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Projective Measurements
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Measurement Theory Node: 3.1

This is the foundation node of measurement theory. The Born rule (Node 2.3) gave us what happens when we
measure an observable; this node names the resulting object — a projective measurement — and exposes its
structural anatomy. Generalized measurements (POVMs, Node 3.2) will then weaken this object in a specific,
motivated way.

Formal Definition
A projective measurement (or PVM, projection-valued measure) on a Hilbert space H is a collection of
operators

{Pi}i∈I

with index set I (the set of possible outcomes), satisfying:

1. Projection: P 2
i = Pi for all i.

2. Hermiticity: P †
i = Pi for all i.

3. Orthogonality: PiPj = 0 for i ̸= j.
4. Completeness:

∑
i∈I Pi = I.

When the system is in state |ψ⟩, the probability of outcome i is

p(i) = ⟨ψ|Pi|ψ⟩ = ∥Pi|ψ⟩∥2,

and the post-measurement state, conditional on outcome i, is

|ψ′⟩ = Pi|ψ⟩√
p(i)

.

This last equation is the projection postulate (also called wavefunction collapse).

A projective measurement is associated with an observable A via the spectral decomposition A =
∑
i λiPi: the

eigenvalues λi label the outcomes, and the projectors Pi onto the eigenspaces are the measurement operators.
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Intuition
A projective measurement partitions Hilbert space into mutually orthogonal subspaces. The measurement
asks: which subspace is the state in? The answer is probabilistic, weighted by how much of the state lies
in each subspace, and the post-measurement state is the projection of the original state onto the answered
subspace, renormalized.

The key word is partition. A projective measurement is a yes/no decomposition of Hilbert space into a sum
of orthogonal directions. Every possible outcome carves off one direction, and these directions are mutually
exclusive and collectively exhaustive.

Structural Role
Projective measurements are the textbook quantum measurement and the simplest measurement object.
They are sufficient for:

• All idealized closed-system measurements.
• The Stern–Gerlach experiment and its variants.
• Computational-basis readout in quantum computing.
• The original Born-rule statement in Module 2.

But they are not sufficient for general measurement situations. Whenever a measurement involves an
environment, an ancilla, or noise, the resulting effective measurement on the system of interest is in general
not projective. This is the motivation for POVMs (Node 3.2), and Naimark’s theorem (Node 3.3) will show
that POVMs are exactly projective measurements on a larger system.

Mathematical Development
Probability sums to one

By completeness:

∑
i

p(i) =
∑
i

⟨ψ|Pi|ψ⟩ = ⟨ψ|
∑
i

Pi|ψ⟩ = ⟨ψ|I|ψ⟩ = 1.

Repeated measurement is consistent

Immediately re-measuring the same projective observable yields the same outcome with probability 1. Proof:
after the first measurement, the state is |ψ′⟩ = Pi|ψ⟩/

√
p(i). Then

⟨ψ′|Pj |ψ′⟩ = ⟨ψ|PiPjPi|ψ⟩
p(i) =

{
1 j = i

0 j ̸= i

using PiPj = δijPi. This is the structural reason “wavefunction collapse” is self-consistent.

Expectation values

For an observable A =
∑
i λiPi, the expected outcome is

⟨A⟩ψ =
∑
i

λip(i) =
∑
i

λi⟨ψ|Pi|ψ⟩ = ⟨ψ|A|ψ⟩.

This is the formula that VQA uses to define cost functions.
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Worked Example
Computational-basis measurement of a qubit

Take the observable Z = (+1)|0⟩⟨0| + (−1)|1⟩⟨1|. The associated projective measurement has:

P0 = |0⟩⟨0|, P1 = |1⟩⟨1|.

These satisfy P 2
0 = P0, P 2

1 = P1, P0P1 = 0, and P0 + P1 = I.

Measuring a state |ψ⟩ = α|0⟩ + β|1⟩:

p(0) = ⟨ψ|P0|ψ⟩ = |α|2, p(1) = |β|2.

Conditional on outcome 0, the post-measurement state is |0⟩. Conditional on outcome 1, it is |1⟩. Information
about the original superposition coefficients is lost — only their squared moduli were observable.

Hadamard-basis measurement of the same qubit

Take the observable X = (+1)|+⟩⟨+| + (−1)|−⟩⟨−| where |±⟩ = (|0⟩ ± |1⟩)/
√

2. Measuring the same
|ψ⟩ = α|0⟩ + β|1⟩:

⟨+|ψ⟩ = α+ β√
2
, p(+) = |α+ β|2

2 .

This probability depends on the relative phase between α and β. The same state, measured in two different
bases, exposes different information — a structural feature of quantum mechanics that is responsible for
things like the BB84 protocol and the entire story of complementarity.

Cross-Links
• Linear Algebra: Orthogonal projection onto subspaces; spectral theorem.
• Statistics: A projective measurement is a partition of an outcome space; the Born rule attaches

probabilities. The non-commutative structure is what differs.
• VQA: Cost-function evaluation reduces to repeated projective measurements in the computational

basis.
• Quantum Information: All measurement-based protocols (BB84, teleportation, etc.) use projective

measurements as primitives.

Structural Compression
Invariant: A projective measurement is a complete orthogonal decomposition of identity into projectors;
outcome probabilities sum to 1 by construction.

Mechanism: {Pi} with P 2
i = Pi = P †

i , PiPj = 0 for i ̸= j,
∑
i Pi = I.

Cross-System Echo: Indicator functions on a partition of a sample space play exactly this role classically.
The non-commutativity of projectors in different bases is what makes the quantum case structurally distinct.
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Exercises
1. Verify that for P0 = |0⟩⟨0|, P1 = |1⟩⟨1| on C2, all four PVM axioms hold.
2. Show that for any observable A =

∑
i λiPi, the expectation value formula ⟨A⟩ = ⟨ψ|A|ψ⟩ follows from

the Born rule.
3. Construct a projective measurement on C3 with outcome set {1, 2} where one projector has rank 2.
4. Show that projective measurements with the same projectors but different outcome labels are opera-

tionally equivalent up to a relabeling of the classical outcome register.
5. Argue why two projective measurements in mutually unbiased bases (e.g., Z and X on a qubit) cannot

be performed simultaneously without disturbance.
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POVMs — Positive Operator-Valued Measures
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Measurement Theory Node: 3.2

POVMs generalize projective measurements (Node 3.1) by dropping the orthogonality requirement. They
are the right object whenever the measurement involves an ancilla, an environment, or finite resolution —
in other words, every realistic laboratory measurement. Naimark’s theorem (Node 3.3) will then show that
POVMs are not a new postulate but a derived consequence of projective measurement on a larger system.

Formal Definition
A positive operator-valued measure (POVM) on a Hilbert space H with outcome set I is a collection of
operators

{Ei}i∈I

satisfying:

1. Positivity (semi-definiteness): Ei ⪰ 0, i.e. ⟨ψ|Ei|ψ⟩ ≥ 0 for all |ψ⟩.
2. Completeness:

∑
i∈I Ei = I.

The operators Ei are called POVM elements or effects. The Born rule for a POVM state |ψ⟩ is

p(i) = ⟨ψ|Ei|ψ⟩,

or more generally, for a density operator ρ (Node 5.1),

p(i) = Tr(Eiρ).

Two axioms are explicitly not imposed:

• E2
i ̸= Ei in general (the effects need not be projections).

