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Measurement back-action is the formal expression of the fact that observation in quantum mechanics is
an intervention, not a passive readout. It closes Module 3 by collecting the structural consequences of the
measurement operations introduced so far — projective, POVM, QND, weak — under a single principle:
information about non-commuting observables cannot be extracted without perturbing their conjugates.

Formal Definition
Let |ψ⟩ be the pre-measurement state and {Mi} a set of Kraus operators realizing some measurement
(projective or POVM). Conditional on outcome i with probability p(i) = ⟨ψ|M†

iMi|ψ⟩, the post-measurement
state is

|ψ′
i⟩ = Mi|ψ⟩√

p(i)
.

The measurement back-action on an observable B is the change in its expectation value conditional on
the measurement:

∆⟨B⟩i := ⟨ψ′
i|B|ψ′

i⟩ − ⟨ψ|B|ψ⟩.

Back-action is not a single number but an outcome-dependent family. A useful aggregate measure is the
unconditional post-measurement expectation, obtained by averaging over outcomes without selecting
on them:

Ei⟨B⟩ψ′
i

=
∑
i

p(i)⟨ψ′
i|B|ψ′

i⟩ =
∑
i

⟨ψ|M†
i BMi|ψ⟩ = Tr(BM(|ψ⟩⟨ψ|)) ,

where M(ρ) :=
∑
iMiρM

†
i is the non-selective quantum channel corresponding to the measurement.

The information–disturbance inequality

For any two observables A (measured) and B (disturbed), and any measurement strategy, there is a tradeoff
between the information gained about A and the disturbance inflicted on B. One clean version is the
Heisenberg–Robertson measurement-disturbance inequality (Ozawa 2003, refining Heisenberg’s
original statement):

ε(A) η(B) + ε(A) ∆B + ∆Aη(B) ≥ 1
2 |⟨[A,B]⟩|,

1



where ε(A) is the measurement’s error in estimating A, η(B) is the disturbance caused to B, and ∆A,∆B are
the pre-measurement variances. In the strong-measurement limit, the extra terms vanish and one recovers the
schoolroom statement “the product of error and disturbance is bounded below by the commutator.” In the
weak limit (Node 3.5), the correction terms dominate, giving the softer scaling we encountered in that node.

Intuition
Classical measurement is idealized as a passive readout: a thermometer reports the temperature of a large
reservoir without affecting it, a voltmeter draws so little current that the circuit is essentially unperturbed.
These are not exact idealizations — they are limits in which measurement disturbance tends to zero because
the system is macroscopic, the coupling is weak, or the measured quantity is conserved.

Quantum measurement cannot in general be driven to this limit. The uncertainty relation is not a statement
about experimental technique — it is a structural feature of Hilbert space. To learn about an observable A,
you must couple the system to something (a meter, an ancilla, an environment), and unless your coupling
commutes with every observable you care about — which is impossible when [A,B] ̸= 0 — the coupling will
disturb something.

The three operational consequences:

1. You cannot measure A and B jointly with zero error and zero disturbance when [A,B] ̸= 0.
This is the structural version of Heisenberg uncertainty, distinct from the preparation inequality
∆A∆B ≥ 1

2 |⟨[A,B]⟩|.
2. The choice of what to measure determines what is disturbed. Measurement is not “revealing

preexisting values” — it is selecting which basis of the Hilbert space gets projected onto, and any
information in orthogonal bases is erased or scrambled.

3. Back-action is the source of all “wavefunction collapse.” The non-unitary step of quantum
measurement is exactly the back-action of information extraction on the state.

Structural Role
Back-action is what makes quantum measurement theory structurally different from classical observation
theory. It is the content that distinguishes quantum mechanics from a “hidden variable plus noisy channel”
picture, and its impossibility in every hidden-variable theory is what Bell’s theorem and Kochen–Specker
(Module 10) formalize.

