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Quantum error correction (QEC) is the active analogue of decoherence-free subspaces (Node 8.5). Instead
of finding a sector of Hilbert space that happens to be immune to noise, QEC deliberately encodes one logical
qubit into many physical qubits in such a way that errors leave a structural fingerprint — a syndrome — that
can be measured without disturbing the encoded information, and then corrected by applying an appropriate
unitary. The result is that a logical qubit can be stored and manipulated with arbitrarily small effective error
rate, provided that the physical error rate is below a finite threshold.

Quantum error correction is one of the most remarkable discoveries in quantum information theory. Before
Shor (1995) and Steane (1996) exhibited the first codes, it was a serious concern that quantum computation
might be fundamentally infeasible: any non-trivial quantum algorithm requires a long coherent evolution, and
decoherence would seem to accumulate and destroy the computation. QEC resolved this concern by showing
that coherence can be actively maintained through a clever combination of redundant encoding, syndrome
measurement, and feedback correction. The existence of QEC is the structural reason fault-tolerant quantum
computing is believed to be possible.

This node introduces the foundational concepts: the Knill-Laflamme conditions for correctability, the stabilizer
formalism for describing codes, the 3-qubit bit-flip code as the simplest worked example, and a pointer to the
threshold theorem for fault-tolerant computation.

Formal Definition
Quantum error-correcting codes

A quantum error-correcting code of parameters [[n, k, d]] encodes k logical qubits into n physical qubits
and can detect any error affecting fewer than d qubits (and correct any error affecting fewer than d/2 qubits,
where d is the code’s distance).

Formally, a code is a 2¥-dimensional subspace C C (C?)®" with projector Pc. The logical computational
basis states {|iz) : i € {0,1}*} span C.

The Knill-Laflamme conditions

Let {E,} be a set of error operators (each E, is an operator on the n-qubit Hilbert space). The code C can
detect and correct these errors iff the Knill-Laflamme conditions are satisfied:

PeElFyPe = capPe,

for some Hermitian matrix ¢4, (independent of the code state).



Intuitively: distinct errors take the code to orthogonal subspaces (¢qp = d4p up to normalization), and each
error preserves the structural relationships among code states. When the conditions hold, there exists a
recovery operation — a CPTP map R such that R(E(p)) = p for all p with support in C, for the channel
&€ whose Kraus operators are the Fj,.

When ¢, is diagonal (distinct errors are fully distinguishable), the code is non-degenerate. When c,;, has
rank less than the number of errors (some errors are “equivalent” on the code), the code is degenerate.

Stabilizer formalism

The stabilizer formalism (Gottesman 1997) describes a large class of codes, called stabilizer codes, via a
subgroup of the n-qubit Pauli group.

Let P,, be the n-qubit Pauli group: the group generated by X;, Z;,iI for i =1,...,n. A stabilizer group S
is an abelian subgroup of P,, that does not contain —I. Given such an S, the stabilizer code C(S5) is the
simultaneous +1 eigenspace of all elements of S:

C(S) =A{l¥) : glp) = |¢h) for all g € S}.

If S is generated by n — k independent generators (and contains 2"~* elements in total), then C(S) has
dimension 2* and encodes k logical qubits.

Error detection and syndromes

An error E € P, either commutes with every generator of S (in which case it preserves the code subspace) or
anti-commutes with some. Measuring the generators reveals which generators anti-commute — this pattern
of £1 outcomes is the syndrome of the error.

For Pauli errors, the syndrome is a classical bit string that uniquely identifies the error (up to equivalence
under elements of S). The recovery is to apply the inverse Pauli correction. Crucially, the syndrome
measurement does not reveal the encoded state — only the error.

Logical operators

The logical Pauli operators X, Z are elements of the normalizer of S in P, that are not in S itself. They
commute with all stabilizer generators (so they preserve the code subspace) but act nontrivially on logical
states. The weight (number of non-identity tensor factors) of the smallest logical operator is the code’s
distance d.

Intuition

The no-cloning theorem (Node 7.2) forbids classical-style repetition: you cannot make three copies of a qubit.
So how can redundant encoding work at all? The answer is subtle and structural: quantum error correction
encodes a logical qubit into an entangled state across multiple physical qubits. The logical state is not “three
copies of the same qubit” but rather a particular pattern of entanglement that spreads the logical information
nonlocally.