• EiEj ̸= 0 in general (different effects need not commute or be orthogonal).

A projective measurement (Node 3.1) is the special case in which the effects are mutually orthogonal
projections.

Kraus operators and post-measurement states

A POVM specifies only the outcome probabilities. To describe the post-measurement state, one needs a
further choice of Kraus operators (measurement operators): a collection {Mi} with Ei = M†

iMi. Many
different Kraus decompositions of the same POVM exist. Once {Mi} is fixed, the post-measurement state
conditional on outcome i is

|ψ′⟩ = Mi|ψ⟩√
p(i)

, ρ′ = MiρM
†
i

p(i) .

For a projective measurement, Mi = Pi, and this recovers the collapse rule of Node 3.1.
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Intuition
A projective measurement asks a sharp question with mutually exclusive answers. A POVM asks a fuzzy
question: each answer corresponds to a direction in Hilbert space, but the directions may overlap, and the
same state can contribute to multiple answers.

The paradigmatic setting is this. You couple your system to an ancilla, perform a unitary interaction that
entangles them, and then do a projective measurement on the ancilla (or on the combined system). What
you observe, restricted to the system alone, is not a projective measurement — it is a POVM. The “fuzziness”
is the informational residue of what happened on the ancilla.

POVMs are strictly more permissive than projective measurements in two ways:

1. More outcomes than dimensions. A projective measurement on a d-dimensional Hilbert space has
at most d outcomes. A POVM can have arbitrarily many — you can have a POVM on C2 with four,
six, or infinitely many outcomes.

2. Non-orthogonal extraction. You can “partially” measure a state against non-orthogonal alternatives,
something projective measurements structurally cannot do.

The tradeoff is that the post-measurement state is not uniquely specified by the POVM alone, because the
effects carry only enough information to reproduce outcome probabilities.

Structural Role
POVMs are the most general measurement object consistent with the Born rule and probability conservation.
Everything you can measure on a quantum system is either a POVM directly or can be expressed as one.

• Naimark’s theorem (3.3): every POVM is a projective measurement on a larger system. POVMs
are not a new postulate; they are the image of projective measurements under the partial trace over an
ancilla.

• Quantum channels (7.3): a channel is a completely positive trace-preserving map; Kraus operators of
a channel can be viewed as “POVM elements plus post-measurement states” for an unread measurement.

• State discrimination: when distinguishing non-orthogonal quantum states, optimal protocols use
POVMs, not projective measurements. The Helstrom bound is achieved by a specific POVM.

• Quantum tomography: reconstructing an unknown state requires an informationally complete
POVM, a set {Ei} that spans the operator space.

• VQA: shot-noise estimates of cost functions can be modelled as POVMs whose elements encode both
the observable being estimated and the noise model of the hardware.

Mathematical Development
Positivity is not the same as Hermiticity

A positive operator is automatically Hermitian (positivity =⇒ real expectation values =⇒ self-adjointness
in finite dimensions). The converse fails: a Hermitian operator with a negative eigenvalue is not positive.
POVMs therefore select a strict subset of Hermitian operators.

Probabilities sum to one

By completeness,

∑
i

p(i) =
∑
i

⟨ψ|Ei|ψ⟩ = ⟨ψ|

(∑
i

Ei

)
|ψ⟩ = ⟨ψ|I|ψ⟩ = 1.
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Non-negativity of p(i) follows from positivity of Ei.

Informational completeness

A POVM {Ei} on a d-dimensional Hilbert space is informationally complete if its elements span the real
vector space of Hermitian operators, which has dimension d2. In that case, the outcome probabilities of a
single POVM determine the full state ρ uniquely. The minimum number of POVM elements for informational
completeness is d2; such a POVM is called a minimal informationally complete (MIC) POVM. For d = 2
(a qubit), a MIC POVM has four elements — one more than the three rank-one projectors associated with
any Pauli measurement.

SIC-POVMs

A symmetric informationally complete POVM (SIC-POVM) is a MIC POVM whose elements are
rank-one operators Ei = 1

d |ϕi⟩⟨ϕi| with |⟨ϕi|ϕj⟩|2 = 1
d+1 for i ≠ j. Existence of SIC-POVMs in every finite

dimension is an open problem in the foundations of quantum mechanics, though explicit examples are known
up to d ≈ 150 and a proof exists in low dimensions. SIC-POVMs play a central role in QBism (Node 6.5).

Post-measurement state ambiguity

The effects Ei determine outcome probabilities but not post-measurement states. Given Ei, any Kraus
operator of the form Mi = Ui

√
Ei with Ui unitary satisfies M†

iMi = Ei. The unitary freedom Ui is the
“feedback/relabelling freedom” — physically, different apparatuses can realize the same POVM while leaving
the post-measurement state in different places.

Worked Example
The trine POVM on a qubit

The trine POVM is a set of three rank-one effects on C2 pointing at the three vertices of an equilateral
triangle in the xz-plane of the Bloch sphere:

Ei = 2
3 |ϕi⟩⟨ϕi|, i ∈ {1, 2, 3},

where

|ϕ1⟩ = |0⟩, |ϕ2⟩ = 1
2 |0⟩ +

√
3

2 |1⟩, |ϕ3⟩ = 1
2 |0⟩ −

√
3

2 |1⟩.

Verify completeness. Each projector is |ϕi⟩⟨ϕi|; the sum is

3∑
i=1

|ϕi⟩⟨ϕi| =
(

1 + 1
4 + 1

4

√
3

4 −
√

3
4√

3
4 −

√
3

4
3
4 + 3

4

)
=
( 3

2 0
0 3

2

)
= 3

2I.

Multiplying by 2
3 gives

∑
iEi = I as required.

The trine is not a projective measurement: it has three outcomes on a two-dimensional Hilbert space, and no
three nontrivial projections on C2 can be mutually orthogonal.
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Application: unambiguous discrimination

Suppose an unknown state is guaranteed to be one of two non-orthogonal states |ψ1⟩, |ψ2⟩. A projective
measurement cannot distinguish them without error. But a three-outcome POVM can: outcomes 1 and 2
conclusively identify the state (no error), and outcome 3 reports “don’t know” (abstention).

For |ψ1⟩ = |0⟩ and |ψ2⟩ = |+⟩, the optimal unambiguous discrimination POVM has elements

E1 ∝ I − |ψ2⟩⟨ψ2|, E2 ∝ I − |ψ1⟩⟨ψ1|, E3 = I − E1 − E2.

The probability of abstaining is |⟨ψ1|ψ2⟩| = 1/
√

2; when the POVM reports a definite outcome it is always
correct. This is strictly impossible with a projective measurement.

Cross-Links
• Statistics: A POVM is a generalized observation model — a noisy channel from hidden state to

observed outcome, analogous to the emission distribution of a hidden Markov model.
• Quantum Information: State discrimination, quantum tomography, and entanglement detection all

rely on POVMs rather than projective measurements.
• VQA: Cost-function measurement with realistic hardware noise is modelled as a POVM over the target

observable’s eigenbasis.
• Module 6 (Interpretations): SIC-POVMs and QBism — POVMs are the representational primitive

of the QBist interpretation.
• Module 7 (Quantum Channels): Kraus operators of a channel are the “unread” version of a

POVM’s measurement operators.

Structural Compression
Invariant: Positive operators summing to the identity, with Born-rule probabilities given by expectation
values.

