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Module 1 — Hilbert Spaces

Complex Vector Spaces
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Hilbert Spaces Node: 1.1

This is the foundation node of the entire course. Every subsequent structure — inner products, operators,
observables, states, measurements, entanglement — is built on top of complex vector spaces. Real vector
spaces are insufficient for quantum mechanics; the complex field is not optional.

Formal Definition
A complex vector space is a set V equipped with two operations:

1. Vector addition: + : V × V → V
2. Scalar multiplication: · : C × V → V

satisfying, for all u, v, w ∈ V and α, β ∈ C:

• Associativity: (u+ v) + w = u+ (v + w)
• Commutativity: u+ v = v + u
• Zero element: there exists 0 ∈ V such that v + 0 = v
• Additive inverse: for each v ∈ V there exists −v ∈ V with v + (−v) = 0
• Distributivity (vector): α(u+ v) = αu+ αv
• Distributivity (scalar): (α+ β)v = αv + βv
• Compatibility: α(βv) = (αβ)v
• Identity: 1 · v = v

A basis of V is a linearly independent set {ei} ⊂ V whose linear span equals V . The cardinality of any basis
is the dimension of V , denoted dimV .

Intuition
A complex vector space is a structure in which:

• Things can be added.
• Things can be scaled by complex numbers.
• The result is again a thing of the same kind.
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The complex field is essential because quantum mechanical amplitudes interfere — and interference requires
both magnitude and phase. A real vector space carries no notion of phase. This is the structural reason
quantum mechanics cannot be formulated over R.

Structural Role
Complex vector spaces are the carrier of quantum states. The state postulate (Node 2.1) will identify physical
states with rays in a complex vector space, but the linear-algebraic structure is logically prior.

Every structural object in this course — operators, observables, measurements, channels, entropies — is
ultimately a function of, or operator on, a complex vector space.

Mathematical Development
Linear combinations

For v1, . . . , vn ∈ V and α1, . . . , αn ∈ C, the linear combination is:

n∑
i=1

αivi ∈ V.

Linear independence

A set {v1, . . . , vn} is linearly independent if

n∑
i=1

αivi = 0 =⇒ α1 = · · · = αn = 0.

Span and dimension

The span of a set S ⊂ V is the set of all finite linear combinations of its elements. V is finite-dimensional
if it has a finite basis; otherwise it is infinite-dimensional.

The standard example

Cn — the set of column vectors with n complex entries — is the prototype finite-dimensional complex vector
space. The standard basis is {e1, . . . , en} with ei having a 1 in position i and 0 elsewhere.

Worked Example
The qubit space

The simplest non-trivial quantum system uses V = C2. A general element is

v =
(
α
β

)
, α, β ∈ C.

The standard basis is

|0⟩ =
(

1
0

)
, |1⟩ =

(
0
1

)
.
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A general qubit vector is the linear combination

v = α|0⟩ + β|1⟩.

This already exhibits the central feature of quantum mechanics: a system can exist in a superposition of
basis states with arbitrary complex coefficients.

Cross-Links
• Linear Algebra: Vector Spaces (Module 1) — same axiom system, real-or-complex field.
• Statistics: Probability simplex is a real convex set; quantum state space replaces it with a complex

projective space.
• VQA: Parameterized circuits act on C2n ; the underlying linearity is what makes gradient-based

optimization tractable.
• Quantum Information: Qubits, qudits, and quantum registers are all built directly on this object.

Structural Compression
Invariant: Closure under complex linear combination.

Mechanism: Two operations (addition, complex scalar multiplication) plus eight axioms.

Cross-System Echo: The same axioms over R give classical state spaces. Replacing R with C is the minimal
structural perturbation that produces quantum behavior.

Exercises
1. Show that Cn satisfies all eight axioms of a complex vector space.
2. Prove that the zero element of a vector space is unique.
3. Show that the set of polynomials of degree ≤ n with complex coefficients forms a complex vector space,

and identify its dimension.
4. Show that C is itself a complex vector space, and a real vector space — and that its dimension differs

in the two cases.
5. Argue, structurally, why a real vector space cannot support the phenomenon of interference.
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Inner Products and Norms
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Hilbert Spaces Node: 1.2

Inner products turn a complex vector space into a geometric object. Length, angle, and orthogonality become
well-defined. The Born rule (Node 2.3) is fundamentally a statement about inner products — every probability
in quantum mechanics is the squared modulus of one.

Formal Definition
A complex inner product on a complex vector space V is a map

⟨·, ·⟩ : V × V → C

satisfying, for all u, v, w ∈ V and α, β ∈ C:

• Conjugate symmetry: ⟨u, v⟩ = ⟨v, u⟩
• Linearity in the second argument (physics convention): ⟨u, αv + βw⟩ = α⟨u, v⟩ + β⟨u,w⟩
• Positive definiteness: ⟨v, v⟩ ≥ 0, with equality if and only if v = 0

A pair (V, ⟨·, ·⟩) is called a complex inner product space.

The induced norm is

∥v∥ :=
√

⟨v, v⟩.

Two vectors u, v are orthogonal, written u ⊥ v, if ⟨u, v⟩ = 0. A vector is normalized (or a unit vector) if
∥v∥ = 1.

Note: physics uses the right-linear convention (linear in the second slot, antilinear in the first). Mathematics
texts often use the opposite. Throughout this course we use the physics convention exclusively.

Intuition
An inner product is the complex generalization of the dot product. It measures “how much one vector lies
along another,” but with two twists:

• The output is complex, not real. The complex phase of ⟨ϕ, ψ⟩ encodes interference — the distinguishing
feature of quantum mechanics.

• Only the squared modulus |⟨ϕ, ψ⟩|2 is directly physical, because only it is basis-independent and
real-valued. This will become the Born rule.

The norm ∥v∥ is the length of v; the inner product ⟨ϕ, ψ⟩ is the amplitude with which ϕ and ψ overlap.

Structural Role
Inner products are what convert the formal linear structure of a complex vector space into the probabilistic
structure of quantum mechanics.

• Every quantum probability is |⟨ϕ|ψ⟩|2.
• Every expectation value is ⟨ψ|A|ψ⟩.
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• The adjoint operation (Node 1.5) is defined with respect to the inner product.
• The spectral theorem (Node 1.6) requires orthogonality of eigenspaces, which requires an inner product.

Without inner products, the course halts at linear algebra and never reaches physics.

Mathematical Development
Cauchy–Schwarz inequality

For all u, v ∈ V ,

|⟨u, v⟩| ≤ ∥u∥ ∥v∥,

with equality if and only if u and v are linearly dependent.

Triangle inequality

For all u, v ∈ V ,

∥u+ v∥ ≤ ∥u∥ + ∥v∥.

This is a direct consequence of Cauchy–Schwarz.

Parallelogram law

∥u+ v∥2 + ∥u− v∥2 = 2∥u∥2 + 2∥v∥2.

This identity characterizes norms that come from an inner product: a norm on a complex vector space is
induced by an inner product if and only if it satisfies the parallelogram law.

Polarization identity

The inner product can be recovered from the norm:

⟨u, v⟩ = 1
4

3∑
k=0

ik∥u+ ikv∥2.

Inner product and norm carry the same information — the norm just packages it with the phase discarded.

Worked Example
Qubit inner products

Work on V = C2 with the standard inner product ⟨u, v⟩ =
∑
i uivi.

Computational basis:

|0⟩ =
(

1
0

)
, |1⟩ =

(
0
1

)
.

Directly:
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⟨0|0⟩ = 1, ⟨1|1⟩ = 1, ⟨0|1⟩ = 0.

Hadamard basis:

|+⟩ = 1√
2 (|0⟩ + |1⟩), |−⟩ = 1√

2 (|0⟩ − |1⟩).

Compute:

⟨+|−⟩ = 1
2 (⟨0|0⟩ − ⟨0|1⟩ + ⟨1|0⟩ − ⟨1|1⟩) = 1

2 (1 − 0 + 0 − 1) = 0.

So {|+⟩, |−⟩} is orthonormal. Now a cross-basis overlap:

⟨0|+⟩ = 1√
2 (⟨0|0⟩ + ⟨0|1⟩) = 1√

2 .

Its squared modulus is |⟨0|+⟩|2 = 1
2 — the Born-rule probability of obtaining outcome 0 when measuring a

qubit prepared in state |+⟩ in the computational basis.

Cross-Links
• Linear Algebra: Inner products and orthogonality — same axiom system over R or C.
• Statistics: Inner products on L2 underlie covariance, correlation, and conditional expectation.
• VQA: Cost functions have the form ⟨ψ(θ)|H|ψ(θ)⟩ — a single inner product.
• Quantum Information: Fidelity F (ψ, ϕ) = |⟨ψ|ϕ⟩|2 is an inner product quantity.

Structural Compression
Invariant: A conjugate-symmetric, right-linear, positive-definite pairing V × V → C.

Mechanism: Three axioms (conjugate symmetry, linearity, positivity) induce a norm, a geometry, and a
probability.

Cross-System Echo: Real inner products give classical Euclidean geometry. The complex generalization
retains lengths and angles but adds phase — the structural ingredient that produces interference.

Exercises
1. Verify the three inner-product axioms for the standard inner product ⟨u, v⟩ =

∑
i uivi on Cn.

2. Prove Cauchy–Schwarz by considering ∥u− αv∥2 ≥ 0 for an optimally chosen α.
3. Verify the parallelogram law on C2 for u = |0⟩, v = |+⟩.
4. Show that the polarization identity recovers ⟨u, v⟩ from the norm on C2, using explicit vectors.
5. Let |ψ⟩ = α|0⟩ + β|1⟩. Show that ∥ψ∥ = 1 ⇐⇒ |α|2 + |β|2 = 1, and interpret the result as a

normalization condition on a quantum state.
6. Explain, structurally, why only |⟨ϕ|ψ⟩|2 (not ⟨ϕ|ψ⟩ itself) appears in measurable quantities.

6



Hilbert Space — Completeness
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Hilbert Spaces Node: 1.3

This node is the structural promotion of “complex inner product space” to “Hilbert space.” In finite dimensions
the distinction is vacuous; in infinite dimensions it is what makes quantum mechanics analytically well-posed.

Formal Definition
A Hilbert space H is a complex inner product space that is complete in the metric induced by its norm:
every Cauchy sequence in H converges to a limit in H.

Explicitly: a sequence {vn} ⊂ H is Cauchy if for every ε > 0 there exists N such that

∥vn − vm∥ < ε for all n,m ≥ N.

H is complete if every such sequence has a limit v ∈ H with ∥vn − v∥ → 0.

A Hilbert space is separable if it contains a countable dense subset. All Hilbert spaces arising in ordinary
quantum mechanics are separable.

Intuition
Completeness is the assertion that “limits live in the space.” A rational-number line has holes (

√
2 is

missing); the real line does not. In the same way, an inner product space that is not complete has sequences
whose “intended limit” is outside the space — physically unacceptable, because nothing prevents you from
constructing such a sequence as a limit of experimentally realizable states.

The upgrade from “complex inner product space” to “Hilbert space” is the analytic closure that lets you
take limits of superpositions, integrals of wavefunctions, and spectral decompositions of unbounded operators
without leaving the state space.

In finite dimensions, every inner product space is automatically complete, so the distinction is invisible. In
infinite dimensions — the setting for position, momentum, and field operators — it is essential.

Structural Role
Hilbert space is the arena in which all of quantum mechanics takes place. The state postulate (Node 2.1)
identifies physical states with unit rays in a Hilbert space; the evolution postulate requires unitary operators,
whose definition presumes an inner product and completeness; the measurement postulate demands spectral
decomposition, which requires completeness to generalize beyond finite dimensions.

Every downstream object — density matrices (5.1), quantum channels (7.3), partial traces (5.2), Lindblad
generators (8.2) — is built on Hilbert space.

Mathematical Development
The three canonical examples

Finite-dimensional: Cn with ⟨u, v⟩ =
∑
i uivi. Automatically complete.
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Countably infinite-dimensional: ℓ2(N), the space of square-summable complex sequences:

ℓ2 =
{

(a1, a2, . . .) ∈ CN :
∞∑
n=1

|an|2 < ∞
}

with ⟨a, b⟩ =
∑
n anbn.

Continuous: L2(R), the space of square-integrable complex-valued functions modulo almost-everywhere
equality:

L2(R) =
{
ψ : R → C :

∫ ∞

−∞
|ψ(x)|2 dx < ∞

}
with ⟨ϕ, ψ⟩ =

∫∞
−∞ ϕ(x)ψ(x) dx.

The last two are separable, infinite-dimensional, and complete — the non-trivial cases.

Separability and basis existence

Every separable Hilbert space admits a countable orthonormal basis (Node 1.4). In non-separable Hilbert
spaces an orthonormal basis still exists (by Zorn), but it need not be countable. Separability is what keeps
quantum mechanics tractable.

Finite vs infinite dimensions

Property Finite-dim Infinite-dim
Completeness automatic yes no — must be imposed
Every linear operator bounded yes no
Spectral theorem in elementary
form

yes replaced by spectral measure

Position/momentum operators n/a unbounded, densely defined

The finite-dimensional case is sufficient for qubit and finite-level physics. The infinite-dimensional case is
necessary as soon as position, momentum, or field degrees of freedom appear.

Worked Example
The qubit Hilbert space

For a single qubit, H = C2. Two complex dimensions. Every sequence of unit vectors |ψn⟩ with ∥|ψn⟩ −
|ψm⟩∥ → 0 has a limit in C2 — there is no analytic subtlety.

The particle-on-a-line Hilbert space

For a non-relativistic particle on R, H = L2(R). Elements are wavefunctions ψ(x) with
∫

|ψ|2 dx < ∞. The
Gaussian ψσ(x) = (2πσ2)−1/4e−x2/(4σ2) is in H for every σ > 0. A sequence of Gaussians with σn → σ∞ > 0
has a Gaussian limit, which is again in H. A sequence with σn → 0 has no limit in L2 — the pointwise limit
is a Dirac delta, which is not square-integrable. The latter is why δ(x− x0) is not a physical state; it lives
outside the Hilbert space, and position “eigenstates” are a formal device (rigged Hilbert space), not genuine
vectors.
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Cross-Links
• Linear Algebra: Vector spaces with inner products — the finite-dimensional case of this node.
• Statistics: L2 is the Hilbert space of square-integrable random variables; conditional expectation is

Hilbert-space projection.
• VQA: An n-qubit register lives in (C2)⊗n — a finite-dimensional Hilbert space of dimension 2n.
• Math-Intuition: Completeness in analysis — the same idea specialized to the complex-inner-product

setting.

Structural Compression
Invariant: Cauchy-completeness in the inner-product norm.

Mechanism: Topological closure of an inner product space under limits of Cauchy sequences.

Cross-System Echo: Banach completeness in classical analysis generalizes to arbitrary norms; Hilbert
completeness is the special case with an inner product structure, enabling orthogonality and spectral theory.

Exercises
1. Prove directly that Cn is complete, using that C is complete and that convergence in Cn reduces to

coordinate-wise convergence.
2. Give an example of an incomplete inner product space. (Hint: consider the space of eventually-zero

sequences as a subspace of ℓ2.)
3. Show that ℓ2 is complete. Show that it is separable by exhibiting a countable dense subset.
4. Show that the Dirac delta δ(x) is not an element of L2(R).
5. Let H be separable and {en} an orthonormal basis. Show that the map H → ℓ2, v 7→ (⟨en, v⟩), is

an isometric isomorphism. Conclude that there is essentially only one separable infinite-dimensional
Hilbert space.

6. Explain structurally why position eigenstates are “formal” rather than genuine elements of the Hilbert
space, and why this does not prevent their use in calculations.
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Orthonormal Bases and Dirac Notation
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Hilbert Spaces Node: 1.4

This node introduces the bra-ket notation that the rest of the course uses without further comment. It also
establishes the resolution of identity, the structural identity that makes basis expansions tractable and is the
engine of every spectral decomposition and measurement computation.

Formal Definition
Let H be a separable Hilbert space.

An orthonormal set is a collection {|ei⟩} ⊂ H satisfying

⟨ei|ej⟩ = δij .

An orthonormal set is an orthonormal basis if it is additionally complete: its linear span is dense in H,
equivalently,

∑
i

|ei⟩⟨ei| = I,

where the sum converges in the strong operator topology (in finite dimensions, as an ordinary sum).

Dirac notation

Vectors in H are written as kets: |ψ⟩ ∈ H.

The dual space H∗ consists of continuous linear functionals on H. By the Riesz representation theorem,
every f ∈ H∗ has a unique representer ϕ ∈ H such that f(ψ) = ⟨ϕ, ψ⟩. The dual element associated with |ϕ⟩
is written as a bra: ⟨ϕ| ∈ H∗.

The pairing is the inner product:

⟨ϕ|ψ⟩ ≡ ⟨ϕ, ψ⟩.

A bra next to a ket is a scalar; a ket next to a bra is an operator:

|ϕ⟩⟨ψ| : |χ⟩ 7→ |ϕ⟩ ⟨ψ|χ⟩.

Intuition
Dirac notation is a disciplined typographic device that automatically tracks “row vs column” and “vector vs
linear-functional”:

• Ket |ψ⟩: column vector, element of H.
• Bra ⟨ψ|: row vector, element of H∗.
• Bra-ket ⟨ϕ|ψ⟩: scalar, the inner product.
• Ket-bra |ϕ⟩⟨ψ|: rank-one operator.
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The notation enforces the typing: any expression that can be written down in Dirac notation is syntactically
valid, and its “type” (scalar, vector, operator) is visible from the bracket pattern.

An orthonormal basis is a coordinate system on H. The completeness relation
∑
i |ei⟩⟨ei| = I is what lets

you insert a basis expansion anywhere in a computation, the way you insert “1” in an arithmetic identity.

Structural Role
The resolution of identity

I =
∑
i

|ei⟩⟨ei|

is the engine behind every basis expansion, every measurement probability, and every spectral decomposition.
Given any state |ψ⟩,

|ψ⟩ = I|ψ⟩ =
∑
i

|ei⟩⟨ei|ψ⟩,

so the coefficients in the basis expansion are exactly the inner products ⟨ei|ψ⟩. These coefficients, squared,
are Born-rule probabilities (Node 2.3). The resolution of identity therefore structurally contains all of
measurement statistics as a special case.

Mathematical Development
Basis expansion

For any |ψ⟩ ∈ H:

|ψ⟩ =
∑
i

ci|ei⟩, ci = ⟨ei|ψ⟩.

Parseval’s identity

∥ψ∥2 =
∑
i

|ci|2 =
∑
i

|⟨ei|ψ⟩|2.

This is the Hilbert-space Pythagorean theorem: the squared length of a vector is the sum of the squared
moduli of its basis coefficients.

Inner product in coordinates

⟨ϕ|ψ⟩ =
∑
i

⟨ei|ϕ⟩ ⟨ei|ψ⟩ =
∑
i

⟨ϕ|ei⟩⟨ei|ψ⟩.

Change of basis

Let {|ei⟩} and {|fj⟩} be two orthonormal bases. The change-of-basis operator is

U =
∑
j

|fj⟩⟨ej |,
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which satisfies U†U = UU† = I — a unitary operator (Node 1.5). A state’s coefficients transform as

⟨fj |ψ⟩ =
∑
i

⟨fj |ei⟩⟨ei|ψ⟩,

i.e., multiplication by the matrix Uji = ⟨fj |ei⟩.

Gram–Schmidt

Any countable linearly independent set {vn} in H can be converted into an orthonormal set by the
Gram–Schmidt procedure:

|un⟩ = |vn⟩ −
∑
k<n

|ek⟩⟨ek|vn⟩, |en⟩ = |un⟩
∥un∥

.

This is the constructive proof that every separable Hilbert space has an orthonormal basis.

Worked Example
Computational and Hadamard bases on C2

Work on the qubit Hilbert space C2. The computational basis is

|0⟩ =
(

1
0

)
, |1⟩ =

(
0
1

)
.

Verify the completeness relation:

|0⟩⟨0| + |1⟩⟨1| =
(

1 0
0 0

)
+
(

0 0
0 1

)
=
(

1 0
0 1

)
= I.

The Hadamard basis is

|+⟩ = 1√
2 (|0⟩ + |1⟩), |−⟩ = 1√

2 (|0⟩ − |1⟩).

Change of basis:

|0⟩ = 1√
2 (|+⟩ + |−⟩), |1⟩ = 1√

2 (|+⟩ − |−⟩).

The change-of-basis operator is the Hadamard matrix

H = |+⟩⟨0| + |−⟩⟨1| = 1√
2

(
1 1
1 −1

)
,

which satisfies H†H = I and H2 = I.
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Expanding a state in two bases

Consider |ψ⟩ = 1√
3 |0⟩ +

√
2
3 |1⟩. In the computational basis the coefficients are (1/

√
3,
√

2/3), with squared
moduli (1/3, 2/3) — the Born probabilities for outcomes 0 and 1 in a computational measurement.

Hadamard coefficients:

⟨+|ψ⟩ = 1√
2

(
1√
3 +

√
2
3

)
, ⟨−|ψ⟩ = 1√

2

(
1√
3 −

√
2
3

)
.

Parseval: |⟨+|ψ⟩|2 + |⟨−|ψ⟩|2 = 1. The probabilities of the two outcomes depend on the measurement basis,
but their sum is invariant — this is the structural reason probability is conserved under change of basis.

