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This is the final node of the Quantum Foundations course, and it sits at the genuine frontier of the formalism.
Quantum mechanics and general relativity have been mutually inconsistent at some structural level for nearly
a century. Quantum mechanics describes matter and energy in a fixed spacetime; general relativity describes
spacetime itself as dynamical. Combining them has resisted every naive attempt, and the tensions surface in
three characteristic places: the ultraviolet (non-renormalizability of perturbative quantum gravity), black
holes (information paradox), and cosmology (the problem of time, vacuum energy, and inflation).

This node does not resolve the problem. It maps the structural landscape of the frontier so that you know
what is known, what is open, and where the current entanglement-geometry program is pointing.

Formal Statement
The incompatibility of quantum mechanics and general relativity is not a single mathematical contradiction;
it is a collection of structural tensions, each pointing at a different gap in the formalism:

UV problem. Perturbative quantization of gµν around a flat background produces a non-renormalizable
field theory: the number of counterterms grows without bound with loop order, and no finite set of input
parameters determines the theory. Any consistent quantum theory of gravity must therefore be either (a)
non-perturbative, (b) UV-complete by a new mechanism (string theory, asymptotic safety, loop quantum
gravity), or (c) only an effective field theory below some cutoff.

Black hole information paradox (Hawking 1975). Black holes formed from a pure state emit Hawking
radiation that appears thermal (maximally mixed). If the evaporation is complete, the final state of the
radiation is thermal and the initial information is lost. This violates unitarity of quantum evolution. Either (i)
information is recovered through subtle correlations in Hawking radiation (the modern entanglement-geometry
answer), (ii) information is truly lost (violating quantum mechanics), or (iii) evaporation halts at a remnant.
Recent results from the island formula (2019–2020, Penington, Almheiri, Maldacena, Engelhardt, and
others) support option (i).

Problem of time in canonical quantum gravity. The Wheeler–DeWitt equation Ĥ|Ψ⟩ = 0 imposes the
Hamiltonian constraint. Since Ĥ is the generator of time translations, the state is time-independent. How
does a time-independent universal wavefunction describe an apparently time-dependent world? Proposed
resolutions: relational time (Page–Wootters), decoherent histories on a superspace, or time as an emergent
phenomenon from entanglement.

Holographic principle (1990s). The number of degrees of freedom in a region of space scales as its
area, not its volume — specifically, at most A/(4ℓ2

P ) bits, where ℓP is the Planck length. This is the
Bekenstein–Hawking bound, made precise by ’t Hooft, Susskind, and Bousso. It is a structural constraint
that any quantum theory of gravity must respect.
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AdS/CFT correspondence (Maldacena 1997). A quantum gravity theory in (d + 1)-dimensional
anti-de-Sitter space is equivalent to a conformal field theory on its d-dimensional boundary. This is the
sharpest realization of holography and has led to concrete quantum-information identifications: spacetime
geometry corresponds to entanglement structure in the boundary theory, and the Ryu–Takayanagi formula
equates minimal surfaces in the bulk with entanglement entropies in the boundary.

Intuition
The structural move of the last two decades is: stop treating space and time as fundamental. Instead,
treat entanglement structure as fundamental and let geometry emerge from it. This is the “it from qubit”
program.

Concretely:

• The area of a surface in spacetime is the entanglement entropy of the degrees of freedom on one
side of it.

• Distances in spacetime are related to how strongly two regions are entangled.
• Black holes are regions of maximal entanglement — the horizon is the boundary of a very-entangled

set of degrees of freedom.
• Wormholes are entanglement between otherwise disconnected regions (Maldacena–Susskind: ER =

EPR, 2013).

If this picture is right, then quantum foundations — which we have spent this course building — is actually
foundational for quantum gravity too, not just for laboratory quantum systems. The same structural objects
(entanglement, density matrices, entropy) that describe qubits in a trap describe the fabric of spacetime itself.