Mechanism: Drop orthogonality and idempotence from the projective-measurement axioms, keeping only
positivity and completeness.

Cross-System Echo: Generalized observation models in statistics replace deterministic functions of hidden
state with probabilistic emissions; POVMs are the quantum version, where the “emission” is constrained only
by positivity of operators.

Exercises
1. Verify that every projective measurement is a POVM. Show that the converse fails by exhibiting a

POVM whose elements are not all projections.
2. Show that a POVM on a d-dimensional Hilbert space with only d outcomes, and whose elements all

have rank one, is automatically a projective measurement.
3. Verify the completeness of the trine POVM above by direct matrix calculation.
4. Construct a four-element POVM on C2 whose elements are rank-one and span the space of 2 × 2

Hermitian matrices. (Hint: use the four vertices of a tetrahedron inscribed in the Bloch sphere.) This
is the qubit SIC-POVM.

5. Given the POVM {E1 = 1
2 |0⟩⟨0|, E2 = 1

2 |1⟩⟨1|, E3 = 1
2 |+⟩⟨+|, E4 = 1

2 |−⟩⟨−|}, show that
∑
iEi = I

and that the POVM is informationally complete.
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6. Let {Mi} be a Kraus decomposition of a POVM with Ei = M†
iMi. Show that replacing each Mi by UiMi

for arbitrary unitaries Ui leaves the outcome probabilities unchanged but alters the post-measurement
states. Interpret the unitaries as “feedback choices.”

7. Explain, structurally, why no projective measurement on C2 can have three rank-one outcomes, and
hence why the trine POVM is genuinely a generalization of projective measurement.
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Naimark’s Dilation Theorem
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Measurement Theory Node: 3.3

Naimark’s theorem says POVMs are not really new objects. Every POVM on a system is a projective
measurement on a larger system that includes an ancilla. The theorem closes the structural loop opened in
Node 3.2: projective measurements remain the fundamental measurement primitive, and POVMs are their
image under partial trace. It is the measurement-theoretic analogue of Stinespring dilation for channels
(Node 7.3).

Formal Statement
Theorem (Naimark). Let {Ei}ni=1 be a POVM on a Hilbert space HS . Then there exist:

• an auxiliary Hilbert space HA (ancilla),
• a fixed ancilla state |0⟩A ∈ HA,
• a unitary operator U on HS ⊗ HA,
• a projective measurement {Pi}ni=1 on HS ⊗ HA,

such that for every state |ψ⟩ ∈ HS and every outcome i,

⟨ψ|Ei|ψ⟩ = ⟨ψ ⊗ 0A|U†PiU |ψ ⊗ 0A⟩.

Equivalently, if V : HS → HS ⊗ HA is the isometry V |ψ⟩ := U(|ψ⟩ ⊗ |0⟩A), then V †V = IS and

Ei = V †PiV.

The minimal dimension of the ancilla is dim HA ≤ n, where n is the number of POVM outcomes.

Intuition
Every POVM is the shadow of a projective measurement cast onto a subsystem.

Operationally: you perform a POVM on a system by coupling it to an auxiliary “meter” (ancilla), turning on
an interaction (unitary), and then doing a sharp projective measurement on the combined system-plus-meter.
What you call the “POVM outcome on S” is really the outcome of a projective measurement on S ⊗A, with
A silently traced over.

The fuzziness of POVMs — non-orthogonal effects, more outcomes than system dimensions — is therefore
not a fundamental feature of measurement but a consequence of ignoring part of the apparatus. Add the
ignored part back, and you recover a perfectly sharp projective measurement.

This is the structural statement that projective measurement is the fundamental measurement primitive
of quantum mechanics. POVMs are convenient, necessary, and unavoidable in practice, but they are not
independent of the basic postulates.
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Structural Role
Naimark closes the loop opened by POVMs:

• Before Naimark: POVMs might seem to require a new measurement postulate, because projective
measurements cannot produce non-orthogonal effects.

• After Naimark: POVMs are derived objects. The measurement postulate of the course remains
projective measurement; POVMs emerge from ignoring degrees of freedom.

Downstream consequences:

• Quantum channels (Node 7.3). Every CPTP map is a unitary on a larger space followed by a
partial trace — Stinespring dilation, the direct analogue of Naimark at the level of state dynamics.

• Open systems (Module 8). Markovian master equations are derived by Naimark-like reductions:
couple system to environment, evolve unitarily, trace out the environment, and extract an effective
dynamics.

• Interpretations (Module 6). Naimark is invoked by “unitary only” interpretations (Many-Worlds,
consistent histories) to argue that measurement is not a separate physical process but a feature of
viewing a larger unitary evolution from one subsystem’s perspective.

Mathematical Development
Construction of the isometry

Given POVM {Ei}ni=1 on HS with dim HS = d, define the ancilla HA = Cn with orthonormal basis {|i⟩A}ni=1.

Take square roots: let Mi :=
√
Ei, so M†

iMi = Ei. Define the linear map

V : HS → HS ⊗ HA, V |ψ⟩ :=
n∑
i=1

Mi|ψ⟩ ⊗ |i⟩A.

V is an isometry. Compute

⟨V ψ|V ϕ⟩ =
∑
i,j

⟨ψ|M†
iMj |ϕ⟩⟨i|j⟩A =

∑
i

⟨ψ|M†
iMi|ϕ⟩ =

∑
i

⟨ψ|Ei|ϕ⟩ = ⟨ψ|ϕ⟩,

using the completeness of the POVM in the last step. Therefore V †V = IS .

The projective measurement on the dilated space

Define projectors Pi := IS ⊗ |i⟩⟨i|A. These satisfy P †
i = Pi, P 2

i = Pi, PiPj = 0 for i ≠ j, and
∑
i Pi = IS ⊗ IA

— a projective measurement.

Recovery of POVM probabilities

For any |ψ⟩ ∈ HS :

⟨V ψ|Pi|V ψ⟩ = ⟨V ψ|(IS ⊗ |i⟩⟨i|A)|V ψ⟩.

Substituting V |ψ⟩ =
∑
jMj |ψ⟩ ⊗ |j⟩A:

=
∑
j,k

⟨ψ|M†
jMk|ψ⟩⟨j|i⟩A⟨i|k⟩A = ⟨ψ|M†

iMi|ψ⟩ = ⟨ψ|Ei|ψ⟩.

Probability on the dilated space agrees with the POVM probability on the original space.
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Extending V to a unitary

An isometry V : HS → HS ⊗ HA with dim(HS ⊗ HA) ≥ dim HS extends to a unitary U on HS ⊗ HA by
picking an arbitrary completion of its range to an orthonormal basis of the codomain. Physically, the unitary
U describes the interaction between system and ancilla that prepares the state V |ψ⟩ from the factorized
initial state |ψ⟩ ⊗ |0⟩A.

Minimality

The ancilla dimension n (number of POVM outcomes) is the generic requirement. When POVM effects have
special structure (e.g., all rank one), smaller dilations exist. The minimal dilation is unique up to unitary
equivalence on the ancilla — the measurement-theoretic counterpart of the fact that Stinespring dilation is
unique up to isometry on the environment.

Worked Example
The trine POVM as a projective measurement on a dilated space

Recall the qubit trine POVM (Node 3.2) with three rank-one effects:

Ei = 2
3 |ϕi⟩⟨ϕi|, i = 1, 2, 3.