The canonical example is the 3-qubit bit-flip code:

02) = 1000),  [1r) = [111).

A logical state a|0) + £]1L) = «|000) + B[111) is a GHZ-like entangled state, not a classical triplication. If a
bit-flip error occurs on any one qubit, the resulting state is still in the span of {|100), |010),]001)} (for errors
on the first, second, or third qubit respectively on the |000) component) — and the three error subspaces are
mutually orthogonal to the original code subspace and to each other.



To detect the error, we measure the stabilizer generators Z;Zs and ZsZ3. These operators commute with the
code (both eigenvalue +1 on |[000) and |111)), so measuring them does not disturb the logical superposition.
But they anti-commute with specific bit-flip errors:

o X; anti-commutes with Z; Z,, commutes with Z3Z3. Syndrome: (—1,+1).
o X5 anti-commutes with both. Syndrome: (-1, —1).
o X3 commutes with Z; Z,, anti-commutes with Z5Z3. Syndrome: (+1,—1).

The syndrome uniquely identifies which qubit had the error, and we correct by applying X to that qubit.

The key magic is that the syndrome measurement reveals which error occurred without revealing the logical
information («, 8). This is possible because the stabilizer operators commute with logical operations but
anticommute with errors — a structural separation that QEC exploits.

The 3-qubit code only corrects bit flips. A similar 3-qubit code corrects phase flips. Combining them gives
the 9-qubit Shor code, which corrects arbitrary single-qubit errors. Larger codes (Steane’s 7-qubit code,
Bacon—Shor, surface codes) achieve better encoding rates and distances.

The threshold theorem then says: if every physical operation has error rate below a threshold py, (estimated
at 1073 to 1072 depending on the code), then recursive concatenation of codes can reduce the logical error rate
to arbitrarily small values with polylogarithmic overhead in the desired accuracy. This is why fault-tolerant
quantum computation is believed to be scalable in principle.

Structural Role

¢ Resolving the decoherence objection to quantum computing. Before QEC, it was unclear
whether any long coherent quantum computation could be performed. QEC showed it was possible,
subject to the threshold theorem. This is one of the foundational theoretical results underpinning the
field.

e Fault-tolerant computation. Quantum error correction is the prerequisite for fault-tolerant quantum
computation. The full theory of fault tolerance (quantum circuits that work correctly despite errors
during the error correction itself) is built on stabilizer codes and their properties.

 Classifying noise models. QEC codes are designed for specific noise models (bit flips, phase flips,
depolarizing noise, amplitude damping). Matching the code to the noise is essential for efficiency; a
code designed for depolarizing noise is wasteful against dephasing-only noise.

« Topological error correction. Surface codes, color codes, and topological codes generalize stabilizer
codes to geometric structures where logical operations are “topological” (depend only on the homotopy
class, not the precise shape, of operator strings). These codes achieve higher thresholds and are the
leading candidates for large-scale fault-tolerant architectures.

o Near-term error mitigation. For NISQ-era devices (noisy intermediate-scale quantum, without full
fault tolerance), error mitigation techniques like zero-noise extrapolation, probabilistic error cancellation,
and virtual distillation provide partial benefits without the overhead of full QEC. These are the “lite”
versions of QEC suitable for the current generation of hardware.

¢ Information-theoretic bounds. The existence of QEC codes at rates approaching the quantum
channel capacity is one of the central results of quantum Shannon theory. The CSS code construction,
combined with good classical codes, achieves asymptotically optimal rates for depolarizing channels.

Mathematical Development
Proof of Knill-Laflamme sufficiency

Given errors {E,} satisfying the Knill-Laflamme conditions PeEl E,Pe = ¢4, Pe, we construct the recovery.
Diagonalize cqp = ), dat}oUpe (eigendecomposition of the Hermitian matrix c). Define new error operators



Fa = Z’U’ZQE‘G/\/@7

for d, > 0. These satisfy PCFOTCF 8FPc = dapPc, meaning different F,,’s take the code to orthogonal subspaces.
Let P, = F,PcF}/d, be the projector onto the a-th error subspace. The recovery operation is

R(p) = ZFotPapPaFa/dm

which projects onto each error subspace (identifying which error occurred) and then applies the inverse error.
One can verify that R(E(p)) = p for p supported on C.

