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Not every basis of a system’s Hilbert space is equally “classical.” Decoherence dynamically selects a preferred
basis — the pointer basis — in which superpositions are rapidly destroyed and eigenstates are approximately
stable. Wojciech Zurek’s term for this dynamical selection is einselection (“environment-induced superselec-
tion”). The pointer basis is the dynamical answer to the question “why does the world look classical?” —
it explains why we observe definite positions and momenta rather than arbitrary superpositions of them,
without resolving the deeper measurement problem of Module 6.

Formal Definition
The pointer basis (schematic)

Given a system S coupled to an environment E via an interaction Hamiltonian Hgg, the pointer basis of S
is the basis {|p;)} of Hs in which:

1. States are stable. If ps(0) = |p;)(p;], then ps(t) = |p;)(p;| for all ¢ of interest, up to small corrections
from the system’s own dynamics.

2. Superpositions decohere. If ps(0) = |¢)(¥| with |0) = >, ¢;|p;), the reduced state rapidly becomes
ps(t) = >, |cil?|pi)(pi| — diagonal in the pointer basis — on a timescale 7p much shorter than the
system’s own dynamical timescales.

The commutativity criterion (idealized)

In the limit of dominant system—environment coupling (when Hgp overwhelms Hg), the pointer basis is the
basis in which a pointer observable Og satisfies

[OS,HSE} =0.

This is the ideal case. States that are eigenstates of Og are unaffected by the interaction and are stable
under environmental coupling; states in superposition across different eigenvalues of Og are dephased. The
eigenbasis of Og is the pointer basis, and the process of environment-induced diagonalization in this basis is
einselection.

The predictability sieve

More generally, when Hg is non-negligible and Hgr does not strictly commute with any system observable,
the pointer basis is defined by the predictability sieve (Zurek 1993): the basis that minimizes the growth
of entropy of the reduced state over a fixed timescale. The pointer states are the most classical pure states in
the sense that, of all pure states, they maintain the most classical-looking behavior under the open dynamics.



Formally: define S(v,t) := — Tr(py(t)log py (t)) where py(t) is the reduced state at time ¢ starting from |¢).
The pointer states are the pure states |¢) minimizing S(1),t) in some averaged sense. Equivalently, they are
the states most robust against entanglement with the environment.

Intuition

A classical object has a definite position, a definite momentum, a definite energy — we don’t observe a car
being in a superposition of “parked” and “driving.” Why not? The textbook answer “measurement collapses
the wavefunction” is circular: it presupposes a pre-existing classical apparatus doing the measuring, without
explaining why that apparatus behaves classically.

Einselection gives a dynamical answer. The environment is constantly “measuring” every macroscopic system,
in whatever basis the interaction Hamiltonian picks out. For an object like a car, the dominant coupling
is through position (every scattered photon carries position information), so the environment incessantly
dephases the car in the position basis. Superpositions of “parked here” and “parked there” decohere on
astronomically short timescales — typically 10723 seconds or faster for macroscopic objects. The result:
macroscopic systems dynamically live in the pointer basis, and the pointer basis is the position basis.

For smaller systems, different couplings dominate. An atom in a thermal electromagnetic bath decoheres in
the energy basis (the environment couples to its dipole moment via photon exchange). A spin qubit in a
nuclear bath decoheres in the Z basis (hyperfine coupling is diagonal in spin-z). The pointer basis depends
on what the environment is looking at.

The structural insight: there is no universal pointer basis. The pointer basis is determined by
the structure of the system—environment interaction, not by the system’s own Hamiltonian.
Different environments pick out different pointer bases for the same system, and different bases for the same
system’s states in different physical setups.

Einselection does not explain why there are definite outcomes (that is the measurement problem, Module
6). It explains why the outcomes we see are the ones we see — why we see positions rather than position
superpositions, why we see energies rather than energy superpositions. The selection is dynamical, driven by
the structure of the coupling to the environment.

Structural Role
Einselection is the structural story behind the quantum-to-classical transition:

e The classical world as a dynamical phenomenon. Classical reality is not a separate layer of
physics; it is the limit in which decoherence is so fast that the pointer basis is effectively exact. Module
10.4 (quantum-to-classical transition) builds on this.

e The interpretive status of “collapse.” Einselection provides a dynamical mechanism for apparent
collapse: reduced states become diagonal in the pointer basis, losing their off-diagonal coherences
exponentially fast. It does not provide a mechanism for the selection of a particular outcome — that is
still the measurement problem.

o Decoherence-free subspaces (DFS). A subspace on which Hgg acts trivially (as a multiple of the
identity) is unaffected by decoherence. DFS engineering is a passive error-correction technique: states
prepared in DFS are protected without active intervention. The structural characterization of DFS is
the complementary side of the pointer basis — where einselection selects classical pointer states, DFS
selects quantum-protected states.

e Quantum Darwinism (Node 5.6 in Zurek’s framework, Node 5.6 in this course uses the
timescales slot instead). Pointer states are “objective” in the sense that multiple environmental
fragments all carry the same information about them, so multiple observers can agree on the system’s
state without disturbing it. This is Zurek’s proposed mechanism for the emergence of objective classical
reality.



o Schrodinger’s cat. The pointer basis for a macroscopic cat is the {alive, dead} basis (or more precisely,
the position-like basis of macroscopic configurations). Superpositions (|alive) + |dead))/+/2 decohere
in fantastically short times — Zurek estimates ~ 10722 s for a realistic cat in a realistic environment.
This is why we do not observe macroscopic superpositions: they exist for impossibly short times before
being einselected.

