viable.

Exercises
1. State the three sub-problems of the measurement problem explicitly and identify, for each, which

mechanism (if any) resolves it within standard quantum mechanics plus decoherence.
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2. Compute the expected GRW collapse rate for a 10−12 kg silica microsphere (composed of SiO2, ∼ 1013

nucleons), and compare to the expected decoherence rate from thermal photons at 300 K.

3. Show that CSL, in the limit where rC → ∞, reduces to a deterministic modification of the Schrödinger
equation, and argue why this limit is experimentally ruled out by atomic interference experiments.

4. Derive the Penrose collapse time τ ≈ ℏ/EG for a 1 kg mass superposed over 1 mm, and explain why
this scale is inaccessible to current experiments.

5. A many-worlds advocate argues that the measurement problem “dissolves” because all outcomes happen.
Identify the residual problem of deriving the Born rule in MWI and explain why this is considered its
most serious remaining challenge.

6. Compute the expected number of collapse events per second in a cubic centimeter of water under GRW,
and comment on whether this is detectable in principle.

7. Argue, structurally, why only dynamical collapse theories, among the four families of proposed
solutions, make experimentally distinguishable predictions. Identify precisely what empirical signature
would distinguish MWI from Bohmian from epistemic views — if any exists at all.
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Quantum Gravity Frontier
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Foundations and Open Problems Node: 10.6

This is the final node of the Quantum Foundations course, and it sits at the genuine frontier of the formalism.
Quantum mechanics and general relativity have been mutually inconsistent at some structural level for nearly
a century. Quantum mechanics describes matter and energy in a fixed spacetime; general relativity describes
spacetime itself as dynamical. Combining them has resisted every naive attempt, and the tensions surface in
three characteristic places: the ultraviolet (non-renormalizability of perturbative quantum gravity), black
holes (information paradox), and cosmology (the problem of time, vacuum energy, and inflation).

This node does not resolve the problem. It maps the structural landscape of the frontier so that you know
what is known, what is open, and where the current entanglement-geometry program is pointing.

Formal Statement
The incompatibility of quantum mechanics and general relativity is not a single mathematical contradiction;
it is a collection of structural tensions, each pointing at a different gap in the formalism:

UV problem. Perturbative quantization of gµν around a flat background produces a non-renormalizable
field theory: the number of counterterms grows without bound with loop order, and no finite set of input
parameters determines the theory. Any consistent quantum theory of gravity must therefore be either (a)
non-perturbative, (b) UV-complete by a new mechanism (string theory, asymptotic safety, loop quantum
gravity), or (c) only an effective field theory below some cutoff.

Black hole information paradox (Hawking 1975). Black holes formed from a pure state emit Hawking
radiation that appears thermal (maximally mixed). If the evaporation is complete, the final state of the
radiation is thermal and the initial information is lost. This violates unitarity of quantum evolution. Either (i)
information is recovered through subtle correlations in Hawking radiation (the modern entanglement-geometry
answer), (ii) information is truly lost (violating quantum mechanics), or (iii) evaporation halts at a remnant.
Recent results from the island formula (2019–2020, Penington, Almheiri, Maldacena, Engelhardt, and
others) support option (i).

Problem of time in canonical quantum gravity. The Wheeler–DeWitt equation Ĥ|Ψ⟩ = 0 imposes the
Hamiltonian constraint. Since Ĥ is the generator of time translations, the state is time-independent. How
does a time-independent universal wavefunction describe an apparently time-dependent world? Proposed
resolutions: relational time (Page–Wootters), decoherent histories on a superspace, or time as an emergent
phenomenon from entanglement.

Holographic principle (1990s). The number of degrees of freedom in a region of space scales as its
area, not its volume — specifically, at most A/(4ℓ2

P ) bits, where ℓP is the Planck length. This is the
Bekenstein–Hawking bound, made precise by ’t Hooft, Susskind, and Bousso. It is a structural constraint
that any quantum theory of gravity must respect.

AdS/CFT correspondence (Maldacena 1997). A quantum gravity theory in (d + 1)-dimensional
anti-de-Sitter space is equivalent to a conformal field theory on its d-dimensional boundary. This is the
sharpest realization of holography and has led to concrete quantum-information identifications: spacetime
geometry corresponds to entanglement structure in the boundary theory, and the Ryu–Takayanagi formula
equates minimal surfaces in the bulk with entanglement entropies in the boundary.
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Intuition
The structural move of the last two decades is: stop treating space and time as fundamental. Instead,
treat entanglement structure as fundamental and let geometry emerge from it. This is the “it from qubit”
program.

