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Open vs Closed Quantum Systems
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Open Quantum Systems Node: 8.1

This is the foundation node of Module 8. The dynamical postulate (Node 2.4) gave us unitary evolution for
closed quantum systems. Real systems are never closed. This module formalizes the dynamics of systems
that exchange energy, information, or particles with an environment — and shows how the unitary postulate
is a special case, not the general one.

Formal Definition
A quantum system is closed if its dynamics are generated by a Hamiltonian acting on a fixed Hilbert space
H, producing the unitary evolution

|ψ(t)⟩ = U(t)|ψ(0)⟩, U(t) = e−iHt/ℏ.

A quantum system is open if it is one part of a larger composite system whose other part — the environment
— is inaccessible. The total composite system S + E is closed and evolves unitarily on HS ⊗ HE , but the
reduced state of the system

ρS(t) = trE

(
U(t)(ρS(0) ⊗ ρE(0))U†(t)

)
is in general not generated by any unitary on HS alone.

The map ρS(0) 7→ ρS(t) is a quantum channel (Node 7.3), i.e., a CPTP map. The collection {Et}t≥0 is the
dynamical map of the open system.

Intuition
A closed system is a fiction. Every real system couples to something — vacuum fluctuations, thermal photons,
gravitational fields, the experimentalist’s apparatus. The closed-system idealization is useful for short times
and well-isolated systems but it cannot describe the full physical situation.

The open-system formalism is the correction: instead of pretending isolation, we explicitly model the system
+ environment, evolve the joint system unitarily, then trace out the environment. What we are left with —
the reduced density matrix evolution — is in general non-unitary, irreversible, and entropy-increasing.

This is the structural origin of:
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• Dissipation (energy flowing from system to environment).
• Decoherence (quantum coherences leaking into environmental degrees of freedom).
• Thermalization (relaxation to equilibrium with the environment).
• Measurement (apparatus-as-environment).

Structural Role
This node sets up Module 8’s central question: what dynamical equation governs the reduced state ρS(t)?

In general, the answer involves complicated integro-differential equations with memory effects. But under
physically motivated assumptions — weak coupling, fast environment, no memory — the dynamics simplify
dramatically to the Lindblad master equation (Node 8.2). This is the workhorse equation of open-system
quantum mechanics and is what every quantum hardware noise model ultimately reduces to.

Module 8 then unpacks:

• The Lindblad form (8.2) — the differential generator of CPTP semigroups.
• Markovian vs non-Markovian dynamics (8.3) — when memory effects matter.
• Quantum trajectories (8.4) — stochastic unraveling of master equations.
• Decoherence-free subspaces (8.5) — protected sectors immune to noise.
• Quantum error correction foundations (8.6) — engineered restoration of coherence.

Mathematical Development
Why open-system dynamics are non-unitary

If the system + environment start in a product state ρS ⊗ ρE and the joint system evolves unitarily, the
reduced state evolution is

ρS(t) = trE

(
U(t)(ρS(0) ⊗ ρE(0))U†(t)

)
.

Even though U is unitary on the joint space, the partial trace introduces a contraction: distinct ρS(0) can
lead to the same ρS(t), violating unitarity (which is invertible).

Concretely, this is the source of entropy increase: S(ρS(t)) can grow with time even though S(ρSE(t)) =
S(ρSE(0)) is conserved by the unitary.

Markov approximation

If the environment is “large and fast” — i.e., correlations within the environment decay on timescales much
shorter than the system’s dynamics — then the dynamical map satisfies the semigroup property:

Et+s = Et ◦ Es, t, s ≥ 0.

A semigroup of CPTP maps is generated by a Lindbladian (Node 8.2). Without the semigroup property,
the dynamics is non-Markovian (Node 8.3) and qualitatively richer.

When openness can be ignored

The closed-system approximation is valid when:

• Coupling g to the environment is weak compared to internal energy scales.
• Time of interest t is much shorter than 1/(g2τE), where τE is the environment correlation time.
• Environmental temperature is below the relevant excitation gap.
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In quantum hardware, gate times are much shorter than T1, T2, but circuit depths are bounded by them —
this is where the open-system approximation becomes operationally important.

Worked Example
Pure dephasing of a qubit

Take a qubit coupled to a bath via HSE = Z ⊗B for some environment operator B. The dynamical map
turns out to be

ρS(t) =
(

ρ00 e−Γ(t)ρ01
e−Γ(t)ρ10 ρ11

)
,

with Γ(t) a positive function determined by the environment correlation function. The diagonal (populations)
is unchanged, but off-diagonal (coherences) decay. This is exactly the structural picture of decoherence:
pointer states (here, |0⟩, |1⟩) survive, superpositions across them do not.

For a Markovian bath, Γ(t) = γt — exponential decay of coherences. For a non-Markovian bath, Γ(t) can be
non-monotonic, with revivals.

Cross-Links
• Module 5: Decoherence (5.3, 5.4) is the open-system perspective on coherence loss.
• Module 7: Quantum channels (7.3) are the discrete-time / time-integrated form of open-system

dynamics.
• VQA: Hardware noise models live here. Noise-aware ansatz design and error mitigation depend on the

structure of the open-system dynamics.
• Quantum Thermodynamics (Module 9): Thermal equilibration is open-system dynamics with a

thermal environment.

Structural Compression
Invariant: Closed-system dynamics is unitary; open-system dynamics is CPTP. Unitarity is the special case
in which the environment is trivial.

Mechanism: Tracing out an environment after joint unitary evolution.

Cross-System Echo: Coarse-graining in classical statistical mechanics; same structural operation produces
irreversible dynamics from reversible underlying laws.

Exercises
1. Show that the dynamical map ρS(0) 7→ ρS(t) defined by tracing out the environment is CPTP.
2. Construct a 2-qubit system + environment such that the reduced dynamics on the system qubit has a

specified Kraus form.
3. Explain why an initially pure state ρS(0) = |ψ⟩⟨ψ| can become mixed under open-system dynamics,

and why this is not in conflict with the unitarity of the joint evolution.
4. Argue why the semigroup property requires the environment to be “memoryless,” and give one physical

example of a system in which this fails.
5. For the dephasing channel above, compute ρS(t) starting from |+⟩ and verify that it converges to I/2

as t → ∞.
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The Lindblad Master Equation
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Open Quantum Systems Node: 8.2

The Lindblad master equation — or, in its full historical name, the Gorini–Kossakowski–Sudarshan–Lindblad
(GKSL) equation (1976) — is the canonical form of time-local Markovian dynamics for open quantum
systems. It is the most general linear differential equation on a density operator that preserves complete
positivity and trace and whose solutions form a one-parameter semigroup. In the same way that the
Schrödinger equation is the unique “physical” first-order linear equation for a state vector, the Lindblad
equation is the unique “physical” first-order linear equation for a density operator evolving under a
memoryless environment.

Every realistic noise model in quantum hardware, quantum optics, quantum chemistry, and quantum
simulation can be cast in Lindblad form when the Markov approximation applies. The equation’s power lies
in decomposing the dynamics into a unitary part (generated by an effective Hamiltonian) and a dissipative
part (generated by jump operators with associated rates), each contribution having a transparent physical
interpretation as “coherent drive plus incoherent noise channels.”

Formal Statement
The GKSL theorem

Theorem (Gorini–Kossakowski–Sudarshan 1976; Lindblad 1976). A linear map L : B(H) → B(H)
generates a one-parameter semigroup {eLt}t≥0 of CPTP maps if and only if it can be written in the form

L(ρ) = − i

ℏ
[H, ρ] +

∑
k

(
LkρL

†
k − 1

2{L†
kLk, ρ}

)
,

where H = H† is a Hermitian operator (the effective Hamiltonian) and {Lk} is a (possibly infinite) set of
operators on H called Lindblad operators or jump operators. The anticommutator is {A,B} = AB+BA.
Nonnegative rate constants γk can always be absorbed into the Lk by rescaling Lk → √

γkLk.

The corresponding equation of motion for a density operator is

dρ

dt
= L(ρ),

called the Lindblad master equation or quantum Markovian master equation.

Decomposition

The generator splits naturally into two parts:

L(ρ) = − i

ℏ
[H, ρ]︸ ︷︷ ︸

coherent

+
∑

k

D[Lk](ρ)︸ ︷︷ ︸
dissipative

,

where

D[L](ρ) := LρL† − 1
2L

†Lρ− 1
2ρL

†L
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is the dissipator associated with jump operator L. The coherent part is von Neumann evolution under H;
the dissipative part is a sum of decoherence channels.

Trace and positivity preservation

Trace preservation. Taking the trace of both sides:

Tr ρ̇ = − i

ℏ
Tr([H, ρ]) +

∑
k

Tr
(
LkρL

†
k − 1

2L
†
kLkρ− 1

2ρL
†
kLk

)
= 0,

using cyclicity of trace (Tr(LρL†) = Tr(L†Lρ)). So trace is preserved.

Complete positivity. The Lindblad form guarantees CP through the “quantum jump” structure: each
LkρL

†
k term is a completely positive map (it is a Kraus operator applied on both sides of ρ), and the

− 1
2 {L†

kLk, ρ} “no-jump” contribution acts as the exact counter-term required to keep trace at 1 without
spoiling positivity. The detailed argument involves Kraus decomposition of eLt for infinitesimal t; the key
point is that the Lindblad form is the most general such structure.

Intuition
The Lindblad equation says: the dynamics of an open system can be decomposed into two fundamentally
different contributions. The coherent part is ordinary quantum mechanical evolution under a Hamiltonian H

— possibly renormalized from the bare Hamiltonian by interactions with the environment (Lamb shifts and the
like). The dissipative part describes irreversible processes: spontaneous emission, dephasing, thermalization,
measurement backaction, etc. Each dissipative channel is specified by a jump operator Lk and a rate γk

(absorbed into Lk in the condensed notation).

The physical intuition behind each Lindblad term is that of a “quantum jump”: the dissipator can be read as
“with probability rate γk dt, apply the jump Lk to the state, and between jumps evolve with a non-Hermitian
effective Hamiltonian H − i

2
∑

k L
†
kLk.” This is made rigorous by the quantum trajectory picture (Node 8.4).

The density-matrix Lindblad equation is recovered by averaging over all possible jump sequences.

The “Markovian” adjective is essential. Lindblad dynamics has no memory — the state at time t+dt depends
only on the state at time t, not on the history. This is justified when the environment correlations decay
on timescales much shorter than the system’s dynamical timescales (Born–Markov approximation). When
memory effects matter (Node 8.3), the dynamics is non-Markovian and a Lindblad form — at least with
constant rates — is not adequate.