The system Hilbert space is HS = C2; the POVM has three outcomes, so we need a three-dimensional ancilla
HA = C3. The combined space is HS ⊗ HA

∼= C6.

Kraus operators. Set Mi :=
√

2/3 |ϕi⟩⟨ϕi|, so M†
iMi = 2

3 |ϕi⟩⟨ϕi| = Ei.

Isometry.

V |ψ⟩ =
3∑
i=1

Mi|ψ⟩ ⊗ |i⟩A =
√

2
3

3∑
i=1

⟨ϕi|ψ⟩ |ϕi⟩ ⊗ |i⟩A.

For |ψ⟩ = |0⟩, ⟨ϕ1|0⟩ = 1, ⟨ϕ2|0⟩ = 1
2 , ⟨ϕ3|0⟩ = 1

2 , and the isometry places the system in a genuinely entangled
state on C6. A projective measurement of the ancilla register then produces outcome i with probability
⟨0|Ei|0⟩, matching the POVM.

A two-outcome POVM

For a two-outcome POVM with effects E0, E1 = I − E0, a qubit ancilla suffices. The isometry is

V |ψ⟩ =
√
E0|ψ⟩ ⊗ |0⟩A +

√
E1|ψ⟩ ⊗ |1⟩A.

Measuring the ancilla in its computational basis performs the POVM on the system. This is the generic
construction used in quantum tomography when a qubit ancilla is available.

Cross-Links
• Linear Algebra: Isometric embeddings; operator square roots; polar decomposition.
• Quantum Information: Stinespring dilation (Node 7.3) — the channel-level analogue of Naimark.

Same structural move: “represent a generalized operation on a subsystem as a unitary on a larger
system followed by a projection or trace.”
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• Module 8 (Open Systems): System-plus-environment unitary dynamics followed by partial trace
generates Lindblad dynamics — a dynamical Naimark dilation.

• Module 6 (Interpretations): “Measurement as unitary entanglement with a meter” is the interpretive
reading of Naimark used by Many-Worlds and Wigner’s friend arguments.

• Module 5 (Decoherence): Environment-induced decoherence is Naimark dilation with the unmea-
sured ancilla being the environment degrees of freedom.

Structural Compression
Invariant: Every POVM on a system is a projective measurement on a larger system.

Mechanism: Isometric embedding V : HS → HS ⊗ HA with Ei = V †PiV , extendable to a unitary on the
combined space.

Cross-System Echo: Stinespring dilation for channels, Sz.-Nagy dilation for contractions, and the general
pattern “a morphism in a smaller category is a piece of a nicer morphism in a larger category.” In each case,
the smaller category’s generalized objects are derived by restriction, not by adding a new postulate.

Exercises
1. Verify directly that the map V : HS → HS ⊗ HA defined by V |ψ⟩ =

∑
iMi|ψ⟩ ⊗ |i⟩A is an isometry

when
∑
iM

†
iMi = IS .

2. Show that an isometry V : H1 → H2 with dim H2 ≥ dim H1 can always be extended to a unitary on
H2 (possibly after enlarging the domain to H2 with an auxiliary input).

3. Construct the Naimark dilation explicitly for a two-outcome qubit POVM E0 = 3
4 |0⟩⟨0| + 1

4 |1⟩⟨1|,
E1 = I − E0. Write V as a 4 × 2 matrix and extend it to a 4 × 4 unitary.

4. Show that when a POVM is already a projective measurement, the Naimark dilation is trivial: the
ancilla can be one-dimensional and V is the identity on HS .

5. Let {Ei} be an informationally complete POVM on C2 with four rank-one elements. Construct a
Naimark dilation and identify the dimension of the minimal ancilla.

6. Explain why the Naimark dilation makes POVMs “consistent with” rather than “additional to” the
standard measurement postulate. What are the implications for interpretations that deny the reality of
wavefunction collapse?

7. State and prove the analogue of Naimark’s theorem for density-matrix inputs: given a POVM {Ei}
and a state ρ, express Tr(Eiρ) as the outcome probability of a projective measurement on ρ⊗ |0⟩⟨0|A
after unitary evolution.
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Quantum Non-Demolition Measurement
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Measurement Theory Node: 3.4

A quantum non-demolition (QND) measurement is one whose back-action does not disturb the very quantity
being measured. It is the closest quantum mechanics gets to a classical-style reading of an observable — “look
and see” without perturbing what you looked at. QND measurements are the structural resource behind
continuous monitoring, feedback control, and gravitational-wave detection.

Formal Definition
Let S be a system coupled to a meter M via an interaction Hamiltonian Hint. A measurement of an observable
AS of the system by the meter is quantum non-demolition (QND) with respect to AS if:

1. Back-action preservation. [AS , Hint] = 0. The interaction that transfers information about AS to
the meter does not change AS .

2. Self-compatibility across times. [AS(t), AS(t′)] = 0 for all measurement times t, t′. The observable
at different times commutes with itself — any free evolution of the system between measurements does
not mix AS with non-commuting observables.

The second condition is automatic if [AS , HS ] = 0, i.e. if AS is a conserved quantity of the free system
Hamiltonian. In that case AS(t) = AS in the Heisenberg picture (Node 2.4), and the QND condition reduces
to “the meter couples to a conserved observable.”

Equivalently, in the Heisenberg picture, a QND observable satisfies

AS(t) = U†
SM (t)ASUSM (t) = AS ,

where USM is the joint system–meter evolution.

Consequence. Repeated QND measurements of AS produce the same outcome. The first measurement
projects the system into an eigenstate of AS ; subsequent QND measurements do not disturb that eigenstate
and therefore reproduce the outcome deterministically.

Intuition
A projective measurement always disturbs something — by the measurement postulate, the state is projected
into an eigenspace of the measured observable. The question is what is disturbed. If the state was already in
an eigenstate of A, the projection does nothing; otherwise, it collapses the component along the measured
axis but leaves orthogonal components free to be disturbed.

A QND measurement of A is a measurement that disturbs only the conjugate observables of A, not A itself.
You pay the measurement-disturbance cost in some other variable. This is the best you can do in quantum
mechanics: you cannot make a measurement that disturbs nothing, but you can choose which variable absorbs
the disturbance.

The price is that you must engineer your coupling to commute with the observable you care about. This is
non-trivial: most natural system–meter couplings are energy-exchange interactions that disturb amplitude
and phase together, and building a QND coupling is a deliberate experimental design.
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Structural Role
QND measurements occupy a specific niche between projective measurement (instantaneous, strong) and
weak continuous monitoring (Node 3.5):

• Continuous monitoring (Node 8.4, stochastic master equations): QND measurements, taken repeat-
edly at short intervals, produce a classical record of the QND observable’s trajectory without disturbing
it. This is the structural foundation of quantum trajectory theory.

• Feedback control: a QND measurement gives a reliable instantaneous readout that can feed back
into a control loop. Non-QND measurements would perturb the control variable itself.

• Quantum error correction: stabilizer measurements in error correction (Node 8.6) are QND with
respect to the stabilizers — this is why they can be repeated without disturbing the logical information.

• Precision metrology: gravitational-wave detectors and atomic clocks rely on QND measurements to
push readout noise below the standard quantum limit.

• Conservation laws ↔ QND observables. A conserved observable (one that commutes with the
Hamiltonian, Node 2.6) is always a candidate for QND measurement, because its Heisenberg-picture
time dependence is trivial.