Cross-Links
• Linear Algebra: Orthonormal bases and Gram–Schmidt.
• Quantum Information: Computational vs Hadamard bases are the standard measurement bases for

protocols (e.g., BB84).
• VQA: Measurement expansion in the computational basis — every cost-function estimate is a sum

over basis-projector expectation values.
• Statistics: Fourier basis on L2(S1) as an example of an infinite-dimensional orthonormal basis;

characteristic functions.

Structural Compression
Invariant: The resolution of identity

∑
i |ei⟩⟨ei| = I.

Mechanism: Orthonormality plus completeness — two-part axiom.

Cross-System Echo: Fourier expansion in L2; character sums in harmonic analysis; principal component
decomposition in statistics. All are instances of “expand in an orthonormal basis that diagonalizes the
structure of interest.”

Exercises
1. Verify that {|+⟩, |−⟩} is an orthonormal basis of C2: check ⟨+|+⟩ = ⟨−|−⟩ = 1, ⟨+|−⟩ = 0, and the

completeness relation |+⟩⟨+| + |−⟩⟨−| = I.
2. Prove Parseval’s identity from the resolution of identity.
3. Apply Gram–Schmidt to the vectors v1 = (1, 0)T and v2 = (1, 1)T in C2. Check that the result is

orthonormal.
4. Show that the Hadamard matrix H satisfies H = H† and H2 = I. Interpret: H is both a change of

basis and its own inverse.
5. For |ψ⟩ = α|0⟩ + β|1⟩, compute the coefficients in the Hadamard basis. Verify that the squared moduli

sum to |α|2 + |β|2.
6. Explain, structurally, why the completeness relation is the single identity that generates both basis

expansions and measurement probabilities.
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Linear Operators and Adjoints
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Hilbert Spaces Node: 1.5

The objects acting on quantum states are linear operators. The adjoint operation, defined through the
inner product, distinguishes the special operator classes — Hermitian (observables), unitary (evolution), and
projection (measurement) — that the postulates of quantum mechanics require.

Formal Definition
Let H be a Hilbert space.

A linear operator on H is a map A : H → H satisfying

A(α|ψ⟩ + β|ϕ⟩) = αA|ψ⟩ + βA|ϕ⟩

for all |ψ⟩, |ϕ⟩ ∈ H and α, β ∈ C.

The operator A is bounded if there exists C ≥ 0 with ∥A|ψ⟩∥ ≤ C∥ψ∥ for all |ψ⟩. The smallest such C
is the operator norm ∥A∥. In finite dimensions every linear operator is bounded; in infinite dimensions,
operators like position and momentum are unbounded and only densely defined.

The adjoint A† of a bounded linear operator A is the unique bounded linear operator satisfying

⟨ϕ|Aψ⟩ = ⟨A†ϕ|ψ⟩ for all |ϕ⟩, |ψ⟩ ∈ H.

Existence and uniqueness follow from the Riesz representation theorem applied to the functional |ψ⟩ 7→ ⟨ϕ|Aψ⟩.

Operator classes

• Hermitian (self-adjoint): A = A†. Corresponds to observables.
• Unitary: U†U = UU† = I. Corresponds to physical evolution and change of basis.
• Projection (orthogonal): P 2 = P and P † = P . Corresponds to yes/no measurement questions.
• Normal: [A,A†] = 0. The largest class admitting the spectral theorem.

Intuition
Operators are “things that do something to states.” They are the verbs of quantum mechanics; states are the
nouns.

The adjoint is the natural generalization of the matrix conjugate-transpose. In finite dimensions, if A
is represented in an orthonormal basis by the matrix Aij = ⟨ei|A|ej⟩, then A†

ij = Aji. Conjugate, then
transpose.

The three distinguished classes correspond to the three things one does with a quantum state:

• Hermitian ↔ real eigenvalues ↔ measurable quantities. Eigenvalues are the possible outcomes
of a measurement, and measurement outcomes are real numbers.

• Unitary ↔ norm-preserving ↔ probability-conserving evolution. Unitaries are invertible and
preserve inner products, which is what makes Born-rule probabilities a conserved total.

• Projection ↔ idempotent yes/no ↔ measurement outcomes as subspaces. A projection
partitions the Hilbert space into “inside the subspace” and “orthogonal to it” — the two possibilities of
a yes/no test.
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Structural Role
The three operator classes each carry a postulate of quantum mechanics:

• Hermitian operators represent observables (Postulate 2, Node 2.2).
• Unitary operators represent closed-system time evolution (Postulate 4, Node 2.4).
• Projections (and their generalizations, POVMs) represent measurements (Postulates 3, 3.1, 3.2).

The adjoint is the single algebraic device that organizes these distinctions: all three classes are defined by
adjoint equations. Without the inner product (Node 1.2), none of these definitions exist.

Downstream, the adjoint is also the structural origin of quantum channels (Node 7.3), because Kraus operators
arise as pairs {Ki} with

∑
iK

†
iKi = I — an adjoint condition that guarantees probability conservation.

Mathematical Development
Adjoint algebra

For bounded operators A,B and scalar α:

(A+B)† = A† +B†, (αA)† = αA†, (AB)† = B†A†, (A†)† = A.

Note the order reversal in (AB)† and the complex conjugation of scalars.

Trace

For a trace-class operator, the trace is

Tr(A) =
∑
i

⟨ei|A|ei⟩,

independent of the orthonormal basis {|ei⟩}. Key properties:

Tr(AB) = Tr(BA), Tr(A†) = Tr(A).

The trace will reappear in Node 5.1 as the normalization condition for density matrices.

Commutators

The commutator [A,B] := AB −BA measures non-commutativity. For Hermitian A,B:

[A,B]† = −[A,B],

so commutators of Hermitians are anti-Hermitian, and i[A,B] is Hermitian. Commutators generate the
uncertainty relations of Node 3.5.

Characterizations of the three classes

• Hermitian ⇐⇒ ⟨ψ|A|ψ⟩ ∈ R for all |ψ⟩. The expectation value of a Hermitian operator is real, which
is why observables must be Hermitian.

• Unitary ⇐⇒ ∥U |ψ⟩∥ = ∥ψ∥ for all |ψ⟩. Norm preservation is equivalent to the adjoint condition
U†U = I.

• Projection ⇐⇒ P is the orthogonal projection onto some closed subspace M ⊆ H.
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Rank-one operators

The ket-bra |ϕ⟩⟨ψ| is a rank-one operator with

(|ϕ⟩⟨ψ|)† = |ψ⟩⟨ϕ|.

In particular, |ψ⟩⟨ψ| is a Hermitian rank-one projection onto the one-dimensional subspace spanned by |ψ⟩
(provided ∥ψ∥ = 1).

Worked Example
The Pauli matrices on C2

The Pauli operators are

X =
(

0 1
1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0
0 −1

)
.

Hermiticity. Compute X† by conjugate-transposing: X† = X. Similarly Y † = Y (note: the off-diagonal
entries are −i and i, which swap and conjugate back to themselves) and Z† = Z. All three are Hermitian.

Unitarity. Each Pauli matrix satisfies X2 = Y 2 = Z2 = I, so X†X = X2 = I, and similarly for Y and Z.
All three are unitary. (A Hermitian operator that squares to the identity is automatically unitary — an
uncommon but structurally important coincidence.)

Algebra. Direct computation:

[X,Y ] = XY − Y X = 2iZ, [Y,Z] = 2iX, [Z,X] = 2iY.

These are the defining relations of su(2), the Lie algebra of rotations — the algebraic source of spin- 1
2

behavior.

Spectral data. Z has eigenvalues ±1 with eigenvectors |0⟩, |1⟩. X has eigenvalues ±1 with eigenvectors |±⟩.
Y has eigenvalues ±1 with eigenvectors | ± i⟩ = 1√

2 (|0⟩ ± i|1⟩).

A projection example

The operator P+ = |0⟩⟨0| satisfies

P 2
+ = |0⟩⟨0|0⟩⟨0| = |0⟩⟨0| = P+, P †

+ = (|0⟩⟨0|)† = |0⟩⟨0| = P+.

It projects onto the one-dimensional subspace span{|0⟩}. Its complement P− = I − P+ = |1⟩⟨1| is also a
projection, and P+ + P− = I. Together they form the computational-basis measurement (Node 3.1).

Cross-Links
• Linear Algebra: Linear transformations and adjoints (module on inner product spaces). Matrix

transpose is the real special case.
• Statistics: Self-adjoint operators on L2 generalize the notion of random variable; covariance operators

are Hermitian positive-semidefinite.
• VQA: Hamiltonians are Hermitian observables; variational cost functions are inner products

⟨ψ(θ)|H|ψ(θ)⟩.
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• Quantum Information: Kraus operators of quantum channels are constrained by
∑
iK

†
iKi = I —

an adjoint relation.

Structural Compression
Invariant: Linearity, plus the adjoint equation ⟨ϕ|Aψ⟩ = ⟨A†ϕ|ψ⟩.

Mechanism: One linearity axiom and one duality relation (via Riesz) carve out the three operator classes
needed by the quantum postulates.

Cross-System Echo: Matrix transpose is the real special case of the adjoint; orthogonal matrices are the
real analogue of unitaries; symmetric matrices are the real analogue of Hermitians. Quantum mechanics is
the complex-linear upgrade of this classical structure.

Exercises
1. Show that the adjoint is unique: if B1 and B2 both satisfy ⟨ϕ|Aψ⟩ = ⟨Bkϕ|ψ⟩ for all |ϕ⟩, |ψ⟩, then
B1 = B2.

2. Prove that (AB)† = B†A† directly from the defining relation of the adjoint.
3. Prove that the expectation value of a Hermitian operator is real: ⟨ψ|A|ψ⟩ ∈ R when A = A†.
4. Prove that a linear operator is unitary if and only if it preserves the norm of every vector.
5. Verify the Pauli commutation relations [X,Y ] = 2iZ, [Y, Z] = 2iX, [Z,X] = 2iY by direct matrix

calculation.
6. Show that the ket-bra |ψ⟩⟨ψ| (with ∥ψ∥ = 1) is a projection. Compute its trace and its action on an

arbitrary vector.
7. Let A be Hermitian and U unitary. Show that UAU† is Hermitian and has the same eigenvalues as A.

Interpret this as “change of basis preserves observables.”
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Spectral Decomposition
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Hilbert Spaces Node: 1.6

The spectral theorem is the bridge from linear algebra into quantum measurement. Every observable is
decomposed into a sum over eigenvalues weighted by orthogonal projections — and this decomposition is
exactly what the Born rule (Node 2.3) and projective measurement (Node 3.1) consume. This is the closing
node of Module 1; the next module will start converting this machinery into physics.

Formal Definition
Finite-dimensional spectral theorem

Let H be a finite-dimensional complex Hilbert space and A a Hermitian operator on H. Then A admits a
spectral decomposition

A =
∑
i

λiPi,

where:

• λi ∈ R are the distinct eigenvalues of A,
• Pi is the orthogonal projection onto the eigenspace Hi = ker(A− λiI),
• the projections are mutually orthogonal: PiPj = δijPi,
• the projections resolve the identity:

∑
i Pi = I.

The eigenspaces give an orthogonal decomposition H =
⊕

i Hi. The theorem holds more generally for
normal operators (those satisfying [A,A†] = 0), with complex eigenvalues; Hermiticity is the special case
that guarantees real eigenvalues.

Spectral theorem (general form)

For a bounded normal operator A on a (possibly infinite-dimensional) Hilbert space, the spectral sum is
replaced by a spectral measure: a projection-valued measure E on the complex plane (supported on the
spectrum of A) such that

A =
∫
σ(A)

λ dE(λ).

The discrete-sum version is recovered when the spectrum is a countable set of isolated eigenvalues.

Intuition
Every observable is a list of real outcomes plus a partition of Hilbert space into “what would collapse to this
outcome” subspaces.

Think of the Hermitian operator A as a compound object with two pieces of information:

1. A finite list of real numbers λ1, λ2, . . . — the possible measurement outcomes.
2. A matching list of orthogonal subspaces — one per outcome — that jointly tile the whole Hilbert space.
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A state “lying inside” eigenspace i deterministically yields outcome λi. A state that is a superposition
across eigenspaces yields outcome i with probability equal to the squared length of its projection onto that
eigenspace. That is the Born rule, prefigured by the spectral theorem.

The spectral theorem is why quantum mechanics is diagonal-in-the-right-basis: for any observable, there is a
basis (its eigenbasis) in which measurement is trivial to compute.

Structural Role
The spectral theorem is the structural hinge of the course. Everything before it is abstract linear algebra;
everything after it is physics.

• It supplies the projections that appear in projective measurement (Node 3.1).
• It guarantees that every observable has real outcomes (Node 2.2).
• It gives the Born rule an algebraic shape: Pr(λi) = Tr(Piρ) (Node 2.3, Node 5.1).
• It diagonalizes density matrices into mixtures of pure states (Node 5.1).
• It diagonalizes Hamiltonians into time-evolution-generating eigenmodes (Node 2.4).
• In infinite dimensions, it is what gives position, momentum, and energy their spectra and their associated

projective measures.

No spectral theorem, no measurement theory.

Mathematical Development
Proof sketch (finite-dimensional)

Let A be Hermitian on H with dim H = n < ∞.

Step 1 — existence of a real eigenvalue. The characteristic polynomial det(A− λI) has at least one
root in C. For any eigenvector |v⟩ with A|v⟩ = λ|v⟩ and ∥v∥ = 1:

λ = ⟨v|A|v⟩ = ⟨v|A|v⟩ = λ,

using A = A†. So every eigenvalue is real.

Step 2 — eigenspaces are orthogonal. If A|v⟩ = λ|v⟩ and A|w⟩ = µ|w⟩ with λ ̸= µ, then

λ⟨w|v⟩ = ⟨w|Av⟩ = ⟨Aw|v⟩ = µ⟨w|v⟩,

forcing ⟨w|v⟩ = 0.

Step 3 — induction on dimension. Let Hλ = ker(A− λI) be the eigenspace for one eigenvalue λ. Its
orthogonal complement H⊥

λ is invariant under A: for |w⟩ ∈ H⊥
λ and |v⟩ ∈ Hλ,

⟨v|Aw⟩ = ⟨Av|w⟩ = λ⟨v|w⟩ = 0,

so A|w⟩ ∈ H⊥
λ . Restrict A to H⊥

λ , which is strictly lower-dimensional, and apply the induction hypothesis.

Step 4 — assemble. Iterating gives an orthogonal decomposition H =
⊕

i Hi. Set Pi to be the orthogonal
projection onto Hi. Then PiPj = δijPi,

∑
i Pi = I, and A =

∑
i λiPi because both sides agree on a basis.
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Functional calculus

Once A =
∑
i λiPi, one defines functions of operators by applying the function to eigenvalues:

f(A) :=
∑
i

f(λi)Pi.

This gives exponentials e−iHt/ℏ =
∑
i e

−iλit/ℏPi (the time-evolution operator of Node 2.4), powers, square
roots, and logarithms — all constructed directly from the spectral data.

Unitary diagonalization

Equivalently: every Hermitian A can be written as A = UDU† where D is diagonal with the eigenvalues of A
on the diagonal and U is the unitary whose columns are the eigenvectors of A. The two forms are equivalent:
Pi = UΠiU

† where Πi is the diagonal projection onto coordinate i in the standard basis.

Worked Example
Pauli Z

Z =
(

1 0
0 −1

)
.

Eigenvalues: +1 with eigenvector |0⟩, and −1 with eigenvector |1⟩. Projections: P+ = |0⟩⟨0|, P− = |1⟩⟨1|.
Spectral decomposition:

Z = (+1)|0⟩⟨0| + (−1)|1⟩⟨1|.

Verify the resolution of identity: P+ +P− = |0⟩⟨0| + |1⟩⟨1| = I. Verify orthogonality: P+P− = |0⟩⟨0|1⟩⟨1| = 0.

Pauli X

X =
(

0 1
1 0

)
.

Eigenvalues: +1 with eigenvector |+⟩ = 1√
2 (|0⟩ + |1⟩), and −1 with eigenvector |−⟩ = 1√

2 (|0⟩ − |1⟩). Spectral
decomposition:

X = (+1)|+⟩⟨+| + (−1)|−⟩⟨−|.

In matrix form: |+⟩⟨+| = 1
2

(
1 1
1 1

)
, |−⟩⟨−| = 1

2

(
1 −1

−1 1

)
. Their difference reproduces X; their sum is I.

Functional calculus on Z

Compute e−iZt:

e−iZt = e−it|0⟩⟨0| + e+it|1⟩⟨1| =
(
e−it 0

0 e+it

)
.

This is the time-evolution operator for a qubit Hamiltonian H = Z (taking ℏ = 1). The exponential is trivial
in the eigenbasis — the spectral theorem is what lets you compute it.
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Cross-Links
• Linear Algebra: The spectral theorem is the signature theorem of the linear algebra course. This

node is its complex-Hermitian specialization.
• Statistics: Principal component analysis is the spectral decomposition of a covariance matrix. The

same machinery; different interpretation.
• VQA: Variational eigensolvers target the smallest eigenvalue of a spectral decomposition via parame-

terized circuits; the ground state is the λmin eigenvector.
• Quantum Information: Von Neumann entropy (Node 7.4) is computed by spectrally decomposing a

density matrix.
• Quantum Thermodynamics: The Gibbs state e−βH/Z is defined by the functional calculus applied

to the Hamiltonian.

Structural Compression
Invariant: Every Hermitian operator equals an eigenvalue-weighted sum of mutually orthogonal projections
that resolve the identity.

Mechanism: Orthogonality of eigenspaces (from the adjoint relation) plus induction on dimension (finite
case), or projection-valued measures (infinite case).

Cross-System Echo: Diagonalization of symmetric matrices in real linear algebra; Fourier analysis as the
spectral decomposition of the translation operator; principal components as the spectral decomposition of a
covariance operator. All are instances of “resolve an operator into outcomes plus a basis adapted to those
outcomes.”

Exercises
1. Compute the spectral decomposition of Pauli Y . Write out the projections explicitly as 2 × 2 matrices.
2. Let A be Hermitian with spectral decomposition A =

∑
i λiPi. Prove that A2 =

∑
i λ

2
iPi and, more

generally, p(A) =
∑
i p(λi)Pi for any polynomial p.

3. Show that Tr(A) =
∑
i λi dim Hi where Hi is the eigenspace for λi.

4. Let A be Hermitian on Cn with spectral decomposition A =
∑
i λiPi. Show that ⟨ψ|A|ψ⟩ =∑

i λi∥Pi|ψ⟩∥2 and interpret this as a weighted average of eigenvalues with weights given by Born-rule
probabilities.

5. Construct an operator on C3 with eigenvalues (0, 1, 1) and a non-trivial two-dimensional eigenspace for
the eigenvalue 1. Exhibit its spectral decomposition with two (not three) projections.

6. Show that a projection P is itself a Hermitian operator whose spectral decomposition has only the
eigenvalues 0 and 1. What are the two eigenspaces?

7. Explain, structurally, why the spectral theorem is the bridge between “linear algebra” and “measurement
theory” in this course.
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Module 2 — Postulates

The State Postulate
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Postulates of Quantum Mechanics Node: 2.1

This is the first injection of physical content into the linear-algebraic substrate of Module 1. Up to this point
we have built a complex Hilbert space — a mathematical object. The state postulate identifies a specific
subset of that object with the physical states of a quantum system.

Formal Statement
To every isolated physical system there is associated a complex separable Hilbert space H, called the state
space of the system.

The states of the system are represented by rays in H: equivalence classes

[|ψ⟩] = {α|ψ⟩ : α ∈ C, α ̸= 0}

with |ψ⟩ ∈ H nonzero.

By convention, one fixes a representative of unit norm:

∥|ψ⟩∥ =
√

⟨ψ|ψ⟩ = 1.

Even after normalization, the global phase is not determined: |ψ⟩ and eiθ|ψ⟩ represent the same physical
state for any θ ∈ R.

Intuition
A quantum state is not a vector. It is a direction in Hilbert space — a one-dimensional subspace, with
magnitude and global phase stripped away.

The reason is the Born rule (Node 2.3): all measurable predictions take the form |⟨ϕ|ψ⟩|2, and this quantity
is invariant under |ψ⟩ 7→ eiθ|ψ⟩. Two vectors that differ only by an overall complex factor produce identical
measurement statistics, so they cannot represent physically distinct situations.

What survives the quotient by global phase is the projective Hilbert space PH. This — not H itself — is
the true state space of a quantum system.

Crucial caveat: the equivalence is by global phase only. Relative phases between components of a
superposition are physical and observable (interference depends on them).

Structural Role
This postulate fixes the ontology of the rest of the course:

• Observables (Node 2.2) will be Hermitian operators on H.
• Measurement outcomes (Node 2.3) will be eigenvalues, with probabilities determined by inner

products.
• Time evolution (Node 2.4) will be unitary, hence ray-preserving.
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• Composite systems (Node 2.5) will live in tensor products of state spaces.
• Mixed states (Node 5.1) will generalize rays to density operators when statistical ensembles are

introduced.

Every other postulate is calibrated against this one.

Mathematical Development
The projective Hilbert space

The projective Hilbert space is the quotient

PH = (H \ {0})/ ∼

where |ψ⟩ ∼ |ϕ⟩ ⇐⇒ |ϕ⟩ = α|ψ⟩ for some α ∈ C∗.

For H = Cn+1, this is the complex projective space CPn. For the qubit, H = C2 and CP1 is topologically the
2-sphere — the Bloch sphere.