The Pauli group and stabilizer codes

The n-qubit Pauli group is

P,={i*Pr@P,® ---@P,: ke {0,1,2,3},P, € {I,X,Y, Z}}.

It has order 4-4™ and is non-abelian. Any two elements either commute or anticommute. A stabilizer group
S C P, is an abelian subgroup not containing —1I; if it has n — k independent generators, the codespace is
2*_dimensional.

For any error E € P,, and any stabilizer g, either Eg = gE or Eg = —gE. The syndrome is the (n — k)-bit
string of signs from measuring the n — k generators.

CSS codes (Calderbank—Shor-Steane) are stabilizer codes whose stabilizer generators are either all-X or
all-Z type (no mixed Y generators). These codes arise from pairs of classical linear codes and are especially
efficient for treating X and Z errors independently.

The 7-qubit Steane code

The Steane code is the smallest nontrivial CSS code: [[7, 1, 3]], encoding 1 logical qubit into 7 physical qubits
with distance 3 (correcting any single-qubit error). Its stabilizer generators are

g =I1I1TXXXX, ¢g=IXXIIXX, ¢g3=XIXIXIX,
go=1I1Z7277, gs=1ZZ11Z7Z, g¢=ZI1Z1Z1Z.

The X-type generators and Z-type generators are both based on the (7, 4) Hamming code, a famous classical
error-correcting code. The logical operators are X = X®7 and Z = Z97,

Steane code is significant because it is the smallest code with fault-tolerant implementations of the complete
Clifford group via transversal gates. This property is the starting point for fault-tolerant quantum computation.

Threshold theorem

Theorem (Aharonov—Ben-Or, Knill-Laflamme—Zurek, Kitaev, and others, 1996-1999). There
exists a positive constant py, such that, for any physical error rate p < py,, any quantum circuit of any
size can be simulated with arbitrarily small error using a polylogarithmic overhead in the number of ancilla

qubits and gate operations. That is, the cost of simulating a T-gate circuit to within accuracy e scales as
T - polylog(T/e).

The threshold pyy, depends on the code and the architecture but is typically estimated at 1073 to 1072, Below
this threshold, concatenated or topological codes can suppress errors to arbitrary accuracy. Above it, more
errors accumulate than correction can remove, and the computation fails.



This theorem is the theoretical foundation for believing that fault-tolerant quantum computation is scalable,
and it establishes the road map for quantum hardware development: get physical error rates below p¢y, then
use QEC to reach logical error rates needed for large algorithms.

Worked Example
The 3-qubit bit-flip code
Encoding. A qubit |¢) = a|0) 4+ 8]1) is encoded into three qubits:

[¥r) = «|000) + B|111).

The encoding circuit uses two CNOT gates: the data qubit controls two ancilla qubits initialized to |0).

Stabilizers. The code is the stabilizer code with generators gy = Z1 25, go = Z2Z3. Both have eigenvalue +1
on |000) and |111), so the code subspace is the +1 eigenspace of both generators.

Error detection. Suppose a bit-flip Xs occurs. The new state is «|010) + §|101). Measure g1 = Z; Zo:
on |010), Z1Zs = (+1)(—1) = —1; on |101), Z1Zy = (—1)(+1) = —1. So ¢1 gives —1. Measure go = Z2Z3:
on [010), ZyZ3 = (—1)(+1) = —1; on [101), ZZ3 = (+1)(—1) = —1. So g gives —1. Syndrome: (—1,—1),
indicating Xo.

Correction. Apply X5 to undo the error. The state returns to «|000) + 3|111), the original encoded state.
The logical information («, ) is recovered.

Note on limitations. The 3-qubit bit-flip code only corrects bit-flip errors. A phase-flip error Z; on any
qubit takes «|000) + 3]111) — «|000) — $|111) — a logical phase flip that the code cannot detect. To correct
both kinds of errors, one needs a more sophisticated code like the 9-qubit Shor code.

The 9-qubit Shor code

The Shor code [[9, 1, 3]] encodes 1 logical qubit into 9 physical qubits. The encoding is a “double” of the
3-qubit codes: each of the three “blocks” is a 3-qubit phase-flip code, and the blocks themselves form a
3-qubit bit-flip code. The result is a code that corrects any single-qubit error, including arbitrary linear
combinations of XY, Z.