Mathematical Development
Necessary and sufficient conditions

Let H = HS +HM +Hint be the total Hamiltonian of system plus meter. The Heisenberg equation gives

dAS
dt

= i

ℏ
[H,AS ] = i

ℏ
[HS , AS ] + i

ℏ
[Hint, AS ].

For AS(t) to be constant under the joint evolution, both terms must vanish:

[HS , AS ] = 0 and [Hint, AS ] = 0.

The first is the conservation condition (Node 2.6). The second is the QND coupling condition — the
system–meter interaction must commute with the observable under measurement.

Back-action is redirected, not removed

The total Hamiltonian still generates unitary evolution, so back-action exists — it is simply localized away
from AS . Specifically, any observable BS with [BS , AS ] ̸= 0 is in general disturbed:

dBS
dt

= i

ℏ
[Hint, BS ] ̸= 0 when [Hint, AS ] = 0.

QND measurement transfers the “measurement cost” from A onto its non-commuting conjugates. This is an
explicit version of the uncertainty principle as a design principle.

Iterated QND measurements and the projection chain

Starting from a state |ψ⟩ that is not an AS-eigenstate, the first QND measurement yields outcome λi with
probability ∥Pi|ψ⟩∥2 and leaves the system in Pi|ψ⟩/∥Pi|ψ⟩∥, an AS-eigenstate. Every subsequent QND
measurement of AS returns λi with probability one and leaves the state unchanged. In this sense QND
measurement “locks in” an eigenvalue, then reports it arbitrarily many times without further disturbance.
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Contrast with non-QND measurement

If instead [Hint, AS ] ̸= 0, the interaction shifts AS during the measurement, and repeated measurements do
not yield the same outcome — they sample a distribution whose width grows with measurement strength.
This is the standard behaviour of energy-exchange couplings.

Worked Example
Photon-number QND via cross-Kerr coupling

A standard QND scheme for measuring the photon number N̂ = a†a in a cavity uses a dispersive coupling to
an atom (probe). The interaction Hamiltonian is

Hint = ℏχ N̂ ⊗ σprobe
z ,

with χ the dispersive coupling strength. Check the QND condition:

[Hint, N̂ ] = ℏχ[N̂ , N̂ ] ⊗ σprobe
z = 0.

The coupling is diagonal in the number basis of the cavity. An atom passing through the cavity picks up a
phase e−iχNτσz proportional to the photon number, without absorbing or emitting photons. A subsequent
measurement of the atomic phase reads out N ; the photon number in the cavity is unchanged, and the
measurement can be repeated.

LIGO: mirror position QND in principle

Gravitational-wave detectors measure the position difference of end mirrors via the phase of interfering laser
beams. Naive position measurement is not QND: [Hint, x̂] ̸= 0 because the photon radiation-pressure force
acts on momentum, and momentum and position are conjugate. The standard quantum limit ∆x∆p ≥ ℏ/2
follows. QND variants — “speed meters,” “variational readout,” “squeezed light” — redesign the interaction
so that the disturbance is pushed entirely into the phase quadrature, leaving the measured quadrature
uncorrupted.

Qubit Z-measurement via ancilla phase-kickback

For a qubit observable Z, a QND readout couples the qubit to an ancilla via Hint = g ZS ⊗ XA. This
commutes with ZS , so the measurement is QND with respect to ZS . The ancilla picks up a ZS-dependent
rotation; reading the ancilla then projects onto ZS-eigenstates without disturbing that observable. This is
the design behind dispersive qubit readout in circuit QED.

Cross-Links
• Module 2.6 (Symmetries): Conserved observables (those commuting with HS) are automatically

candidates for QND measurement. The two structural conditions align.
• VQA: Repeated cost-function evaluation needs the cost observable to be (approximately) QND under

the measurement scheme; otherwise each shot disturbs the next one.
• Module 8 (Open Systems): Continuous QND measurement, stochastically averaged, generates

quantum trajectories and stochastic master equations (Node 8.4).
• Module 7 (Error Correction): Stabilizer measurements must be QND with respect to the stabilizer

group; this is the requirement that error syndromes can be extracted without disturbing the encoded
logical state.
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• Systems Thinking: “Measure without perturbing” is the canonical control-theory desideratum; QND
makes it precise in the quantum case.

Structural Compression
Invariant: A measurement is QND with respect to A if and only if the system–meter interaction commutes
with A.

Mechanism: [A,Hint] = 0 ensures the Heisenberg-picture value of A is preserved under the joint evolution.

Cross-System Echo: Conserved quantities in classical mechanics are unaffected by dynamical perturbations
that commute (in the Poisson-bracket sense) with them; QND measurement is the same invariance condition
applied to the measurement interaction, not to free evolution.

Exercises
1. Show that if [A,Hint] = 0 and [A,HS ] = 0, then A is conserved under the joint system–meter evolution.
2. Verify the QND condition for the photon-number couplingHint = ℏχN̂⊗σz. Show that the corresponding

measurement of the cavity mode preserves N̂ and gives outcome N with probability equal to the initial
photon-number distribution.

3. Show that a position–momentum coupling Hint = gx̂S p̂M is QND with respect to x̂S but not with
respect to p̂S . What is the back-action on p̂S?

4. Construct a QND scheme for measuring X on a qubit, by designing an interaction Hint that commutes
with XS .

5. A qubit with Hamiltonian HS = (ℏω/2)X is coupled to a meter via Hint = gZS ⊗ σMz . Is the
measurement of ZS QND? (Hint: check both conditions.)

6. Explain why a classical measurement (pointer needle pointing at a dial) can in principle be QND
with zero back-action, and why the quantum case always has back-action somewhere (even in QND
measurements).

7. Argue, structurally, why stabilizer measurements in quantum error correction must be QND with
respect to the stabilizer group if the scheme is to preserve the encoded logical state.
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Weak Measurement
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Measurement Theory Node: 3.5

Weak measurement extracts a small amount of information per shot in exchange for proportionally small
disturbance to the state. It is a controlled trade-off between measurement strength and back-action,
parameterized continuously from “no measurement at all” (identity POVM) to “full projective measurement”
(strong limit). Weak measurement is the bridge between the sharp collapses of Node 3.1 and the continuous
monitoring dynamics of Module 8.

Formal Definition
A weak measurement is a POVM whose elements are small perturbations of the identity. Concretely, a
two-outcome weak measurement of an observable A has POVM elements

E± = 1
2 (I ± ϵA)

for a small real parameter ϵ ≪ 1 (and ∥ϵA∥ < 1 to ensure positivity). Positivity requires |ϵλi| < 1 for all
eigenvalues λi of A; completeness E+ + E− = I is automatic.

The Kraus operators are M± =
√
E±, and for small ϵ,

M± ≈ 1√
2

(
I ± ϵ

2A+O(ϵ2)
)
.

Outcome probabilities. For a state |ψ⟩,

p± = ⟨ψ|E±|ψ⟩ = 1
2 (1 ± ϵ⟨A⟩ψ).

The difference p+ − p− = ϵ⟨A⟩ψ carries the information about ⟨A⟩ extracted in one shot.

Post-measurement state. To leading order in ϵ,

|ψ′
±⟩ = M±|ψ⟩

√
p±

= |ψ⟩ ± ϵ
2 (A− ⟨A⟩ψ)|ψ⟩ +O(ϵ2).

The state is perturbed by an amount proportional to ϵ, localized along the direction (A−⟨A⟩)|ψ⟩ — orthogonal
to |ψ⟩ at leading order.

