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The Lindblad master equation — or, in its full historical name, the Gorini–Kossakowski–Sudarshan–Lindblad
(GKSL) equation (1976) — is the canonical form of time-local Markovian dynamics for open quantum
systems. It is the most general linear differential equation on a density operator that preserves complete
positivity and trace and whose solutions form a one-parameter semigroup. In the same way that the
Schrödinger equation is the unique “physical” first-order linear equation for a state vector, the Lindblad
equation is the unique “physical” first-order linear equation for a density operator evolving under a
memoryless environment.

Every realistic noise model in quantum hardware, quantum optics, quantum chemistry, and quantum
simulation can be cast in Lindblad form when the Markov approximation applies. The equation’s power lies
in decomposing the dynamics into a unitary part (generated by an effective Hamiltonian) and a dissipative
part (generated by jump operators with associated rates), each contribution having a transparent physical
interpretation as “coherent drive plus incoherent noise channels.”

Formal Statement
The GKSL theorem

Theorem (Gorini–Kossakowski–Sudarshan 1976; Lindblad 1976). A linear map L : B(H) → B(H)
generates a one-parameter semigroup {eLt}t≥0 of CPTP maps if and only if it can be written in the form

L(ρ) = − i

ℏ
[H, ρ] +

∑
k

(
LkρL†

k − 1
2{L†

kLk, ρ}
)

,

where H = H† is a Hermitian operator (the effective Hamiltonian) and {Lk} is a (possibly infinite) set of
operators on H called Lindblad operators or jump operators. The anticommutator is {A, B} = AB +BA.
Nonnegative rate constants γk can always be absorbed into the Lk by rescaling Lk → √

γkLk.

The corresponding equation of motion for a density operator is

dρ

dt
= L(ρ),

called the Lindblad master equation or quantum Markovian master equation.

Decomposition

The generator splits naturally into two parts:
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L(ρ) = − i

ℏ
[H, ρ]︸ ︷︷ ︸

coherent

+
∑

k

D[Lk](ρ)︸ ︷︷ ︸
dissipative

,

where

D[L](ρ) := LρL† − 1
2L†Lρ − 1

2ρL†L

is the dissipator associated with jump operator L. The coherent part is von Neumann evolution under H;
the dissipative part is a sum of decoherence channels.

Trace and positivity preservation

Trace preservation. Taking the trace of both sides:

Tr ρ̇ = − i

ℏ
Tr([H, ρ]) +

∑
k

Tr
(
LkρL†

k − 1
2 L†

kLkρ − 1
2 ρL†

kLk

)
= 0,

using cyclicity of trace (Tr(LρL†) = Tr(L†Lρ)). So trace is preserved.

Complete positivity. The Lindblad form guarantees CP through the “quantum jump” structure: each
LkρL†

k term is a completely positive map (it is a Kraus operator applied on both sides of ρ), and the
− 1

2 {L†
kLk, ρ} “no-jump” contribution acts as the exact counter-term required to keep trace at 1 without

spoiling positivity. The detailed argument involves Kraus decomposition of eLt for infinitesimal t; the key
point is that the Lindblad form is the most general such structure.

Intuition
The Lindblad equation says: the dynamics of an open system can be decomposed into two fundamentally
different contributions. The coherent part is ordinary quantum mechanical evolution under a Hamiltonian H

— possibly renormalized from the bare Hamiltonian by interactions with the environment (Lamb shifts and the
like). The dissipative part describes irreversible processes: spontaneous emission, dephasing, thermalization,
measurement backaction, etc. Each dissipative channel is specified by a jump operator Lk and a rate γk

(absorbed into Lk in the condensed notation).

The physical intuition behind each Lindblad term is that of a “quantum jump”: the dissipator can be read as
“with probability rate γk dt, apply the jump Lk to the state, and between jumps evolve with a non-Hermitian
effective Hamiltonian H − i

2
∑

k L†
kLk.” This is made rigorous by the quantum trajectory picture (Node 8.4).