Logical states:

0L) = 21%(|000> + [111))(|000) + [111))(|000) + [111)),
[12) = =-=(1000) — [111))((000) — [111))(]000) — [111)).

2V2

The stabilizer generators include 6 Z-type operators (detecting bit flips within each block) and 2 X-type
operators (detecting phase flips across blocks), for a total of 8 generators (as expected for an [[9, 1, 3]] code:
n—k=38).

Surface code

The surface code is a topological stabilizer code defined on a 2D lattice of qubits. Its logical qubits
correspond to topological features of the lattice (holes, boundaries), and errors are detected by local stabilizer
measurements involving only nearest-neighbor qubits. This locality makes the surface code particularly
attractive for hardware implementations where long-range connectivity is difficult.

The surface code has a high threshold (estimated around py, ~ 1%) and is the leading candidate for near-term
fault-tolerant architectures in superconducting qubit platforms. Recent experimental demonstrations have



achieved logical qubits with error rates below the threshold for small-distance surface codes, marking a
milestone in the road to fault tolerance.

Cross-Links

e Module 7.2 (No-cloning): QEC does not violate no-cloning — it encodes into entangled states, not
copies. The no-cloning theorem constrains but does not prohibit error correction.

e Module 7.3 (Quantum channels): The error models in QEC are quantum channels (Kraus operators,
Lindblad dynamics). The recovery operation is also a channel.

e Module 8.5 (Decoherence-free subspaces): DFS is the passive special case of QEC with trivial
recovery. The Knill-Laflamme conditions reduce to DFS conditions when the recovery is the identity.

e Module 8.2 (Lindblad equation): Noise models are typically specified as Lindblad equations; QEC
is designed to protect against the resulting channel over some time interval.

o Module 4.4 (Bell states): Entanglement across code qubits is the resource exploited by QEC to
detect errors without disturbing the logical state.

e Classical coding theory: Hamming codes, Reed—Solomon codes, and LDPC codes are the classical
ancestors of quantum codes. The CSS construction explicitly uses pairs of classical codes.

e Statistics — maximum-likelihood decoding: Syndrome decoding is a statistical inference problem.
Maximum-likelihood decoders find the most probable error consistent with the observed syndrome.

Structural Compression

Invariant: A quantum error-correcting code of parameters [[n, k, d]] encodes k logical qubits into n physical
qubits with distance d. The Knill-Laflamme conditions PCE:{Ech = cqpPe characterize correctability:
distinct correctable errors take the code to orthogonal subspaces, enabling identification and correction
without disturbing the logical information.

Mechanism: Encode into an entangled subspace of many physical qubits; measure stabilizer generators to
extract error syndromes without revealing logical information; apply Pauli corrections based on syndrome
data. The stabilizer formalism provides a compact algebraic framework; the threshold theorem guarantees
that recursive concatenation or topological codes can achieve arbitrarily small logical error rates provided
physical errors are below a finite threshold.

Cross-System Echo: Classical error-correcting codes (Hamming, Reed—Solomon, LDPC) use repetition
and parity-check structures to detect and correct bit errors. Quantum codes generalize this to the non-
commutative setting by exploiting entanglement as a form of non-classical redundancy, and by using stabilizer
measurements as non-demolition analogues of classical parity checks.

Exercises

1. Verify the Knill-Laflamme conditions for the 3-qubit bit-flip code with error set {I, X, Xo, X3}.

2. Compute the syndrome for each single-qubit bit-flip error on the 3-qubit code and verify that they are
distinct.

3. Show that the 3-qubit bit-flip code cannot detect phase-flip errors, and construct the 3-qubit phase-flip
code that can.

4. Write out the 9-qubit Shor code logical states and verify that a Z; error on any qubit is detectable and
correctable.

5. State the Knill-Laflamme conditions, and show that they reduce to the decoherence-free subspace
conditions when the recovery is the identity.

6. Describe the stabilizer formalism for the 7-qubit Steane code, and identify its logical operators.



7. Argue, structurally, why quantum error correction does not violate no-cloning, and explain what role
entanglement plays in distinguishing QEC from classical repetition codes.
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