Information–disturbance scaling

• Information per shot. The distinguishability of the two outcomes is |p+ − p−| = O(ϵ). Estimating
⟨A⟩ from N shots has standard deviation ∼ 1/(ϵ

√
N).

• Disturbance per shot. The change in state ∥|ψ′⟩ − |ψ⟩∥ = O(ϵ).

To extract the same amount of information as a strong measurement (ϵ = 1), a weak measurement requires
N ∼ 1/ϵ2 shots. But the per-shot disturbance is O(ϵ), so aggregated disturbance over N shots is O(

√
Nϵ2) =

O(1) — the weak measurement does not suddenly become “free.” What is purchased is the distribution of
the disturbance over many shots, which is essential when one wants to monitor a state continuously without
projecting it.

18



Intuition
A weak measurement is “barely looking.” You learn a little about the observable and disturb the state a
little. The amount you learn is O(ϵ); the amount you disturb is also O(ϵ). The ratio — information-gained
per disturbance — is roughly constant across measurement strengths, which is the structural content of the
information–disturbance tradeoff.

Three limits are worth keeping in mind:

• ϵ → 0: no information, no disturbance. The POVM reduces to E± = I/2 — a trivial measurement that
returns a fair coin.

• ϵ = 1 (for a ±1 observable): the POVM becomes projective E± = (I ± A)/2. This is a strong,
projective measurement with full disturbance.

• Intermediate ϵ: a tunable fraction of the information is extracted, with a proportionally smaller
disturbance.

Weak measurement therefore continuously interpolates between “no measurement” and “projective measure-
ment,” and its integrated limit over many small steps is continuous monitoring — the dynamics of Module
8’s quantum trajectories.

Structural Role
Weak measurement serves three structural purposes in the course:

1. Bridges discrete and continuous measurement. A single strong measurement is discrete in time;
a sequence of weak measurements with ϵ → 0 and shot rate → ∞ approaches a continuous measurement
record. This limit generates the stochastic master equations and quantum trajectories of Node 8.4.

2. Defines the information–disturbance tradeoff. Weak measurement is the explicit setting in which
the tradeoff can be written as an identity rather than an inequality: information scales as ϵ2, disturbance
as ϵ, and the ratio is a structural invariant of the POVM.

3. Licenses weak values (Aharonov–Albert–Vaidman). Combined with post-selection, weak mea-
surement gives operational meaning to the weak value, a complex number that can lie outside the
spectrum of the observable. Weak values are interpretively contested but experimentally realized.

Weak measurement is also the workhorse of VQA cost estimation. Each shot of a VQA circuit is a single-sample
estimate of an observable expectation; averaging many shots is a weak estimation of ⟨H⟩, and shot-noise
∼ 1/

√
N is the structural residue of the O(ϵ) per-shot information scaling.

Mathematical Development
Weak value (Aharonov–Albert–Vaidman)

Given an initial (pre-selected) state |ψi⟩ and a final (post-selected) state |ψf ⟩, the weak value of an observable
A is

w⟨A⟩ := ⟨ψf |A|ψi⟩
⟨ψf |ψi⟩

.

This can be a complex number, and its real and imaginary parts can lie well outside the spectrum of A. It is
what a weak-measurement-plus-post-selection experiment reads out as the average pointer displacement.

Physically: prepare |ψi⟩, perform a weak measurement of A (small disturbance), then perform a strong
projective measurement onto |ψf ⟩ and discard all shots where the final outcome is |ψ⊥

f ⟩. The conditional
average of the weak-measurement pointer is Rew⟨A⟩. Non-conventional (complex, out-of-spectrum) weak
values occur when |⟨ψf |ψi⟩| is small — post-selection amplifies the signal.
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Information gain per shot

Define the Kullback–Leibler divergence between the shot’s outcome distribution and a uniform reference. To
leading order in ϵ,

DKL
(
p ∥ 1

2
)

= 1
2ϵ

2⟨A⟩2
ψ +O(ϵ4).

Information gain is quadratic in the weakness parameter. This is the scaling behind the N ∼ 1/ϵ2 shot
requirement.

State disturbance per shot

The fidelity between pre- and post-measurement states (averaged over outcomes) is

EiF (|ψ⟩, |ψ′
i⟩) = 1 − 1

2ϵ
2(∆A)2

ψ +O(ϵ4),

also quadratic in ϵ. The variance of A is the local “disturbance sensitivity”: states with large ∆A are more
affected by a weak A-measurement than states near A-eigenstates.

Continuous limit

Partition time into N steps of size ∆t = T/N , with each step a weak measurement of strength ϵ =
√
γ∆t.

As N → ∞ (hence ϵ → 0), the cumulative measurement record becomes a continuous Wiener process, and
the state dynamics converge to a stochastic Schrödinger equation:

d|ψ⟩ =
(
− i

ℏH dt− γ
2 (A− ⟨A⟩)2 dt+ √

γ(A− ⟨A⟩) dWt

)
|ψ⟩.

This is the stochastic-master-equation formulation of continuous measurement (Node 8.4). The weak-
measurement framework is what justifies passing from discrete POVMs to this continuous dynamical equation.

Worked Example
Weak Z-measurement on a qubit

Take a qubit in state |ψ⟩ = cos(θ/2)|0⟩ + sin(θ/2)|1⟩. Perform a weak Z-measurement with strength ϵ:

E± = 1
2 (I ± ϵZ).

Outcome probabilities:

p+ = 1
2 (1 + ϵ cos θ), p− = 1

2 (1 − ϵ cos θ).

The difference p+ − p− = ϵ cos θ = ϵ⟨Z⟩, confirming that the weak measurement reports the expectation value
of Z with a signal amplitude proportional to ϵ.

For θ = π/2 (the state |+⟩), ⟨Z⟩ = 0 and the weak measurement produces a fair coin: p+ = p− = 1/2, zero
signal, but the state is still slightly disturbed toward |0⟩ or |1⟩ depending on the outcome. Repeated weak
measurements would drive the state toward a Z-eigenstate — a stochastic purification into a definite Z value.
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Shot-noise estimation of ⟨Z⟩

Run N weak measurements on identical copies of the state and average the outcomes coded as ±1:

ˆ⟨Z⟩ = 1
N

N∑
k=1

xk, xk ∈ {+1,−1}.

The estimator has mean ϵ cos θ and variance (1 − ϵ2 cos2 θ)/N ≈ 1/N for small ϵ. Dividing by ϵ to extract
cos θ, the estimation error is ∼ 1/(ϵ

√
N). For ϵ = 1 (strong projective measurement) this is the standard

1/
√
N shot noise of VQA cost estimation; for smaller ϵ it is proportionally worse, as expected.

Weak value: amplified signal

Consider the pre-selection |ψi⟩ = |+⟩ and post-selection |ψf ⟩ = cos(α/2)|0⟩ + sin(α/2)|1⟩ with α close to π/2
(so that |ψf ⟩ is nearly orthogonal to. . . actually nearly parallel to |+⟩). For small mismatch δ = π/2 − α,
compute the weak value of Z:

w⟨Z⟩ = ⟨ψf |Z|+⟩
⟨ψf |+⟩

= cos(α/2) − sin(α/2)
(cos(α/2) + sin(α/2))/

√
2
.