Why rays, not vectors

Suppose two states |ψ⟩, eiθ|ψ⟩ were physically distinct. Then there would have to exist some measurement
procedure that distinguishes them. But by the Born rule (anticipating 2.3), the probability of any outcome
|ϕ⟩ is

|⟨ϕ|eiθψ⟩|2 = |eiθ|2 |⟨ϕ|ψ⟩|2 = |⟨ϕ|ψ⟩|2.

The two vectors are operationally indistinguishable, so the postulate identifies them.

Worked Example
A qubit on the Bloch sphere

A general qubit state can be written

|ψ⟩ = cos(θ/2) |0⟩ + eiφ sin(θ/2) |1⟩

with θ ∈ [0, π], φ ∈ [0, 2π). This parameterization eliminates global phase by convention (the coefficient of |0⟩
is real and non-negative).

The map |ψ⟩ 7→ (θ, φ) sends qubit states bijectively onto the unit sphere S2 ⊂ R3 — the Bloch sphere.

Key facts:

• Each point on the sphere is one quantum state (one ray).
• Antipodal points are orthogonal vectors in H (e.g., |0⟩ and |1⟩ are at the north and south poles).
• The interior of the ball corresponds to mixed states (introduced in Node 5.1).
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Cross-Links
• Linear Algebra: Vector Spaces, Quotient Spaces.
• Statistics: Classical state = point in a sample space. Quantum state = ray in a Hilbert space. The

structural difference is what generates all subsequent quantum-vs-classical distinctions.
• VQA: Parameterized quantum circuits prepare rays |ψ(θ)⟩; the cost function is a real-valued function

on the projective Hilbert space.
• Quantum Information: Qubit states, qudit states, computational basis.

Structural Compression
Invariant: Physical states are equivalence classes under global phase, not raw Hilbert vectors.

Mechanism: Quotient of H \ {0} by complex scalar multiplication.

Cross-System Echo: Probability distributions in classical statistics live on the simplex (a real convex set);
quantum states live on the projective Hilbert space (a complex projective manifold). The non-convexity of
pure states is the structural marker that quantum mechanics is irreducibly different.

Exercises
1. Show that the relation |ψ⟩ ∼ α|ψ⟩ (for α ∈ C∗) is an equivalence relation on H \ {0}.
2. Verify that the Bloch sphere parameterization |ψ⟩ = cos(θ/2)|0⟩ + eiφ sin(θ/2)|1⟩ covers every qubit

state exactly once.
3. Show that two qubit states are orthogonal in C2 if and only if their Bloch vectors are antipodal.
4. Argue why the relative phase between |0⟩ and |1⟩ in a superposition α|0⟩ + β|1⟩ is physical, even though

the global phase is not.
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The Observable Postulate
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Postulates of Quantum Mechanics Node: 2.2

The state postulate (2.1) said what a state is. This postulate says what we are allowed to ask about a state.
Together they fix the ontology of measurement before the Born rule (2.3) supplies the statistics.

Formal Statement
To every measurable physical quantity (an observable) of a quantum system is associated a self-adjoint
(Hermitian) operator on the system’s Hilbert space:

A : H → H, A = A†.

The possible outcomes of a measurement of the observable are the elements of the spectrum of A:

• For a bounded operator in finite dimensions, the spectrum is the set of real eigenvalues {λi} of the
spectral decomposition A =

∑
i λiPi (Node 1.6).

• For an unbounded self-adjoint operator on an infinite-dimensional Hilbert space, the spectrum is a
closed subset of R described by a projection-valued measure EA, and the observable is realized as
A =

∫
λ dEA(λ).

In finite dimensions, Hermiticity and self-adjointness are the same condition. In infinite dimensions they
differ: self-adjointness requires both symmetry (⟨ϕ,Aψ⟩ = ⟨Aϕ,ψ⟩ on the common domain) and equality of
domains dom(A) = dom(A†). Only genuinely self-adjoint operators admit a spectral measure, and only these
are legitimate observables.

Intuition
An observable is encoded by an operator because measurement in quantum mechanics is non-commutative:
the result of measuring “A then B” differs in general from “B then A”, and operators are the mathematical
objects whose composition is non-commutative.

Hermiticity is chosen because:

1. Measurement outcomes are real numbers. The eigenvalues of a Hermitian operator are real (Node
1.6). Complex eigenvalues would correspond to unobservable quantities.

2. Expectation values are real. For any state |ψ⟩, the number ⟨ψ|A|ψ⟩ is real if and only if A is
Hermitian. Reality of expectation values is a necessary condition for A to represent an empirical mean.

3. Spectral decomposition exists. Hermiticity is the minimal algebraic condition under which the
spectral theorem guarantees an orthogonal decomposition of Hilbert space into eigenspaces — which is
what the Born rule (2.3) and projective measurement (3.1) consume.

Non-Hermitian operators still appear in quantum mechanics — raising and lowering operators, annihilation
operators, Kraus operators — but they describe transformations between states, not measurable quantities.
Amplitudes, not outcomes.

Structural Role
The observable postulate is the hinge that turns the spectral theorem (1.6) into physics.
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• It dictates that all operators appearing in the Born rule (2.3) come equipped with real spectra and
orthogonal eigenspaces.

• It licenses the correspondence “operator eigenvalues ↔ possible outcomes.”
• It sets up the notion of compatible observables: observables whose operators commute can be

measured jointly; those whose operators do not cannot (Node 3.5).
• It is the structural origin of uncertainty relations — which are statements about pairs of non-commuting

observables.

Downstream, it also sets up the Hamiltonian as the distinguished observable that generates time evolution
(Node 2.4).

Mathematical Development
Expectation and variance

For a state |ψ⟩ and an observable A, the expectation value is

⟨A⟩ψ := ⟨ψ|A|ψ⟩.

With spectral decomposition A =
∑
i λiPi,

⟨A⟩ψ =
∑
i

λi⟨ψ|Pi|ψ⟩ =
∑
i

λi ∥Pi|ψ⟩∥2.

The right-hand side is a weighted sum of eigenvalues with non-negative weights that sum to one — a genuine
probabilistic expectation, as the Born rule (2.3) will confirm.

The variance of A in |ψ⟩ is

(∆A)2
ψ := ⟨A2⟩ψ − ⟨A⟩2

ψ = ⟨ψ|(A− ⟨A⟩ψI)2|ψ⟩.

A state is an eigenstate of A if and only if its variance vanishes: the outcome is deterministic.

Commuting observables and joint measurability

Two self-adjoint operators A,B are compatible if they commute: [A,B] = 0.

Theorem. Two Hermitian operators on a finite-dimensional Hilbert space commute if and only if they are
simultaneously diagonalizable in a common orthonormal basis.

The eigenvectors of such a common diagonalization are labelled by joint eigenvalue pairs (λ, µ), and each
such pair is a possible outcome of a simultaneous measurement of A and B. Non-commuting observables
have no common eigenbasis and cannot be jointly measured with definite outcomes — the structural origin of
quantum indeterminacy.

Robertson uncertainty relation

For self-adjoint A and B and any state |ψ⟩,

∆A · ∆B ≥ 1
2 |⟨[A,B]⟩ψ|.

The commutator is the algebraic origin of the uncertainty lower bound. Node 3.5 will revisit this; here we
note only that it is a direct consequence of Cauchy–Schwarz applied to the state-dependent inner product.
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Functional calculus

Because observables are Hermitian, any real-valued function of an observable is again an observable:

f(A) :=
∑
i

f(λi)Pi (for real f).

This is used constantly: A2, e−βA, and so on. The functional calculus is what makes “expectation of the
square of A” a well-defined observable.

Worked Example
Pauli operators as qubit observables

The three Pauli operators X,Y, Z (Node 1.5) are Hermitian, have spectrum {+1,−1}, and constitute the
basic observables of a qubit.

• Measuring Z: outcomes ±1 corresponding to eigenvectors |0⟩, |1⟩ — the computational-basis measure-
ment.

• Measuring X: outcomes ±1 corresponding to eigenvectors |+⟩, |−⟩ — the Hadamard-basis measure-
ment.

• Measuring Y : outcomes ±1 corresponding to eigenvectors | ± i⟩ = 1√
2 (|0⟩ ± i|1⟩).

Non-commutativity. Since [X,Z] = −2iY ̸= 0, X and Z are not jointly measurable. There is no state
with simultaneously definite values of both. The Robertson uncertainty relation gives

∆X · ∆Z ≥ |⟨Y ⟩ψ|,

which is saturated when |ψ⟩ is a Y -eigenstate.

Position and momentum on L2(R)

For a particle on a line, H = L2(R). The position and momentum observables are

(Xψ)(x) = xψ(x), (Pψ)(x) = −iℏdψ
dx
.

Both are unbounded self-adjoint operators, defined on dense domains. Their spectra are the entire real line
σ(X) = σ(P ) = R; neither has normalizable eigenvectors, so “position eigenstates” δ(x−x0) and “momentum
eigenstates” eipx/ℏ are formal distributions, not Hilbert-space vectors (Node 1.3).

The canonical commutation relation

[X,P ] = iℏI

together with Robertson’s inequality gives the Heisenberg uncertainty relation

∆X · ∆P ≥ ℏ
2 .
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Number operator on Fock space

For a single bosonic mode, the Hilbert space is H =
⊕∞

n=0 C|n⟩ — the Fock space. The number operator
N is defined by N |n⟩ = n|n⟩, with spectrum {0, 1, 2, . . .}. It is Hermitian and unbounded. The Hamiltonian
of the harmonic oscillator H = ℏω(N + 1

2 ) is a real-linear function of N ; its eigenvalues are the quantized
energy levels.

Cross-Links
• Linear Algebra: Self-adjoint operators and the spectral theorem.
• Statistics: Random variables are the classical analogue of observables; the structural difference is

that classical random variables commute (they are functions on a common sample space) and quantum
observables need not.

• VQA: The cost-defining Hamiltonian is an observable; variational estimates are expectation values of
this observable in parameterized states.

• Quantum Information: Measurement bases correspond to choices of observable; all single-qubit
measurements reduce to rotations of Z by appropriate unitaries.

• Quantum Thermodynamics: Energy is the observable represented by the Hamiltonian; entropy is a
function of the density operator, not itself an observable.

Structural Compression
Invariant: Observables are self-adjoint operators; their spectra are real sets of possible outcomes.

Mechanism: Hermiticity guarantees real eigenvalues, real expectation values, and orthogonal eigenspace
decomposition — all three requirements of a physical measurement.

Cross-System Echo: Classical random variables on a common sample space are all jointly measurable
because they are functions on the same underlying set. Quantum observables live as operators, which need not
commute, and their failure to commute is exactly what makes quantum probability a genuine generalization
of classical probability rather than an elaborate special case.

Exercises
1. Prove that the expectation value ⟨ψ|A|ψ⟩ is real if and only if A = A†.
2. Show that a state |ψ⟩ has zero variance ∆A = 0 if and only if |ψ⟩ is an eigenstate of A.
3. Prove the Robertson uncertainty relation ∆A · ∆B ≥ 1

2 |⟨[A,B]⟩ψ|. (Hint: apply Cauchy–Schwarz to
the vectors (A− ⟨A⟩)|ψ⟩ and (B − ⟨B⟩)|ψ⟩.)

4. Compute ⟨X⟩, ⟨Z⟩,∆X,∆Z for the qubit state |ψ⟩ = cos(θ/2)|0⟩ + sin(θ/2)|1⟩. Verify that ∆X · ∆Z ≥
|⟨Y ⟩|.

5. Show that two Hermitian operators on a finite-dimensional Hilbert space commute if and only if they
admit a common orthonormal eigenbasis.

6. Verify the canonical commutation relation [X,P ] = iℏI by direct calculation on a smooth test function
ψ(x) ∈ L2(R).

7. Give an example of a non-Hermitian operator used in quantum mechanics, and explain what role it
plays. Argue why it is not itself an observable.

28



The Born Rule
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Postulates of Quantum Mechanics Node: 2.3

The Born rule is the bridge from the quantum formalism to empirical reality. It is the only place where
probabilities enter the postulates — and the only place where the formalism contacts measurement statistics.
Remove it and everything in Modules 1 and 2 remains mathematically consistent and physically inert.

Formal Statement
Let A be an observable with spectral decomposition

A =
∑
i

λiPi,

and let |ψ⟩ ∈ H be a normalized state (∥ψ∥ = 1). When A is measured:

1. Outcome probabilities. The probability of obtaining outcome λi is

p(λi) = ⟨ψ|Pi|ψ⟩ = ∥Pi|ψ⟩∥2.

2. Post-measurement state (projection postulate). Conditional on obtaining outcome λi, the state
immediately after measurement is

|ψ′⟩ = Pi|ψ⟩√
p(λi)

.

The post-measurement state lies entirely in the eigenspace ran(Pi), so an immediately repeated measurement
of A yields the same outcome with certainty.

If λi is non-degenerate with eigenvector |λi⟩, the rule specializes to

p(λi) = |⟨λi|ψ⟩|2, |ψ′⟩ = |λi⟩.

The first formula — squared amplitude equals probability — is the colloquial “Born rule.” The projection
step is sometimes called the “collapse postulate”; its interpretive status is revisited in Module 6.

Intuition
A state |ψ⟩ is a superposition of eigenstates of whichever observable you choose to measure. The Born rule
reads off, from the amplitude of each eigenstate component, the probability that the measurement outcome
will be the corresponding eigenvalue. “The state is α parts eigenstate-1 and β parts eigenstate-2” translates
to “outcome 1 occurs with probability |α|2, outcome 2 with probability |β|2.”

The squared modulus is essential. It is what discards global phase (making physical states rays, per Node
2.1), preserves total probability (via the resolution of identity), and aligns complex amplitudes with real
probabilities.

The projection postulate is the statement that, having observed a particular outcome, the state is now
compatible with that outcome — it has been projected into the corresponding eigenspace. This is the single
step in quantum mechanics that is not unitary, and it is the source of the measurement problem (Module 6).
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Structural Role
The Born rule is the empirical interface of the theory. Every laboratory number that has ever been measured
in a quantum experiment — every photon count, every neutron polarization, every qubit readout — is a
sample from a Born-rule probability distribution.

• It consumes the spectral decomposition of observables (Node 1.6, 2.2).
• It is the foundation of projective measurement (Node 3.1), POVMs (Node 3.2), and weak measurement

(Node 3.5).
• It is the ingredient that extends to density matrices (Node 5.1) via p(λi) = Tr(Piρ).
• It is what variational quantum algorithms (VQA course) sample from: every estimate of ⟨ψ(θ)|H|ψ(θ)⟩

is a finite-shot average over Born-rule samples.

Removing the Born rule leaves the rest of the postulates mutually consistent but empirically silent.

Mathematical Development
Total probability sums to one

From the resolution of identity
∑
i Pi = I (spectral theorem, Node 1.6):

∑
i

p(λi) =
∑
i

⟨ψ|Pi|ψ⟩ = ⟨ψ|

(∑
i

Pi

)
|ψ⟩ = ⟨ψ|I|ψ⟩ = ∥ψ∥2 = 1.

This is why normalization matters and why the spectral theorem is the structural prerequisite. Total
probability is conserved as an algebraic identity.

Expectation value

The expectation value of an observable equals the Born-weighted mean of its eigenvalues:

⟨A⟩ψ =
∑
i

λip(λi) =
∑
i

λi⟨ψ|Pi|ψ⟩ = ⟨ψ|A|ψ⟩.

The first and last expressions are equal by the spectral decomposition. This identification — “expectation
value equals ⟨ψ|A|ψ⟩” — is a theorem, not an additional postulate, once the Born rule and the spectral
theorem are in place.

Variance and uncertainty

The variance of A in the state |ψ⟩ is

(∆A)2 =
∑
i

(λi − ⟨A⟩)2p(λi) = ⟨A2⟩ − ⟨A⟩2 = ⟨ψ|(A− ⟨A⟩I)2|ψ⟩.

Zero variance ⇐⇒ |ψ⟩ is an eigenstate of A ⇐⇒ the outcome is deterministic.

Degenerate eigenvalues

When λi has an eigenspace of dimension > 1, Pi is a projection onto that subspace. The outcome probability
⟨ψ|Pi|ψ⟩ depends only on the projection of |ψ⟩ onto the eigenspace, not on the internal direction. The
post-measurement state is Pi|ψ⟩/

√
p(λi), which is generally not an eigenvector of A alone — it is merely an

element of the correct eigenspace.
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Sequential measurements

Consider measuring A, obtaining λi, and then measuring B =
∑
j µjQj . The joint probability is

p(λi, µj) = ⟨ψ|PiQjPi|ψ⟩,

which in general is not the classical joint probability p(λi)p(µj |λi) with commuting conditionals. If [A,B] = 0,
the projections commute and sequential measurements behave classically. If not, the order of measurement
matters — the structural origin of quantum contextuality (Node 10.2).

Worked Example
Pauli Z on |+⟩

Prepare the qubit state

|+⟩ = 1√
2 (|0⟩ + |1⟩),

and measure the observable Z, with spectral decomposition Z = (+1)|0⟩⟨0| + (−1)|1⟩⟨1|.

Outcome probabilities:

p(+1) = |⟨0|+⟩|2 =
∣∣∣ 1√

2

∣∣∣2 = 1
2 , p(−1) = |⟨1|+⟩|2 = 1

2 .

Post-measurement states: if the outcome is +1, the state collapses to |0⟩; if −1, to |1⟩.

Expectation value:

⟨Z⟩+ = (+1) · 1
2 + (−1) · 1

2 = 0 = ⟨+|Z|+⟩.

Variance:

(∆Z)2
+ = ⟨Z2⟩+ − ⟨Z⟩2

+ = 1 − 0 = 1.

The state |+⟩ is maximally uncertain in Z, minimally uncertain (variance zero) in X — the tradeoff enforced
by non-commutativity.

Repeated measurement

Prepare |+⟩, measure Z, suppose the outcome is +1. The state is now |0⟩. Measure Z again: the outcome is
+1 with probability |⟨0|0⟩|2 = 1. Deterministic repetition — the structural content of the projection postulate.

If instead, after measuring Z and obtaining +1, we measure X, we get ±1 with probability |⟨±|0⟩|2 = 1
2 . The

Z measurement has erased the state’s X information.
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Cross-Links
• Linear Algebra: The spectral theorem supplies

∑
i Pi = I, which is the algebraic source of “probabili-

ties sum to one.”
• Statistics: Probability measures on outcome spaces are the classical analogue. The Born rule is a

non-commutative generalization — the probability space is state-dependent and observable-dependent.
• VQA: Every cost-function estimate is a finite-shot sample from a Born distribution, introducing

shot-noise as a fundamental error source.
• Quantum Information: Distinguishability of quantum states is bounded by Born-rule overlap |⟨ϕ|ψ⟩|2;

non-orthogonal states are not perfectly distinguishable.
• Module 5 (Decoherence): The density-matrix form p(λi) = Tr(Piρ) generalizes the pure-state Born

rule to statistical mixtures.
• Module 6 (Interpretations): The projection postulate is the single non-unitary step in the postulates;

its interpretive status is the measurement problem.

Structural Compression
Invariant: Squared amplitudes are probabilities, and spectral projections resolve the identity.

Mechanism: p(λi) = ⟨ψ|Pi|ψ⟩, with total probability enforced by
∑
i Pi = I.

Cross-System Echo: Classical expectation is
∫
X dP with dP a probability measure on a sample space.

Quantum expectation is ⟨ψ|A|ψ⟩ with the “measure” depending on both the state and the observable. The
structural role is identical; the non-commutativity is what is new.

Exercises
1. Verify that the Born rule gives total probability one by direct computation:

∑
i⟨ψ|Pi|ψ⟩ = 1 for any

unit vector |ψ⟩.
2. Derive the identity ⟨A⟩ψ =

∑
i λip(λi) from the Born rule and the spectral decomposition.

3. For |ψ⟩ = cos(θ/2)|0⟩ + eiφ sin(θ/2)|1⟩, compute the Born probabilities for a Z-measurement and for an
X-measurement. Explain why the answer for Z depends only on θ while the answer for X depends on
both θ and φ.

4. Prepare |0⟩ and measure X. What are the probabilities of each outcome and the post-measurement
state in each case?

5. Show that if [A,B] = 0, then sequential measurements of A and B produce the same statistics as a
single joint measurement (in a common eigenbasis). Show by example that this fails when [A,B] ̸= 0.

6. Derive the generalization p(λi) = Tr(Piρ) of the Born rule from the pure-state version, assuming
ρ =

∑
k pk|ψk⟩⟨ψk| is a statistical mixture of pure states. (This previews Node 5.1.)

7. The Born rule’s squared modulus is sometimes called “the mysterious quadratic.” Write a short
paragraph arguing, structurally, why linear amplitudes (p ∝ |α|) and cubic amplitudes (p ∝ |α|3) are
both incompatible with the inner-product structure of Hilbert space.
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Unitary Time Evolution
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Postulates of Quantum Mechanics Node: 2.4

This postulate gives the formalism its dynamics. The state postulate (2.1) and the observable postulate
(2.2) define a static theory of states and questions; the Born rule (2.3) turns it into a theory of measurement
statistics. Time evolution is what makes it a theory of how states change between measurements.

Formal Statement
The time evolution of an isolated quantum system is generated by a self-adjoint operator H — the Hamilto-
nian, identified with the system’s total energy observable — via the Schrödinger equation:

iℏ
d

dt
|ψ(t)⟩ = H|ψ(t)⟩.