Concretely:

• The area of a surface in spacetime is the entanglement entropy of the degrees of freedom on one
side of it.

• Distances in spacetime are related to how strongly two regions are entangled.
• Black holes are regions of maximal entanglement — the horizon is the boundary of a very-entangled

set of degrees of freedom.
• Wormholes are entanglement between otherwise disconnected regions (Maldacena–Susskind: ER =

EPR, 2013).

If this picture is right, then quantum foundations — which we have spent this course building — is actually
foundational for quantum gravity too, not just for laboratory quantum systems. The same structural objects
(entanglement, density matrices, entropy) that describe qubits in a trap describe the fabric of spacetime itself.

This is speculative but increasingly mathematically precise. The Ryu–Takayanagi formula and its quantum
corrections, the island formula, the ER=EPR proposal, and the recent work on replica wormholes are concrete
calculations in concrete models that work. They are not yet a complete theory of quantum gravity, but they
are sharper hints than any prior program has produced.

Structural Role
10.6 closes the loop of the entire course. Module 1 introduced Hilbert spaces. Module 4 introduced
entanglement. Module 7 introduced quantum information. Module 9 introduced quantum entropy. Module 10
has now arrived at the point where all of these structural objects are, in the modern program, the foundations
of spacetime itself.

• Bekenstein–Hawking entropy = von Neumann entropy (7.4) of the black hole.
• Hawking radiation = thermal state (9.1) at the Hawking temperature.
• Information paradox = unitarity constraint (2.5) applied to black hole evaporation.
• Holographic screens = entanglement boundaries (4.x).
• ER = EPR = wormholes ↔ entangled pairs.
• Island formula = quantum extremal surface that computes the Page curve, restoring unitarity.

Quantum gravity is the structural continuation of quantum foundations, not a separate domain. The frontier
runs through the same objects you have been learning to think about.

Mathematical Development
Bekenstein–Hawking entropy

A black hole of horizon area A has entropy

SBH = A

4ℓ2
P

= kBc
3A

4Gℏ .

For a solar-mass black hole, A ≈ 4πR2
s with Rs ≈ 3 km, so SBH ∼ 1077kB — far larger than the thermodynamic

entropy of the star that collapsed to form it. This fact alone requires that spacetime degrees of freedom be
counted differently than matter degrees of freedom.
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Hawking temperature

Hawking radiation has a thermal spectrum at temperature

TH = ℏc3

8πGMkB
.

For a solar-mass black hole TH ∼ 10−7 K — unobservably cold. For a primordial (1012 kg) black hole
TH ∼ 1012 K — the black hole would be exploding now if it existed. Neither is empirically verified, but the
structural prediction is robust.

Page curve

If black hole evaporation is unitary, the entanglement entropy of Hawking radiation follows the Page curve:
it rises as more radiation is emitted, peaks at the Page time (when half the black hole has evaporated), and
decreases back to zero by the time the black hole is fully evaporated. A purely thermal emission process
would give a monotonically increasing entropy, violating unitarity.

The island formula computes the entanglement entropy of Hawking radiation by including “islands” —
regions inside the black hole that are in fact part of the entanglement wedge of the radiation:

S(radiation) = min
island

[
area(∂I)

4Gℏ + Smatter(R ∪ I)
]
.

This formula, derived from the gravitational path integral with replica wormholes, produces the Page curve
automatically. It is the first calculation in four-dimensional gravity that recovers unitarity of black hole
evaporation from first principles.

Ryu–Takayanagi formula

In AdS/CFT, the entanglement entropy of a region A on the boundary equals the area (divided by 4G) of
the minimal surface in the bulk that is homologous to A:

S(A) = Area(γA)
4Gℏ .

This identifies “geometry of the bulk” with “entanglement of the boundary” in a precise, calculable way.
Corrections (quantum extremal surfaces) refine the formula but do not change its structural meaning.

Bousso bound

The covariant entropy bound (Bousso 1999): for any light-sheet L of a spacelike surface B with area A, the
entropy flux through L is at most A/(4Gℏ). This generalizes Bekenstein–Hawking to arbitrary regions of
spacetime and is widely believed to be a constraint any consistent quantum gravity must satisfy.