As α → π/2 (nearly orthogonal post-selection would make the denominator small), this can exceed 1 in
magnitude — a value outside the spectrum {−1,+1} of Z. This amplification comes at the cost of a small
post-selection success probability, and rare successful runs can yield large signal displacements.

Cross-Links
• Statistics: Sequential design and low-power tests — the same information-accumulation principle,

with sample size scaling quadratically in desired precision.
• VQA: Shot-budget cost estimation is a weak-measurement protocol; shot-noise 1/

√
N is the structural

residue of O(ϵ) per-shot signal scaling.
• Module 8 (Open Systems): Continuous weak measurement limit yields the stochastic master

equation and quantum trajectories; Node 8.4 makes this explicit.
• Module 6 (Interpretations): Weak values and post-selection play a role in interpretive debates —

are weak values “real” properties of the state, or statistical artifacts?
• Module 3.6 (Back-action): Weak measurement is the cleanest setting in which the informa-

tion–disturbance tradeoff can be stated as an explicit asymptotic identity.

Structural Compression
Invariant: Information per shot ∝ ϵ2; disturbance per shot ∝ ϵ. The two scale in lockstep, and the aggregate
information is bounded by the aggregate disturbance.

Mechanism: POVM elements perturbed from the identity by an O(ϵ) multiple of the target observable;
Kraus operators inherit the perturbation, giving O(ϵ) state change and O(ϵ2) distinguishability.

Cross-System Echo: Sequential analysis in statistics accumulates O(
√
N) signal against O(1) noise; the

same scaling governs weak-measurement estimation. Gradient descent with small learning rate is an analogous
“weak update” that trades per-step progress for stability — the same information-disturbance ratio structurally
transposed.
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Exercises
1. Verify that the weak-measurement POVM E± = 1

2 (I ± ϵA) satisfies E± ⪰ 0 and E+ + E− = I for
∥ϵA∥ ≤ 1.

2. Derive the leading-order expressions for the post-measurement state and compute the fidelity ⟨ψ|ψ′
±⟩

to order ϵ2.
3. For a qubit in state |ψ⟩ = cos(θ/2)|0⟩ + sin(θ/2)|1⟩, compute the outcome probabilities for a weak
X-measurement, and show that the difference p+ − p− = ϵ sin θ.

4. Show that N weak measurements of strength ϵ achieve the same statistical precision as ϵ2N strong
measurements for estimating ⟨A⟩.

5. Compute the weak value of Z for |ψi⟩ = |0⟩ and |ψf ⟩ = (|0⟩ + eiφ|1⟩)/
√

2. Explain for which φ the
weak value is real.

6. Derive the stochastic Schrödinger equation as the ∆t → 0 limit of a sequence of weak measurements
with strength ϵ =

√
γ∆t, for a single observable A and Hamiltonian H.

7. Explain, structurally, why the 1/
√
N shot noise of VQA cost estimation is a universal feature of

Born-rule sampling, not a hardware artifact.
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Measurement Back-Action
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Measurement Theory Node: 3.6

Measurement back-action is the formal expression of the fact that observation in quantum mechanics is
an intervention, not a passive readout. It closes Module 3 by collecting the structural consequences of the
measurement operations introduced so far — projective, POVM, QND, weak — under a single principle:
information about non-commuting observables cannot be extracted without perturbing their conjugates.

Formal Definition
Let |ψ⟩ be the pre-measurement state and {Mi} a set of Kraus operators realizing some measurement
(projective or POVM). Conditional on outcome i with probability p(i) = ⟨ψ|M†

iMi|ψ⟩, the post-measurement
state is

|ψ′
i⟩ = Mi|ψ⟩√

p(i)
.

The measurement back-action on an observable B is the change in its expectation value conditional on
the measurement:

∆⟨B⟩i := ⟨ψ′
i|B|ψ′

i⟩ − ⟨ψ|B|ψ⟩.

Back-action is not a single number but an outcome-dependent family. A useful aggregate measure is the
unconditional post-measurement expectation, obtained by averaging over outcomes without selecting
on them:

Ei⟨B⟩ψ′
i

=
∑
i

p(i)⟨ψ′
i|B|ψ′

i⟩ =
∑
i

⟨ψ|M†
i BMi|ψ⟩ = Tr(BM(|ψ⟩⟨ψ|)) ,

where M(ρ) :=
∑
iMiρM

†
i is the non-selective quantum channel corresponding to the measurement.

The information–disturbance inequality

For any two observables A (measured) and B (disturbed), and any measurement strategy, there is a tradeoff
between the information gained about A and the disturbance inflicted on B. One clean version is the
Heisenberg–Robertson measurement-disturbance inequality (Ozawa 2003, refining Heisenberg’s
original statement):

ε(A) η(B) + ε(A) ∆B + ∆Aη(B) ≥ 1
2 |⟨[A,B]⟩|,

where ε(A) is the measurement’s error in estimating A, η(B) is the disturbance caused to B, and ∆A,∆B are
the pre-measurement variances. In the strong-measurement limit, the extra terms vanish and one recovers the
schoolroom statement “the product of error and disturbance is bounded below by the commutator.” In the
weak limit (Node 3.5), the correction terms dominate, giving the softer scaling we encountered in that node.
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Intuition
Classical measurement is idealized as a passive readout: a thermometer reports the temperature of a large
reservoir without affecting it, a voltmeter draws so little current that the circuit is essentially unperturbed.
These are not exact idealizations — they are limits in which measurement disturbance tends to zero because
the system is macroscopic, the coupling is weak, or the measured quantity is conserved.

Quantum measurement cannot in general be driven to this limit. The uncertainty relation is not a statement
about experimental technique — it is a structural feature of Hilbert space. To learn about an observable A,
you must couple the system to something (a meter, an ancilla, an environment), and unless your coupling
commutes with every observable you care about — which is impossible when [A,B] ̸= 0 — the coupling will
disturb something.

The three operational consequences:

1. You cannot measure A and B jointly with zero error and zero disturbance when [A,B] ̸= 0.
This is the structural version of Heisenberg uncertainty, distinct from the preparation inequality
∆A∆B ≥ 1

2 |⟨[A,B]⟩|.
2. The choice of what to measure determines what is disturbed. Measurement is not “revealing

preexisting values” — it is selecting which basis of the Hilbert space gets projected onto, and any
information in orthogonal bases is erased or scrambled.

3. Back-action is the source of all “wavefunction collapse.” The non-unitary step of quantum
measurement is exactly the back-action of information extraction on the state.

Structural Role
Back-action is what makes quantum measurement theory structurally different from classical observation
theory. It is the content that distinguishes quantum mechanics from a “hidden variable plus noisy channel”
picture, and its impossibility in every hidden-variable theory is what Bell’s theorem and Kochen–Specker
(Module 10) formalize.

Back-action also organizes Module 3 into a single story:

• Projective measurement (3.1): maximal information, maximal back-action, fully non-unitary.
• POVM (3.2): generalized information extraction, non-unique back-action (depends on Kraus choice).
• Naimark (3.3): back-action on the system is the shadow of a projective-measurement back-action on

a larger unitary system.
• QND (3.4): back-action on A is zero by design; the cost is paid in B ̸= A.
• Weak measurement (3.5): back-action per shot is tunable; the information-disturbance tradeoff is

the scaling between the two.
• Back-action (3.6): the overarching principle that unifies the above.

Downstream, back-action averaged over an unobserved environment is the structural origin of decoherence
(Module 5) and Lindblad dynamics (Node 8.2). The dissipation of open systems is, at its core, the back-action
of the environment’s continuous implicit measurement of the system.