Equivalently, evolution is implemented by a two-parameter family of unitary operators U(t2, t1) : H → H:

|ψ(t2)⟩ = U(t2, t1)|ψ(t1)⟩,

satisfying U†(t2, t1)U(t2, t1) = I, the composition law U(t3, t1) = U(t3, t2)U(t2, t1), and the boundary
condition U(t, t) = I.

For a time-independent Hamiltonian the solution is explicit:

U(t) = e−iHt/ℏ, |ψ(t)⟩ = e−iHt/ℏ|ψ(0)⟩.

For a time-dependent Hamiltonian H(t), the formal solution is the time-ordered exponential

U(t, 0) = T exp
(

− i

ℏ

∫ t

0
H(s) ds

)
.

Intuition
Unitary evolution is the formal expression of two physical demands:

1. Probabilities are conserved. The total probability of all possible measurement outcomes must
remain one at every instant; otherwise the theory predicts the disappearance (or creation) of probability
mass, which is empirically absurd.

2. Evolution is linear and deterministic. The superposition principle survives dynamics: if |ψ1(t)⟩
and |ψ2(t)⟩ are solutions, so is α|ψ1(t)⟩ + β|ψ2(t)⟩, with the same coefficients at every time.

Unitarity is the unique class of operators on a Hilbert space that is both linear and norm-preserving. It is
therefore the only kind of map that can represent the closed-system dynamics demanded by the postulates.

The Hamiltonian plays a double role: as the energy observable (a Hermitian operator whose eigenvalues
are the possible energy measurement outcomes) and as the generator of time evolution (whose exponential
supplies the unitary). This double role is not a coincidence: it is the quantum version of Noether’s theorem
for time translation (Node 2.6).
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Structural Role
Unitary evolution is the postulate that separates closed systems from open systems:

• A closed system evolves unitarily under a fixed Hamiltonian, and its state remains pure (Node 5.1).
• An open system coupled to an environment does not evolve unitarily on its own; its effective dynamics

are described by completely positive trace-preserving maps (Node 7.3) and generated by Lindblad
operators (Node 8.2).

Every structural feature of Module 8 (open systems) is derived by starting from a unitary evolution on a
larger system and tracing out part of it. Unitarity is therefore not merely the dynamics of closed systems; it
is the axiom from which all other quantum dynamics are built.

Unitary evolution is also the fundamental resource of the VQA course: quantum circuits are products of
unitary gates, each implementing U(θ) = e−iGθ for some generator G.

Mathematical Development
Why unitary? The Wigner argument

Suppose evolution |ψ⟩ 7→ T |ψ⟩ preserves all transition probabilities: |⟨Tϕ|Tψ⟩|2 = |⟨ϕ|ψ⟩|2 for all |ϕ⟩, |ψ⟩.
Wigner’s theorem asserts that T must be either unitary (linear, inner-product preserving) or anti-unitary
(antilinear, conjugate-inner-product preserving). Continuous time evolution rules out the anti-unitary case by
a continuity-from-the-identity argument, leaving unitarity as the unique option.

Stone’s theorem

Theorem (Stone). A one-parameter group U(t) of unitary operators on a Hilbert space is strongly
continuous if and only if there exists a (possibly unbounded) self-adjoint operator H such that

U(t) = e−iHt/ℏ.

The operator H is called the infinitesimal generator of the group. Stone’s theorem is the rigorous statement
that “continuous unitary evolution” and “Hermitian Hamiltonian” are two sides of the same structural object.

Probability conservation

If |ψ(t)⟩ = U(t)|ψ(0)⟩ with U(t) unitary, then

⟨ψ(t)|ψ(t)⟩ = ⟨ψ(0)|U†U |ψ(0)⟩ = ⟨ψ(0)|ψ(0)⟩,

so norms (hence Born-rule total probabilities) are conserved exactly.

The three pictures

Time dependence can be assigned to states or operators:

• Schrödinger picture. States evolve: |ψS(t)⟩ = U(t)|ψ(0)⟩. Operators are time-independent. This is
the default.

• Heisenberg picture. States are fixed; operators evolve: AH(t) = U†(t)AU(t). The Heisenberg
equation reads dAH

dt = i
ℏ [H,AH ].

• Interaction picture. For H = H0 + V (t), the fast part H0 is absorbed into the operators and the
slow part V drives the remaining evolution of the states. Used for perturbation theory.

Expectation values are identical across pictures: ⟨ψS(t)|A|ψS(t)⟩ = ⟨ψ(0)|AH(t)|ψ(0)⟩.
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Ehrenfest’s theorem

For any observable A,

d

dt
⟨A⟩ψ(t) = i

ℏ
⟨[H,A]⟩ψ(t) +

〈
∂A

∂t

〉
.

The classical limit recovers Hamilton’s equations: q̇ = ∂H/∂p, ṗ = −∂H/∂q, with Poisson brackets replacing
commutators by {·, ·} ↔ 1

iℏ [·, ·].

Worked Example
Larmor precession of a qubit

A spin- 1
2 particle in a static magnetic field along ẑ has Hamiltonian

H = ℏω
2 Z, ω = γB,

where γ is the gyromagnetic ratio and B the field strength. The time evolution operator is

U(t) = e−iHt/ℏ = e−iωtZ/2 = cos(ωt/2)I − i sin(ωt/2)Z.

Evolution of |+⟩

Initial state: |ψ(0)⟩ = |+⟩ = 1√
2 (|0⟩ + |1⟩).

|ψ(t)⟩ = U(t)|+⟩ = 1√
2

(
e−iωt/2|0⟩ + e+iωt/2|1⟩

)
.

Up to an overall phase, this is

|ψ(t)⟩ ≃ 1√
2

(
|0⟩ + eiωt|1⟩

)
= cos

(
ωt
2
)

|+⟩ − i sin
(
ωt
2
)

|−⟩.

Expectation values

Track ⟨X⟩, ⟨Y ⟩, ⟨Z⟩:

⟨X(t)⟩ = cos(ωt), ⟨Y (t)⟩ = − sin(ωt), ⟨Z(t)⟩ = 0.

The Bloch vector r⃗(t) = (cosωt,− sinωt, 0) precesses clockwise around the z-axis with angular frequency ω.
This is Larmor precession — one of the most directly testable consequences of the Schrödinger equation and
the experimental basis of NMR and MRI.

Energy measurement

If instead we measure the energy H = (ℏω/2)Z on |ψ(t)⟩, the outcomes are ±ℏω/2 with probabilities 1/2, 1/2
— constant in time, because [H,H] = 0 makes energy a conserved quantity. Expectation value ⟨H⟩ = 0
throughout the precession.
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Cross-Links
• Linear Algebra: Unitary matrices, matrix exponentials, and the operator-valued functional calculus.
• VQA: Parameterized circuits are products of unitary gates Uk(θk) = e−iGkθk ; gradients are computed

via the parameter-shift rule that exploits the unitary structure.
• Quantum Information: Quantum gates are unitaries; the universal gate set is a generating set for
U(2n).

• Quantum Thermodynamics: Unitary evolution is reversible and conserves von Neumann entropy;
the second law arises only when part of the system is coarse-grained away (Module 8).

• Systems Thinking: Unitary evolution is the canonical example of a deterministic, reversible,
information-preserving dynamical flow.

• Module 10 (Foundations): The universal unitarity of closed-system quantum mechanics is in tension
with the non-unitary projection postulate — the formal statement of the measurement problem.

Structural Compression
Invariant: Probability conservation, realized as inner-product preservation.

Mechanism: U†U = I, generated via Stone’s theorem by a self-adjoint Hamiltonian.

Cross-System Echo: Symplectic flow in classical Hamiltonian mechanics preserves phase-space volume
(Liouville’s theorem). Unitary flow in quantum mechanics preserves the inner product. Both are the
“time-translation symmetry” of their respective state spaces, and both identify the Hamiltonian as the
generator.

Exercises
1. Verify that U(t) = e−iHt/ℏ is unitary for any Hermitian H. (Use (e−iHt/ℏ)† = e+iHt/ℏ and commuta-

tivity of H with itself.)
2. Derive the Heisenberg equation of motion dAH/dt = (i/ℏ)[H,AH ] from the definition AH(t) =
U†(t)AU(t).

3. Prove Ehrenfest’s theorem in the Schrödinger picture by differentiating ⟨ψ(t)|A|ψ(t)⟩ directly.
4. For H = (ℏω/2)X, compute U(t) and apply it to the initial state |0⟩. Sketch the trajectory of the Bloch

vector on the sphere.
5. For a two-level system with Hamiltonian H = ω1X + ω2Z, find the eigenvalues and eigenvectors of H.

Write U(t) in closed form.
6. Show that energy expectation values are constant in time under unitary evolution with a time-

independent Hamiltonian. What is the corresponding statement when H = H(t)?
7. Explain, structurally, why the projection postulate (Node 2.3) cannot be unitary, and why this

discontinuity is the precise location of the measurement problem.
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Composite Systems and Tensor Products
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Postulates of Quantum Mechanics Node: 2.5

This postulate is the structural origin of entanglement. The tensor product is not the Cartesian product, and
that single distinction is responsible for everything quantum mechanics has that classical mechanics does not

— the exponential state-space growth, Bell nonlocality, quantum computational speedups, and decoherence.
Module 4 is devoted to exploring the consequences; here we lay down the structure.

Formal Statement
If a quantum system AB consists of two subsystems A and B with state spaces HA and HB , then the state
space of the composite system is the tensor product

HAB = HA ⊗ HB .

Given orthonormal bases {|i⟩A}dA
i=1 for HA and {|j⟩B}dB

j=1 for HB , an orthonormal basis for HAB is

{|i⟩A ⊗ |j⟩B : 1 ≤ i ≤ dA, 1 ≤ j ≤ dB},

often abbreviated |i, j⟩ or |ij⟩. Hence

dim HAB = dA · dB .

If A is prepared in state |ψ⟩A and B in state |ϕ⟩B independently, the composite state is the product state

|ψ⟩A ⊗ |ϕ⟩B ∈ HAB .

Product states span HAB but do not exhaust it: a generic element of HAB is a linear combination of product
states. Such non-product states are called entangled, and are the subject of Module 4.

Operators on subsystems extend to operators on the composite via the tensor product of operators:

(A⊗B)(|ψ⟩A ⊗ |ϕ⟩B) := (A|ψ⟩A) ⊗ (B|ϕ⟩B),

extended by linearity to all of HAB. An operator acting on A alone is A ⊗ IB; one acting on B alone is
IA ⊗B.

Intuition
The structural point is the comparison with classical composite systems.

Structure Classical (product of sets) Quantum (tensor of spaces)
Compose state spaces SA × SB HA ⊗ HB

Dimension rule dim(SA × SB) = dimSA + dimSB dim(HA⊗HB) = dim HA ·dim HB

Generic joint state factorizable: (a, b) generally not factorizable
Resource simple storage exponential superposition
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Two classical bits have 2 + 2 = 4 degrees of freedom — but they describe one of 2 × 2 = 4 possible states.
Two quantum bits have 2 · 2 = 4 complex amplitudes, one for each computational basis state, all of which
can be simultaneously nonzero. The amplitude space of n qubits has dimension 2n, which is the structural
origin of every “quantum advantage” story.

Entanglement is the statement that most vectors in HA ⊗ HB are not products of anything. The tensor
product enlarges the state space beyond what “independent preparation” can reach, and the extra room is
what Module 4 will study.

Structural Role
Every multi-system construction in the course is built on this postulate:

• Multi-qubit registers (Node 7.1) live in (C2)⊗n.
• Bell states and CHSH (Node 4.4) are the simplest entangled states and violate a classical factorization

bound.
• Partial trace (Node 5.2) reduces a joint state to a subsystem state and is the structural origin of

decoherence and mixed states.
• Environments (Node 5.3) are modelled as tensor factors, and Module 8’s open-systems dynamics arise

from tracing over them.
• Quantum channels (Node 7.3) are constructed via Stinespring dilation: every channel is a unitary on

a larger tensor-product Hilbert space followed by a partial trace.

Remove the tensor product, or replace it with a direct sum, and none of these exist. The direct sum HA⊕ HB

gives a space of dimension dA + dB — which is what you would need if “composite” meant “exclusive
alternative” rather than “simultaneous subsystems.”

Mathematical Development
Bilinearity

The tensor product ⊗ : HA × HB → HA ⊗ HB is bilinear:

(α|ψ1⟩ + β|ψ2⟩) ⊗ |ϕ⟩ = α|ψ1⟩ ⊗ |ϕ⟩ + β|ψ2⟩ ⊗ |ϕ⟩,

and similarly in the second argument.

Inner product on the tensor space

The inner product on HA ⊗ HB is determined by

⟨ψ1 ⊗ ϕ1|ψ2 ⊗ ϕ2⟩AB := ⟨ψ1|ψ2⟩A ⟨ϕ1|ϕ2⟩B ,

extended by sesquilinearity. The product basis {|i⟩ ⊗ |j⟩} is then orthonormal, confirming that it is a basis of
a Hilbert space of dimension dAdB .

Operator tensor product

For operators A on HA and B on HB :

(A⊗B)(|ψ⟩ ⊗ |ϕ⟩) = (A|ψ⟩) ⊗ (B|ϕ⟩).

Key identities:
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(A1 ⊗B1)(A2 ⊗B2) = (A1A2) ⊗ (B1B2),

(A⊗B)† = A† ⊗B†,

Tr(A⊗B) = Tr(A) Tr(B).

Local operations

An operator of the form A ⊗ IB is called local on A: it acts on HA without touching HB. Two local
operators AA ⊗ IB and IA ⊗BB always commute, regardless of whether A and B would commute on their
own subsystem. This is the formal reason why a measurement on one half of an entangled pair does not
mechanically disturb the other — the operators commute, so their order does not affect joint statistics. The
subtlety of Bell-type experiments (Node 10.1) is that correlations in the outcomes nevertheless exceed what
any local hidden-variable model can produce.

Entanglement vs separability — the formal test

A pure state |Ψ⟩AB is separable (equivalently, a product state) if it can be written as |ψ⟩A ⊗ |ϕ⟩B for some
|ψ⟩A, |ϕ⟩B . Otherwise it is entangled.

Criterion. Write |Ψ⟩AB =
∑
ij cij |i⟩|j⟩ in a product basis, and form the dA × dB matrix C of coefficients.

The state is separable if and only if rank(C) = 1. Otherwise it is entangled, and the Schmidt decomposition
(Node 4.3) gives its canonical form.

Worked Example
Two qubits

HAB = C2 ⊗ C2 ∼= C4. Basis:

|00⟩ =


1
0
0
0

 , |01⟩ =


0
1
0
0

 , |10⟩ =


0
0
1
0

 , |11⟩ =


0
0
0
1

 .

A product state

Prepare A in |+⟩ = (|0⟩ + |1⟩)/
√

2 and B in |0⟩. The composite state is

|+⟩A ⊗ |0⟩B = 1√
2 (|00⟩ + |10⟩).

Coefficient matrix:

C = 1√
2

(
1 0
1 0

)
, rank(C) = 1.

Separable — as expected, since it was prepared by independent operations on the two subsystems.
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A Bell state (entangled)

The Bell state

|Φ+⟩ = 1√
2 (|00⟩ + |11⟩)

has coefficient matrix

C = 1√
2

(
1 0
0 1

)
, rank(C) = 2.

No factorization |Φ+⟩ = |ψ⟩A ⊗ |ϕ⟩B exists. Attempting one leads to the contradiction ψ0ϕ0 = 1/
√

2,
ψ0ϕ1 = 0, ψ1ϕ0 = 0, ψ1ϕ1 = 1/

√
2: the middle two force ψ0 = 0 or ϕ1 = 0 (and similarly on the other pair),

which is incompatible with the outer two being nonzero.

Local operator action

The operator Z ⊗ I acts on the Bell state as

(Z ⊗ I)|Φ+⟩ = 1√
2 (Z|0⟩ ⊗ |0⟩ + Z|1⟩ ⊗ |1⟩) = 1√

2 (|00⟩ − |11⟩) = |Φ−⟩.

A local operation on A transforms the entangled state into another (still entangled) state. The structural
fact here is that Bell states form an orthonormal basis of HAB , and local Pauli operators act transitively on
this basis.

Cross-Links
• Linear Algebra: Tensor products of vector spaces, Kronecker products of matrices, rank of a matrix.
• Quantum Information: n-qubit register (C2)⊗n and universal gate sets acting on it.
• VQA: Parameterized circuits act on tensor-product spaces; circuit depth and entangling structure

determine expressivity.
• Module 4 (Entanglement): Full development of entanglement structure, measures, and monogamy.
• Module 5 (Decoherence): Partial trace over the environment tensor factor is the operation that

turns entanglement with the environment into apparent classical mixtures.
• Statistics: Joint distributions on a product sample space correspond to classical (separable) composite

states; entanglement has no classical analogue.

Structural Compression
Invariant: dim(HA ⊗ HB) = dim HA · dim HB .

Mechanism: Bilinear extension over a product basis {|i⟩ ⊗ |j⟩}, with inner product and operators inherited
multiplicatively.

Cross-System Echo: Cartesian product of classical state spaces gives additive dimension; tensor product of
quantum state spaces gives multiplicative dimension. The exponential gap — 2n complex amplitudes for n
qubits versus 2n real coordinates for n classical bits — is exactly the resource that quantum computation,
entanglement-based cryptography, and Bell nonlocality each exploit in different ways.
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Exercises
1. Verify that the product basis {|i⟩ ⊗ |j⟩} is orthonormal with respect to the inner product ⟨ψ1 ⊗ ϕ1|ψ2 ⊗
ϕ2⟩ := ⟨ψ1|ψ2⟩⟨ϕ1|ϕ2⟩.

2. Let A be a 2 × 2 matrix and B be a 3 × 3 matrix. Write out A⊗B as a 6 × 6 Kronecker matrix for
general entries.

3. Show that (A⊗B)(C ⊗D) = (AC) ⊗ (BD) as operators on HA ⊗ HB .
4. Prove that all four Bell states,

|Φ±⟩ = 1√
2 (|00⟩ ± |11⟩), |Ψ±⟩ = 1√

2 (|01⟩ ± |10⟩),

are entangled, by computing the rank of each coefficient matrix.

5. Given |ψ⟩AB = 1
2 (|00⟩ + |01⟩ + |10⟩ + |11⟩), determine whether the state is separable or entangled. If

separable, write it explicitly as |ψ⟩A ⊗ |ϕ⟩B .
6. Show that Tr(A⊗B) = Tr(A) Tr(B) using a product basis.
7. Argue, structurally, why n qubits have exponentially more states than n classical bits despite being

“the same number of systems,” and relate this to the multiplicative dimension rule.
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Symmetries and Conservation Laws
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Postulates of Quantum Mechanics Node: 2.6

Symmetries are the source of conservation laws in classical and quantum mechanics alike. In the quantum
case the structural statement is sharper: a symmetry is a unitary (or anti-unitary) operator that commutes
with the Hamiltonian, and its generator is an exactly conserved observable. This node closes Module 2
by connecting the dynamical postulate (2.4) to the algebraic structure of observables (2.2), setting up the
appearance of symmetries in thermodynamic equilibria (Module 9) and foundational no-go theorems (Module
10).

Formal Statement
A symmetry of a quantum system is a unitary operator U : H → H that commutes with the Hamiltonian:

[U,H] = UH −HU = 0.

(For time-reversal, anti-unitary operators are also permitted; Wigner’s theorem guarantees that every
symmetry is either unitary or anti-unitary.)

A continuous symmetry is a one-parameter unitary group U(s) = e−iGs with G self-adjoint. The operator
G is the generator of the symmetry. The commutation condition [U(s), H] = 0 for all s is equivalent to

[G,H] = 0.

Quantum Noether theorem. If [G,H] = 0, then the expectation value of G is conserved under time
evolution:

d

dt
⟨G⟩ψ(t) = 0.

More strongly, the full probability distribution of G (not just its mean) is conserved, because G and H are
simultaneously diagonalizable and time evolution acts on G-eigenspaces by a phase.

Intuition
If the Hamiltonian does not “see” a symmetry operator, then the symmetry operator does not change under
time evolution. The Hamiltonian is the generator of time translation (Node 2.4); the symmetry generator G
is the generator of some other transformation (a spatial rotation, a phase shift, a particle exchange). When
the two generators commute, the two transformations are independent, and neither flow disturbs the other.

The classical analogue is Noether’s theorem: a continuous symmetry of the Lagrangian yields a conserved
current. The quantum statement is not just an analogue but a sharpening: in quantum mechanics the
conservation is exact (no coarse-graining), and it applies to the full operator spectrum, not just the expectation
value.

Symmetries also carve Hilbert space into irreducible representations of the symmetry group. A state in a
particular irreducible representation carries definite quantum numbers (angular momentum, parity, charge,
colour), and these labels are protected by the symmetry: no Hamiltonian respecting the symmetry can mix
different irreducible sectors. This is the structural origin of the periodic table, selection rules in spectroscopy,
and particle classification in high-energy physics.
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Structural Role
Symmetries are the organizing principle of Hilbert space.

• Invariant subspaces. A symmetry group decomposes H into orthogonal invariant subspaces, each
carrying an irreducible representation.

• Good quantum numbers. Generators that commute with H are simultaneously diagonalizable with
H; their eigenvalues label energy levels.

• Degeneracy. Multi-dimensional irreducible representations imply multi-dimensional eigenspaces of H
— all degeneracies in quantum mechanics trace either to a symmetry or to an accident.