Back-action also organizes Module 3 into a single story:

• Projective measurement (3.1): maximal information, maximal back-action, fully non-unitary.
• POVM (3.2): generalized information extraction, non-unique back-action (depends on Kraus choice).
• Naimark (3.3): back-action on the system is the shadow of a projective-measurement back-action on

a larger unitary system.
• QND (3.4): back-action on A is zero by design; the cost is paid in B ̸= A.
• Weak measurement (3.5): back-action per shot is tunable; the information-disturbance tradeoff is

the scaling between the two.
• Back-action (3.6): the overarching principle that unifies the above.

Downstream, back-action averaged over an unobserved environment is the structural origin of decoherence
(Module 5) and Lindblad dynamics (Node 8.2). The dissipation of open systems is, at its core, the back-action
of the environment’s continuous implicit measurement of the system.
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Mathematical Development
Back-action as a quantum channel

The non-selective measurement channel M(ρ) =
∑
iMiρM

†
i is completely positive and trace-preserving

(CPTP). It describes what happens to the state when a measurement is performed but the outcome is not
read out. For a projective measurement {Pi} this channel is the dephasing channel in the measurement
basis:

M(ρ) =
∑
i

PiρPi =
∑
i

piρii,

where the off-diagonal coherences between different eigenspaces are erased. The back-action on off-diagonal
matrix elements is therefore complete for a projective measurement.

Average back-action on B

For a projective measurement {Pi} and any observable B,

Ei⟨B⟩ψ′
i

=
∑
i

⟨ψ|PiBPi|ψ⟩ = ⟨ψ|Bdephased|ψ⟩,

where Bdephased :=
∑
i PiBPi is B with its inter-eigenspace coherences with the measurement projectors

erased. The back-action on ⟨B⟩ can be read off from this dephasing: if B commutes with all Pi (i.e., with the
measured observable), then Bdephased = B and there is no back-action on ⟨B⟩. Otherwise, ⟨B⟩ is generically
shifted.

Ozawa’s inequality

Ozawa’s error-disturbance relation makes the tradeoff rigorous. Define the operator-valued error and
disturbance,

ε(A)2 := ⟨(M −A)2⟩, η(B)2 := ⟨(B′ −B)2⟩,

where M is the meter observable that is actually read out (approximating A) and B′ is the Heisenberg-evolved
version of B after the system–meter interaction. Then

ε(A)η(B) + ε(A)∆B + ∆Aη(B) ≥ 1
2 |⟨[A,B]⟩|.

This refines Heisenberg’s original heuristic ε(A)η(B) ≥ 1
2 |⟨[A,B]⟩|, which is not universally valid: one can

have ε(A) = 0 (perfect measurement of A) without η(B) = ∞, provided ∆A is large enough to absorb the
commutator.

The Heisenberg microscope revisited

Heisenberg’s original 1927 argument used a photon microscope to estimate an electron’s position, and argued
that the photon momentum kick disturbs the electron’s momentum by an amount ∼ ℏ/∆x. This is an
instance — not a proof — of the structural tradeoff: back-action on momentum is the price of information
about position, whenever the measurement couples through a photon whose momentum is bounded by ℏ/λ
and wavelength determines position resolution. Ozawa’s inequality turns the heuristic into a theorem by
packaging operator-valued error and disturbance into a single bound.
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Worked Example
Destroying X-information by measuring Z

Take the qubit state |+⟩ = 1√
2 (|0⟩ + |1⟩). Its X-expectation value is ⟨X⟩+ = 1 (a definite X = +1 state). Its

Z-expectation value is ⟨Z⟩+ = 0.

Perform a projective Z-measurement:

• With probability 1/2, outcome is +1, post-measurement state is |0⟩, and ⟨X⟩|0⟩ = 0.
• With probability 1/2, outcome is −1, post-measurement state is |1⟩, and ⟨X⟩|1⟩ = 0.

Unconditional post-measurement state (average over outcomes):

M(|+⟩⟨+|) = 1
2 |0⟩⟨0| + 1

2 |1⟩⟨1| = 1
2I.

The unconditional ⟨X⟩ is now 0. The Z-measurement has completely destroyed the X-information content of
the state. Meanwhile, Z-information is gained: before the measurement, Z was maximally uncertain; after,
each shot has revealed its value exactly.