The structural significance of the Lindblad equation is that it is the unique form for Markovian CPTP
dynamics. Any equation that violates it — by having non-Lindblad structure — either fails to preserve
positivity (leading to negative probabilities) or fails the Markov property (revealing memory effects). This
uniqueness is why the Lindblad form appears in every textbook, every hardware noise model, and every
standard treatment of open quantum systems.

Structural Role
• Canonical noise model for hardware. Every noise model used in quantum simulators, device

characterization, and error mitigation is ultimately a Lindblad equation. Even when noise is specified
via Kraus operators, those Kraus operators typically come from time-integration of an underlying
Lindblad generator over a gate time.

• Link to channels. A quantum channel is the integrated form of a Lindblad equation over some time
interval. Kraus operators for the resulting channel can be derived from the jump operators and the
effective non-Hermitian Hamiltonian.
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• Decoherence. Dephasing and amplitude damping, the two canonical decoherence processes of Node
5.4, are both Lindblad dynamics with specific jump operators (L = Z for dephasing, L = σ− for
amplitude damping).

• Relaxation to equilibrium. When the jump operators and Hamiltonian satisfy the quantum detailed-
balance condition, the Lindblad dynamics has the Gibbs state e−βH/Z as its unique fixed point,
and any initial state relaxes toward it. This is the bridge from open-system dynamics to quantum
thermodynamics (Module 9).

• Foundation for trajectories and error correction. The quantum trajectory picture (Node 8.4)
unravels the Lindblad equation into individual stochastic realizations, each consisting of continuous
evolution under a non-Hermitian effective Hamiltonian punctuated by discrete jumps. Quantum
error correction (Node 8.6) engineers Lindblad-form dynamics (or their inverses) to protect encoded
information.

Mathematical Development
Microscopic derivation (Born–Markov)

Start from a system-environment Hamiltonian

Htot = HS +HE +HSE , HSE =
∑

α

Aα ⊗Bα,

where Aα are system operators and Bα are environment operators. Move to the interaction picture, tracing out
the environment in a perturbation expansion to second order in HSE , and applying two key approximations:

1. Born approximation. The environment is large and weakly affected by the system, so ρSE(t) ≈
ρS(t) ⊗ ρE remains a product state at all times.

2. Markov approximation. Environment correlation functions ⟨Bα(t)Bβ(t′)⟩ρE
decay much faster than

the system’s dynamical timescales, so the system’s evolution depends only on its current state, not on
its history.

Under these approximations, one obtains the Redfield equation:

dρS

dt
= − i

ℏ
[HS , ρS ] +

∫ ∞

0
dτ
∑
α,β

Cαβ(τ) [Aβ(−τ)ρS , Aα] + h.c.,

where Cαβ(τ) are bath correlation functions. Redfield is not in general of Lindblad form — it can violate
complete positivity for certain initial conditions. Adding a third approximation, the rotating-wave approx-
imation (dropping rapidly oscillating terms), brings the equation into Lindblad form with jump operators
given by the eigenoperators of HS at each Bohr frequency, and rates given by the Fourier transform of the
bath correlation function at those frequencies.

Uniqueness of the Lindblad form

One can ask: what is the most general time-local equation ρ̇ = L(ρ) that preserves positivity and trace and
allows the solution to form a semigroup? The answer is the Lindblad form. This is the content of the GKSL
theorem, proved independently by Gorini–Kossakowski–Sudarshan (in finite dimensions) and Lindblad (in the
general bounded-operator case). The proof uses the Choi–Jamiołkowski isomorphism to convert the problem
into a condition on a matrix, where the positivity and trace constraints force the Lindblad structure.

Solutions and fixed points

The formal solution is ρ(t) = eLtρ(0), where the exponential is in the super-operator sense. Fixed points
ρ∞ satisfy L(ρ∞) = 0. For a Lindblad equation with Gibbs detailed balance, the unique fixed point is the
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thermal state ρ∞ = e−βH/Z at the environment’s temperature. In general, the structure of fixed points can
be analyzed via the Evans–Hahn theorem: the set of invariant states is a convex subset determined by the
commutant of the jump operators and H.

Connection to Kraus form

Integrating the Lindblad equation over a small time dt gives a CPTP map with Kraus operators (to leading
order in dt):

K0 = I − i

ℏ
H dt− 1

2
∑

k

L†
kLk dt, Kk = Lk

√
dt, k ≥ 1.

Check:
∑

k K
†
kKk = I + O(dt2). The probability of “jumping” (applying Lk for k ≥ 1) in time dt is

Tr(L†
kLkρ) dt, which is the jump rate. Between jumps, the state evolves under the non-Hermitian effective

Hamiltonian Heff = H − iℏ
2
∑

k L
†
kLk, which shrinks the norm at a rate equal to the total jump probability.

Renormalizing and averaging over the jump history reproduces the Lindblad dynamics — this is the quantum
trajectory picture of Node 8.4.

Covariance and symmetries

If H commutes with a symmetry operator G, and if the jump operators are eigen-operators of the adjoint
action of G, then the Lindblad dynamics preserves the corresponding conservation laws statistically. For
example, a Lindblad equation with H having U(1) symmetry and jumps that commute with the U(1)
generator preserves particle number in the mean.

Worked Example
Pure dephasing qubit

Let H = ω
2Z and a single jump operator L =

√
γϕ/2Z. The Lindblad equation is

ρ̇ = − iω

2 [Z, ρ] + γϕ

2 (ZρZ − ρ) .

In matrix form on the computational basis,

d

dt

(
ρ00 ρ01
ρ10 ρ11

)
=
(

0 −(iω + γϕ)ρ01
(iω − γϕ)ρ10 0

)
.

Populations are unchanged; coherences decay with rate γϕ and oscillate at frequency ω:

ρ01(t) = e−(γϕ+iω)tρ01(0).

This is the canonical Markovian pure-dephasing dynamics: coherences decay exponentially without any
population loss. The dephasing rate γϕ sets the Tϕ = 1/γϕ timescale contributing to T2 (Node 5.6).

Amplitude damping qubit

Let H = ω
2Z and a single jump operator L = √

γ σ−, where σ− = |0⟩⟨1|. The Lindblad equation is

ρ̇ = − iω

2 [Z, ρ] + γ

(
σ−ρσ+ − 1

2{σ+σ−, ρ}
)
.
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Component-wise:

ρ̇11 = −γρ11, ρ̇00 = γρ11, ρ̇01 = (iω − γ/2)ρ01.

The excited state population decays with rate γ (identified with 1/T1), ground state is repopulated, and
coherences decay with rate γ/2 = 1/(2T1). This is the source of the fundamental bound

1
T2

= 1
2T1

+ 1
Tϕ

≥ 1
2T1

,

giving T2 ≤ 2T1. Amplitude damping forces the coherence decay rate to be at least half the population decay
rate, because part of the dephasing comes from the very process that depopulates |1⟩.

Thermal qubit

For a qubit in contact with a thermal bath at temperature T and inverse temperature β = 1/(kBT ), one uses
two jump operators:

L− = √
γ− σ−, L+ = √

γ+ σ+,

with γ− = γ(n+ 1), γ+ = γn, where n = 1/(eβω − 1) is the thermal bath occupation at frequency ω. The
Lindblad equation relaxes the qubit to

ρ∞ = e−βH

Z
= 1

1 + e−βω

(
|0⟩⟨0| + e−βω|1⟩⟨1|

)
,

the Gibbs state. The ratio γ+/γ− = e−βω is the detailed balance condition, which ensures that the fixed
point is the thermal state.

Driven damped oscillator

A harmonic oscillator with Hamiltonian H = ωa†a+ ϵ(a+ a†) and jump operator L =
√
κ a describes a cavity

mode driven by a coherent field ϵ and damped at rate κ (e.g., photons leaking out through a mirror). The
steady-state density operator is a coherent state |α⟩ with α = −2iϵ/κ, which is the standard result from
quantum optics for driven-damped cavities.

Cross-Links
• Module 5.3 (System-environment coupling): The Lindblad equation is the Markovian limit of

the exact reduced dynamics derived from a system-environment Hamiltonian.
• Module 5.4 (Decoherence mechanisms): The dephasing and amplitude damping channels of Node

5.4 are the integrated forms of Lindblad equations with L = Z and L = σ− respectively.
• Module 7.3 (Quantum channels): eLt is a quantum channel. The CPTP structure of channels is

guaranteed by the GKSL form.
• Module 8.3 (Markovian vs non-Markovian): The Lindblad equation defines the Markovian regime;

non-Markovian dynamics requires more general structures (time-dependent rates, non-local-in-time
kernels).

• Module 8.4 (Quantum trajectories): Stochastic unraveling of the Lindblad equation into individual
trajectories with discrete quantum jumps.

• Module 9.3 (Thermal states): Lindblad dynamics with detailed balance relaxes to Gibbs states,
providing the dynamical bridge between open-system dynamics and thermal equilibrium.
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• Statistics — Fokker-Planck: The classical analogue is the Fokker-Planck equation, which is the
unique form for Markovian diffusion on classical phase space and plays the same structural role as
GKSL in the quantum setting.

Structural Compression
Invariant: Any Markovian CPTP semigroup of dynamical maps on a finite-dimensional Hilbert space is
generated by a Lindblad operator of the form L(ρ) = − i

ℏ [H, ρ] +
∑

k(LkρL
†
k − 1

2 {L†
kLk, ρ}). The GKSL form

is the unique structure consistent with complete positivity, trace preservation, and time-local dynamics.

Mechanism: Derivation from microscopic Hamiltonian via the Born–Markov–RWA approximations, or
equivalently the GKSL characterization via Choi matrix positivity. The jump operators Lk encode indi-
vidual decoherence/dissipation channels; the effective Hamiltonian H encodes coherent evolution including
environment-induced renormalizations.

Cross-System Echo: The Fokker-Planck equation for classical Markov diffusion plays the same structural
role: it is the unique form of a linear, time-local evolution of probability densities that preserves normalization
and positivity. The GKSL form is the non-commutative generalization to density operators on Hilbert space,
and its structure reduces to Fokker-Planck on diagonal states.