• Selection rules. Transition matrix elements between states in different irreducible representations
vanish for symmetry-respecting perturbations. This is the origin of “forbidden transitions.”

• Equilibrium ensembles. In Module 9, Gibbs states take the form e−βH/Z, which is a function of
H alone and therefore commutes with every symmetry of H; this is why conserved charges appear as
chemical potentials.

Symmetry reasoning is a labor-saving device in computation and an ontological device in interpretation: it
tells you which degrees of freedom are “really there” and which are gauge.

Mathematical Development
Minimum representation theory

A group representation is a homomorphism ρ : G → U(H): each group element g is mapped to a unitary
ρ(g) with ρ(g1g2) = ρ(g1)ρ(g2). A representation is irreducible if H has no nontrivial subspace that is
invariant under all ρ(g).

Schur’s lemma. An operator that commutes with every element of an irreducible representation is a scalar
multiple of the identity.

Corollary. If a Hamiltonian H commutes with every element of a representation of G, then H is a scalar
on every irreducible subrepresentation. All states in a given irreducible block have the same energy — the
symmetry enforces degeneracy.

Conservation as exact identity

Let [G,H] = 0. Then for any state |ψ⟩ and time t, using |ψ(t)⟩ = e−iHt/ℏ|ψ⟩ and the commutator vanishing:

⟨ψ(t)|G|ψ(t)⟩ = ⟨ψ|eiHt/ℏGe−iHt/ℏ|ψ⟩ = ⟨ψ|G|ψ⟩.

More generally, for any function f ,

⟨ψ(t)|f(G)|ψ(t)⟩ = ⟨ψ|f(G)|ψ⟩,

so the entire probability distribution of G is conserved. Contrast this with the classical case, where Noether’s
theorem conserves only the expectation value (or the value along a trajectory).

Heisenberg picture statement

In the Heisenberg picture (Node 2.4),

dGH
dt

= i

ℏ
[H,GH ].
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The right-hand side vanishes if and only if [H,G] = 0. Symmetry and conservation are therefore the same
statement in two notations.

Anti-unitary case — time reversal

The only exception to unitarity is time reversal, which is implemented by an anti-unitary operator T satisfying
THT−1 = H for a time-reversal-invariant Hamiltonian. Anti-unitarity flips the sign of imaginary parts (in
particular, T conjugates complex numbers), which is the algebraic reflection of time’s arrow.

Worked Example
SU(2) symmetry and angular momentum

A system of a spin- 1
2 particle in a spherically symmetric potential has three conserved observables — the

components of total angular momentum J⃗ = (Jx, Jy, Jz), generators of the SU(2) rotation group. They
satisfy

[Ja, Jb] = iℏϵabcJc.

Spherical symmetry of the Hamiltonian means [Ja, H] = 0 for each component.

Good quantum numbers

J2 = J2
x + J2

y + J2
z commutes with all Ja (Casimir invariant) and with H. A complete set of commuting

observables is {H,J2, Jz}, and energy eigenstates can be labelled |n, j,m⟩ with J2 = ℏ2j(j + 1) and Jz = ℏm.

Degeneracy

Each energy level En,j is (2j + 1)-fold degenerate — one state for each value of m ∈ {−j,−j + 1, . . . , j}. This
is not a coincidence but an exact consequence of SU(2) symmetry via Schur’s lemma: the 2j + 1 states form
an irreducible representation of SU(2), and the Hamiltonian must be a constant on this irreducible subspace.

Selection rules

An electric dipole perturbation d⃗ · E⃗ is a vector operator (spin-1 tensor). The Wigner–Eckart theorem
then forces matrix elements between angular-momentum states to vanish unless ∆j ∈ {−1, 0,+1} and
∆m ∈ {−1, 0,+1}. Forbidden transitions in atomic spectra are exactly those that would violate this
symmetry-based selection rule.

Qubit example

For a single qubit, the symmetry group that commutes with H = (ℏω/2)Z is the U(1) generated by Z itself.
Since [Z,Z] = 0, the operator Z is conserved. This matches Larmor precession (Node 2.4): the Bloch vector
precesses around the z-axis, leaving the z-component unchanged. The full three-dimensional SU(2) symmetry
is broken by the field; only its U(1) subgroup survives.

Cross-Links
• Linear Algebra: Commuting operators are simultaneously diagonalizable; invariant subspaces under

a set of operators.
• Math-Intuition: Groups, homomorphisms, and Lie algebras — the structural objects underlying

symmetry.
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• Systems Thinking: Conservation laws are system invariants; every “what stays fixed under the
dynamics?” question in systems analysis has a quantum version as “what commutes with H?”

• Quantum Thermodynamics (Module 9): Conserved quantities define generalized Gibbs ensembles;
chemical potentials are Lagrange multipliers for conserved charges.

• Module 10 (Foundations): Spontaneous symmetry breaking and the structural asymmetries of the
Standard Model use this postulate as their starting point.

• VQA: Symmetry-preserving ansätze restrict to subspaces of the Hilbert space and give better opti-
mization landscapes — a direct practical application of Schur’s lemma.

Structural Compression
Invariant: A unitary symmetry commutes with the Hamiltonian if and only if its generator is exactly
conserved.

Mechanism: [G,H] = 0 via the Heisenberg equation ĠH = (i/ℏ)[H,GH ].

Cross-System Echo: Classical Noether theorem conserves the value of a Noether charge along trajectories.
Quantum Noether theorem conserves the entire probability distribution of the corresponding operator — a
strictly stronger statement, reflecting the algebraic rather than trajectory-based nature of quantum dynamics.

Exercises
1. Prove that if [G,H] = 0, then the expectation value ⟨ψ(t)|G|ψ(t)⟩ is independent of t.
2. Strengthen the previous result: show that if [G,H] = 0, then the full distribution {p(gi)} of outcomes

of a G-measurement is conserved.
3. Verify the angular momentum commutation relations [Ja, Jb] = iℏϵabcJc for the spin- 1

2 representation
Ja = (ℏ/2)σa.

4. Show that J2 commutes with each Ja. (Hint: use the commutation relations and expand.)
5. Apply Schur’s lemma: if a Hermitian operator commutes with the 2 × 2 Pauli-generated SU(2)

representation on C2, show that it must be proportional to the identity.
6. Identify a continuous symmetry of the Hamiltonian H = (ℏω/2)Z on C2 and find its generator. How

many dimensions does the symmetry group have?
7. Explain, structurally, why degeneracies in the spectrum of H always signal either a symmetry of H or

an “accidental” coincidence, and give an example of each in two-level and three-level systems.
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Module 3 — Measurement Theory

Projective Measurements
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Measurement Theory Node: 3.1

This is the foundation node of measurement theory. The Born rule (Node 2.3) gave us what happens when we
measure an observable; this node names the resulting object — a projective measurement — and exposes its
structural anatomy. Generalized measurements (POVMs, Node 3.2) will then weaken this object in a specific,
motivated way.

Formal Definition
A projective measurement (or PVM, projection-valued measure) on a Hilbert space H is a collection of
operators

{Pi}i∈I

with index set I (the set of possible outcomes), satisfying:

1. Projection: P 2
i = Pi for all i.

2. Hermiticity: P †
i = Pi for all i.

3. Orthogonality: PiPj = 0 for i ̸= j.
4. Completeness:

∑
i∈I Pi = I.

When the system is in state |ψ⟩, the probability of outcome i is

p(i) = ⟨ψ|Pi|ψ⟩ = ∥Pi|ψ⟩∥2,

and the post-measurement state, conditional on outcome i, is

|ψ′⟩ = Pi|ψ⟩√
p(i)

.

This last equation is the projection postulate (also called wavefunction collapse).

A projective measurement is associated with an observable A via the spectral decomposition A =
∑
i λiPi: the

eigenvalues λi label the outcomes, and the projectors Pi onto the eigenspaces are the measurement operators.

Intuition
A projective measurement partitions Hilbert space into mutually orthogonal subspaces. The measurement
asks: which subspace is the state in? The answer is probabilistic, weighted by how much of the state lies
in each subspace, and the post-measurement state is the projection of the original state onto the answered
subspace, renormalized.

The key word is partition. A projective measurement is a yes/no decomposition of Hilbert space into a sum
of orthogonal directions. Every possible outcome carves off one direction, and these directions are mutually
exclusive and collectively exhaustive.
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Structural Role
Projective measurements are the textbook quantum measurement and the simplest measurement object.
They are sufficient for:

• All idealized closed-system measurements.
• The Stern–Gerlach experiment and its variants.
• Computational-basis readout in quantum computing.
• The original Born-rule statement in Module 2.

But they are not sufficient for general measurement situations. Whenever a measurement involves an
environment, an ancilla, or noise, the resulting effective measurement on the system of interest is in general
not projective. This is the motivation for POVMs (Node 3.2), and Naimark’s theorem (Node 3.3) will show
that POVMs are exactly projective measurements on a larger system.

Mathematical Development
Probability sums to one

By completeness:

∑
i

p(i) =
∑
i

⟨ψ|Pi|ψ⟩ = ⟨ψ|
∑
i

Pi|ψ⟩ = ⟨ψ|I|ψ⟩ = 1.

Repeated measurement is consistent

Immediately re-measuring the same projective observable yields the same outcome with probability 1. Proof:
after the first measurement, the state is |ψ′⟩ = Pi|ψ⟩/

√
p(i). Then

⟨ψ′|Pj |ψ′⟩ = ⟨ψ|PiPjPi|ψ⟩
p(i) =

{
1 j = i

0 j ̸= i

using PiPj = δijPi. This is the structural reason “wavefunction collapse” is self-consistent.

Expectation values

For an observable A =
∑
i λiPi, the expected outcome is

⟨A⟩ψ =
∑
i

λip(i) =
∑
i

λi⟨ψ|Pi|ψ⟩ = ⟨ψ|A|ψ⟩.

This is the formula that VQA uses to define cost functions.

Worked Example
Computational-basis measurement of a qubit

Take the observable Z = (+1)|0⟩⟨0| + (−1)|1⟩⟨1|. The associated projective measurement has:

P0 = |0⟩⟨0|, P1 = |1⟩⟨1|.

These satisfy P 2
0 = P0, P 2

1 = P1, P0P1 = 0, and P0 + P1 = I.
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Measuring a state |ψ⟩ = α|0⟩ + β|1⟩:

p(0) = ⟨ψ|P0|ψ⟩ = |α|2, p(1) = |β|2.

Conditional on outcome 0, the post-measurement state is |0⟩. Conditional on outcome 1, it is |1⟩. Information
about the original superposition coefficients is lost — only their squared moduli were observable.

Hadamard-basis measurement of the same qubit

Take the observable X = (+1)|+⟩⟨+| + (−1)|−⟩⟨−| where |±⟩ = (|0⟩ ± |1⟩)/
√

2. Measuring the same
|ψ⟩ = α|0⟩ + β|1⟩:

⟨+|ψ⟩ = α+ β√
2
, p(+) = |α+ β|2

2 .

This probability depends on the relative phase between α and β. The same state, measured in two different
bases, exposes different information — a structural feature of quantum mechanics that is responsible for
things like the BB84 protocol and the entire story of complementarity.

Cross-Links
• Linear Algebra: Orthogonal projection onto subspaces; spectral theorem.
• Statistics: A projective measurement is a partition of an outcome space; the Born rule attaches

probabilities. The non-commutative structure is what differs.
• VQA: Cost-function evaluation reduces to repeated projective measurements in the computational

basis.
• Quantum Information: All measurement-based protocols (BB84, teleportation, etc.) use projective

measurements as primitives.

Structural Compression
Invariant: A projective measurement is a complete orthogonal decomposition of identity into projectors;
outcome probabilities sum to 1 by construction.

Mechanism: {Pi} with P 2
i = Pi = P †

i , PiPj = 0 for i ̸= j,
∑
i Pi = I.

Cross-System Echo: Indicator functions on a partition of a sample space play exactly this role classically.
The non-commutativity of projectors in different bases is what makes the quantum case structurally distinct.

Exercises
1. Verify that for P0 = |0⟩⟨0|, P1 = |1⟩⟨1| on C2, all four PVM axioms hold.
2. Show that for any observable A =

∑
i λiPi, the expectation value formula ⟨A⟩ = ⟨ψ|A|ψ⟩ follows from

the Born rule.
3. Construct a projective measurement on C3 with outcome set {1, 2} where one projector has rank 2.
4. Show that projective measurements with the same projectors but different outcome labels are opera-

tionally equivalent up to a relabeling of the classical outcome register.
5. Argue why two projective measurements in mutually unbiased bases (e.g., Z and X on a qubit) cannot

be performed simultaneously without disturbance.
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POVMs — Positive Operator-Valued Measures
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Measurement Theory Node: 3.2

POVMs generalize projective measurements (Node 3.1) by dropping the orthogonality requirement. They
are the right object whenever the measurement involves an ancilla, an environment, or finite resolution —
in other words, every realistic laboratory measurement. Naimark’s theorem (Node 3.3) will then show that
POVMs are not a new postulate but a derived consequence of projective measurement on a larger system.

Formal Definition
A positive operator-valued measure (POVM) on a Hilbert space H with outcome set I is a collection of
operators

{Ei}i∈I

satisfying:

1. Positivity (semi-definiteness): Ei ⪰ 0, i.e. ⟨ψ|Ei|ψ⟩ ≥ 0 for all |ψ⟩.
2. Completeness:

∑
i∈I Ei = I.

The operators Ei are called POVM elements or effects. The Born rule for a POVM state |ψ⟩ is

p(i) = ⟨ψ|Ei|ψ⟩,

or more generally, for a density operator ρ (Node 5.1),

p(i) = Tr(Eiρ).

Two axioms are explicitly not imposed:

• E2
i ̸= Ei in general (the effects need not be projections).

• EiEj ̸= 0 in general (different effects need not commute or be orthogonal).

A projective measurement (Node 3.1) is the special case in which the effects are mutually orthogonal
projections.

Kraus operators and post-measurement states

A POVM specifies only the outcome probabilities. To describe the post-measurement state, one needs a
further choice of Kraus operators (measurement operators): a collection {Mi} with Ei = M†

iMi. Many
different Kraus decompositions of the same POVM exist. Once {Mi} is fixed, the post-measurement state
conditional on outcome i is

|ψ′⟩ = Mi|ψ⟩√
p(i)

, ρ′ = MiρM
†
i

p(i) .

For a projective measurement, Mi = Pi, and this recovers the collapse rule of Node 3.1.
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Intuition
A projective measurement asks a sharp question with mutually exclusive answers. A POVM asks a fuzzy
question: each answer corresponds to a direction in Hilbert space, but the directions may overlap, and the
same state can contribute to multiple answers.

The paradigmatic setting is this. You couple your system to an ancilla, perform a unitary interaction that
entangles them, and then do a projective measurement on the ancilla (or on the combined system). What
you observe, restricted to the system alone, is not a projective measurement — it is a POVM. The “fuzziness”
is the informational residue of what happened on the ancilla.

POVMs are strictly more permissive than projective measurements in two ways:

1. More outcomes than dimensions. A projective measurement on a d-dimensional Hilbert space has
at most d outcomes. A POVM can have arbitrarily many — you can have a POVM on C2 with four,
six, or infinitely many outcomes.

2. Non-orthogonal extraction. You can “partially” measure a state against non-orthogonal alternatives,
something projective measurements structurally cannot do.

The tradeoff is that the post-measurement state is not uniquely specified by the POVM alone, because the
effects carry only enough information to reproduce outcome probabilities.

Structural Role
POVMs are the most general measurement object consistent with the Born rule and probability conservation.
Everything you can measure on a quantum system is either a POVM directly or can be expressed as one.

• Naimark’s theorem (3.3): every POVM is a projective measurement on a larger system. POVMs
are not a new postulate; they are the image of projective measurements under the partial trace over an
ancilla.

• Quantum channels (7.3): a channel is a completely positive trace-preserving map; Kraus operators of
a channel can be viewed as “POVM elements plus post-measurement states” for an unread measurement.

• State discrimination: when distinguishing non-orthogonal quantum states, optimal protocols use
POVMs, not projective measurements. The Helstrom bound is achieved by a specific POVM.

• Quantum tomography: reconstructing an unknown state requires an informationally complete
POVM, a set {Ei} that spans the operator space.

• VQA: shot-noise estimates of cost functions can be modelled as POVMs whose elements encode both
the observable being estimated and the noise model of the hardware.

Mathematical Development
Positivity is not the same as Hermiticity

A positive operator is automatically Hermitian (positivity =⇒ real expectation values =⇒ self-adjointness
in finite dimensions). The converse fails: a Hermitian operator with a negative eigenvalue is not positive.
POVMs therefore select a strict subset of Hermitian operators.

Probabilities sum to one

By completeness,

∑
i

p(i) =
∑
i

⟨ψ|Ei|ψ⟩ = ⟨ψ|

(∑
i

Ei

)
|ψ⟩ = ⟨ψ|I|ψ⟩ = 1.
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Non-negativity of p(i) follows from positivity of Ei.

Informational completeness

A POVM {Ei} on a d-dimensional Hilbert space is informationally complete if its elements span the real
vector space of Hermitian operators, which has dimension d2. In that case, the outcome probabilities of a
single POVM determine the full state ρ uniquely. The minimum number of POVM elements for informational
completeness is d2; such a POVM is called a minimal informationally complete (MIC) POVM. For d = 2
(a qubit), a MIC POVM has four elements — one more than the three rank-one projectors associated with
any Pauli measurement.

SIC-POVMs

A symmetric informationally complete POVM (SIC-POVM) is a MIC POVM whose elements are
rank-one operators Ei = 1

d |ϕi⟩⟨ϕi| with |⟨ϕi|ϕj⟩|2 = 1
d+1 for i ≠ j. Existence of SIC-POVMs in every finite

dimension is an open problem in the foundations of quantum mechanics, though explicit examples are known
up to d ≈ 150 and a proof exists in low dimensions. SIC-POVMs play a central role in QBism (Node 6.5).

Post-measurement state ambiguity

The effects Ei determine outcome probabilities but not post-measurement states. Given Ei, any Kraus
operator of the form Mi = Ui

√
Ei with Ui unitary satisfies M†

iMi = Ei. The unitary freedom Ui is the
“feedback/relabelling freedom” — physically, different apparatuses can realize the same POVM while leaving
the post-measurement state in different places.

Worked Example
The trine POVM on a qubit

The trine POVM is a set of three rank-one effects on C2 pointing at the three vertices of an equilateral
triangle in the xz-plane of the Bloch sphere:

Ei = 2
3 |ϕi⟩⟨ϕi|, i ∈ {1, 2, 3},

where

|ϕ1⟩ = |0⟩, |ϕ2⟩ = 1
2 |0⟩ +

√
3

2 |1⟩, |ϕ3⟩ = 1
2 |0⟩ −

√
3

2 |1⟩.

Verify completeness. Each projector is |ϕi⟩⟨ϕi|; the sum is

3∑
i=1

|ϕi⟩⟨ϕi| =
(

1 + 1
4 + 1

4

√
3

4 −
√

3
4√

3
4 −

√
3

4
3
4 + 3

4

)
=
( 3

2 0
0 3

2

)
= 3

2I.

Multiplying by 2
3 gives

∑
iEi = I as required.

The trine is not a projective measurement: it has three outcomes on a two-dimensional Hilbert space, and no
three nontrivial projections on C2 can be mutually orthogonal.
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Application: unambiguous discrimination

Suppose an unknown state is guaranteed to be one of two non-orthogonal states |ψ1⟩, |ψ2⟩. A projective
measurement cannot distinguish them without error. But a three-outcome POVM can: outcomes 1 and 2
conclusively identify the state (no error), and outcome 3 reports “don’t know” (abstention).

For |ψ1⟩ = |0⟩ and |ψ2⟩ = |+⟩, the optimal unambiguous discrimination POVM has elements

E1 ∝ I − |ψ2⟩⟨ψ2|, E2 ∝ I − |ψ1⟩⟨ψ1|, E3 = I − E1 − E2.

The probability of abstaining is |⟨ψ1|ψ2⟩| = 1/
√

2; when the POVM reports a definite outcome it is always
correct. This is strictly impossible with a projective measurement.

Cross-Links
• Statistics: A POVM is a generalized observation model — a noisy channel from hidden state to

observed outcome, analogous to the emission distribution of a hidden Markov model.
• Quantum Information: State discrimination, quantum tomography, and entanglement detection all

rely on POVMs rather than projective measurements.
• VQA: Cost-function measurement with realistic hardware noise is modelled as a POVM over the target

observable’s eigenbasis.
• Module 6 (Interpretations): SIC-POVMs and QBism — POVMs are the representational primitive

of the QBist interpretation.
• Module 7 (Quantum Channels): Kraus operators of a channel are the “unread” version of a

POVM’s measurement operators.

Structural Compression
Invariant: Positive operators summing to the identity, with Born-rule probabilities given by expectation
values.

Mechanism: Drop orthogonality and idempotence from the projective-measurement axioms, keeping only
positivity and completeness.

Cross-System Echo: Generalized observation models in statistics replace deterministic functions of hidden
state with probabilistic emissions; POVMs are the quantum version, where the “emission” is constrained only
by positivity of operators.