Mathematical Development
Exact commutativity case

Suppose [Og, Hgg] = 0 exactly, and Hgg can be written as
Hsp =Y |pi)(pil ® Bi,

where {|p;)} is the eigenbasis of Og (and of Hgp on the system side), and B; are environment operators.
The joint evolution U(t) = e *H*/" then acts on a system basis state |p;) @ |eg) as

U(t)lpi) @ leo) = |pi) @ lei(t)),
with |e;(t)) := e *Bit/P|ey) (ignoring the system’s own Hamiltonian for clarity). That is, the pointer states
|p;) are frozen by the interaction — they do not evolve into superpositions of other pointer states.

For a superposition [1)) = 3. ¢;|p;), the joint state at time ¢ is

[U(1) =Y cilpi) @ lei(t)).

3

Tracing out the environment:
ps(t) = cici{e;(t)]es(t))|pi) (p;l-
2%}

The diagonal elements i = j give (e;(t)|e;(t)) = 1, independent of time. The off-diagonal elements i # j give
(e;(t)|ei(t)), the overlap of two environmental branches — the decoherence factor. For any reasonable
environment, these overlaps decay rapidly to zero as the branches become distinguishable, leaving pg(t)
approximately diagonal in the pointer basis.

The structural conclusion: pointer states are the states whose environmental “image” does not change under
the dynamics, so their coherences survive, while superpositions across them are destroyed by the environment
learning which branch the system is in.

The predictability sieve (schematic)

When [Og, Hsg| # 0 exactly but Hgg dominates over Hg, the pointer basis is only approximately defined.
The predictability sieve works as follows:

1. For each pure state |¢)), compute the reduced-state entropy S(t)|y after a short time ¢.
2. The pointer states are those |¢) for which S(¢) grows most slowly.

Equivalently: pointer states are states of maximum robustness — states whose purity decays most slowly
under the joint dynamics.

For ordinary physical couplings the pointer basis identified by the predictability sieve agrees with the
[Og, Hsg] = 0 basis to leading order, and corrections are perturbative in Hg/Hgg.



Decoherence-free subspaces

A subspace Hprs C Hg is a decoherence-free subspace with respect to Hsp = ), Sy ® Ej, if every
system operator Sy acts as a multiple of the identity on Hprs:

Sklv) = skl) V|¢) € Hprs,

for scalars si. States in Hprs are unentangled with the environment under the interaction (up to a global
phase), and they evolve unitarily under the effective Hamiltonian

Heg=Hs+ ) _ siEj.
k

DFS can be explicitly constructed when the interaction has a symmetry. For instance, if Hgpg is permutation-
symmetric on a set of qubits (e.g., collective dephasing), the total spin states |j, m) with m = 0 constitute a
DFS. This is the structural basis of several quantum-memory protocols.

The timescale separation

For einselection to work, decoherence must be much faster than the system’s own internal dynamics:

D K TS,

where 7p is the decoherence time (the timescale on which off-diagonal coherences of the reduced state decay)
and g is the system’s own dynamical timescale (%i/||Hg|| or similar). When this inequality holds, the system
has no time to evolve coherently before being decohered, and the pointer basis is well-defined. When it fails,
the system’s own Hamiltonian can mix pointer states and the basis loses its classical character.

For macroscopic systems the inequality is satisfied by enormous margins — decoherence times are on the
order of 10722 s while dynamical times are on the order of seconds — so the pointer basis is essentially exact.
For microscopic systems the inequality may not hold at all, and decoherence produces subtler effects (e.g.,
line broadening rather than classical selection).

Worked Example
Position as the pointer basis for a massive particle

Consider a particle of mass m coupled to a thermal bath of photons (ambient radiation) or air molecules.
The dominant scattering process is elastic scattering off the particle, with the scattered photons/molecules
carrying information about the particle’s position. The interaction is schematically

HSE ~ V(£S7XE)7

where Zg is the particle’s position and X p summarizes the environment’s degrees of freedom. The interaction
is diagonal in the position basis — scattering preserves the particle’s position at leading order — so the
pointer basis is the position eigenbasis.

The quantitative result (Joos and Zeh 1985): for a macroscopic object of cross-section o, embedded in a gas
of particles of density n and thermal wavelength A, the decoherence rate for a spatial superposition of extent
Az is

(Az)?
PEI

I' ~nov-




where v is the thermal velocity. For realistic values, I' > 10?3 per second — decoherence on Planck-like

timescales. Position superpositions of macroscopic objects do not survive.