Exercises
1. Verify trace preservation of the Lindblad equation by computing Tr(ρ̇) from the general Lindblad form.
2. For a qubit with dephasing jump operator L =

√
γϕ/2Z, show that the populations are conserved and

the coherences decay as ρ01(t) = e−γϕtρ01(0).
3. Derive the T2 ≤ 2T1 bound from the Lindblad equation for amplitude damping combined with pure

dephasing.
4. Construct the Lindblad equation for a qubit in contact with a thermal bath at inverse temperature β,

and show that its fixed point is the Gibbs state.
5. Show that the Kraus operators K0 = I− i

ℏHdt− 1
2
∑
L†

kLkdt and Kk = Lk

√
dt form a trace-preserving

set to leading order in dt.
6. Identify a physically natural example of a non-Lindblad dynamical equation (e.g., Redfield without

RWA) and explain what goes wrong when it is applied to certain initial states.
7. Argue, structurally, why the Lindblad form is the unique time-local, completely positive, trace-preserving

generator. What role does each of the three requirements play in constraining the form?
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Markovian vs Non-Markovian Dynamics
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Open Quantum Systems Node: 8.3

The Lindblad equation (Node 8.2) describes Markovian dynamics — open-system evolution in which the
environment has no memory, and the future state depends only on the present. This is the cleanest and most
widely used class of open-system models, but it is an approximation. Real environments are finite, structured,
and often slow compared to the system they couple to. When these conditions break down, memory effects
appear: the environment “remembers” what the system did in the past and feeds that information back later,
producing non-Markovian dynamics with features such as population revivals, non-monotonic coherence
decay, and information backflow.

This node makes the Markovian/non-Markovian distinction mathematically precise, introduces the standard
measures of non-Markovianity (BLP and RHP), and shows through canonical examples (the damped
Jaynes–Cummings model) how both regimes arise from the same microscopic physics at different coupling
strengths. It also situates the distinction in the context of real hardware: modern quantum devices frequently
exhibit non-Markovian noise, and characterizing it is essential for accurate error modeling and mitigation.

Formal Definition
Dynamical maps and divisibility

Given a family of CPTP maps {Λt,0}t≥0 describing the evolution from time 0 to time t, the dynamics is
called CP-divisible if for every pair 0 ≤ s ≤ t, there exists a CPTP map Vt,s such that

Λt,0 = Vt,s ◦ Λs,0.

That is, the evolution from 0 to t can be broken into an evolution from 0 to s followed by a valid quantum
channel from s to t.

Markovian and non-Markovian

A dynamics is Markovian (in the sense of Rivas–Huelga–Plenio, 2010) if it is CP-divisible. Equivalently, the
dynamical map satisfies a time-local master equation of Lindblad form, possibly with time-dependent rates
that remain nonnegative throughout the evolution:

dρ

dt
= − i

ℏ
[H(t), ρ] +

∑
k

γk(t)D[Lk(t)](ρ), γk(t) ≥ 0 ∀ t.

If the rates γk(t) are constant, the dynamics is also time-homogeneous and satisfies the full semigroup property
Λt+s = Λt ◦ Λs.

A dynamics is non-Markovian if it is not CP-divisible. This manifests as either: - A time-local master
equation with some rate γk(t) < 0 at some time (while the full map Λt,0 remains CPTP), or - A non-time-local
integro-differential master equation with memory kernels (the Nakajima–Zwanzig form).

BLP measure

The Breuer–Laine–Piilo (BLP) measure (2009) quantifies non-Markovianity via information backflow.
Define the trace distance between two states as D(ρ1, ρ2) = 1

2 ∥ρ1 − ρ2∥1. Under any CPTP map, trace
distance is contractive:
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D(Λ(ρ1),Λ(ρ2)) ≤ D(ρ1, ρ2).

For Markovian dynamics, the trace distance between any pair of input states is monotonically non-increasing
in time. For non-Markovian dynamics, the trace distance can increase during certain intervals — this is
information backflow from the environment to the system. The BLP measure is

NBLP = max
ρ1,ρ2

∫
σ>0

σ(t) dt, σ(t) = d

dt
D(Λt,0(ρ1),Λt,0(ρ2)),

where the integral is over time intervals in which the distance grows.

RHP measure

The Rivas–Huelga–Plenio (RHP) measure (2010) characterizes non-Markovianity via CP-divisibility
directly. A map is CP-divisible iff Vt+dt,t is CPTP for every t, which can be tested via the Choi matrix of
Vt+dt,t. The RHP measure integrates the magnitude of non-CP contributions:

NRHP =
∫ ∞

0
g(t) dt,

where g(t) measures the instantaneous deviation of Vt+dt,t from CPTP.

These measures are not equivalent in general: CP-divisibility implies trace-distance monotonicity, but the
converse does not hold — there exist non-CP-divisible dynamics whose BLP measure vanishes. RHP is
stricter than BLP.

Intuition
The Markovian picture is: the environment is so large and its correlations decay so fast that any perturbation
the system induces in it is “washed away” before it can come back to affect the system. The environment is
like an ocean — throw a pebble in, and the ripples disperse. The system evolves as if the environment were
always in its equilibrium state, and each infinitesimal time step is statistically independent of the past.

The non-Markovian picture is: the environment is finite, structured, or slow enough that it “remembers”
what the system did. A perturbation injected into the environment doesn’t disperse — it propagates, reflects
off environmental structure, and comes back to affect the system again. The environment is more like a
resonant cavity than an ocean. The system’s future depends not just on its current state but on the history
of its interactions with the environment.

Practical consequences:

• Population revivals. Instead of exponential decay e−γt, non-Markovian populations can oscillate or
even fully return to their initial values at certain times.

• Non-monotonic coherence decay. Coherences may decay, then partially recover, then decay again.
• Information backflow. The distinguishability of states (trace distance) increases at certain times,

meaning information that leaked to the environment is coming back.
• Enhanced quantum control. Non-Markovian dynamics, if characterized and exploited, can be used

to recover information via engineered echo sequences or feedback protocols.

The canonical physical example is a two-level atom strongly coupled to a single-mode cavity (the
Jaynes–Cummings model): in the weak-coupling limit, the cavity acts as a Markovian environment and
the atom decays exponentially; in the strong-coupling limit, the atom and cavity exchange an excitation
coherently, producing vacuum Rabi oscillations — a textbook non-Markovian revival.
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The distinction matters for real hardware. Superconducting qubits often couple to a few nearby two-level
systems (two-level defects, spurious resonators) rather than to a smooth environment, and the resulting noise
is non-Markovian. Characterizing this non-Markovianity is essential for high-fidelity gate operations and
error mitigation.

Structural Role
• Classifying open-system dynamics. The Markovian/non-Markovian distinction is the fundamental

classification of open-system dynamics, analogous to the classical distinction between Markov processes
and processes with memory.

• Range of validity of the Lindblad equation. The Lindblad equation is valid only in the Markovian
regime. For non-Markovian dynamics, one needs either a time-local master equation with possibly
negative rates (yielding a CPTP dynamical map but not a semigroup), a Nakajima–Zwanzig memory
kernel equation (exact but typically intractable), or an enlargement of the system Hilbert space to
explicitly include relevant environmental degrees of freedom.

• Noise mitigation strategies. Markovian noise is fought with repeated error correction or dynamical
decoupling optimized for white-noise spectra. Non-Markovian noise can be mitigated by tailored
pulse sequences that exploit the environment’s memory structure (e.g., CPMG sequences that refocus
low-frequency environmental fluctuations).

• Resource-theoretic perspective. Non-Markovianity can be treated as a resource in the sense that it
allows information backflow — this backflow can be exploited for tasks like state preparation, quantum
control, and quantum sensing. The resource theory of non-Markovianity studies what operations
preserve or deplete this resource.

• Bridge to exact dynamics. Non-Markovian master equations are intermediate between fully exact
system+environment dynamics and the Lindblad approximation. They retain some features of the
exact dynamics (memory effects, revivals) while still operating on the reduced density matrix of the
system.

Mathematical Development
Time-local master equation with time-dependent rates

A general time-local master equation can be written as

dρ

dt
= − i

ℏ
[H(t), ρ] +

∑
k

γk(t)
(
Lk(t)ρLk(t)† − 1

2{Lk(t)†Lk(t), ρ}
)
.

Markovian case: γk(t) ≥ 0 for all t and all k. The dynamical map is CP-divisible.

Non-Markovian case: some γk(t) < 0 at some times. Although the individual infinitesimal generator is
not Lindblad-like, the time-ordered exponential can still yield a CPTP map Λt,0 at each time. However, the
intermediate maps Vt,s for 0 < s < t may fail to be CP, violating divisibility. The negative rates are the
mathematical manifestation of information backflow.

Nakajima–Zwanzig memory kernel

The exact reduced dynamics of a system coupled to an environment can be derived via the Nakajima–Zwanzig
projection technique, giving an integro-differential equation

dρS(t)
dt

= − i

ℏ
[HS , ρS(t)] +

∫ t

0
K(t− s)ρS(s) ds,
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where K(t− s) is a memory kernel encoding the environment’s influence on the system’s past. The Markov
approximation is recovered when the kernel is sharply peaked at t = s, i.e., K(t− s) ≈ δ(t− s)LM for some
Lindbladian LM . When the kernel has finite width, memory effects appear.

Damped Jaynes–Cummings model

Consider a two-level atom with transition frequency ω0 coupled to a single cavity mode of frequency ωc and
decay rate κ (the cavity leaks photons to an external reservoir at rate κ). The atom-cavity coupling has
strength g.

In the single-excitation sector, the exact reduced dynamics of the atom’s excited state amplitude ce(t) satisfies
an integro-differential equation whose solution depends on the ratio g/κ:

• Weak coupling g ≪ κ: The cavity decays faster than the atom-cavity exchange, and the cavity acts
as a Markovian environment for the atom. The atomic excited state decays exponentially with effective
rate Γ = 4g2/κ (Purcell-enhanced spontaneous emission).

• Strong coupling g ≫ κ: The atom-cavity exchange is faster than cavity decay. An excitation oscillates
coherently between atom and cavity (vacuum Rabi oscillations) with frequency 2g, decaying slowly on
the scale κ. The atomic population exhibits revivals, and the dynamics is strongly non-Markovian.

The crossover at g ∼ κ is continuous, and the BLP/RHP measures capture the increasing non-Markovianity
smoothly through the transition.

BLP example

Take a qubit with the non-Markovian amplitude-damping dynamics from the strong-coupling
Jaynes–Cummings model. Start with two initial states |+⟩ and |−⟩. Their trace distance at time t
is | cos(gt)|e−κt/2 (schematically) — oscillating between small and large values due to the Rabi oscillation.

The time derivative σ(t) = dD/dt is negative during coherence decay intervals but positive during revivals.
Integrating over the revival intervals gives a nonzero BLP measure, quantifying the non-Markovianity.

Beyond Lindblad: positivity-preserving vs CP-divisible

An important subtlety: positivity-preserving dynamics is weaker than CP-divisible dynamics. There are
dynamical maps that preserve positivity (so any single input state evolves to a valid density matrix) but
fail CP-divisibility, because they fail to preserve positivity when tensored with an ancilla (analogous to
the transpose map’s failure of CP from Node 7.3). These dynamics are physically realizable but require
accounting for non-trivial correlations between system and environment that violate CP-divisibility.