The density-matrix Lindblad equation is recovered by averaging over all possible jump sequences.

The “Markovian” adjective is essential. Lindblad dynamics has no memory — the state at time t + dt depends
only on the state at time t, not on the history. This is justified when the environment correlations decay
on timescales much shorter than the system’s dynamical timescales (Born–Markov approximation). When
memory effects matter (Node 8.3), the dynamics is non-Markovian and a Lindblad form — at least with
constant rates — is not adequate.

The structural significance of the Lindblad equation is that it is the unique form for Markovian CPTP
dynamics. Any equation that violates it — by having non-Lindblad structure — either fails to preserve
positivity (leading to negative probabilities) or fails the Markov property (revealing memory effects). This
uniqueness is why the Lindblad form appears in every textbook, every hardware noise model, and every
standard treatment of open quantum systems.
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Structural Role
• Canonical noise model for hardware. Every noise model used in quantum simulators, device

characterization, and error mitigation is ultimately a Lindblad equation. Even when noise is specified
via Kraus operators, those Kraus operators typically come from time-integration of an underlying
Lindblad generator over a gate time.

• Link to channels. A quantum channel is the integrated form of a Lindblad equation over some time
interval. Kraus operators for the resulting channel can be derived from the jump operators and the
effective non-Hermitian Hamiltonian.

• Decoherence. Dephasing and amplitude damping, the two canonical decoherence processes of Node
5.4, are both Lindblad dynamics with specific jump operators (L = Z for dephasing, L = σ− for
amplitude damping).

• Relaxation to equilibrium. When the jump operators and Hamiltonian satisfy the quantum detailed-
balance condition, the Lindblad dynamics has the Gibbs state e−βH/Z as its unique fixed point,
and any initial state relaxes toward it. This is the bridge from open-system dynamics to quantum
thermodynamics (Module 9).

• Foundation for trajectories and error correction. The quantum trajectory picture (Node 8.4)
unravels the Lindblad equation into individual stochastic realizations, each consisting of continuous
evolution under a non-Hermitian effective Hamiltonian punctuated by discrete jumps. Quantum
error correction (Node 8.6) engineers Lindblad-form dynamics (or their inverses) to protect encoded
information.

Mathematical Development
Microscopic derivation (Born–Markov)

Start from a system-environment Hamiltonian

Htot = HS + HE + HSE , HSE =
∑

α

Aα ⊗ Bα,

where Aα are system operators and Bα are environment operators. Move to the interaction picture, tracing out
the environment in a perturbation expansion to second order in HSE , and applying two key approximations:

1. Born approximation. The environment is large and weakly affected by the system, so ρSE(t) ≈
ρS(t) ⊗ ρE remains a product state at all times.

2. Markov approximation. Environment correlation functions ⟨Bα(t)Bβ(t′)⟩ρE
decay much faster than

the system’s dynamical timescales, so the system’s evolution depends only on its current state, not on
its history.

Under these approximations, one obtains the Redfield equation:

dρS

dt
= − i

ℏ
[HS , ρS ] +

∫ ∞

0
dτ

∑
α,β

Cαβ(τ) [Aβ(−τ)ρS , Aα] + h.c.,

where Cαβ(τ) are bath correlation functions. Redfield is not in general of Lindblad form — it can violate
complete positivity for certain initial conditions. Adding a third approximation, the rotating-wave approx-
imation (dropping rapidly oscillating terms), brings the equation into Lindblad form with jump operators
given by the eigenoperators of HS at each Bohr frequency, and rates given by the Fourier transform of the
bath correlation function at those frequencies.
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Uniqueness of the Lindblad form

One can ask: what is the most general time-local equation ρ̇ = L(ρ) that preserves positivity and trace and
allows the solution to form a semigroup? The answer is the Lindblad form. This is the content of the GKSL
theorem, proved independently by Gorini–Kossakowski–Sudarshan (in finite dimensions) and Lindblad (in the
general bounded-operator case). The proof uses the Choi–Jamiołkowski isomorphism to convert the problem
into a condition on a matrix, where the positivity and trace constraints force the Lindblad structure.