This is speculative but increasingly mathematically precise. The Ryu–Takayanagi formula and its quantum
corrections, the island formula, the ER=EPR proposal, and the recent work on replica wormholes are concrete
calculations in concrete models that work. They are not yet a complete theory of quantum gravity, but they
are sharper hints than any prior program has produced.

Structural Role
10.6 closes the loop of the entire course. Module 1 introduced Hilbert spaces. Module 4 introduced
entanglement. Module 7 introduced quantum information. Module 9 introduced quantum entropy. Module 10
has now arrived at the point where all of these structural objects are, in the modern program, the foundations
of spacetime itself.

• Bekenstein–Hawking entropy = von Neumann entropy (7.4) of the black hole.
• Hawking radiation = thermal state (9.1) at the Hawking temperature.
• Information paradox = unitarity constraint (2.5) applied to black hole evaporation.
• Holographic screens = entanglement boundaries (4.x).
• ER = EPR = wormholes ↔ entangled pairs.
• Island formula = quantum extremal surface that computes the Page curve, restoring unitarity.

Quantum gravity is the structural continuation of quantum foundations, not a separate domain. The frontier
runs through the same objects you have been learning to think about.

Mathematical Development
Bekenstein–Hawking entropy

A black hole of horizon area A has entropy
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SBH = A

4ℓ2
P

= kBc
3A

4Gℏ .

For a solar-mass black hole, A ≈ 4πR2
s with Rs ≈ 3 km, so SBH ∼ 1077kB — far larger than the thermodynamic

entropy of the star that collapsed to form it. This fact alone requires that spacetime degrees of freedom be
counted differently than matter degrees of freedom.

Hawking temperature

Hawking radiation has a thermal spectrum at temperature

TH = ℏc3

8πGMkB
.

For a solar-mass black hole TH ∼ 10−7 K — unobservably cold. For a primordial (1012 kg) black hole
TH ∼ 1012 K — the black hole would be exploding now if it existed. Neither is empirically verified, but the
structural prediction is robust.

Page curve

If black hole evaporation is unitary, the entanglement entropy of Hawking radiation follows the Page curve:
it rises as more radiation is emitted, peaks at the Page time (when half the black hole has evaporated), and
decreases back to zero by the time the black hole is fully evaporated. A purely thermal emission process
would give a monotonically increasing entropy, violating unitarity.

The island formula computes the entanglement entropy of Hawking radiation by including “islands” —
regions inside the black hole that are in fact part of the entanglement wedge of the radiation:

S(radiation) = min
island

[
area(∂I)

4Gℏ + Smatter(R ∪ I)
]
.

This formula, derived from the gravitational path integral with replica wormholes, produces the Page curve
automatically. It is the first calculation in four-dimensional gravity that recovers unitarity of black hole
evaporation from first principles.

Ryu–Takayanagi formula

In AdS/CFT, the entanglement entropy of a region A on the boundary equals the area (divided by 4G) of
the minimal surface in the bulk that is homologous to A:

S(A) = Area(γA)
4Gℏ .

This identifies “geometry of the bulk” with “entanglement of the boundary” in a precise, calculable way.
Corrections (quantum extremal surfaces) refine the formula but do not change its structural meaning.

Bousso bound

The covariant entropy bound (Bousso 1999): for any light-sheet L of a spacelike surface B with area A, the
entropy flux through L is at most A/(4Gℏ). This generalizes Bekenstein–Hawking to arbitrary regions of
spacetime and is widely believed to be a constraint any consistent quantum gravity must satisfy.
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Worked Example
Black hole information paradox — the sharpened version

Take a star of total quantum state |ψ⟩ (a specific pure state) and let it collapse to form a black hole of mass
M . The black hole then evaporates by emitting Hawking radiation.

Hawking’s 1975 claim. The emitted radiation is thermal — a mixed state at temperature TH . Total state
at the end of evaporation: a thermal state of the radiation with no trace of |ψ⟩. Pure state has become mixed.
Unitarity violated.