Worked Example
Two regimes of spontaneous emission in a Lorentzian bath

Consider a two-level atom in a photonic bath with a Lorentzian spectral density peaked at the atomic
transition frequency ω0:

J(ω) = 1
2π

γ0λ
2

(ω − ω0)2 + λ2 ,

where λ sets the width of the Lorentzian and γ0 sets the coupling strength.

Regime 1: λ ≫ γ0 (broad bath, weak coupling). The bath correlation function decays on timescale 1/λ,
much faster than the system timescale 1/γ0. Markov approximation applies; the atom decays exponentially
with rate γ0. This is the Wigner–Weisskopf theory of spontaneous emission.
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Regime 2: λ ≪ γ0 (narrow bath, strong coupling). The bath is essentially a single resonant mode with
slow leakage. An excitation oscillates between the atom and the narrow-bath peak, with partial revivals
of the atomic excited-state population. The dynamics is strongly non-Markovian, and the exact reduced
dynamics (solvable in this model) shows the atomic amplitude obeying

ce(t) = e−λt/2
[
cosh

(
Ωt
2

)
+ λ

Ω sinh
(

Ωt
2

)]
, Ω =

√
λ2 − 2γ0λ.

When 2γ0 > λ, Ω becomes imaginary and the population oscillates with revivals — the non-Markovian
regime.

Real hardware: superconducting qubits with TLS

Superconducting transmon qubits couple to amorphous two-level system (TLS) defects in oxide layers and
interfaces. A single TLS with frequency close to the qubit’s transition acts as a structured, non-Markovian
bath. Instead of decaying exponentially, the qubit can exchange excitations with the TLS, producing
characteristic “avoided crossing” patterns in spectroscopy and population revivals in time-domain experiments.
Modern device characterization must account for this non-Markovian structure to accurately predict gate
fidelities.

Environment engineering for error correction

Because non-Markovian noise has memory, it can sometimes be turned into an advantage. Dynamical
decoupling sequences such as CPMG refocus slow environmental fluctuations by rapid pulse echoes, effectively
suppressing the non-Markovian component of the noise and making the effective dynamics closer to Markovian
white noise — which is easier to protect against with standard error correction. The success of dynamical
decoupling depends critically on the non-Markovian spectrum being narrow compared to the pulse repetition
rate.

Cross-Links
• Module 8.2 (Lindblad equation): Describes exactly the Markovian regime. Non-Markovian

dynamics requires generalization beyond GKSL.
• Module 5.3 (System-environment coupling): The Born–Markov approximation is the microscopic

justification for Markovianity; its failure is the origin of non-Markovian dynamics.
• Module 8.4 (Quantum trajectories): Markovian trajectories have discrete jumps; non-Markovian

trajectories involve correlations across jumps.
• Module 5.6 (Decoherence timescales): Non-Markovian baths can produce deviations from simple

exponential T1, T2 decay, requiring more sophisticated characterization.
• Module 8.6 (Error correction): Error correction thresholds depend on the noise structure; non-

Markovian noise often has correlated errors that degrade standard threshold estimates.
• Statistics — Markov chains: Classical Markov processes are the structural analogue of Markovian

quantum dynamics. Non-Markovian quantum dynamics echoes classical processes with memory (e.g.,
fractional Brownian motion, autoregressive processes).

Structural Compression
Invariant: A quantum dynamical map is Markovian iff it is CP-divisible, iff the associated time-local master
equation has nonnegative rates at all times. Non-Markovianity manifests as information backflow — increase
of trace distance between distinct states during evolution — and is quantified by the BLP or RHP measures.
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Mechanism: Markovianity requires environment correlations to decay faster than system dynamics; this
justifies the Born–Markov approximation leading to the Lindblad equation. Non-Markovianity arises when the
environment is finite, structured, or slow, causing memory effects encoded in a non-trivial Nakajima–Zwanzig
memory kernel or time-dependent negative rates.

Cross-System Echo: Classical Markov chains have the memoryless property; classical processes with
memory require higher-order state spaces or explicit memory kernels. The quantum distinction maps onto
the classical one with one complication: CP-divisibility (the quantum Markov condition) is stronger than
mere positivity-divisibility, reflecting the need to handle entangled ancilla systems.

Exercises
1. Show that the Lindblad equation with constant rates is CP-divisible, and identify the intermediate

maps Vt,s.
2. Construct a time-local master equation with γ(t) < 0 during some interval, and show that although the

rate is negative, the dynamical map can still remain CPTP.
3. Solve the Jaynes–Cummings model in the single-excitation sector exactly, and identify the crossover

from Markovian to non-Markovian dynamics as a function of g/κ.
4. Compute the BLP measure for the non-Markovian amplitude damping model with Lorentzian spectral

density in the strong-coupling regime.
5. Discuss the relationship between BLP and RHP measures: give an example (or describe one from the

literature) of a dynamics that is non-CP-divisible but has vanishing BLP measure.
6. Explain how dynamical decoupling sequences like CPMG exploit the non-Markovian structure of a bath

to suppress dephasing. What conditions on the bath spectrum make CPMG effective?
7. Argue, structurally, why CP-divisibility is the correct quantum notion of Markovianity, rather than the

weaker condition of positivity-divisibility or the stronger condition of the full semigroup property.
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Quantum Trajectories
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Open Quantum Systems Node: 8.4

The Lindblad equation describes the average evolution of an open system — the density operator obtained
by averaging over all possible histories of the environment. But a single run of a physical experiment with a
single quantum system does not produce the average; it produces one specific random history. A quantum
trajectory is a stochastic unraveling of the Lindblad equation into individual sample paths, each of which is a
possible evolution of the system conditioned on a specific measurement record in the environment. Averaging
over many trajectories recovers the deterministic Lindblad dynamics.

Quantum trajectories serve three distinct purposes. Numerically, they provide a Monte Carlo method — the
Monte Carlo wavefunction (MCWF) or quantum jump method — for simulating large open systems
by evolving pure states and taking statistical averages, which is often vastly cheaper than evolving the full
density matrix. Conceptually, they clarify what a measurement “looks like” from the system’s perspective: a
continuous weak interaction with an environment that is being monitored, producing a stochastic trajectory
of the conditional state. Experimentally, they describe exactly the state-of-the-art in continuous monitoring
and feedback control of quantum systems, which is central to quantum error correction, quantum sensing,
and cavity QED.

Formal Definition
Unraveling a Lindblad equation

Given a Lindblad master equation

dρ

dt
= − i

ℏ
[H, ρ] +

∑
k

D[Lk](ρ),

an unraveling is a stochastic process for a pure state |ψ(t)⟩ whose ensemble average reproduces ρ(t):

ρ(t) = E[|ψ(t)⟩⟨ψ(t)|].

There are infinitely many possible unravelings, each corresponding to a different choice of how the environment
is monitored. The two most important classes are jump unravelings (corresponding to photon counting)
and diffusive unravelings (corresponding to homodyne detection).

Jump unraveling (Monte Carlo wavefunction)

In the jump picture, the state evolves deterministically under a non-Hermitian effective Hamiltonian

Heff = H − iℏ
2
∑

k

L†
kLk,

punctuated by discrete quantum jumps at random times. The jumps occur with rate

pk(t) dt = ⟨ψ(t)|L†
kLk|ψ(t)⟩ dt,

and when a jump of type k occurs, the state is updated via
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|ψ(t+ dt)⟩ = Lk|ψ(t)⟩
∥Lk|ψ(t)⟩∥ .

Between jumps, the deterministic non-Hermitian evolution

|ψ̃(t+ dt)⟩ =
(
I − i

ℏ
Heff dt

)
|ψ(t)⟩

followed by normalization gives the conditional state (normalized to account for the probability of no jump).
The stochastic equation is

d|ψ⟩ =
(

− i

ℏ
Heff + 1

2
∑

k

⟨L†
kLk⟩

)
|ψ⟩ dt+

∑
k

( Lk√
⟨L†

kLk⟩
− I
)

|ψ⟩ dNk,

where dNk are Poisson increments with E[dNk] = ⟨L†
kLk⟩ dt and dNkdNl = δkldNk.

Diffusive unraveling (homodyne detection)

In the diffusive picture, the state evolves continuously but stochastically, driven by Wiener noise:

d|ψ⟩ = − i

ℏ
H|ψ⟩ dt+

∑
k

(
Lk − 1

2 ⟨Lk + L†
k⟩
)

|ψ⟩ dWk − 1
2
∑

k

(
L†

kLk − ⟨Lk + L†
k⟩Lk + 1

4 ⟨Lk + L†
k⟩2
)

|ψ⟩ dt,

where dWk are independent Wiener increments with E[dWk] = 0 and dWkdWl = δkldt. This corresponds
to continuous monitoring of the environment quadratures (homodyne or heterodyne detection in quantum
optics).

Equivalence on average

For both unravelings, taking the ensemble average ρ(t) = E[|ψ(t)⟩⟨ψ(t)|] reproduces the Lindblad equation.
The individual trajectories are different in the two pictures, but their ensemble average is invariant under the
choice of unraveling.

Intuition
The master equation tells you the ensemble average of many experimental runs. But a single run produces a
single specific history — one sample path. The quantum trajectory picture says: imagine that the environment
is continuously monitored by a gedanken-experimenter, who records every photon emitted, every phase shift,
every measurement outcome. Conditional on this full record, the system’s state is always a pure state (the
environment, being fully measured, cannot be entangled with the system). This pure conditional state evolves
stochastically, driven by the randomness of the measurement outcomes.

When you don’t monitor the environment (or you average over all possible monitoring outcomes), you recover
the Lindblad density matrix. The density matrix is the ensemble average over all possible measurement
histories, each of which corresponds to a single trajectory.

The “jump” vs “diffusive” distinction reflects the type of measurement performed on the environment:

• Jump unraveling = photon counting. The environment is monitored with detectors that click
discretely when a photon is emitted. Between clicks, the system evolves deterministically (but non-
Hermitianly, because the absence of a click is itself information that updates the state). At each click,
the state jumps discontinuously. This is the natural description for photon emission, spontaneous decay,
and discrete detection events.
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• Diffusive unraveling = homodyne detection. The environment is monitored with a local oscillator
that measures quadrature amplitudes continuously. The system state performs a continuous stochastic
walk driven by white-noise measurement records. This is the natural description for continuous weak
measurement and for many solid-state qubit readout schemes.

Both pictures describe the same underlying physics; they correspond to different detector designs. The
system’s density matrix, averaged over the unknown outcomes of these detectors, obeys the same Lindblad
equation regardless of which detector is imagined. Trajectories are an interpretive and computational tool,
not a new physical theory.