Mathematical Development
Back-action as a quantum channel

The non-selective measurement channel M(ρ) =
∑
iMiρM

†
i is completely positive and trace-preserving

(CPTP). It describes what happens to the state when a measurement is performed but the outcome is not
read out. For a projective measurement {Pi} this channel is the dephasing channel in the measurement
basis:
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M(ρ) =
∑
i

PiρPi =
∑
i

piρii,

where the off-diagonal coherences between different eigenspaces are erased. The back-action on off-diagonal
matrix elements is therefore complete for a projective measurement.

Average back-action on B

For a projective measurement {Pi} and any observable B,

Ei⟨B⟩ψ′
i

=
∑
i

⟨ψ|PiBPi|ψ⟩ = ⟨ψ|Bdephased|ψ⟩,

where Bdephased :=
∑
i PiBPi is B with its inter-eigenspace coherences with the measurement projectors

erased. The back-action on ⟨B⟩ can be read off from this dephasing: if B commutes with all Pi (i.e., with the
measured observable), then Bdephased = B and there is no back-action on ⟨B⟩. Otherwise, ⟨B⟩ is generically
shifted.

Ozawa’s inequality

Ozawa’s error-disturbance relation makes the tradeoff rigorous. Define the operator-valued error and
disturbance,

ε(A)2 := ⟨(M −A)2⟩, η(B)2 := ⟨(B′ −B)2⟩,

where M is the meter observable that is actually read out (approximating A) and B′ is the Heisenberg-evolved
version of B after the system–meter interaction. Then

ε(A)η(B) + ε(A)∆B + ∆Aη(B) ≥ 1
2 |⟨[A,B]⟩|.

This refines Heisenberg’s original heuristic ε(A)η(B) ≥ 1
2 |⟨[A,B]⟩|, which is not universally valid: one can

have ε(A) = 0 (perfect measurement of A) without η(B) = ∞, provided ∆A is large enough to absorb the
commutator.

The Heisenberg microscope revisited

Heisenberg’s original 1927 argument used a photon microscope to estimate an electron’s position, and argued
that the photon momentum kick disturbs the electron’s momentum by an amount ∼ ℏ/∆x. This is an
instance — not a proof — of the structural tradeoff: back-action on momentum is the price of information
about position, whenever the measurement couples through a photon whose momentum is bounded by ℏ/λ
and wavelength determines position resolution. Ozawa’s inequality turns the heuristic into a theorem by
packaging operator-valued error and disturbance into a single bound.

Worked Example
Destroying X-information by measuring Z

Take the qubit state |+⟩ = 1√
2 (|0⟩ + |1⟩). Its X-expectation value is ⟨X⟩+ = 1 (a definite X = +1 state). Its

Z-expectation value is ⟨Z⟩+ = 0.

Perform a projective Z-measurement:

• With probability 1/2, outcome is +1, post-measurement state is |0⟩, and ⟨X⟩|0⟩ = 0.
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• With probability 1/2, outcome is −1, post-measurement state is |1⟩, and ⟨X⟩|1⟩ = 0.

Unconditional post-measurement state (average over outcomes):

M(|+⟩⟨+|) = 1
2 |0⟩⟨0| + 1

2 |1⟩⟨1| = 1
2I.

The unconditional ⟨X⟩ is now 0. The Z-measurement has completely destroyed the X-information content of
the state. Meanwhile, Z-information is gained: before the measurement, Z was maximally uncertain; after,
each shot has revealed its value exactly.

This is the pure exchange enforced by [X,Z] = −2iY ̸= 0: information about Z is paid for in information
about X.

QND-protected repeated measurement

By contrast, a QND Z-measurement (Node 3.4) on the same state |+⟩ disturbs Z not at all but disturbs X
as above. A second QND Z-measurement then returns the same outcome as the first with probability one —
Z is preserved. X was already destroyed in the first step and cannot be recovered.

Back-action in continuous monitoring

Continuous weak Z-measurement of a qubit with Hamiltonian H = (ω/2)X causes the Bloch vector to
drift stochastically toward the Z-eigenstates while the Larmor precession tries to rotate it around X. The
competition between measurement-induced backaction (localization along Z) and unitary precession (rotation
around X) is the Zeno-regime dynamics, and it interpolates between the quantum Zeno effect (strong
measurement freezes the state) and free precession (no measurement). This is a structural setting in which
back-action is visibly the engine of the dynamics.

Cross-Links
• Module 2.3 (Born rule): The projection postulate is the formal specification of back-action in the

projective case.
• Module 3.4 (QND): Explicit construction of measurements with zero back-action on a chosen

observable.
• Module 3.5 (Weak measurement): Tunable back-action, quantitative information-disturbance

scaling.
• Module 5 (Decoherence): Environment-induced decoherence is back-action on the system averaged

over an unread environmental measurement.
• Module 8 (Open Systems): Lindblad generators are the time-continuous version of back-action

from a Markov environment.
• Module 10 (Foundations): The uncertainty principle, Heisenberg’s microscope, Ozawa’s inequal-

ity, and the no-cloning theorem all track back to the structural impossibility of zero-disturbance
measurement.

• Systems Thinking: The “observer effect” in social science has the same schematic shape but is
quantitatively much weaker — there, disturbance is avoidable in principle, whereas in quantum mechanics
it is structural.

Structural Compression
Invariant: Information about A cannot be extracted without disturbing observables that fail to commute
with A.
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Mechanism: The non-unitary projection postulate applied in a basis that is non-orthogonal to the basis of
the disturbed observable; equivalently, the non-selective channel M(ρ) =

∑
iMiρM

†
i dephases ρ along the

measurement direction.

Cross-System Echo: The observer effect in classical science is quantitatively avoidable — better instruments
can in principle drive disturbance to zero. In quantum mechanics, the tradeoff is structural: it is a theorem
about Hilbert-space geometry, not a limitation of apparatus. This structural impossibility is what makes
quantum mechanics a genuine generalization of classical observation rather than a noisy approximation to it.

Exercises
1. Prove that the non-selective projective-measurement channel M(ρ) =

∑
i PiρPi dephases ρ in the

measurement basis, i.e., kills off-diagonal matrix elements between different Pi-eigenspaces.
2. For a qubit in state |+⟩, compute the pre- and post-measurement expectation values of X,Y, Z

conditional on each outcome of a projective Z-measurement, and then compute the unconditional
averages.

3. Show that for a non-demolition measurement ([A,Mi] = 0 for all Kraus operators), the back-action on
⟨A⟩ is zero both conditionally and unconditionally.

4. Verify that Ozawa’s inequality reduces to the preparation uncertainty relation ∆A∆B ≥ 1
2 |⟨[A,B]⟩| in

the limit of zero-error measurement (ε(A) = 0) and some consistency conditions on η(B).
5. Construct a measurement on a qubit that estimates X with some error ε(X) and computes the

corresponding disturbance η(Z). Plot the tradeoff curve.
6. Explain why continuous weak measurement of Z on a qubit precessing around X can exhibit the

quantum Zeno effect for strong measurement rates and free precession for weak rates, and identify the
crossover.

7. Argue, structurally, why measurement back-action is the source of the non-unitary projection step in
the Born rule, and why this makes the measurement problem (Module 6) a problem about the structure
of back-action rather than about the Born rule itself.
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