Solutions and fixed points

The formal solution is ρ(t) = eLtρ(0), where the exponential is in the super-operator sense. Fixed points
ρ∞ satisfy L(ρ∞) = 0. For a Lindblad equation with Gibbs detailed balance, the unique fixed point is the
thermal state ρ∞ = e−βH/Z at the environment’s temperature. In general, the structure of fixed points can
be analyzed via the Evans–Hahn theorem: the set of invariant states is a convex subset determined by the
commutant of the jump operators and H.

Connection to Kraus form

Integrating the Lindblad equation over a small time dt gives a CPTP map with Kraus operators (to leading
order in dt):

K0 = I − i

ℏ
H dt − 1

2
∑

k

L†
kLk dt, Kk = Lk

√
dt, k ≥ 1.

Check:
∑

k K†
kKk = I + O(dt2). The probability of “jumping” (applying Lk for k ≥ 1) in time dt is

Tr(L†
kLkρ) dt, which is the jump rate. Between jumps, the state evolves under the non-Hermitian effective

Hamiltonian Heff = H − iℏ
2

∑
k L†

kLk, which shrinks the norm at a rate equal to the total jump probability.
Renormalizing and averaging over the jump history reproduces the Lindblad dynamics — this is the quantum
trajectory picture of Node 8.4.

Covariance and symmetries

If H commutes with a symmetry operator G, and if the jump operators are eigen-operators of the adjoint
action of G, then the Lindblad dynamics preserves the corresponding conservation laws statistically. For
example, a Lindblad equation with H having U(1) symmetry and jumps that commute with the U(1)
generator preserves particle number in the mean.

Worked Example
Pure dephasing qubit

Let H = ω
2 Z and a single jump operator L =

√
γϕ/2 Z. The Lindblad equation is

ρ̇ = − iω

2 [Z, ρ] + γϕ

2 (ZρZ − ρ) .

In matrix form on the computational basis,

d

dt

(
ρ00 ρ01
ρ10 ρ11

)
=

(
0 −(iω + γϕ)ρ01

(iω − γϕ)ρ10 0

)
.

Populations are unchanged; coherences decay with rate γϕ and oscillate at frequency ω:

4



ρ01(t) = e−(γϕ+iω)tρ01(0).

This is the canonical Markovian pure-dephasing dynamics: coherences decay exponentially without any
population loss. The dephasing rate γϕ sets the Tϕ = 1/γϕ timescale contributing to T2 (Node 5.6).

Amplitude damping qubit

Let H = ω
2 Z and a single jump operator L = √

γ σ−, where σ− = |0⟩⟨1|. The Lindblad equation is

ρ̇ = − iω

2 [Z, ρ] + γ

(
σ−ρσ+ − 1

2{σ+σ−, ρ}
)

.

Component-wise:

ρ̇11 = −γρ11, ρ̇00 = γρ11, ρ̇01 = (iω − γ/2)ρ01.

The excited state population decays with rate γ (identified with 1/T1), ground state is repopulated, and
coherences decay with rate γ/2 = 1/(2T1). This is the source of the fundamental bound

1
T2

= 1
2T1

+ 1
Tϕ

≥ 1
2T1

,

giving T2 ≤ 2T1. Amplitude damping forces the coherence decay rate to be at least half the population decay
rate, because part of the dephasing comes from the very process that depopulates |1⟩.

Thermal qubit

For a qubit in contact with a thermal bath at temperature T and inverse temperature β = 1/(kBT ), one uses
two jump operators:

L− = √
γ− σ−, L+ = √

γ+ σ+,

with γ− = γ(n + 1), γ+ = γn, where n = 1/(eβω − 1) is the thermal bath occupation at frequency ω. The
Lindblad equation relaxes the qubit to

ρ∞ = e−βH

Z
= 1

1 + e−βω

(
|0⟩⟨0| + e−βω|1⟩⟨1|

)
,

the Gibbs state. The ratio γ+/γ− = e−βω is the detailed balance condition, which ensures that the fixed
point is the thermal state.