The Monte Carlo wavefunction method exploits this for numerical efficiency. A density matrix on N states
has N2 entries; a pure state has only N . Evolving a pure state stochastically and averaging over many
realizations is often much cheaper than evolving the N2-dimensional density matrix, especially when the
system is large. This is the standard workhorse for simulating open quantum systems in quantum optics,
condensed matter, and quantum chemistry.

Structural Role
• Numerical methods. The Monte Carlo wavefunction method (Dalibard–Castin–Mølmer, 1992) is one

of the standard techniques for simulating open quantum systems. It reduces the computational cost
from O(N2) per time step (full density matrix) to O(N) per trajectory, at the cost of needing many
trajectories for statistical convergence.

• Continuous measurement theory. Quantum trajectories are the mathematical foundation of
continuous measurement, which underlies modern quantum sensing (gravitational wave detectors,
atomic clocks) and quantum feedback control.

• Conditional dynamics in quantum error correction. Real-time error correction schemes like cat
codes, GKP codes, and stabilizer codes with continuous monitoring use the conditional quantum state
to decide when and how to apply corrections. The theory of quantum trajectories is the language in
which these schemes are formulated.

• Conceptual picture of measurement. Quantum trajectories give a concrete picture of what happens
during a measurement: the system’s state evolves stochastically under the influence of measurement
backaction, collapsing gradually (diffusive) or suddenly (jump) depending on the measurement type.
This is the “dynamical collapse” picture that dissolves many apparent paradoxes of measurement.

• Link to stochastic differential equations. The stochastic Schrödinger equation is a quantum
generalization of classical stochastic differential equations (Itô and Stratonovich calculi), and it inherits
the same mathematical structure and pitfalls. Quantum trajectories provide a rich testing ground for
stochastic analysis.

Mathematical Development
Monte Carlo wavefunction algorithm

Given an initial pure state |ψ(0)⟩, the MCWF algorithm proceeds in discrete time steps dt:

1. Compute the total jump probability p(t) dt =
∑

k⟨L†
kLk⟩ dt.

2. Draw a uniform random number r ∈ [0, 1].
3. If r < p(t) dt: a jump occurs.

• Choose which jump via weights pk/p.
• Apply |ψ⟩ → Lk|ψ⟩/∥Lk|ψ⟩∥.

4. Else: no jump.
• Apply the non-Hermitian evolution |ψ⟩ → |ψ̃⟩ = (I−iHeffdt/ℏ)|ψ⟩ and renormalize: |ψ⟩ = |ψ̃⟩/∥ψ̃∥.

5. Repeat.

Averaging over many trajectories gives ρ(t) and all its statistical properties.
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Proof of equivalence with Lindblad

To see that the ensemble average of the MCWF algorithm reproduces the Lindblad equation, compute

ρ(t+ dt) = E[|ψ(t+ dt)⟩⟨ψ(t+ dt)|]

by conditioning on whether a jump occurred:

= (1 − p dt) (I − iHeffdt/ℏ)|ψ⟩⟨ψ|(I + iH†
effdt/ℏ)

1 − p dt
+
∑

k

pk dt
Lk|ψ⟩⟨ψ|L†

k

⟨L†
kLk⟩

.

The normalization factors cancel, and expanding to first order in dt yields

ρ(t+ dt) = ρ(t) + dt

(
− i

ℏ
[H, ρ] +

∑
k

LkρL
†
k − 1

2{L†
kLk, ρ}

)
+O(dt2),

which is exactly the Lindblad equation. So the trajectory average reproduces the deterministic evolution.

Stochastic master equation

When the environment is partially monitored (say, with detection efficiency η < 1), the conditional state is
neither a pure state (because of the unmonitored part of the environment) nor the full ensemble average
(because the monitored part has been measured). It satisfies a stochastic master equation (SME) that
interpolates between the Lindblad equation (at η = 0) and the pure-state unraveling (at η = 1).

For homodyne detection with efficiency η:

dρc = − i

ℏ
[H, ρc]dt+ D[L]ρc dt+ √

ηH[L]ρc dW,

where H[L]ρ = Lρ+ ρL† − Tr((L+ L†)ρ)ρ is the “measurement innovation” superoperator. Averaging over
the noise dW gives the unconditioned Lindblad equation.

Itô vs Stratonovich

The diffusive unraveling is naturally written in Itô form, where the noise increment is “non-anticipating”
(does not know the future). Transforming to Stratonovich form (which uses the symmetric midpoint rule)
adds extra drift terms, but the two are equivalent descriptions of the same process. Itô is usually preferred for
computation; Stratonovich is sometimes more natural for physical derivations. Both give the same ensemble
average.

Worked Example
Photon counting on a damped cavity

Consider a cavity mode with H = ωa†a and damping Lindblad operator L =
√
κa. Start in a Fock state

|n⟩. The jump operator a lowers the photon number by 1 when a jump occurs; the non-Hermitian effective
Hamiltonian is Heff = ωa†a− iℏκa†a/2.

Between jumps, the state |n⟩ evolves as

e−iHefft/ℏ|n⟩ = e−iωnt−κnt/2|n⟩,
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with norm decaying at rate κn (the total jump rate for an n-photon state). The probability of no jump up to
time t is e−κnt, so the expected time to the first jump is 1/(κn).

A single trajectory looks like: start in |n⟩, wait a random time τ1 ∼ Exponential(κn), then jump to |n− 1⟩,
wait another random time τ2 ∼ Exponential(κ(n− 1)), then jump to |n− 2⟩, and so on until reaching |0⟩.

The ensemble average of these trajectories gives the density matrix ρ(t) =
∑

m pm(t)|m⟩⟨m|, where pm(t)
is the probability of having m photons at time t. The moments match the Lindblad prediction exactly:
⟨a†a⟩(t) = ne−κt (exponential decay of mean photon number).

Homodyne detection of a qubit

Consider a qubit with dephasing via L =
√
γϕ/2Z. The diffusive unraveling gives

d|ψ⟩c = −γϕ

2 (Z − ⟨Z⟩)2|ψ⟩c dt+
√
γϕ/2(Z − ⟨Z⟩)|ψ⟩c dW.

Starting from |+⟩ = (|0⟩ + |1⟩)/
√

2, the trajectory evolves stochastically. Over time, individual trajectories
collapse toward either |0⟩ (with Z = +1) or |1⟩ (with Z = −1), chosen randomly with equal probability.
The average of the trajectories gives ρ(t) = 1

2 (|0⟩⟨0| + |1⟩⟨1|) after long times — the same as the Lindblad
prediction for the ensemble-averaged density matrix.

The conditional state, however, is always a pure state on the Z-eigenvector axis, gradually collapsing to an
eigenstate as measurement information accumulates. This is the diffusive picture of measurement: continuous
acquisition of information drives the state toward a measurement eigenstate via a stochastic process.

Numerical simulation of spontaneous emission

Simulating spontaneous emission from a two-level atom via MCWF: the effective Hamiltonian is Heff =
−iℏγσ+σ−/2 (taking H = 0 in the rotating frame). The jump operator is L = √

γσ−.

Start in |1⟩. The non-Hermitian evolution gives |ψ̃(t)⟩ = e−γt/2|1⟩, with norm squared e−γt, which is exactly
the probability of no jump up to time t. At a random time (exponentially distributed with rate γ), the jump
|1⟩ → |0⟩ occurs, and the state remains in |0⟩ thereafter.

Each trajectory is a single step function: |1⟩ until some random jump time, then |0⟩. Averaging over many
such trajectories gives the smooth exponential decay p1(t) = e−γt. A single experiment produces one step
function, not the ensemble curve — which is exactly what is observed in single-atom fluorescence experiments
with time-resolved detection.

Cross-Links
• Module 3.5 (Measurement theory): Quantum trajectories formalize continuous weak measurement.

Each trajectory is conditional on a specific measurement record.
• Module 8.2 (Lindblad equation): Ensemble averages of trajectories reproduce the Lindblad equation.

Trajectories and the master equation are two views of the same dynamics.
• Module 8.6 (Error correction): Continuous-monitoring error correction schemes use conditional

quantum states computed via trajectory methods to decide on corrective operations.
• Module 5.4 (Decoherence mechanisms): Amplitude damping and dephasing channels are the

integrated forms of Lindblad dynamics whose trajectories are direct photon-counting or homodyne-
detection processes.

• Statistics — Stochastic processes: Classical Poisson processes (jump unraveling) and Wiener
processes (diffusive unraveling) are the mathematical backbone of trajectory theory.

• VQA: Stochastic gradient descent in optimization has structural parallels to diffusive unravelings — a
deterministic flow with stochastic fluctuations whose ensemble average gives the “true” dynamics.
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Structural Compression
Invariant: Any Lindblad master equation admits stochastic unravelings into pure-state trajectories whose
ensemble average reproduces the deterministic evolution. The unravelings correspond to different choices of
how the environment is monitored, and there are infinitely many valid unravelings consistent with the same
master equation.

Mechanism: Monte Carlo wavefunction (jump unraveling, corresponding to photon counting) or stochastic
Schrödinger equation (diffusive unraveling, corresponding to homodyne detection). In both cases, a pure
state evolves under a non-Hermitian effective Hamiltonian between stochastic events (jumps or Wiener noise),
and the ensemble average over trajectories reproduces the density-matrix evolution.

Cross-System Echo: Sample paths vs ensemble average in classical stochastic processes: a Brownian
motion has individual trajectories that are continuous but rough, while the ensemble-averaged distribution
is smooth and obeys a deterministic PDE (the heat equation). Quantum trajectories generalize this to the
non-commutative setting, with pure states playing the role of sample points and density matrices playing the
role of probability distributions.

Exercises
1. Show explicitly that the Monte Carlo wavefunction algorithm’s ensemble average reproduces the

Lindblad equation to first order in dt.
2. Simulate (on paper) two trajectories of a damped two-level atom in MCWF starting from |1⟩. What

are the possible trajectories and their probabilities?
3. Derive the diffusive stochastic Schrödinger equation from homodyne detection of a cavity decay, starting

from the projection of the environment field onto homodyne outcomes.
4. For a qubit with dephasing L = √

γZ, compute the trajectory for a diffusive unraveling starting from
|+⟩. Show that long-time trajectories localize on Z eigenstates.

5. Compute the expected time to the first jump in a photon-counting simulation of spontaneous emission
from the state |n⟩.

6. Explain how different unravelings (jump vs diffusive) can both correspond to the same density-matrix
evolution. What does this ambiguity say about the physical reality of the conditional state?

7. Argue, structurally, why the MCWF method is numerically efficient for large Hilbert spaces. For
what kinds of systems does this method provide the largest computational advantage over direct
density-matrix evolution?