This is the pure exchange enforced by [X,Z] = −2iY ̸= 0: information about Z is paid for in information
about X.

QND-protected repeated measurement

By contrast, a QND Z-measurement (Node 3.4) on the same state |+⟩ disturbs Z not at all but disturbs X
as above. A second QND Z-measurement then returns the same outcome as the first with probability one —
Z is preserved. X was already destroyed in the first step and cannot be recovered.

Back-action in continuous monitoring

Continuous weak Z-measurement of a qubit with Hamiltonian H = (ω/2)X causes the Bloch vector to
drift stochastically toward the Z-eigenstates while the Larmor precession tries to rotate it around X. The
competition between measurement-induced backaction (localization along Z) and unitary precession (rotation
around X) is the Zeno-regime dynamics, and it interpolates between the quantum Zeno effect (strong
measurement freezes the state) and free precession (no measurement). This is a structural setting in which
back-action is visibly the engine of the dynamics.

Cross-Links
• Module 2.3 (Born rule): The projection postulate is the formal specification of back-action in the

projective case.
• Module 3.4 (QND): Explicit construction of measurements with zero back-action on a chosen

observable.
• Module 3.5 (Weak measurement): Tunable back-action, quantitative information-disturbance

scaling.
• Module 5 (Decoherence): Environment-induced decoherence is back-action on the system averaged

over an unread environmental measurement.
• Module 8 (Open Systems): Lindblad generators are the time-continuous version of back-action

from a Markov environment.
• Module 10 (Foundations): The uncertainty principle, Heisenberg’s microscope, Ozawa’s inequal-

ity, and the no-cloning theorem all track back to the structural impossibility of zero-disturbance
measurement.

• Systems Thinking: The “observer effect” in social science has the same schematic shape but is
quantitatively much weaker — there, disturbance is avoidable in principle, whereas in quantum mechanics
it is structural.
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Structural Compression
Invariant: Information about A cannot be extracted without disturbing observables that fail to commute
with A.

Mechanism: The non-unitary projection postulate applied in a basis that is non-orthogonal to the basis of
the disturbed observable; equivalently, the non-selective channel M(ρ) =

∑
iMiρM

†
i dephases ρ along the

measurement direction.

Cross-System Echo: The observer effect in classical science is quantitatively avoidable — better instruments
can in principle drive disturbance to zero. In quantum mechanics, the tradeoff is structural: it is a theorem
about Hilbert-space geometry, not a limitation of apparatus. This structural impossibility is what makes
quantum mechanics a genuine generalization of classical observation rather than a noisy approximation to it.

Exercises
1. Prove that the non-selective projective-measurement channel M(ρ) =

∑
i PiρPi dephases ρ in the

measurement basis, i.e., kills off-diagonal matrix elements between different Pi-eigenspaces.
2. For a qubit in state |+⟩, compute the pre- and post-measurement expectation values of X,Y, Z

conditional on each outcome of a projective Z-measurement, and then compute the unconditional
averages.

3. Show that for a non-demolition measurement ([A,Mi] = 0 for all Kraus operators), the back-action on
⟨A⟩ is zero both conditionally and unconditionally.

4. Verify that Ozawa’s inequality reduces to the preparation uncertainty relation ∆A∆B ≥ 1
2 |⟨[A,B]⟩| in

the limit of zero-error measurement (ε(A) = 0) and some consistency conditions on η(B).
5. Construct a measurement on a qubit that estimates X with some error ε(X) and computes the

corresponding disturbance η(Z). Plot the tradeoff curve.
6. Explain why continuous weak measurement of Z on a qubit precessing around X can exhibit the

quantum Zeno effect for strong measurement rates and free precession for weak rates, and identify the
crossover.

7. Argue, structurally, why measurement back-action is the source of the non-unitary projection step in
the Born rule, and why this makes the measurement problem (Module 6) a problem about the structure
of back-action rather than about the Born rule itself.

Quantum Foundations · Module 3 — Measurement Theory · Node 3.6
Concepts: quantum-channels, expectation-value, variance-and-covariance
Prerequisites: 3.1, 3.5
Enables: 10.5
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