Exercises
1. Verify that every projective measurement is a POVM. Show that the converse fails by exhibiting a

POVM whose elements are not all projections.
2. Show that a POVM on a d-dimensional Hilbert space with only d outcomes, and whose elements all

have rank one, is automatically a projective measurement.
3. Verify the completeness of the trine POVM above by direct matrix calculation.
4. Construct a four-element POVM on C2 whose elements are rank-one and span the space of 2 × 2

Hermitian matrices. (Hint: use the four vertices of a tetrahedron inscribed in the Bloch sphere.) This
is the qubit SIC-POVM.

5. Given the POVM {E1 = 1
2 |0⟩⟨0|, E2 = 1

2 |1⟩⟨1|, E3 = 1
2 |+⟩⟨+|, E4 = 1

2 |−⟩⟨−|}, show that
∑
iEi = I

and that the POVM is informationally complete.
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6. Let {Mi} be a Kraus decomposition of a POVM with Ei = M†
iMi. Show that replacing each Mi by UiMi

for arbitrary unitaries Ui leaves the outcome probabilities unchanged but alters the post-measurement
states. Interpret the unitaries as “feedback choices.”

7. Explain, structurally, why no projective measurement on C2 can have three rank-one outcomes, and
hence why the trine POVM is genuinely a generalization of projective measurement.
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Naimark’s Dilation Theorem
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Measurement Theory Node: 3.3

Naimark’s theorem says POVMs are not really new objects. Every POVM on a system is a projective
measurement on a larger system that includes an ancilla. The theorem closes the structural loop opened in
Node 3.2: projective measurements remain the fundamental measurement primitive, and POVMs are their
image under partial trace. It is the measurement-theoretic analogue of Stinespring dilation for channels
(Node 7.3).

Formal Statement
Theorem (Naimark). Let {Ei}ni=1 be a POVM on a Hilbert space HS . Then there exist:

• an auxiliary Hilbert space HA (ancilla),
• a fixed ancilla state |0⟩A ∈ HA,
• a unitary operator U on HS ⊗ HA,
• a projective measurement {Pi}ni=1 on HS ⊗ HA,

such that for every state |ψ⟩ ∈ HS and every outcome i,

⟨ψ|Ei|ψ⟩ = ⟨ψ ⊗ 0A|U†PiU |ψ ⊗ 0A⟩.

Equivalently, if V : HS → HS ⊗ HA is the isometry V |ψ⟩ := U(|ψ⟩ ⊗ |0⟩A), then V †V = IS and

Ei = V †PiV.

The minimal dimension of the ancilla is dim HA ≤ n, where n is the number of POVM outcomes.

Intuition
Every POVM is the shadow of a projective measurement cast onto a subsystem.

Operationally: you perform a POVM on a system by coupling it to an auxiliary “meter” (ancilla), turning on
an interaction (unitary), and then doing a sharp projective measurement on the combined system-plus-meter.
What you call the “POVM outcome on S” is really the outcome of a projective measurement on S ⊗A, with
A silently traced over.

The fuzziness of POVMs — non-orthogonal effects, more outcomes than system dimensions — is therefore
not a fundamental feature of measurement but a consequence of ignoring part of the apparatus. Add the
ignored part back, and you recover a perfectly sharp projective measurement.

This is the structural statement that projective measurement is the fundamental measurement primitive
of quantum mechanics. POVMs are convenient, necessary, and unavoidable in practice, but they are not
independent of the basic postulates.
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Structural Role
Naimark closes the loop opened by POVMs:

• Before Naimark: POVMs might seem to require a new measurement postulate, because projective
measurements cannot produce non-orthogonal effects.

• After Naimark: POVMs are derived objects. The measurement postulate of the course remains
projective measurement; POVMs emerge from ignoring degrees of freedom.

Downstream consequences:

• Quantum channels (Node 7.3). Every CPTP map is a unitary on a larger space followed by a
partial trace — Stinespring dilation, the direct analogue of Naimark at the level of state dynamics.

• Open systems (Module 8). Markovian master equations are derived by Naimark-like reductions:
couple system to environment, evolve unitarily, trace out the environment, and extract an effective
dynamics.

• Interpretations (Module 6). Naimark is invoked by “unitary only” interpretations (Many-Worlds,
consistent histories) to argue that measurement is not a separate physical process but a feature of
viewing a larger unitary evolution from one subsystem’s perspective.

Mathematical Development
Construction of the isometry

Given POVM {Ei}ni=1 on HS with dim HS = d, define the ancilla HA = Cn with orthonormal basis {|i⟩A}ni=1.

Take square roots: let Mi :=
√
Ei, so M†

iMi = Ei. Define the linear map

V : HS → HS ⊗ HA, V |ψ⟩ :=
n∑
i=1

Mi|ψ⟩ ⊗ |i⟩A.

V is an isometry. Compute

⟨V ψ|V ϕ⟩ =
∑
i,j

⟨ψ|M†
iMj |ϕ⟩⟨i|j⟩A =

∑
i

⟨ψ|M†
iMi|ϕ⟩ =

∑
i

⟨ψ|Ei|ϕ⟩ = ⟨ψ|ϕ⟩,

using the completeness of the POVM in the last step. Therefore V †V = IS .

The projective measurement on the dilated space

Define projectors Pi := IS ⊗ |i⟩⟨i|A. These satisfy P †
i = Pi, P 2

i = Pi, PiPj = 0 for i ≠ j, and
∑
i Pi = IS ⊗ IA

— a projective measurement.

Recovery of POVM probabilities

For any |ψ⟩ ∈ HS :

⟨V ψ|Pi|V ψ⟩ = ⟨V ψ|(IS ⊗ |i⟩⟨i|A)|V ψ⟩.

Substituting V |ψ⟩ =
∑
jMj |ψ⟩ ⊗ |j⟩A:

=
∑
j,k

⟨ψ|M†
jMk|ψ⟩⟨j|i⟩A⟨i|k⟩A = ⟨ψ|M†

iMi|ψ⟩ = ⟨ψ|Ei|ψ⟩.

Probability on the dilated space agrees with the POVM probability on the original space.

55



Extending V to a unitary

An isometry V : HS → HS ⊗ HA with dim(HS ⊗ HA) ≥ dim HS extends to a unitary U on HS ⊗ HA by
picking an arbitrary completion of its range to an orthonormal basis of the codomain. Physically, the unitary
U describes the interaction between system and ancilla that prepares the state V |ψ⟩ from the factorized
initial state |ψ⟩ ⊗ |0⟩A.

Minimality

The ancilla dimension n (number of POVM outcomes) is the generic requirement. When POVM effects have
special structure (e.g., all rank one), smaller dilations exist. The minimal dilation is unique up to unitary
equivalence on the ancilla — the measurement-theoretic counterpart of the fact that Stinespring dilation is
unique up to isometry on the environment.

Worked Example
The trine POVM as a projective measurement on a dilated space

Recall the qubit trine POVM (Node 3.2) with three rank-one effects:

Ei = 2
3 |ϕi⟩⟨ϕi|, i = 1, 2, 3.

The system Hilbert space is HS = C2; the POVM has three outcomes, so we need a three-dimensional ancilla
HA = C3. The combined space is HS ⊗ HA

∼= C6.

Kraus operators. Set Mi :=
√

2/3 |ϕi⟩⟨ϕi|, so M†
iMi = 2

3 |ϕi⟩⟨ϕi| = Ei.

Isometry.

V |ψ⟩ =
3∑
i=1

Mi|ψ⟩ ⊗ |i⟩A =
√

2
3

3∑
i=1

⟨ϕi|ψ⟩ |ϕi⟩ ⊗ |i⟩A.

For |ψ⟩ = |0⟩, ⟨ϕ1|0⟩ = 1, ⟨ϕ2|0⟩ = 1
2 , ⟨ϕ3|0⟩ = 1

2 , and the isometry places the system in a genuinely entangled
state on C6. A projective measurement of the ancilla register then produces outcome i with probability
⟨0|Ei|0⟩, matching the POVM.

A two-outcome POVM

For a two-outcome POVM with effects E0, E1 = I − E0, a qubit ancilla suffices. The isometry is

V |ψ⟩ =
√
E0|ψ⟩ ⊗ |0⟩A +

√
E1|ψ⟩ ⊗ |1⟩A.

Measuring the ancilla in its computational basis performs the POVM on the system. This is the generic
construction used in quantum tomography when a qubit ancilla is available.

Cross-Links
• Linear Algebra: Isometric embeddings; operator square roots; polar decomposition.
• Quantum Information: Stinespring dilation (Node 7.3) — the channel-level analogue of Naimark.

Same structural move: “represent a generalized operation on a subsystem as a unitary on a larger
system followed by a projection or trace.”
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• Module 8 (Open Systems): System-plus-environment unitary dynamics followed by partial trace
generates Lindblad dynamics — a dynamical Naimark dilation.

• Module 6 (Interpretations): “Measurement as unitary entanglement with a meter” is the interpretive
reading of Naimark used by Many-Worlds and Wigner’s friend arguments.

• Module 5 (Decoherence): Environment-induced decoherence is Naimark dilation with the unmea-
sured ancilla being the environment degrees of freedom.

Structural Compression
Invariant: Every POVM on a system is a projective measurement on a larger system.

Mechanism: Isometric embedding V : HS → HS ⊗ HA with Ei = V †PiV , extendable to a unitary on the
combined space.

Cross-System Echo: Stinespring dilation for channels, Sz.-Nagy dilation for contractions, and the general
pattern “a morphism in a smaller category is a piece of a nicer morphism in a larger category.” In each case,
the smaller category’s generalized objects are derived by restriction, not by adding a new postulate.

Exercises
1. Verify directly that the map V : HS → HS ⊗ HA defined by V |ψ⟩ =

∑
iMi|ψ⟩ ⊗ |i⟩A is an isometry

when
∑
iM

†
iMi = IS .

2. Show that an isometry V : H1 → H2 with dim H2 ≥ dim H1 can always be extended to a unitary on
H2 (possibly after enlarging the domain to H2 with an auxiliary input).

3. Construct the Naimark dilation explicitly for a two-outcome qubit POVM E0 = 3
4 |0⟩⟨0| + 1

4 |1⟩⟨1|,
E1 = I − E0. Write V as a 4 × 2 matrix and extend it to a 4 × 4 unitary.

4. Show that when a POVM is already a projective measurement, the Naimark dilation is trivial: the
ancilla can be one-dimensional and V is the identity on HS .

5. Let {Ei} be an informationally complete POVM on C2 with four rank-one elements. Construct a
Naimark dilation and identify the dimension of the minimal ancilla.

6. Explain why the Naimark dilation makes POVMs “consistent with” rather than “additional to” the
standard measurement postulate. What are the implications for interpretations that deny the reality of
wavefunction collapse?

7. State and prove the analogue of Naimark’s theorem for density-matrix inputs: given a POVM {Ei}
and a state ρ, express Tr(Eiρ) as the outcome probability of a projective measurement on ρ⊗ |0⟩⟨0|A
after unitary evolution.

57



Quantum Non-Demolition Measurement
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Measurement Theory Node: 3.4

A quantum non-demolition (QND) measurement is one whose back-action does not disturb the very quantity
being measured. It is the closest quantum mechanics gets to a classical-style reading of an observable — “look
and see” without perturbing what you looked at. QND measurements are the structural resource behind
continuous monitoring, feedback control, and gravitational-wave detection.

Formal Definition
Let S be a system coupled to a meter M via an interaction Hamiltonian Hint. A measurement of an observable
AS of the system by the meter is quantum non-demolition (QND) with respect to AS if:

1. Back-action preservation. [AS , Hint] = 0. The interaction that transfers information about AS to
the meter does not change AS .

2. Self-compatibility across times. [AS(t), AS(t′)] = 0 for all measurement times t, t′. The observable
at different times commutes with itself — any free evolution of the system between measurements does
not mix AS with non-commuting observables.

The second condition is automatic if [AS , HS ] = 0, i.e. if AS is a conserved quantity of the free system
Hamiltonian. In that case AS(t) = AS in the Heisenberg picture (Node 2.4), and the QND condition reduces
to “the meter couples to a conserved observable.”

Equivalently, in the Heisenberg picture, a QND observable satisfies

AS(t) = U†
SM (t)ASUSM (t) = AS ,

where USM is the joint system–meter evolution.

Consequence. Repeated QND measurements of AS produce the same outcome. The first measurement
projects the system into an eigenstate of AS ; subsequent QND measurements do not disturb that eigenstate
and therefore reproduce the outcome deterministically.

Intuition
A projective measurement always disturbs something — by the measurement postulate, the state is projected
into an eigenspace of the measured observable. The question is what is disturbed. If the state was already in
an eigenstate of A, the projection does nothing; otherwise, it collapses the component along the measured
axis but leaves orthogonal components free to be disturbed.

A QND measurement of A is a measurement that disturbs only the conjugate observables of A, not A itself.
You pay the measurement-disturbance cost in some other variable. This is the best you can do in quantum
mechanics: you cannot make a measurement that disturbs nothing, but you can choose which variable absorbs
the disturbance.

The price is that you must engineer your coupling to commute with the observable you care about. This is
non-trivial: most natural system–meter couplings are energy-exchange interactions that disturb amplitude
and phase together, and building a QND coupling is a deliberate experimental design.
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Structural Role
QND measurements occupy a specific niche between projective measurement (instantaneous, strong) and
weak continuous monitoring (Node 3.5):

• Continuous monitoring (Node 8.4, stochastic master equations): QND measurements, taken repeat-
edly at short intervals, produce a classical record of the QND observable’s trajectory without disturbing
it. This is the structural foundation of quantum trajectory theory.

• Feedback control: a QND measurement gives a reliable instantaneous readout that can feed back
into a control loop. Non-QND measurements would perturb the control variable itself.

• Quantum error correction: stabilizer measurements in error correction (Node 8.6) are QND with
respect to the stabilizers — this is why they can be repeated without disturbing the logical information.

• Precision metrology: gravitational-wave detectors and atomic clocks rely on QND measurements to
push readout noise below the standard quantum limit.

• Conservation laws ↔ QND observables. A conserved observable (one that commutes with the
Hamiltonian, Node 2.6) is always a candidate for QND measurement, because its Heisenberg-picture
time dependence is trivial.

Mathematical Development
Necessary and sufficient conditions

Let H = HS +HM +Hint be the total Hamiltonian of system plus meter. The Heisenberg equation gives

dAS
dt

= i

ℏ
[H,AS ] = i

ℏ
[HS , AS ] + i

ℏ
[Hint, AS ].

For AS(t) to be constant under the joint evolution, both terms must vanish:

[HS , AS ] = 0 and [Hint, AS ] = 0.

The first is the conservation condition (Node 2.6). The second is the QND coupling condition — the
system–meter interaction must commute with the observable under measurement.

Back-action is redirected, not removed

The total Hamiltonian still generates unitary evolution, so back-action exists — it is simply localized away
from AS . Specifically, any observable BS with [BS , AS ] ̸= 0 is in general disturbed:

dBS
dt

= i

ℏ
[Hint, BS ] ̸= 0 when [Hint, AS ] = 0.

QND measurement transfers the “measurement cost” from A onto its non-commuting conjugates. This is an
explicit version of the uncertainty principle as a design principle.

Iterated QND measurements and the projection chain

Starting from a state |ψ⟩ that is not an AS-eigenstate, the first QND measurement yields outcome λi with
probability ∥Pi|ψ⟩∥2 and leaves the system in Pi|ψ⟩/∥Pi|ψ⟩∥, an AS-eigenstate. Every subsequent QND
measurement of AS returns λi with probability one and leaves the state unchanged. In this sense QND
measurement “locks in” an eigenvalue, then reports it arbitrarily many times without further disturbance.
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Contrast with non-QND measurement

If instead [Hint, AS ] ̸= 0, the interaction shifts AS during the measurement, and repeated measurements do
not yield the same outcome — they sample a distribution whose width grows with measurement strength.
This is the standard behaviour of energy-exchange couplings.

Worked Example
Photon-number QND via cross-Kerr coupling

A standard QND scheme for measuring the photon number N̂ = a†a in a cavity uses a dispersive coupling to
an atom (probe). The interaction Hamiltonian is

Hint = ℏχ N̂ ⊗ σprobe
z ,

with χ the dispersive coupling strength. Check the QND condition:

[Hint, N̂ ] = ℏχ[N̂ , N̂ ] ⊗ σprobe
z = 0.

The coupling is diagonal in the number basis of the cavity. An atom passing through the cavity picks up a
phase e−iχNτσz proportional to the photon number, without absorbing or emitting photons. A subsequent
measurement of the atomic phase reads out N ; the photon number in the cavity is unchanged, and the
measurement can be repeated.

LIGO: mirror position QND in principle

Gravitational-wave detectors measure the position difference of end mirrors via the phase of interfering laser
beams. Naive position measurement is not QND: [Hint, x̂] ̸= 0 because the photon radiation-pressure force
acts on momentum, and momentum and position are conjugate. The standard quantum limit ∆x∆p ≥ ℏ/2
follows. QND variants — “speed meters,” “variational readout,” “squeezed light” — redesign the interaction
so that the disturbance is pushed entirely into the phase quadrature, leaving the measured quadrature
uncorrupted.

Qubit Z-measurement via ancilla phase-kickback

For a qubit observable Z, a QND readout couples the qubit to an ancilla via Hint = g ZS ⊗ XA. This
commutes with ZS , so the measurement is QND with respect to ZS . The ancilla picks up a ZS-dependent
rotation; reading the ancilla then projects onto ZS-eigenstates without disturbing that observable. This is
the design behind dispersive qubit readout in circuit QED.

Cross-Links
• Module 2.6 (Symmetries): Conserved observables (those commuting with HS) are automatically

candidates for QND measurement. The two structural conditions align.
• VQA: Repeated cost-function evaluation needs the cost observable to be (approximately) QND under

the measurement scheme; otherwise each shot disturbs the next one.
• Module 8 (Open Systems): Continuous QND measurement, stochastically averaged, generates

quantum trajectories and stochastic master equations (Node 8.4).
• Module 7 (Error Correction): Stabilizer measurements must be QND with respect to the stabilizer

group; this is the requirement that error syndromes can be extracted without disturbing the encoded
logical state.

60



• Systems Thinking: “Measure without perturbing” is the canonical control-theory desideratum; QND
makes it precise in the quantum case.

Structural Compression
Invariant: A measurement is QND with respect to A if and only if the system–meter interaction commutes
with A.

Mechanism: [A,Hint] = 0 ensures the Heisenberg-picture value of A is preserved under the joint evolution.

Cross-System Echo: Conserved quantities in classical mechanics are unaffected by dynamical perturbations
that commute (in the Poisson-bracket sense) with them; QND measurement is the same invariance condition
applied to the measurement interaction, not to free evolution.

Exercises
1. Show that if [A,Hint] = 0 and [A,HS ] = 0, then A is conserved under the joint system–meter evolution.
2. Verify the QND condition for the photon-number couplingHint = ℏχN̂⊗σz. Show that the corresponding

measurement of the cavity mode preserves N̂ and gives outcome N with probability equal to the initial
photon-number distribution.

3. Show that a position–momentum coupling Hint = gx̂S p̂M is QND with respect to x̂S but not with
respect to p̂S . What is the back-action on p̂S?

4. Construct a QND scheme for measuring X on a qubit, by designing an interaction Hint that commutes
with XS .

5. A qubit with Hamiltonian HS = (ℏω/2)X is coupled to a meter via Hint = gZS ⊗ σMz . Is the
measurement of ZS QND? (Hint: check both conditions.)

6. Explain why a classical measurement (pointer needle pointing at a dial) can in principle be QND
with zero back-action, and why the quantum case always has back-action somewhere (even in QND
measurements).

7. Argue, structurally, why stabilizer measurements in quantum error correction must be QND with
respect to the stabilizer group if the scheme is to preserve the encoded logical state.
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Weak Measurement
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Measurement Theory Node: 3.5

Weak measurement extracts a small amount of information per shot in exchange for proportionally small
disturbance to the state. It is a controlled trade-off between measurement strength and back-action,
parameterized continuously from “no measurement at all” (identity POVM) to “full projective measurement”
(strong limit). Weak measurement is the bridge between the sharp collapses of Node 3.1 and the continuous
monitoring dynamics of Module 8.

Formal Definition
A weak measurement is a POVM whose elements are small perturbations of the identity. Concretely, a
two-outcome weak measurement of an observable A has POVM elements

E± = 1
2 (I ± ϵA)

for a small real parameter ϵ ≪ 1 (and ∥ϵA∥ < 1 to ensure positivity). Positivity requires |ϵλi| < 1 for all
eigenvalues λi of A; completeness E+ + E− = I is automatic.

The Kraus operators are M± =
√
E±, and for small ϵ,

M± ≈ 1√
2

(
I ± ϵ

2A+O(ϵ2)
)
.

Outcome probabilities. For a state |ψ⟩,

p± = ⟨ψ|E±|ψ⟩ = 1
2 (1 ± ϵ⟨A⟩ψ).

The difference p+ − p− = ϵ⟨A⟩ψ carries the information about ⟨A⟩ extracted in one shot.

Post-measurement state. To leading order in ϵ,

|ψ′
±⟩ = M±|ψ⟩

√
p±

= |ψ⟩ ± ϵ
2 (A− ⟨A⟩ψ)|ψ⟩ +O(ϵ2).

The state is perturbed by an amount proportional to ϵ, localized along the direction (A−⟨A⟩)|ψ⟩ — orthogonal
to |ψ⟩ at leading order.

Information–disturbance scaling

• Information per shot. The distinguishability of the two outcomes is |p+ − p−| = O(ϵ). Estimating
⟨A⟩ from N shots has standard deviation ∼ 1/(ϵ

√
N).