21



Decoherence-Free Subspaces
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Open Quantum Systems Node: 8.5

A decoherence-free subspace (DFS) is a sector of a system’s Hilbert space on which a particular noise
channel acts trivially — every state in the subspace is preserved under the noise. Quantum information
encoded into such a subspace is passively protected: no active error detection or correction is required,
because the noise simply has no effect within the protected sector. DFS are the simplest possible form of
noise immunity, and they exploit symmetries of the noise model to identify “blind spots” of the environment.

DFS are conceptually older and structurally simpler than the active quantum error correction codes of Node
8.6. They are also more fragile: a DFS protects against the specific noise model it is constructed for, and
provides no protection against other forms of noise. In practice, DFS encoding is used when the dominant
noise channel has a clean symmetry (for example, collective dephasing of qubits in a region of uniform
magnetic field), while active error correction is used for generic noise. The two strategies are complementary:
combining DFS encoding with active error correction can yield substantial improvements in effective fidelity.

Formal Definition
Decoherence-free subspace

Let {Lk} be the Lindblad operators of an open-system master equation, and H the system Hamiltonian. A
subspace HDFS ⊆ H is decoherence-free with respect to this dynamics if:

1. For every |ψ⟩ ∈ HDFS and every k, each Lindblad operator acts as a multiple of the identity:

Lk|ψ⟩ = ck|ψ⟩,

for some constants ck independent of |ψ⟩.

2. The Hamiltonian preserves HDFS, i.e., HHDFS ⊆ HDFS.

When these conditions hold, the projector PDFS onto the subspace commutes with the dynamics, and the
reduced state of any DFS-encoded pure state evolves unitarily inside HDFS under an effective Hamiltonian
Heff = PDFSHPDFS − iℏ

2
∑

k |ck|2⊮DFS, with the second term contributing only an overall phase. The subspace
is invariant under the open-system dynamics and the encoded states do not decohere.

Equivalent characterization via Lindbladian kernel

A DFS can equivalently be characterized as a subspace on which the dissipator vanishes. Compute

D[Lk](|ψ⟩⟨ψ|) = Lk|ψ⟩⟨ψ|L†
k − 1

2{L†
kLk, |ψ⟩⟨ψ|}.

If Lk|ψ⟩ = ck|ψ⟩, this becomes

|ck|2|ψ⟩⟨ψ| − |ck|2|ψ⟩⟨ψ| = 0.

So the dissipator vanishes on DFS states, confirming that they evolve only under the unitary part of the
dynamics.

22



Necessary and sufficient conditions

Theorem (Lidar–Chuang–Whaley, 1998). A subspace HDFS is decoherence-free with respect to a
Lindblad equation iff:

1. Each Lk restricted to HDFS is proportional to the identity on the subspace.
2. H restricted to HDFS maps the subspace into itself (no leakage).
3. (Sometimes added for cleanliness) The subspace is contained in a common eigenspace of {L†

kLk}.

For strict DFS the constants ck must be the same for all states in the subspace; if they vary across the
subspace, the dynamics is unitary on the subspace but is no longer strictly noise-free in the usual sense (one
then enters the territory of noiseless subsystems, a strict generalization of DFS).

Noiseless subsystems

A more general notion is the noiseless subsystem (NS): the system’s Hilbert space decomposes as
H =

⊕
J HL

J ⊗ HN
J , and noise acts only on the L factor (the “logical” part is left unchanged). A DFS is the

special case where the N factor is one-dimensional. Noiseless subsystems can encode quantum information
immune to a wider class of noises than DFS, at the cost of more complex encoding.

Intuition
The intuition behind DFS is symmetry. If the noise has a symmetry that the encoded states all share,
the noise cannot distinguish among them, and therefore cannot decohere them. The simplest example is
collective dephasing of two qubits: a noise process that flips the phase of both qubits identically. The
two states |01⟩ and |10⟩ both have one excitation, so they are related by a permutation symmetry that the
collective phase noise respects. Phase shifts on both qubits act as global phases on these states, leaving
the relative phase unchanged. Therefore the subspace spanned by |01⟩ and |10⟩ is decoherence-free against
collective dephasing.

The general principle: identify a symmetry that the noise model respects, find a subspace whose states
transform trivially (or all the same way) under that symmetry, and encode logical qubits in that subspace.
The encoding is “passive” because no measurement, no syndrome extraction, no correction is needed — the
symmetry of the noise itself guarantees that the encoded states are preserved.

The cost is fragility. A DFS protects only against the specific symmetry-respecting noise it was designed
for. Any noise that breaks the symmetry — say, individual qubit dephasing on top of collective dephasing —
will still affect the encoded states. In real hardware, noise is typically a mixture of collective and individual
processes, and a pure DFS encoding only protects against the collective component. For full protection one
needs active error correction (Node 8.6).

The structural role of DFS is also as a stepping stone: every active error-correcting code can be viewed as a
DFS for the encoded noise model after a recovery operation. The Knill–Laflamme conditions for quantum
error correction are a generalization of the DFS conditions to allow active recovery. Understanding DFS is
therefore a prerequisite for understanding why and how quantum error correction works.

Structural Role
• Passive noise protection. DFS provide noise protection without active intervention. This is attractive

when the noise model has a clean symmetry and when active error correction is expensive (requires
extra qubits, gates, and measurements).

• Foundation for active error correction. The conditions for a subspace to be a DFS are a special
case of the Knill–Laflamme conditions for an error-correcting code: in DFS the recovery operation
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is the identity, while in active codes the recovery is a nontrivial unitary or measurement-conditioned
operation.

• Practical applications. Trapped-ion quantum computers use DFS encoding to protect against
collective dephasing from magnetic field fluctuations, which is the dominant noise in many ion-trap
systems. NV-center qubits use similar tricks to protect against collective fluctuations in nuclear spin
baths.

• Symmetry-protected logical qubits. The DFS framework gives a way to think about logical qubits
as transformations under specific symmetry groups. The symmetric and antisymmetric subspaces of n
qubits under permutations are the prototypical examples.

• Connection to subsystem codes. The Bacon–Shor code and other subsystem codes use the noiseless-
subsystem generalization of DFS to protect against more complex noise models with simpler encoding
circuits.

Mathematical Development
Collective dephasing on n qubits

Consider n qubits all coupled to the same dephasing noise via the collective Lindblad operator

L =
n∑

i=1
Zi.

The eigenspaces of L are the “Dicke” sectors with definite Sz total. Within each Dicke sector, all states have
L|ψ⟩ = m|ψ⟩ with the same eigenvalue m, so the Lindblad operator acts as a multiple of identity. Therefore
each Dicke sector is a DFS for collective dephasing.

For n = 2, the Dicke sectors are:

• m = +2: {|00⟩} (1-dimensional, trivial DFS).
• m = 0: {|01⟩, |10⟩} (2-dimensional DFS — encodes 1 logical qubit).
• m = −2: {|11⟩} (1-dimensional).

The 2-dimensional DFS at m = 0 encodes a single logical qubit. The logical |0L⟩ = |01⟩ and |1L⟩ = |10⟩ are
immune to collective dephasing — any superposition α|01⟩ + β|10⟩ acquires only an overall phase under the
noise (which has no observable effect).

For n = 4, the m = 0 sector has dimension
(4

2
)

= 6, so it can encode log2 6 ≈ 2.58 logical qubits. In general,
the dimension of the m = 0 sector for 2k qubits is

(2k
k

)
, giving an encoding rate that approaches 1 logical

qubit per physical qubit asymptotically.

Collective spin-flip

For collective X-noise, L =
∑

i Xi, the DFS is constructed similarly using eigenstates of Sx = 1
2
∑

i Xi. The
2-qubit DFS for collective spin-flip is the antisymmetric singlet |s⟩ = (|01⟩ − |10⟩)/

√
2 and its complement,

with appropriate logical qubit encoding.

General collective noise

For a noise model with collective Lindblad operator L =
∑

i Ai, where each Ai acts on qubit i, the DFS
structure is determined by the symmetric group Sn: subspaces transforming trivially under the collective
action are DFS, and the dimensions of DFS sectors are computed via representation theory of Sn.

For arbitrary collective noise (combinations of X,Y, Z acting collectively on all qubits), the DFS is the
singlet sector of total spin J = 0, which exists only for an even number of qubits. The minimal singlet-DFS
encoding uses 4 qubits to encode 1 logical qubit (DFS dimension 2) protected against arbitrary collective
noise. This is the Zanardi–Rasetti construction.
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Knill–Laflamme conditions for DFS

The Knill–Laflamme conditions for an error-correcting code with code projector P and error operators {Ea}
state that:

PE†
aEbP = αabP

for some matrix αab. When αab = δab · const, the errors take the code into orthogonal subspaces and can be
corrected. When αab is a multiple of identity and EaP = caP for each a, the errors do not take the code out
of itself — the code is a DFS.

This shows that DFS is the “trivial recovery” case of quantum error correction: no syndrome measurement,
no active recovery, just the natural protection of the encoded subspace.

Worked Example
2-qubit DFS for collective dephasing

Consider two qubits with collective dephasing Lindblad operator L = Z1 + Z2. The eigenstates of L and
their eigenvalues:

• |00⟩: eigenvalue +2
• |01⟩: eigenvalue 0
• |10⟩: eigenvalue 0
• |11⟩: eigenvalue −2

The 2-dimensional eigenspace at eigenvalue 0 — spanned by |01⟩, |10⟩ — is the DFS. Encode a logical qubit:

|0L⟩ = |01⟩, |1L⟩ = |10⟩.

A general logical state is |ψL⟩ = α|01⟩ + β|10⟩.

Check noise immunity. Apply the dissipator: L|ψL⟩ = 0 · |ψL⟩ = 0, so

D[L](|ψL⟩⟨ψL|) = 0 · 0 − 1
2{0, |ψL⟩⟨ψL|} = 0.

The state evolves only under the Hamiltonian. If the Hamiltonian is H = ω(Z1 + Z2)/2 (collective drive),
then H|ψL⟩ = 0 (since L is proportional to H here), and the encoded state is completely frozen. To enable
logical operations, one needs Hamiltonian terms that act non-trivially within the DFS, such as X1X2 + Y1Y2,
which exchanges |01⟩ ↔ |10⟩ and acts as a logical X gate.

Singlet-triplet qubit in semiconductor double quantum dots

In semiconductor double-dot systems, two electrons can be encoded in singlet |s⟩ = (|01⟩−|10⟩)/
√

2 and triplet
|t0⟩ = (|01⟩ + |10⟩)/

√
2 states. The two-state subspace {|s⟩, |t0⟩} is decoherence-free against collective noise

(uniform magnetic field fluctuations on both dots) and forms the “S-T0 qubit” used in many semiconductor
implementations. Logical operations are performed via exchange interactions and gradient magnetic fields.