Modern resolution. The emitted radiation appears thermal to any local observer and to any calculation
restricted to a single Hawking pair. But the global state of the radiation retains subtle entanglement structure
that encodes |ψ⟩. The island formula calculates this structure: after the Page time, the entropy of the
radiation starts decreasing because the radiation becomes entangled with itself (early radiation is entangled
with late radiation via the island).

The final radiation state is pure — unitarity is preserved — but decoding |ψ⟩ from it requires operations of
exponential complexity (Harlow–Hayden 2013). In practice the information is irrecoverable; structurally it is
there.

Entanglement and geometry

Take two regions A and B of the boundary CFT in AdS/CFT. Their mutual information I(A : B) is related
to the bulk geometry: if I(A : B) = 0, no bulk region is in the entanglement wedge of both. If I(A : B) > 0,
there is a “bridge” in the bulk connecting the entanglement wedges.

ER = EPR example: two disjoint black holes in the bulk are connected by an Einstein–Rosen bridge
(wormhole) precisely when the CFT states on the two boundaries are entangled. Disconnected CFTs →
disconnected geometry. Maximally entangled CFTs → maximal ER bridge. This is a concrete dictionary
between “quantum correlation” and “geometric connectedness.”

Cross-Links
• 2.6 Schrödinger equation / unitarity — the constraint that quantum gravity must preserve.
• 4.x Entanglement — the structural object identified with geometry in the modern program.
• 7.4 Von Neumann entropy — the quantity computing black hole entropy and Ryu–Takayanagi

areas.
• 9.1 Thermal states — Hawking radiation is a thermal state at TH .
• 10.4 Quantum-to-classical transition — any quantum gravity must reproduce classical GR macro-

scopically.
• 10.5 Measurement problem — open in quantum mechanics; open again in quantum gravity.
• Quantum information theory — provides the dictionary used to phrase and test the entanglement-

geometry correspondence.

Structural Compression
Invariant: Spacetime degrees of freedom scale with area, not volume. Any consistent quantum theory of
gravity must be holographic.

Mechanism: Bekenstein–Hawking entropy bound + AdS/CFT + Ryu–Takayanagi. Entanglement structure
in a boundary theory computes geometric quantities in a bulk theory.

Cross-System Echo: The entire course — Hilbert spaces, entanglement, entropy, thermodynamics — is
being reapplied at the level of spacetime itself. The structural objects you learned as tools for quantum
systems are, in the modern program, the basic furniture of the universe.
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Exercises
1. Compute the Bekenstein–Hawking entropy of a solar-mass black hole (M = 2 × 1030 kg, Rs = 3 km) in

bits, and compare to the thermodynamic entropy of the Sun.

2. Derive the Hawking temperature TH = ℏc3/(8πGMkB) as the temperature assigned by the surface
gravity κ = c4/(4GM) via the Unruh formula.

3. State the Ryu–Takayanagi formula and use it to compute the entanglement entropy of a half-boundary
region in 1+1-dimensional AdS/CFT, recovering the CFT result S(A) = (c/3) log(L/ϵ).

4. Explain the black hole information paradox in three steps: (i) unitarity of quantum mechanics, (ii)
thermal emission of Hawking radiation, (iii) contradiction. Identify the step that the island formula
modifies and say how.

5. Show that the Bousso bound reduces to the Bekenstein bound for a spacelike sphere, and interpret the
covariant version as a constraint on allowed quantum theories of gravity.

6. Sketch the Page curve for black hole evaporation under unitary dynamics, and explain why a purely
thermal emission process cannot produce it.

7. Argue, structurally, why the entanglement-geometry correspondence is a natural continuation of
the formal structures you have learned in this course. Identify which specific quantum-foundational
concepts (from any earlier module) appear in the statement of the Ryu–Takayanagi formula and the
island formula, and explain why none of them are new — they are all objects you have already met.

Quantum Foundations · Module 10 — Foundations And Open Problems · Node 10.6
Concepts: hilbert-space, entanglement, von-neumann-entropy, information-theory
Prerequisites: 10.5, 2.6

hbar.university — own.your.cognition
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