• Disturbance per shot. The change in state ∥|ψ′⟩ − |ψ⟩∥ = O(ϵ).

To extract the same amount of information as a strong measurement (ϵ = 1), a weak measurement requires
N ∼ 1/ϵ2 shots. But the per-shot disturbance is O(ϵ), so aggregated disturbance over N shots is O(

√
Nϵ2) =

O(1) — the weak measurement does not suddenly become “free.” What is purchased is the distribution of
the disturbance over many shots, which is essential when one wants to monitor a state continuously without
projecting it.
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Intuition
A weak measurement is “barely looking.” You learn a little about the observable and disturb the state a
little. The amount you learn is O(ϵ); the amount you disturb is also O(ϵ). The ratio — information-gained
per disturbance — is roughly constant across measurement strengths, which is the structural content of the
information–disturbance tradeoff.

Three limits are worth keeping in mind:

• ϵ → 0: no information, no disturbance. The POVM reduces to E± = I/2 — a trivial measurement that
returns a fair coin.

• ϵ = 1 (for a ±1 observable): the POVM becomes projective E± = (I ± A)/2. This is a strong,
projective measurement with full disturbance.

• Intermediate ϵ: a tunable fraction of the information is extracted, with a proportionally smaller
disturbance.

Weak measurement therefore continuously interpolates between “no measurement” and “projective measure-
ment,” and its integrated limit over many small steps is continuous monitoring — the dynamics of Module
8’s quantum trajectories.

Structural Role
Weak measurement serves three structural purposes in the course:

1. Bridges discrete and continuous measurement. A single strong measurement is discrete in time;
a sequence of weak measurements with ϵ → 0 and shot rate → ∞ approaches a continuous measurement
record. This limit generates the stochastic master equations and quantum trajectories of Node 8.4.

2. Defines the information–disturbance tradeoff. Weak measurement is the explicit setting in which
the tradeoff can be written as an identity rather than an inequality: information scales as ϵ2, disturbance
as ϵ, and the ratio is a structural invariant of the POVM.

3. Licenses weak values (Aharonov–Albert–Vaidman). Combined with post-selection, weak mea-
surement gives operational meaning to the weak value, a complex number that can lie outside the
spectrum of the observable. Weak values are interpretively contested but experimentally realized.

Weak measurement is also the workhorse of VQA cost estimation. Each shot of a VQA circuit is a single-sample
estimate of an observable expectation; averaging many shots is a weak estimation of ⟨H⟩, and shot-noise
∼ 1/

√
N is the structural residue of the O(ϵ) per-shot information scaling.

Mathematical Development
Weak value (Aharonov–Albert–Vaidman)

Given an initial (pre-selected) state |ψi⟩ and a final (post-selected) state |ψf ⟩, the weak value of an observable
A is

w⟨A⟩ := ⟨ψf |A|ψi⟩
⟨ψf |ψi⟩

.

This can be a complex number, and its real and imaginary parts can lie well outside the spectrum of A. It is
what a weak-measurement-plus-post-selection experiment reads out as the average pointer displacement.

Physically: prepare |ψi⟩, perform a weak measurement of A (small disturbance), then perform a strong
projective measurement onto |ψf ⟩ and discard all shots where the final outcome is |ψ⊥

f ⟩. The conditional
average of the weak-measurement pointer is Rew⟨A⟩. Non-conventional (complex, out-of-spectrum) weak
values occur when |⟨ψf |ψi⟩| is small — post-selection amplifies the signal.
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Information gain per shot

Define the Kullback–Leibler divergence between the shot’s outcome distribution and a uniform reference. To
leading order in ϵ,

DKL
(
p ∥ 1

2
)

= 1
2ϵ

2⟨A⟩2
ψ +O(ϵ4).

Information gain is quadratic in the weakness parameter. This is the scaling behind the N ∼ 1/ϵ2 shot
requirement.

State disturbance per shot

The fidelity between pre- and post-measurement states (averaged over outcomes) is

EiF (|ψ⟩, |ψ′
i⟩) = 1 − 1

2ϵ
2(∆A)2

ψ +O(ϵ4),

also quadratic in ϵ. The variance of A is the local “disturbance sensitivity”: states with large ∆A are more
affected by a weak A-measurement than states near A-eigenstates.

Continuous limit

Partition time into N steps of size ∆t = T/N , with each step a weak measurement of strength ϵ =
√
γ∆t.

As N → ∞ (hence ϵ → 0), the cumulative measurement record becomes a continuous Wiener process, and
the state dynamics converge to a stochastic Schrödinger equation:

d|ψ⟩ =
(
− i

ℏH dt− γ
2 (A− ⟨A⟩)2 dt+ √

γ(A− ⟨A⟩) dWt

)
|ψ⟩.

This is the stochastic-master-equation formulation of continuous measurement (Node 8.4). The weak-
measurement framework is what justifies passing from discrete POVMs to this continuous dynamical equation.

Worked Example
Weak Z-measurement on a qubit

Take a qubit in state |ψ⟩ = cos(θ/2)|0⟩ + sin(θ/2)|1⟩. Perform a weak Z-measurement with strength ϵ:

E± = 1
2 (I ± ϵZ).

Outcome probabilities:

p+ = 1
2 (1 + ϵ cos θ), p− = 1

2 (1 − ϵ cos θ).

The difference p+ − p− = ϵ cos θ = ϵ⟨Z⟩, confirming that the weak measurement reports the expectation value
of Z with a signal amplitude proportional to ϵ.

For θ = π/2 (the state |+⟩), ⟨Z⟩ = 0 and the weak measurement produces a fair coin: p+ = p− = 1/2, zero
signal, but the state is still slightly disturbed toward |0⟩ or |1⟩ depending on the outcome. Repeated weak
measurements would drive the state toward a Z-eigenstate — a stochastic purification into a definite Z value.
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Shot-noise estimation of ⟨Z⟩

Run N weak measurements on identical copies of the state and average the outcomes coded as ±1:

ˆ⟨Z⟩ = 1
N

N∑
k=1

xk, xk ∈ {+1,−1}.

The estimator has mean ϵ cos θ and variance (1 − ϵ2 cos2 θ)/N ≈ 1/N for small ϵ. Dividing by ϵ to extract
cos θ, the estimation error is ∼ 1/(ϵ

√
N). For ϵ = 1 (strong projective measurement) this is the standard

1/
√
N shot noise of VQA cost estimation; for smaller ϵ it is proportionally worse, as expected.

Weak value: amplified signal

Consider the pre-selection |ψi⟩ = |+⟩ and post-selection |ψf ⟩ = cos(α/2)|0⟩ + sin(α/2)|1⟩ with α close to π/2
(so that |ψf ⟩ is nearly orthogonal to. . . actually nearly parallel to |+⟩). For small mismatch δ = π/2 − α,
compute the weak value of Z:

w⟨Z⟩ = ⟨ψf |Z|+⟩
⟨ψf |+⟩

= cos(α/2) − sin(α/2)
(cos(α/2) + sin(α/2))/

√
2
.

As α → π/2 (nearly orthogonal post-selection would make the denominator small), this can exceed 1 in
magnitude — a value outside the spectrum {−1,+1} of Z. This amplification comes at the cost of a small
post-selection success probability, and rare successful runs can yield large signal displacements.

Cross-Links
• Statistics: Sequential design and low-power tests — the same information-accumulation principle,

with sample size scaling quadratically in desired precision.
• VQA: Shot-budget cost estimation is a weak-measurement protocol; shot-noise 1/

√
N is the structural

residue of O(ϵ) per-shot signal scaling.
• Module 8 (Open Systems): Continuous weak measurement limit yields the stochastic master

equation and quantum trajectories; Node 8.4 makes this explicit.
• Module 6 (Interpretations): Weak values and post-selection play a role in interpretive debates —

are weak values “real” properties of the state, or statistical artifacts?
• Module 3.6 (Back-action): Weak measurement is the cleanest setting in which the informa-

tion–disturbance tradeoff can be stated as an explicit asymptotic identity.

Structural Compression
Invariant: Information per shot ∝ ϵ2; disturbance per shot ∝ ϵ. The two scale in lockstep, and the aggregate
information is bounded by the aggregate disturbance.

Mechanism: POVM elements perturbed from the identity by an O(ϵ) multiple of the target observable;
Kraus operators inherit the perturbation, giving O(ϵ) state change and O(ϵ2) distinguishability.

Cross-System Echo: Sequential analysis in statistics accumulates O(
√
N) signal against O(1) noise; the

same scaling governs weak-measurement estimation. Gradient descent with small learning rate is an analogous
“weak update” that trades per-step progress for stability — the same information-disturbance ratio structurally
transposed.
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Exercises
1. Verify that the weak-measurement POVM E± = 1

2 (I ± ϵA) satisfies E± ⪰ 0 and E+ + E− = I for
∥ϵA∥ ≤ 1.

2. Derive the leading-order expressions for the post-measurement state and compute the fidelity ⟨ψ|ψ′
±⟩

to order ϵ2.
3. For a qubit in state |ψ⟩ = cos(θ/2)|0⟩ + sin(θ/2)|1⟩, compute the outcome probabilities for a weak
X-measurement, and show that the difference p+ − p− = ϵ sin θ.

4. Show that N weak measurements of strength ϵ achieve the same statistical precision as ϵ2N strong
measurements for estimating ⟨A⟩.

5. Compute the weak value of Z for |ψi⟩ = |0⟩ and |ψf ⟩ = (|0⟩ + eiφ|1⟩)/
√

2. Explain for which φ the
weak value is real.

6. Derive the stochastic Schrödinger equation as the ∆t → 0 limit of a sequence of weak measurements
with strength ϵ =

√
γ∆t, for a single observable A and Hamiltonian H.

7. Explain, structurally, why the 1/
√
N shot noise of VQA cost estimation is a universal feature of

Born-rule sampling, not a hardware artifact.
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Measurement Back-Action
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Measurement Theory Node: 3.6

Measurement back-action is the formal expression of the fact that observation in quantum mechanics is
an intervention, not a passive readout. It closes Module 3 by collecting the structural consequences of the
measurement operations introduced so far — projective, POVM, QND, weak — under a single principle:
information about non-commuting observables cannot be extracted without perturbing their conjugates.

Formal Definition
Let |ψ⟩ be the pre-measurement state and {Mi} a set of Kraus operators realizing some measurement
(projective or POVM). Conditional on outcome i with probability p(i) = ⟨ψ|M†

iMi|ψ⟩, the post-measurement
state is

|ψ′
i⟩ = Mi|ψ⟩√

p(i)
.

The measurement back-action on an observable B is the change in its expectation value conditional on
the measurement:

∆⟨B⟩i := ⟨ψ′
i|B|ψ′

i⟩ − ⟨ψ|B|ψ⟩.

Back-action is not a single number but an outcome-dependent family. A useful aggregate measure is the
unconditional post-measurement expectation, obtained by averaging over outcomes without selecting
on them:

Ei⟨B⟩ψ′
i

=
∑
i

p(i)⟨ψ′
i|B|ψ′

i⟩ =
∑
i

⟨ψ|M†
i BMi|ψ⟩ = Tr(BM(|ψ⟩⟨ψ|)) ,

where M(ρ) :=
∑
iMiρM

†
i is the non-selective quantum channel corresponding to the measurement.

The information–disturbance inequality

For any two observables A (measured) and B (disturbed), and any measurement strategy, there is a tradeoff
between the information gained about A and the disturbance inflicted on B. One clean version is the
Heisenberg–Robertson measurement-disturbance inequality (Ozawa 2003, refining Heisenberg’s
original statement):

ε(A) η(B) + ε(A) ∆B + ∆Aη(B) ≥ 1
2 |⟨[A,B]⟩|,

where ε(A) is the measurement’s error in estimating A, η(B) is the disturbance caused to B, and ∆A,∆B are
the pre-measurement variances. In the strong-measurement limit, the extra terms vanish and one recovers the
schoolroom statement “the product of error and disturbance is bounded below by the commutator.” In the
weak limit (Node 3.5), the correction terms dominate, giving the softer scaling we encountered in that node.
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Intuition
Classical measurement is idealized as a passive readout: a thermometer reports the temperature of a large
reservoir without affecting it, a voltmeter draws so little current that the circuit is essentially unperturbed.
These are not exact idealizations — they are limits in which measurement disturbance tends to zero because
the system is macroscopic, the coupling is weak, or the measured quantity is conserved.

Quantum measurement cannot in general be driven to this limit. The uncertainty relation is not a statement
about experimental technique — it is a structural feature of Hilbert space. To learn about an observable A,
you must couple the system to something (a meter, an ancilla, an environment), and unless your coupling
commutes with every observable you care about — which is impossible when [A,B] ̸= 0 — the coupling will
disturb something.

The three operational consequences:

1. You cannot measure A and B jointly with zero error and zero disturbance when [A,B] ̸= 0.
This is the structural version of Heisenberg uncertainty, distinct from the preparation inequality
∆A∆B ≥ 1

2 |⟨[A,B]⟩|.
2. The choice of what to measure determines what is disturbed. Measurement is not “revealing

preexisting values” — it is selecting which basis of the Hilbert space gets projected onto, and any
information in orthogonal bases is erased or scrambled.

3. Back-action is the source of all “wavefunction collapse.” The non-unitary step of quantum
measurement is exactly the back-action of information extraction on the state.

Structural Role
Back-action is what makes quantum measurement theory structurally different from classical observation
theory. It is the content that distinguishes quantum mechanics from a “hidden variable plus noisy channel”
picture, and its impossibility in every hidden-variable theory is what Bell’s theorem and Kochen–Specker
(Module 10) formalize.

Back-action also organizes Module 3 into a single story:

• Projective measurement (3.1): maximal information, maximal back-action, fully non-unitary.
• POVM (3.2): generalized information extraction, non-unique back-action (depends on Kraus choice).
• Naimark (3.3): back-action on the system is the shadow of a projective-measurement back-action on

a larger unitary system.
• QND (3.4): back-action on A is zero by design; the cost is paid in B ̸= A.
• Weak measurement (3.5): back-action per shot is tunable; the information-disturbance tradeoff is

the scaling between the two.
• Back-action (3.6): the overarching principle that unifies the above.

Downstream, back-action averaged over an unobserved environment is the structural origin of decoherence
(Module 5) and Lindblad dynamics (Node 8.2). The dissipation of open systems is, at its core, the back-action
of the environment’s continuous implicit measurement of the system.

Mathematical Development
Back-action as a quantum channel

The non-selective measurement channel M(ρ) =
∑
iMiρM

†
i is completely positive and trace-preserving

(CPTP). It describes what happens to the state when a measurement is performed but the outcome is not
read out. For a projective measurement {Pi} this channel is the dephasing channel in the measurement
basis:
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M(ρ) =
∑
i

PiρPi =
∑
i

piρii,

where the off-diagonal coherences between different eigenspaces are erased. The back-action on off-diagonal
matrix elements is therefore complete for a projective measurement.

Average back-action on B

For a projective measurement {Pi} and any observable B,

Ei⟨B⟩ψ′
i

=
∑
i

⟨ψ|PiBPi|ψ⟩ = ⟨ψ|Bdephased|ψ⟩,

where Bdephased :=
∑
i PiBPi is B with its inter-eigenspace coherences with the measurement projectors

erased. The back-action on ⟨B⟩ can be read off from this dephasing: if B commutes with all Pi (i.e., with the
measured observable), then Bdephased = B and there is no back-action on ⟨B⟩. Otherwise, ⟨B⟩ is generically
shifted.

Ozawa’s inequality

Ozawa’s error-disturbance relation makes the tradeoff rigorous. Define the operator-valued error and
disturbance,

ε(A)2 := ⟨(M −A)2⟩, η(B)2 := ⟨(B′ −B)2⟩,

where M is the meter observable that is actually read out (approximating A) and B′ is the Heisenberg-evolved
version of B after the system–meter interaction. Then

ε(A)η(B) + ε(A)∆B + ∆Aη(B) ≥ 1
2 |⟨[A,B]⟩|.

This refines Heisenberg’s original heuristic ε(A)η(B) ≥ 1
2 |⟨[A,B]⟩|, which is not universally valid: one can

have ε(A) = 0 (perfect measurement of A) without η(B) = ∞, provided ∆A is large enough to absorb the
commutator.

The Heisenberg microscope revisited

Heisenberg’s original 1927 argument used a photon microscope to estimate an electron’s position, and argued
that the photon momentum kick disturbs the electron’s momentum by an amount ∼ ℏ/∆x. This is an
instance — not a proof — of the structural tradeoff: back-action on momentum is the price of information
about position, whenever the measurement couples through a photon whose momentum is bounded by ℏ/λ
and wavelength determines position resolution. Ozawa’s inequality turns the heuristic into a theorem by
packaging operator-valued error and disturbance into a single bound.

Worked Example
Destroying X-information by measuring Z

Take the qubit state |+⟩ = 1√
2 (|0⟩ + |1⟩). Its X-expectation value is ⟨X⟩+ = 1 (a definite X = +1 state). Its

Z-expectation value is ⟨Z⟩+ = 0.

Perform a projective Z-measurement:

• With probability 1/2, outcome is +1, post-measurement state is |0⟩, and ⟨X⟩|0⟩ = 0.
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• With probability 1/2, outcome is −1, post-measurement state is |1⟩, and ⟨X⟩|1⟩ = 0.

Unconditional post-measurement state (average over outcomes):

M(|+⟩⟨+|) = 1
2 |0⟩⟨0| + 1

2 |1⟩⟨1| = 1
2I.

The unconditional ⟨X⟩ is now 0. The Z-measurement has completely destroyed the X-information content of
the state. Meanwhile, Z-information is gained: before the measurement, Z was maximally uncertain; after,
each shot has revealed its value exactly.

This is the pure exchange enforced by [X,Z] = −2iY ̸= 0: information about Z is paid for in information
about X.

QND-protected repeated measurement

By contrast, a QND Z-measurement (Node 3.4) on the same state |+⟩ disturbs Z not at all but disturbs X
as above. A second QND Z-measurement then returns the same outcome as the first with probability one —
Z is preserved. X was already destroyed in the first step and cannot be recovered.

Back-action in continuous monitoring

Continuous weak Z-measurement of a qubit with Hamiltonian H = (ω/2)X causes the Bloch vector to
drift stochastically toward the Z-eigenstates while the Larmor precession tries to rotate it around X. The
competition between measurement-induced backaction (localization along Z) and unitary precession (rotation
around X) is the Zeno-regime dynamics, and it interpolates between the quantum Zeno effect (strong
measurement freezes the state) and free precession (no measurement). This is a structural setting in which
back-action is visibly the engine of the dynamics.

Cross-Links
• Module 2.3 (Born rule): The projection postulate is the formal specification of back-action in the

projective case.
• Module 3.4 (QND): Explicit construction of measurements with zero back-action on a chosen

observable.
• Module 3.5 (Weak measurement): Tunable back-action, quantitative information-disturbance

scaling.
• Module 5 (Decoherence): Environment-induced decoherence is back-action on the system averaged

over an unread environmental measurement.
• Module 8 (Open Systems): Lindblad generators are the time-continuous version of back-action

from a Markov environment.
• Module 10 (Foundations): The uncertainty principle, Heisenberg’s microscope, Ozawa’s inequal-

ity, and the no-cloning theorem all track back to the structural impossibility of zero-disturbance
measurement.

• Systems Thinking: The “observer effect” in social science has the same schematic shape but is
quantitatively much weaker — there, disturbance is avoidable in principle, whereas in quantum mechanics
it is structural.

Structural Compression
Invariant: Information about A cannot be extracted without disturbing observables that fail to commute
with A.
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Mechanism: The non-unitary projection postulate applied in a basis that is non-orthogonal to the basis of
the disturbed observable; equivalently, the non-selective channel M(ρ) =

∑
iMiρM

†
i dephases ρ along the

measurement direction.

Cross-System Echo: The observer effect in classical science is quantitatively avoidable — better instruments
can in principle drive disturbance to zero. In quantum mechanics, the tradeoff is structural: it is a theorem
about Hilbert-space geometry, not a limitation of apparatus. This structural impossibility is what makes
quantum mechanics a genuine generalization of classical observation rather than a noisy approximation to it.

Exercises
1. Prove that the non-selective projective-measurement channel M(ρ) =

∑
i PiρPi dephases ρ in the

measurement basis, i.e., kills off-diagonal matrix elements between different Pi-eigenspaces.
2. For a qubit in state |+⟩, compute the pre- and post-measurement expectation values of X,Y, Z

conditional on each outcome of a projective Z-measurement, and then compute the unconditional
averages.

3. Show that for a non-demolition measurement ([A,Mi] = 0 for all Kraus operators), the back-action on
⟨A⟩ is zero both conditionally and unconditionally.

4. Verify that Ozawa’s inequality reduces to the preparation uncertainty relation ∆A∆B ≥ 1
2 |⟨[A,B]⟩| in

the limit of zero-error measurement (ε(A) = 0) and some consistency conditions on η(B).
5. Construct a measurement on a qubit that estimates X with some error ε(X) and computes the

corresponding disturbance η(Z). Plot the tradeoff curve.
6. Explain why continuous weak measurement of Z on a qubit precessing around X can exhibit the

quantum Zeno effect for strong measurement rates and free precession for weak rates, and identify the
crossover.