4-qubit DFS for arbitrary collective noise

For protection against arbitrary collective noise (LX = X1 + X2 + X3 + X4, LY = Y1 + Y2 + Y3 + Y4,
LZ = Z1 + Z2 + Z3 + Z4), the DFS is the total-spin-zero (singlet) subspace of 4 qubits. This subspace has
dimension 2 and encodes one logical qubit. The logical states are:
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|0L⟩ = 1
2(|0011⟩−|0110⟩−|1001⟩+|1100⟩), |1L⟩ = 1√

12
(2|0101⟩−|0110⟩+2|1010⟩−|1001⟩−|0011⟩−|1100⟩).

(Up to choice of basis within the singlet sector.) These logical states are completely immune to any noise
that acts as a collective operator on all four qubits. They are not immune to individual qubit errors, which
are not collective. This is the Zanardi–Rasetti DFS.

Failure under independent noise

If the noise on each qubit is independent rather than collective, the DFS fails. For example, with two qubits
and independent dephasing L1 = Z1, L2 = Z2, the state |01⟩ is no longer an eigenstate of both Lindblad
operators (it is an eigenstate of Z1 with eigenvalue +1 but of Z2 with eigenvalue −1, not the same constant).
The dissipator does not vanish, and the encoded state decoheres. This illustrates the fragility of DFS to
symmetry-breaking noise.

Cross-Links
• Module 8.2 (Lindblad equation): DFS conditions are formulated in terms of the Lindblad operators.

The dissipator vanishes on DFS states.
• Module 8.6 (Quantum error correction): Active error correction generalizes DFS by allowing

nontrivial recovery operations. The Knill–Laflamme conditions reduce to DFS conditions when the
recovery is the identity.

• Module 5.5 (Pointer basis / einselection): Both DFS and pointer states are subspaces preserved
by the system-environment coupling, but they differ in what is preserved: pointer states are classical-like
states selected by decoherence, while DFS are arbitrary quantum states protected by symmetry.

• Module 4.6 (Monogamy of entanglement): DFS encoding distributes the logical state across
multiple physical qubits, exploiting the structure of multi-particle entanglement.

• Statistics — symmetry-protected statistics: Classical analogue is the use of conserved quantities
(e.g., total spin, total particle number) to reduce the effective state space and protect against generic
noise that respects the conservation law.

Structural Compression
Invariant: A subspace HDFS is decoherence-free iff every Lindblad operator acts on it as a multiple of
identity, and the Hamiltonian preserves the subspace. Within HDFS, the dissipator vanishes and states evolve
unitarily under an effective Hamiltonian.

Mechanism: Identify a symmetry of the noise model; find a subspace on which all noise operators act
trivially; encode logical information in that subspace. The encoding is passive — no syndrome extraction or
active recovery is needed.

Cross-System Echo: Symmetry-protected ground states in condensed matter; conserved-quantity sectors
in classical mechanics; anyonic encoding in topological quantum computing — all use the same structural
pattern of “encode in a sector that the noise cannot reach.”

Exercises
1. Verify that the 2-dimensional subspace spanned by |01⟩, |10⟩ is a DFS for collective dephasing L = Z1+Z2.

Compute the dissipator on a general state in this subspace.
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2. Construct logical operations on the 2-qubit collective-dephasing DFS using Hamiltonian terms that
preserve the subspace.

3. Show that the singlet-triplet qubit {|s⟩, |t0⟩} is a DFS for collective noise.
4. Determine the dimension of the maximal DFS for collective dephasing on n qubits, and identify the

encoding rate as n → ∞.
5. Explain why DFS encoding fails when noise is independent rather than collective. Quantify the effective

dephasing rate of an encoded logical qubit under weak independent noise.
6. State the Knill–Laflamme conditions for a quantum error-correcting code, and show how DFS is the

special case where the recovery is the identity operation.
7. Argue, structurally, why DFS is a “free lunch” in the appropriate noise regime, and discuss the cost

(encoding overhead, sensitivity to noise model assumptions, restricted Hamiltonian set) that makes it
not always the right choice.
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Quantum Error Correction Foundations
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Open Quantum Systems Node: 8.6

Quantum error correction (QEC) is the active analogue of decoherence-free subspaces (Node 8.5). Instead
of finding a sector of Hilbert space that happens to be immune to noise, QEC deliberately encodes one logical
qubit into many physical qubits in such a way that errors leave a structural fingerprint — a syndrome — that
can be measured without disturbing the encoded information, and then corrected by applying an appropriate
unitary. The result is that a logical qubit can be stored and manipulated with arbitrarily small effective error
rate, provided that the physical error rate is below a finite threshold.

Quantum error correction is one of the most remarkable discoveries in quantum information theory. Before
Shor (1995) and Steane (1996) exhibited the first codes, it was a serious concern that quantum computation
might be fundamentally infeasible: any non-trivial quantum algorithm requires a long coherent evolution, and
decoherence would seem to accumulate and destroy the computation. QEC resolved this concern by showing
that coherence can be actively maintained through a clever combination of redundant encoding, syndrome
measurement, and feedback correction. The existence of QEC is the structural reason fault-tolerant quantum
computing is believed to be possible.

This node introduces the foundational concepts: the Knill–Laflamme conditions for correctability, the stabilizer
formalism for describing codes, the 3-qubit bit-flip code as the simplest worked example, and a pointer to the
threshold theorem for fault-tolerant computation.

Formal Definition
Quantum error-correcting codes

A quantum error-correcting code of parameters [[n, k, d]] encodes k logical qubits into n physical qubits
and can detect any error affecting fewer than d qubits (and correct any error affecting fewer than d/2 qubits,
where d is the code’s distance).

Formally, a code is a 2k-dimensional subspace C ⊆ (C2)⊗n with projector PC . The logical computational
basis states {|iL⟩ : i ∈ {0, 1}k} span C.

The Knill–Laflamme conditions

Let {Ea} be a set of error operators (each Ea is an operator on the n-qubit Hilbert space). The code C can
detect and correct these errors iff the Knill–Laflamme conditions are satisfied:

PCE
†
aEbPC = cabPC ,

for some Hermitian matrix cab (independent of the code state).

Intuitively: distinct errors take the code to orthogonal subspaces (cab = δab up to normalization), and each
error preserves the structural relationships among code states. When the conditions hold, there exists a
recovery operation — a CPTP map R such that R(E(ρ)) = ρ for all ρ with support in C, for the channel
E whose Kraus operators are the Ea.

When cab is diagonal (distinct errors are fully distinguishable), the code is non-degenerate. When cab has
rank less than the number of errors (some errors are “equivalent” on the code), the code is degenerate.

Stabilizer formalism

The stabilizer formalism (Gottesman 1997) describes a large class of codes, called stabilizer codes, via a
subgroup of the n-qubit Pauli group.
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Let Pn be the n-qubit Pauli group: the group generated by Xi, Zi, iI for i = 1, . . . , n. A stabilizer group S
is an abelian subgroup of Pn that does not contain −I. Given such an S, the stabilizer code C(S) is the
simultaneous +1 eigenspace of all elements of S:

C(S) = {|ψ⟩ : g|ψ⟩ = |ψ⟩ for all g ∈ S}.

If S is generated by n − k independent generators (and contains 2n−k elements in total), then C(S) has
dimension 2k and encodes k logical qubits.

Error detection and syndromes

An error E ∈ Pn either commutes with every generator of S (in which case it preserves the code subspace) or
anti-commutes with some. Measuring the generators reveals which generators anti-commute — this pattern
of ±1 outcomes is the syndrome of the error.

For Pauli errors, the syndrome is a classical bit string that uniquely identifies the error (up to equivalence
under elements of S). The recovery is to apply the inverse Pauli correction. Crucially, the syndrome
measurement does not reveal the encoded state — only the error.

Logical operators

The logical Pauli operators X̄, Z̄ are elements of the normalizer of S in Pn that are not in S itself. They
commute with all stabilizer generators (so they preserve the code subspace) but act nontrivially on logical
states. The weight (number of non-identity tensor factors) of the smallest logical operator is the code’s
distance d.

Intuition
The no-cloning theorem (Node 7.2) forbids classical-style repetition: you cannot make three copies of a qubit.
So how can redundant encoding work at all? The answer is subtle and structural: quantum error correction
encodes a logical qubit into an entangled state across multiple physical qubits. The logical state is not “three
copies of the same qubit” but rather a particular pattern of entanglement that spreads the logical information
nonlocally.

The canonical example is the 3-qubit bit-flip code:

|0L⟩ = |000⟩, |1L⟩ = |111⟩.

A logical state α|0L⟩ + β|1L⟩ = α|000⟩ + β|111⟩ is a GHZ-like entangled state, not a classical triplication. If a
bit-flip error occurs on any one qubit, the resulting state is still in the span of {|100⟩, |010⟩, |001⟩} (for errors
on the first, second, or third qubit respectively on the |000⟩ component) — and the three error subspaces are
mutually orthogonal to the original code subspace and to each other.

To detect the error, we measure the stabilizer generators Z1Z2 and Z2Z3. These operators commute with the
code (both eigenvalue +1 on |000⟩ and |111⟩), so measuring them does not disturb the logical superposition.
But they anti-commute with specific bit-flip errors:

• X1 anti-commutes with Z1Z2, commutes with Z2Z3. Syndrome: (−1,+1).
• X2 anti-commutes with both. Syndrome: (−1,−1).
• X3 commutes with Z1Z2, anti-commutes with Z2Z3. Syndrome: (+1,−1).

The syndrome uniquely identifies which qubit had the error, and we correct by applying X to that qubit.

The key magic is that the syndrome measurement reveals which error occurred without revealing the logical
information (α, β). This is possible because the stabilizer operators commute with logical operations but
anticommute with errors — a structural separation that QEC exploits.
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The 3-qubit code only corrects bit flips. A similar 3-qubit code corrects phase flips. Combining them gives
the 9-qubit Shor code, which corrects arbitrary single-qubit errors. Larger codes (Steane’s 7-qubit code,
Bacon–Shor, surface codes) achieve better encoding rates and distances.

The threshold theorem then says: if every physical operation has error rate below a threshold pth (estimated
at 10−3 to 10−2 depending on the code), then recursive concatenation of codes can reduce the logical error rate
to arbitrarily small values with polylogarithmic overhead in the desired accuracy. This is why fault-tolerant
quantum computation is believed to be scalable in principle.

Structural Role
• Resolving the decoherence objection to quantum computing. Before QEC, it was unclear

whether any long coherent quantum computation could be performed. QEC showed it was possible,
subject to the threshold theorem. This is one of the foundational theoretical results underpinning the
field.