Energy as the pointer basis for an atom

Consider an atom coupled to the vacuum electromagnetic field via the dipole interaction

HSE' = 7d_' Ev

where d is the atomic dipole moment and E is the field. The dipole operator is off-diagonal in the atomic
energy basis (it couples different energy eigenstates), so Hgg does not commute with the atomic Hamiltonian
Hgs. Nevertheless, at weak coupling the predictability sieve identifies the energy basis as the pointer basis:
superpositions of different energy eigenstates are the ones that get dephased, and energy eigenstates are the
most robust under the dynamics (they only decay by spontaneous emission, on the 7; timescale).

The intuition: the environment “sees” the atom through its dipole radiation, which is diagonal in transition
frequencies (energy differences). So different energy eigenstates couple differently to the field and are
distinguishable by the environment, while superpositions of them are dephased.

Qubit pointer basis under Z-coupling

For a qubit with Hg = (wp/2)X (transverse magnetic field) and Hsg = Z ® B (pure dephasing coupling),
the pointer basis is the Z-eigenbasis {|0), |1)} — the eigenbasis of the operator that appears in Hgg.

However, note that [Hg, Z] # 0: the system Hamiltonian tries to rotate Z-eigenstates around the X-axis,
away from the pointer basis. The resulting dynamics is a competition between the environment einselecting
the Z-basis and the system Hamiltonian trying to rotate out of it. When the dephasing rate 1/T% is much
larger than the Larmor frequency wy, the environment wins and the qubit is pinned in the Z-basis (quantum
Zeno regime). When wg > 1/T5, the system wins and rotates freely.

Schrodinger’s cat

Zurek’s canonical estimate: a 1 kg cat in a superposition of Az ~ 10 ¢cm at room temperature decoheres in

0723 seconds.

D ~ 1
This is 13 orders of magnitude shorter than the Planck time for the room-temperature gas bath, and stagger-
ingly shorter than any conceivable observational timescale. In this regime, the pointer basis (macroscopic
position configurations) is exact to any accuracy we could care about, and there is no physical possibility of
observing a cat in a coherent superposition of alive and dead. Schrédinger’s cat is a thought experiment, not
a prediction.

Cross-Links

o Module 5.3 (System—environment coupling): Einselection is the structural consequence of the
coupling Hamiltonian, computed by tracing out the environment.

o Module 5.4 (Decoherence mechanisms): Dephasing is einselection in the commuting observable’s
basis; amplitude damping is einselection + energy relaxation.

e Module 5.6 (Decoherence timescales): The decoherence time 7p is what determines how fast the
pointer basis takes over.

e Module 6 (Interpretations): Einselection provides a dynamical story for why the pointer basis is
what it is, but does not solve the measurement problem (why there are definite outcomes at all).

o Module 10.4 (Quantum-to-classical transition): The pointer basis is the structural bridge from
quantum to classical mechanics.



e Systems Thinking: Stable equilibria in dynamical systems — states that are robust under perturba-
tions from the environment.

Structural Compression

Invariant: The pointer basis is the basis dynamically selected by the system—environment coupling. States
in the pointer basis are stable; superpositions across it are exponentially suppressed.

Mechanism: In the strong-coupling limit, pointer states are eigenstates of a system observable commuting
with Hgg. More generally (predictability sieve), they are the pure states whose reduced-state entropy grows
most slowly under the joint dynamics.

Cross-System Echo: Attractors in dynamical systems and stable equilibria in control theory are the same
structural idea: states selected by the dynamics as being robust under perturbation. Einselection specifies
“robust under perturbation from the environment” with a quantum-specific notion of decoherence. The
existence of a classical world is, from this point of view, the statement that the pointer basis is exact enough,
fast enough, that its selection is indistinguishable from a fundamental law.

Exercises

1. For Hsg = Z ® B with B an arbitrary environment operator, show that the pointer basis is {|0),]1)}
(the Z-eigenbasis).

2. For Hgg = X ® B, identify the pointer basis. How does it relate to the Z-basis?

3. Show that a subspace spanned by {|01),|10)} of two qubits is a decoherence-free subspace for collective
dephasing Heg = (Z1 + Z2) ® B.

4. Compute the reduced dynamics of a qubit with Hg = (wo/2)X and Hsp = Z ® B in the limit of strong
dephasing (Zeno regime). Show that the qubit is frozen in the Z-basis.

5. Argue why the position basis is the pointer basis for a macroscopic object scattering photons, and why
the energy basis would be the pointer basis for an atom emitting radiation.

6. Zurek’s predictability sieve minimizes entropy growth of the reduced state. Argue why this is equivalent,
for short times and weak dynamics, to the commutativity criterion [Og, Hgg] = 0.

7. Argue, structurally, why einselection explains the apparent classicality of the macroscopic world but
does not solve the measurement problem.
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