Worked Example
Black hole information paradox — the sharpened version

Take a star of total quantum state |ψ⟩ (a specific pure state) and let it collapse to form a black hole of mass
M . The black hole then evaporates by emitting Hawking radiation.

Hawking’s 1975 claim. The emitted radiation is thermal — a mixed state at temperature TH . Total state
at the end of evaporation: a thermal state of the radiation with no trace of |ψ⟩. Pure state has become mixed.
Unitarity violated.
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Modern resolution. The emitted radiation appears thermal to any local observer and to any calculation
restricted to a single Hawking pair. But the global state of the radiation retains subtle entanglement structure
that encodes |ψ⟩. The island formula calculates this structure: after the Page time, the entropy of the
radiation starts decreasing because the radiation becomes entangled with itself (early radiation is entangled
with late radiation via the island).

The final radiation state is pure — unitarity is preserved — but decoding |ψ⟩ from it requires operations of
exponential complexity (Harlow–Hayden 2013). In practice the information is irrecoverable; structurally it is
there.

Entanglement and geometry

Take two regions A and B of the boundary CFT in AdS/CFT. Their mutual information I(A : B) is related
to the bulk geometry: if I(A : B) = 0, no bulk region is in the entanglement wedge of both. If I(A : B) > 0,
there is a “bridge” in the bulk connecting the entanglement wedges.

ER = EPR example: two disjoint black holes in the bulk are connected by an Einstein–Rosen bridge
(wormhole) precisely when the CFT states on the two boundaries are entangled. Disconnected CFTs →
disconnected geometry. Maximally entangled CFTs → maximal ER bridge. This is a concrete dictionary
between “quantum correlation” and “geometric connectedness.”

Cross-Links
• 2.6 Schrödinger equation / unitarity — the constraint that quantum gravity must preserve.
• 4.x Entanglement — the structural object identified with geometry in the modern program.
• 7.4 Von Neumann entropy — the quantity computing black hole entropy and Ryu–Takayanagi

areas.
• 9.1 Thermal states — Hawking radiation is a thermal state at TH .
• 10.4 Quantum-to-classical transition — any quantum gravity must reproduce classical GR macro-

scopically.
• 10.5 Measurement problem — open in quantum mechanics; open again in quantum gravity.
• Quantum information theory — provides the dictionary used to phrase and test the entanglement-

geometry correspondence.

Structural Compression
Invariant: Spacetime degrees of freedom scale with area, not volume. Any consistent quantum theory of
gravity must be holographic.

Mechanism: Bekenstein–Hawking entropy bound + AdS/CFT + Ryu–Takayanagi. Entanglement structure
in a boundary theory computes geometric quantities in a bulk theory.

Cross-System Echo: The entire course — Hilbert spaces, entanglement, entropy, thermodynamics — is
being reapplied at the level of spacetime itself. The structural objects you learned as tools for quantum
systems are, in the modern program, the basic furniture of the universe.

Exercises
1. Compute the Bekenstein–Hawking entropy of a solar-mass black hole (M = 2 × 1030 kg, Rs = 3 km) in

bits, and compare to the thermodynamic entropy of the Sun.

2. Derive the Hawking temperature TH = ℏc3/(8πGMkB) as the temperature assigned by the surface
gravity κ = c4/(4GM) via the Unruh formula.
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3. State the Ryu–Takayanagi formula and use it to compute the entanglement entropy of a half-boundary
region in 1+1-dimensional AdS/CFT, recovering the CFT result S(A) = (c/3) log(L/ϵ).

4. Explain the black hole information paradox in three steps: (i) unitarity of quantum mechanics, (ii)
thermal emission of Hawking radiation, (iii) contradiction. Identify the step that the island formula
modifies and say how.

5. Show that the Bousso bound reduces to the Bekenstein bound for a spacelike sphere, and interpret the
covariant version as a constraint on allowed quantum theories of gravity.

6. Sketch the Page curve for black hole evaporation under unitary dynamics, and explain why a purely
thermal emission process cannot produce it.

7. Argue, structurally, why the entanglement-geometry correspondence is a natural continuation of
the formal structures you have learned in this course. Identify which specific quantum-foundational
concepts (from any earlier module) appear in the statement of the Ryu–Takayanagi formula and the
island formula, and explain why none of them are new — they are all objects you have already met.
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