• Fault-tolerant computation. Quantum error correction is the prerequisite for fault-tolerant quantum
computation. The full theory of fault tolerance (quantum circuits that work correctly despite errors
during the error correction itself) is built on stabilizer codes and their properties.

• Classifying noise models. QEC codes are designed for specific noise models (bit flips, phase flips,
depolarizing noise, amplitude damping). Matching the code to the noise is essential for efficiency; a
code designed for depolarizing noise is wasteful against dephasing-only noise.

• Topological error correction. Surface codes, color codes, and topological codes generalize stabilizer
codes to geometric structures where logical operations are “topological” (depend only on the homotopy
class, not the precise shape, of operator strings). These codes achieve higher thresholds and are the
leading candidates for large-scale fault-tolerant architectures.

• Near-term error mitigation. For NISQ-era devices (noisy intermediate-scale quantum, without full
fault tolerance), error mitigation techniques like zero-noise extrapolation, probabilistic error cancellation,
and virtual distillation provide partial benefits without the overhead of full QEC. These are the “lite”
versions of QEC suitable for the current generation of hardware.

• Information-theoretic bounds. The existence of QEC codes at rates approaching the quantum
channel capacity is one of the central results of quantum Shannon theory. The CSS code construction,
combined with good classical codes, achieves asymptotically optimal rates for depolarizing channels.

Mathematical Development
Proof of Knill–Laflamme sufficiency

Given errors {Ea} satisfying the Knill–Laflamme conditions PCE
†
aEbPC = cabPC , we construct the recovery.

Diagonalize cab =
∑

α dαu
∗
aαubα (eigendecomposition of the Hermitian matrix c). Define new error operators

Fα =
∑

a

u∗
aαEa/

√
dα,

for dα > 0. These satisfy PCF
†
αFβPC = δαβPC , meaning different Fα’s take the code to orthogonal subspaces.

Let Pα = FαPCF
†
α/dα be the projector onto the α-th error subspace. The recovery operation is

R(ρ) =
∑

α

F †
αPαρPαFα/dα,

which projects onto each error subspace (identifying which error occurred) and then applies the inverse error.
One can verify that R(E(ρ)) = ρ for ρ supported on C.
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The Pauli group and stabilizer codes

The n-qubit Pauli group is

Pn = {ikP1 ⊗ P2 ⊗ · · · ⊗ Pn : k ∈ {0, 1, 2, 3}, Pi ∈ {I,X, Y, Z}}.

It has order 4 ·4n and is non-abelian. Any two elements either commute or anticommute. A stabilizer group
S ⊂ Pn is an abelian subgroup not containing −I; if it has n− k independent generators, the codespace is
2k-dimensional.

For any error E ∈ Pn and any stabilizer g, either Eg = gE or Eg = −gE. The syndrome is the (n− k)-bit
string of signs from measuring the n− k generators.

CSS codes (Calderbank–Shor–Steane) are stabilizer codes whose stabilizer generators are either all-X or
all-Z type (no mixed Y generators). These codes arise from pairs of classical linear codes and are especially
efficient for treating X and Z errors independently.

The 7-qubit Steane code

The Steane code is the smallest nontrivial CSS code: [[7, 1, 3]], encoding 1 logical qubit into 7 physical qubits
with distance 3 (correcting any single-qubit error). Its stabilizer generators are

g1 = IIIXXXX, g2 = IXXIIXX, g3 = XIXIXIX,

g4 = IIIZZZZ, g5 = IZZIIZZ, g6 = ZIZIZIZ.

The X-type generators and Z-type generators are both based on the (7, 4) Hamming code, a famous classical
error-correcting code. The logical operators are X̄ = X⊗7 and Z̄ = Z⊗7.

Steane code is significant because it is the smallest code with fault-tolerant implementations of the complete
Clifford group via transversal gates. This property is the starting point for fault-tolerant quantum computation.

Threshold theorem

Theorem (Aharonov–Ben-Or, Knill–Laflamme–Zurek, Kitaev, and others, 1996–1999). There
exists a positive constant pth such that, for any physical error rate p < pth, any quantum circuit of any
size can be simulated with arbitrarily small error using a polylogarithmic overhead in the number of ancilla
qubits and gate operations. That is, the cost of simulating a T -gate circuit to within accuracy ϵ scales as
T · polylog(T/ϵ).

The threshold pth depends on the code and the architecture but is typically estimated at 10−3 to 10−2. Below
this threshold, concatenated or topological codes can suppress errors to arbitrary accuracy. Above it, more
errors accumulate than correction can remove, and the computation fails.

This theorem is the theoretical foundation for believing that fault-tolerant quantum computation is scalable,
and it establishes the road map for quantum hardware development: get physical error rates below pth, then
use QEC to reach logical error rates needed for large algorithms.

Worked Example
The 3-qubit bit-flip code

Encoding. A qubit |ψ⟩ = α|0⟩ + β|1⟩ is encoded into three qubits:

|ψL⟩ = α|000⟩ + β|111⟩.
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The encoding circuit uses two CNOT gates: the data qubit controls two ancilla qubits initialized to |0⟩.

Stabilizers. The code is the stabilizer code with generators g1 = Z1Z2, g2 = Z2Z3. Both have eigenvalue +1
on |000⟩ and |111⟩, so the code subspace is the +1 eigenspace of both generators.

Error detection. Suppose a bit-flip X2 occurs. The new state is α|010⟩ + β|101⟩. Measure g1 = Z1Z2:
on |010⟩, Z1Z2 = (+1)(−1) = −1; on |101⟩, Z1Z2 = (−1)(+1) = −1. So g1 gives −1. Measure g2 = Z2Z3:
on |010⟩, Z2Z3 = (−1)(+1) = −1; on |101⟩, Z2Z3 = (+1)(−1) = −1. So g2 gives −1. Syndrome: (−1,−1),
indicating X2.

Correction. Apply X2 to undo the error. The state returns to α|000⟩ + β|111⟩, the original encoded state.
The logical information (α, β) is recovered.

Note on limitations. The 3-qubit bit-flip code only corrects bit-flip errors. A phase-flip error Zi on any
qubit takes α|000⟩ + β|111⟩ → α|000⟩ − β|111⟩ — a logical phase flip that the code cannot detect. To correct
both kinds of errors, one needs a more sophisticated code like the 9-qubit Shor code.

The 9-qubit Shor code

The Shor code [[9, 1, 3]] encodes 1 logical qubit into 9 physical qubits. The encoding is a “double” of the
3-qubit codes: each of the three “blocks” is a 3-qubit phase-flip code, and the blocks themselves form a
3-qubit bit-flip code. The result is a code that corrects any single-qubit error, including arbitrary linear
combinations of X,Y, Z.

Logical states:

|0L⟩ = 1
2
√

2
(|000⟩ + |111⟩)(|000⟩ + |111⟩)(|000⟩ + |111⟩),

|1L⟩ = 1
2
√

2
(|000⟩ − |111⟩)(|000⟩ − |111⟩)(|000⟩ − |111⟩).

The stabilizer generators include 6 Z-type operators (detecting bit flips within each block) and 2 X-type
operators (detecting phase flips across blocks), for a total of 8 generators (as expected for an [[9, 1, 3]] code:
n− k = 8).

Surface code

The surface code is a topological stabilizer code defined on a 2D lattice of qubits. Its logical qubits
correspond to topological features of the lattice (holes, boundaries), and errors are detected by local stabilizer
measurements involving only nearest-neighbor qubits. This locality makes the surface code particularly
attractive for hardware implementations where long-range connectivity is difficult.

The surface code has a high threshold (estimated around pth ≈ 1%) and is the leading candidate for near-term
fault-tolerant architectures in superconducting qubit platforms. Recent experimental demonstrations have
achieved logical qubits with error rates below the threshold for small-distance surface codes, marking a
milestone in the road to fault tolerance.

Cross-Links
• Module 7.2 (No-cloning): QEC does not violate no-cloning — it encodes into entangled states, not

copies. The no-cloning theorem constrains but does not prohibit error correction.
• Module 7.3 (Quantum channels): The error models in QEC are quantum channels (Kraus operators,

Lindblad dynamics). The recovery operation is also a channel.
• Module 8.5 (Decoherence-free subspaces): DFS is the passive special case of QEC with trivial

recovery. The Knill–Laflamme conditions reduce to DFS conditions when the recovery is the identity.
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• Module 8.2 (Lindblad equation): Noise models are typically specified as Lindblad equations; QEC
is designed to protect against the resulting channel over some time interval.

• Module 4.4 (Bell states): Entanglement across code qubits is the resource exploited by QEC to
detect errors without disturbing the logical state.

• Classical coding theory: Hamming codes, Reed–Solomon codes, and LDPC codes are the classical
ancestors of quantum codes. The CSS construction explicitly uses pairs of classical codes.

• Statistics — maximum-likelihood decoding: Syndrome decoding is a statistical inference problem.
Maximum-likelihood decoders find the most probable error consistent with the observed syndrome.

Structural Compression
Invariant: A quantum error-correcting code of parameters [[n, k, d]] encodes k logical qubits into n physical
qubits with distance d. The Knill–Laflamme conditions PCE

†
aEbPC = cabPC characterize correctability:

distinct correctable errors take the code to orthogonal subspaces, enabling identification and correction
without disturbing the logical information.

Mechanism: Encode into an entangled subspace of many physical qubits; measure stabilizer generators to
extract error syndromes without revealing logical information; apply Pauli corrections based on syndrome
data. The stabilizer formalism provides a compact algebraic framework; the threshold theorem guarantees
that recursive concatenation or topological codes can achieve arbitrarily small logical error rates provided
physical errors are below a finite threshold.

Cross-System Echo: Classical error-correcting codes (Hamming, Reed–Solomon, LDPC) use repetition
and parity-check structures to detect and correct bit errors. Quantum codes generalize this to the non-
commutative setting by exploiting entanglement as a form of non-classical redundancy, and by using stabilizer
measurements as non-demolition analogues of classical parity checks.

Exercises
1. Verify the Knill–Laflamme conditions for the 3-qubit bit-flip code with error set {I,X1, X2, X3}.
2. Compute the syndrome for each single-qubit bit-flip error on the 3-qubit code and verify that they are

distinct.
3. Show that the 3-qubit bit-flip code cannot detect phase-flip errors, and construct the 3-qubit phase-flip

code that can.
4. Write out the 9-qubit Shor code logical states and verify that a Zi error on any qubit is detectable and

correctable.
5. State the Knill–Laflamme conditions, and show that they reduce to the decoherence-free subspace

conditions when the recovery is the identity.
6. Describe the stabilizer formalism for the 7-qubit Steane code, and identify its logical operators.
7. Argue, structurally, why quantum error correction does not violate no-cloning, and explain what role

entanglement plays in distinguishing QEC from classical repetition codes.
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