Driven damped oscillator

A harmonic oscillator with Hamiltonian H = ωa†a + ϵ(a + a†) and jump operator L =
√

κ a describes a cavity
mode driven by a coherent field ϵ and damped at rate κ (e.g., photons leaking out through a mirror). The
steady-state density operator is a coherent state |α⟩ with α = −2iϵ/κ, which is the standard result from
quantum optics for driven-damped cavities.
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Cross-Links
• Module 5.3 (System-environment coupling): The Lindblad equation is the Markovian limit of

the exact reduced dynamics derived from a system-environment Hamiltonian.
• Module 5.4 (Decoherence mechanisms): The dephasing and amplitude damping channels of Node

5.4 are the integrated forms of Lindblad equations with L = Z and L = σ− respectively.
• Module 7.3 (Quantum channels): eLt is a quantum channel. The CPTP structure of channels is

guaranteed by the GKSL form.
• Module 8.3 (Markovian vs non-Markovian): The Lindblad equation defines the Markovian regime;

non-Markovian dynamics requires more general structures (time-dependent rates, non-local-in-time
kernels).

• Module 8.4 (Quantum trajectories): Stochastic unraveling of the Lindblad equation into individual
trajectories with discrete quantum jumps.

• Module 9.3 (Thermal states): Lindblad dynamics with detailed balance relaxes to Gibbs states,
providing the dynamical bridge between open-system dynamics and thermal equilibrium.

• Statistics — Fokker-Planck: The classical analogue is the Fokker-Planck equation, which is the
unique form for Markovian diffusion on classical phase space and plays the same structural role as
GKSL in the quantum setting.

Structural Compression
Invariant: Any Markovian CPTP semigroup of dynamical maps on a finite-dimensional Hilbert space is
generated by a Lindblad operator of the form L(ρ) = − i

ℏ [H, ρ] +
∑

k(LkρL†
k − 1

2 {L†
kLk, ρ}). The GKSL form

is the unique structure consistent with complete positivity, trace preservation, and time-local dynamics.

Mechanism: Derivation from microscopic Hamiltonian via the Born–Markov–RWA approximations, or
equivalently the GKSL characterization via Choi matrix positivity. The jump operators Lk encode indi-
vidual decoherence/dissipation channels; the effective Hamiltonian H encodes coherent evolution including
environment-induced renormalizations.

Cross-System Echo: The Fokker-Planck equation for classical Markov diffusion plays the same structural
role: it is the unique form of a linear, time-local evolution of probability densities that preserves normalization
and positivity. The GKSL form is the non-commutative generalization to density operators on Hilbert space,
and its structure reduces to Fokker-Planck on diagonal states.

Exercises
1. Verify trace preservation of the Lindblad equation by computing Tr(ρ̇) from the general Lindblad form.
2. For a qubit with dephasing jump operator L =

√
γϕ/2 Z, show that the populations are conserved and

the coherences decay as ρ01(t) = e−γϕtρ01(0).
3. Derive the T2 ≤ 2T1 bound from the Lindblad equation for amplitude damping combined with pure

dephasing.
4. Construct the Lindblad equation for a qubit in contact with a thermal bath at inverse temperature β,

and show that its fixed point is the Gibbs state.
5. Show that the Kraus operators K0 = I − i

ℏHdt − 1
2

∑
L†

kLkdt and Kk = Lk

√
dt form a trace-preserving

set to leading order in dt.
6. Identify a physically natural example of a non-Lindblad dynamical equation (e.g., Redfield without

RWA) and explain what goes wrong when it is applied to certain initial states.
7. Argue, structurally, why the Lindblad form is the unique time-local, completely positive, trace-preserving

generator. What role does each of the three requirements play in constraining the form?
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