7. Argue, structurally, why measurement back-action is the source of the non-unitary projection step in
the Born rule, and why this makes the measurement problem (Module 6) a problem about the structure
of back-action rather than about the Born rule itself.
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Module 4 — Entanglement

Tensor Product States
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Entanglement Node: 4.1

The composite-system postulate (Node 2.5) declared that the Hilbert space of two systems is the tensor
product of their individual Hilbert spaces. This node unpacks the structural consequences. The most
important of them — that the tensor product contains vectors which are not products — is the entire reason
entanglement exists.

Formal Definition
Given two Hilbert spaces HA and HB with orthonormal bases {|i⟩A} and {|j⟩B}, the tensor product
HAB = HA ⊗ HB is the Hilbert space with orthonormal basis

{|i⟩A ⊗ |j⟩B}i,j .

A general element of HAB is a complex linear combination

|Ψ⟩AB =
∑
i,j

cij |i⟩A ⊗ |j⟩B ,

with coefficients cij ∈ C.

A product state (or separable pure state) is a vector of the form

|Ψ⟩AB = |ψ⟩A ⊗ |ϕ⟩B

for some |ψ⟩A ∈ HA and |ϕ⟩B ∈ HB . Equivalently, the coefficient matrix cij factorizes as cij = αiβj , i.e., has
rank 1.

A vector in HAB that is not a product state is entangled.

Intuition
The classical analogue of a composite system is the Cartesian product: if system A can be in 2 states and
system B can be in 3, the composite has 2 + 3 = 5 parameters of state (2 for A, 3 for B). The quantum
analogue is the tensor product, which has 2 · 3 = 6 basis vectors and 6 − 1 = 5 complex parameters of state —
not the sum but the product of the dimensions.

The “extra” structure that the tensor product provides — beyond what the Cartesian product would — is
exactly the space of entangled states. Linear combinations of product states are not in general product states,
and there is no classical analogue for this fact.

This is the structural origin of:

• The exponential dimensionality of multi-qubit Hilbert spaces.
• The computational power of quantum simulators.
• The non-local correlations of Bell states.
• The reduction of pure-state information when restricted to subsystems (Module 5).
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Structural Role
This node sits between the composite-system postulate (Node 2.5) and everything in the rest of the course
that involves more than one subsystem:

• Separability vs entanglement (4.2) is built directly on top of this distinction.
• Schmidt decomposition (4.3) gives a canonical form for bipartite states.
• Bell states (4.4) are the simplest non-trivial entangled vectors.
• Reduced density operators (5.2) describe what entanglement looks like from one side only.
• Quantum information protocols (Module 7) all operate on tensor product spaces.

Mathematical Development
Tensor product of operators

If A : HA → HA and B : HB → HB are linear operators, their tensor product A⊗B acts on HA ⊗ HB by

(A⊗B)(|ψ⟩A ⊗ |ϕ⟩B) = (A|ψ⟩A) ⊗ (B|ϕ⟩B).

This is extended bilinearly to general elements.

Inner product on the tensor product

(⟨ψ|A ⊗ ⟨ϕ|B)(|ψ′⟩A ⊗ |ϕ′⟩B) = ⟨ψ|ψ′⟩A · ⟨ϕ|ϕ′⟩B .

This makes HAB a Hilbert space.

Dimensionality

dim(HA ⊗ HB) = dim HA · dim HB .

For n qubits, H = (C2)⊗n = C2n . The exponential growth is the structural origin of “quantum advantage.”

Worked Example
Two qubits

Let HA = HB = C2. The four basis vectors of HAB = C4 are

|00⟩, |01⟩, |10⟩, |11⟩,

where |ij⟩ is shorthand for |i⟩A ⊗ |j⟩B .

Product state example:

|+⟩A ⊗ |0⟩B = 1√
2

(|00⟩ + |10⟩).

The coefficient matrix is 1√
2

(
1 0
1 0

)
, which has rank 1. This factors.
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Entangled state example (Bell state Φ+):

|Φ+⟩ = 1√
2

(|00⟩ + |11⟩).

The coefficient matrix is 1√
2

(
1 0
0 1

)
, which has rank 2. It does not factor. There is no choice of single-qubit

states |ψ⟩A, |ϕ⟩B such that |Φ+⟩ = |ψ⟩A ⊗ |ϕ⟩B .

This is the simplest non-trivial entangled state in physics. Every Bell test, every teleportation protocol, and
every quantum-key-distribution scheme is built on it.

Cross-Links
• Linear Algebra: Tensor products of vector spaces; rank of a matrix.
• Statistics: Joint distributions P (X,Y ) on a product sample space; independence corresponds to

product structure. Entanglement is the quantum analogue of correlation, but it is structurally stronger.
• Quantum Information: n-qubit registers, multi-particle states.
• VQA: Parameterized circuits on (C2)⊗n explore exactly this exponentially large state space — and

barren plateaus arise from precisely this dimensionality (Node 4.4 in VQA course).

Structural Compression
Invariant: A vector in HA ⊗ HB is a product state iff its coefficient matrix has rank 1.

Mechanism: Bilinear extension of basis vector pairing.

Cross-System Echo: Joint distributions in classical statistics are products iff the variables are independent.
The tensor-product analogue is sharper: rank-1 vs rank-(>)1 of the coefficient matrix is a structural property,
not a statistical one, and it persists regardless of which observables are eventually measured.

Exercises
1. Show that the four states |00⟩, |01⟩, |10⟩, |11⟩ form an orthonormal basis of C2 ⊗ C2.
2. Express |+⟩ ⊗ |+⟩ in the computational basis. Verify it is a product state.
3. Show that the Bell state |Φ+⟩ = (|00⟩ + |11⟩)/

√
2 cannot be written as |ψ⟩A⊗ |ϕ⟩B for any |ψ⟩, |ϕ⟩ ∈ C2.

4. For the state |Ψ⟩ = 1
2 (|00⟩ + |01⟩ + |10⟩ + |11⟩), determine whether it is a product state by computing

the rank of its coefficient matrix.
5. Show that dim((C2)⊗n) = 2n and explain, in one sentence, why this is the source of “quantum

advantage.”
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Separable vs Entangled States
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Entanglement Node: 4.2

Node 4.1 distinguished product states from non-product states for pure bipartite systems. For mixed states
the question is subtler: a mixed state can be a statistical mixture of product states without itself being a
product, and any such mixture should still count as classically correlated rather than entangled. The right
notion is separability, defined by the convex hull of product states. Everything outside that convex hull is
entangled, and the boundary between the two — the separability problem — is the central problem of
finite-dimensional entanglement theory.

Formal Definition
Let HA ⊗ HB be a finite-dimensional bipartite Hilbert space and ρAB a density operator on it.

Pure-state case. A pure state |Ψ⟩AB is separable (equivalently, a product state) if there exist |ϕ⟩A ∈ HA

and |χ⟩B ∈ HB such that

|Ψ⟩AB = |ϕ⟩A ⊗ |χ⟩B .

Otherwise it is entangled.

Mixed-state case. A density operator ρAB is separable if there exist a probability distribution {pk} and
product states {ρ(k)

A ⊗ ρ
(k)
B } such that

ρAB =
∑
k

pk ρ
(k)
A ⊗ ρ

(k)
B .

Otherwise it is entangled. The set of separable states S(HA ⊗ HB) is closed and convex; entangled states
are everything outside this set.

Without loss of generality, the constituent product states ρ(k)
A , ρ

(k)
B can be taken to be pure (any mixed

product state can be further decomposed into pure product states). So separability is equivalent to the
existence of a representation

ρAB =
∑
k

pk |ϕk⟩A⟨ϕk| ⊗ |χk⟩B⟨χk|.

Intuition
A separable state is one Alice and Bob could prepare from scratch using only local operations and classical
communication (LOCC). The recipe: a referee picks index k with probability pk, tells Alice to prepare |ϕk⟩
and Bob to prepare |χk⟩, and walks away. Whatever ensemble of correlated states this produces is separable,
by construction.

The crucial observation is that classical communication between Alice and Bob can produce correlation —
Alice and Bob’s marginal states are correlated through the shared random variable k — but not entanglement.
Entanglement is the kind of correlation that no LOCC protocol can manufacture from product states. It must
be present at the start, distributed by some non-local channel, or generated by a joint quantum interaction.
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For pure states the distinction collapses: a pure bipartite state is entangled iff it is non-product, full stop. The
mixed-state definition is the natural generalization that respects the convex structure of density operators:
any state in the convex hull of products is “as classical as” the products that compose it.

A mixed state can look entangled in one decomposition and separable in another. The defining question is
whether any convex decomposition into products exists, not whether the most natural one does. This makes
the separability problem hard.

Structural Role
Separability is the structural threshold separating quantum-correlated states from classically-correlated ones:

• Resource theory. Entanglement is a resource consumed under LOCC. Separable states are “free” —
they can be created at no cost — and any monotone of LOCC must be invariant on them. Node 4.5
builds entanglement measures on this skeleton.

• Entanglement detection. Telling whether a given ρAB is separable is, in general, NP-hard (Gurvits
2003). Practical detection uses sufficient conditions: PPT (Peres–Horodecki) for low-dimensional cases,
entanglement witnesses (linear functionals separating a state from the convex hull) for the rest.

• Bell nonlocality (Node 4.4). Separable states cannot violate any Bell inequality. The converse is
false: there exist entangled states with no nonlocal behavior (Werner’s example). So entanglement is
strictly weaker than Bell nonlocality, but Bell nonlocality is a sufficient certificate for entanglement.

• Decoherence (Module 5). A typical effect of decoherence is to drag entangled states across the
separability boundary into the separable region — sometimes in finite time (“entanglement sudden
death”), unlike the asymptotic decay of coherence in single-system decoherence.

Mathematical Development
Convexity and extreme points

The set S of separable states on HA ⊗ HB is the convex hull of pure product states |ϕ⟩⟨ϕ| ⊗ |χ⟩⟨χ|. Its
extreme points are exactly these pure product states. The full state space is the convex hull of all pure states;
S is a strict, closed convex subset of it (strict whenever dim HA, dim HB ≥ 2).

By the Carathéodory theorem in dimension d2
Ad

2
B − 1 (the real dimension of the state space), any separable

state can be written as a convex combination of at most d2
Ad

2
B pure product states. This bounds the search

space for explicit separable decompositions but does not make the problem tractable.

The PPT criterion (Peres–Horodecki)

Define the partial transpose ρTB of ρAB by transposing only the B-indices in some chosen basis {|j⟩B}:

(ρTB )ij,kl := ρil,kj .

The result depends on the basis, but its spectrum does not.

Theorem (Peres 1996). If ρAB is separable, then ρTB ⪰ 0.

Proof. If ρAB =
∑
k pkρ

(k)
A ⊗ ρ

(k)
B , then ρTB =

∑
k pkρ

(k)
A ⊗ (ρ(k)

B )T . Each (ρ(k)
B )T is a valid density operator

(transposition is positive on Hermitian matrices), so ρTB is a convex combination of valid density operators
and hence positive. ■

The contrapositive is the PPT entanglement criterion: if ρTB has a negative eigenvalue, ρAB is entangled.

Theorem (Horodecki 1996). For HA ⊗ HB = C2 ⊗ C2 and C2 ⊗ C3, PPT is necessary and sufficient for
separability.

76



In higher dimensions PPT is only necessary: there exist PPT entangled states (“bound entangled” states)
that are entangled but cannot be detected by partial transposition. They exhibit a kind of entanglement that
cannot be distilled into Bell pairs by LOCC.

Entanglement witnesses

An entanglement witness is a Hermitian operator W such that

Tr(Wσ) ≥ 0 for all separable σ, but Tr(Wρ) < 0 for some entangled ρ.

By the Hahn–Banach theorem applied to the closed convex set S, every entangled state is detected by some
witness. In practice, witnesses are how entanglement is certified in laboratory experiments — choose a
Hermitian W such that ⟨W ⟩ is measurable with available detectors and outputs a negative value precisely
when the state of interest is sufficiently entangled.

LOCC monotonicity

If ρAB is separable and Λ is any LOCC operation on HA ⊗ HB, then Λ(ρAB) is separable. LOCC cannot
create entanglement from a separable state. This is the structural fact that justifies calling entanglement a
resource and motivates all of resource-theoretic quantum information.

Worked Example
Werner states

The two-qubit Werner state is the one-parameter family

ρW (p) = p |Φ+⟩⟨Φ+| + (1 − p) I4 , p ∈ [0, 1],

where |Φ+⟩ = (|00⟩ + |11⟩)/
√

2. It is the convex combination of a maximally entangled Bell state with the
maximally mixed state. The parameter p is the mixing weight of the Bell state, also called the Werner
fidelity.

Compute the partial transpose. In the computational basis, the matrix of ρW (p) is

ρW (p) = 1
4


1 + p 0 0 2p

0 1 − p 0 0
0 0 1 − p 0
2p 0 0 1 + p

 .

The partial transpose with respect to B swaps the off-diagonal coherences (0, 3) ↔ (1, 2) (in the basis ordering
00, 01, 10, 11):

ρW (p)TB = 1
4


1 + p 0 0 0

0 1 − p 2p 0
0 2p 1 − p 0
0 0 0 1 + p

 .

The block
(

1 − p 2p
2p 1 − p

)
has eigenvalues (1 − p) ± 2p = 1 + p, 1 − 3p. The other eigenvalues are 1 + p

(twice). So the partial-transpose spectrum is {1 + p, 1 + p, 1 + p, 1 − 3p}/4.
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Separability boundary. The minimum eigenvalue (1 − 3p)/4 is non-negative iff p ≤ 1/3. By the Horodecki
theorem (PPT is sufficient in C2 ⊗ C2):

• p ≤ 1/3: ρW (p) is separable.
• p > 1/3: ρW (p) is entangled.

The threshold p = 1/3 is the structural “depolarizing limit” of entanglement: any Bell state mixed with more
than 2/3 units of white noise becomes classically simulable.

A separable decomposition for p = 1/3

At the threshold, an explicit separable decomposition is

ρW (1/3) = 1
4

3∑
i=0

|ψi⟩⟨ψi| ⊗ |ψi⟩⟨ψi|,

where |ψi⟩ are four states forming a tetrahedron in the Bloch sphere — for instance, the four corners of an
inscribed regular tetrahedron. Verification is a direct computation. This shows that the algebraic threshold
from PPT is achieved by an actual LOCC-realizable preparation: pick i uniformly, tell both Alice and Bob to
prepare |ψi⟩.

A bound entangled example (gestural)

In C3 ⊗ C3, the Horodecki state built from unextendible product bases gives a state with ρTB ⪰ 0 (PPT)
that is nonetheless entangled. No LOCC protocol can extract pure Bell pairs from any number of copies of it.
Bound entanglement is the structural sign that entanglement is not a single resource but a hierarchy.

Cross-Links
• Statistics: A separable state is the quantum analogue of a mixture model over independent factor

distributions: a hidden categorical variable k selects a product factorization, and the marginals on A
and B are coupled only through k.

• Quantum Information: LOCC is the operational paradigm for distributed quantum protocols;
separable states are exactly the LOCC-creatable states.

• Module 4.4 (CHSH): Bell-inequality violation requires entanglement, but the converse fails — there
are entangled states with local hidden-variable models for projective measurements.

• Module 5 (Decoherence): Decoherence drags states across the separability boundary, often in finite
time (“entanglement sudden death”).

• Module 7 (Quantum Channels): A channel Λ is entanglement-breaking iff (Λ⊗I)(ρ) is separable
for every ρ. Such channels are exactly those with measure-and-prepare structure.

Structural Compression
Invariant: The set of separable states is the convex hull of pure product states. Entangled states are exactly
the complement — what cannot be built from products by classical mixing.

Mechanism:
ρAB =

∑
k

pk ρ
(k)
A ⊗ ρ

(k)
B ⇐⇒ ρAB is preparable by LOCC.

Cross-System Echo: Hidden-variable models in classical statistics: a classical correlation between A and B
can always be modeled by a shared latent variable k inducing conditional independence. Entanglement is
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precisely the correlation that cannot be modeled this way. Bell’s theorem (Module 10) makes this structural
distinction empirically testable.

Exercises
1. Verify directly that the maximally mixed two-qubit state I/4 is separable by exhibiting an explicit

decomposition into pure product states.
2. Show that for any pure bipartite state |Ψ⟩, separability (in the mixed-state sense) is equivalent to being

a product state. (Hint: a pure state is an extreme point of the state space.)
3. Compute the partial transpose of the Bell state |Φ+⟩⟨Φ+| and verify that it has a negative eigenvalue.

What is the value?
4. For the Werner state ρW (p), compute ⟨Φ+|ρW (p)|Φ+⟩ and explain its relationship to the singlet fraction.
5. Construct an entanglement witness W for |Φ+⟩ of the form W = αI − |Φ+⟩⟨Φ+|. Find the smallest α

such that Tr(Wσ) ≥ 0 for all separable σ. (Hint: the answer is the maximum overlap of |Φ+⟩ with any
product state, which is 1/2.)

6. Show that the partial transpose of any product state ρA ⊗ ρB is positive semidefinite. Conclude that
the PPT condition is necessary for separability without invoking the convex-combination argument.

7. Argue, structurally, why “entangled” should not be defined as “non-product” for mixed states. What
goes wrong if you adopt that definition?
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Schmidt Decomposition
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Entanglement Node: 4.3

The Schmidt decomposition is the canonical form of a bipartite pure state. It says that any |Ψ⟩ ∈ HA ⊗ HB ,
no matter how complicated its expression in a generic product basis, can be brought into a diagonal sum

|Ψ⟩ =
∑
i

λi|iA⟩ ⊗ |iB⟩

by suitable local choices of orthonormal bases. Structurally, this is the singular value decomposition (SVD)
wearing physics notation. Operationally, it is the single most useful tool for analysing the entanglement of
bipartite pure states: every entanglement quantity that depends only on local degrees of freedom is a function
of the Schmidt coefficients {λi}.

Formal Statement
Theorem (Schmidt decomposition). Let |Ψ⟩ ∈ HA ⊗ HB be a pure bipartite state, with dim HA = dA
and dim HB = dB . Then there exist:

• orthonormal vectors {|iA⟩}ri=1 ⊂ HA,
• orthonormal vectors {|iB⟩}ri=1 ⊂ HB ,
• strictly positive real numbers λ1 ≥ λ2 ≥ · · · ≥ λr > 0,

such that

|Ψ⟩ =
r∑
i=1

λi |iA⟩ ⊗ |iB⟩,
r∑
i=1

λ2
i = 1.

The integer r ≤ min(dA, dB) is the Schmidt rank of |Ψ⟩. The numbers λi are the Schmidt coefficients,
and the sets {|iA⟩}, {|iB⟩} are the Schmidt bases for the respective sides.

The decomposition is unique up to:

• reordering of equal-magnitude Schmidt coefficients,
• relative phases between paired (|iA⟩, |iB⟩) compensating each other.

Corollary. |Ψ⟩ is a product state ⇐⇒ Schmidt rank r = 1. In that case the single Schmidt coefficient is
λ1 = 1.

Corollary. A bipartite pure state is maximally entangled when all Schmidt coefficients are equal:
λi = 1/

√
r for i = 1, . . . , r, with r = min(dA, dB).

Intuition
A generic bipartite pure state, written in a product basis {|i⟩A ⊗ |j⟩B}, has a coefficient matrix Cij with
no particular structure — it can have many nonzero entries, and there is no obvious way to read off “how
entangled” the state is from its coefficients.

The Schmidt decomposition is the statement that you can always rotate the bases on each side independently
— that is, perform local unitaries UA ⊗UB — to bring C into diagonal form. The number of nonzero diagonal
entries (the rank of C) is then a basis-invariant feature of the state, called the Schmidt rank, and the diagonal
entries themselves capture everything there is to say about local entanglement structure.
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The diagonal form is exactly the SVD of the coefficient matrix C = UΛV †, with U and V the local unitary
changes of basis on A and B, and Λ the diagonal matrix of singular values.

The key intuition: entanglement is a property of how a bipartite state distributes its amplitude
across product directions, and the Schmidt decomposition is the canonical view in which that distribution
is laid out cleanly. A state with one nonzero Schmidt coefficient is a product. A state with all Schmidt
coefficients equal is maximally entangled. Everything in between interpolates monotonically.

Structural Role
The Schmidt decomposition organizes essentially every other concept in pure-state entanglement theory:

• Schmidt rank as entanglement classifier. Schmidt rank 1 = product = separable. Schmidt
rank > 1 = entangled. The maximum possible Schmidt rank is min(dA, dB), achieved by maximally
entangled states.

• Reduced density operators are Schmidt-diagonal. Tracing out B gives ρA =
∑
i λ

2
i |iA⟩⟨iA|, with

eigenvalues equal to the squared Schmidt coefficients. The reduced state on A is automatically diagonal
in the Schmidt basis. The same holds for ρB .

• Entanglement entropy (Node 4.5). S(ρA) = −
∑
i λ

2
i log λ2

i . This is the canonical entanglement
measure for pure states, and it is symmetric in A and B: S(ρA) = S(ρB), since both reduced states
share the same Schmidt spectrum.

• Local unitary equivalence. Two pure bipartite states are related by a local unitary UA ⊗ UB if and
only if they have the same Schmidt coefficients. The Schmidt spectrum is a complete invariant for the
local unitary orbit of pure bipartite states.

• Purification (Node 5.2). Every mixed state ρA on HA is the reduced state of a pure state on
HA ⊗ HB (its “purification”). Schmidt decomposition makes this construction immediate: take
|Ψ⟩ =

∑
i

√
pi|i⟩A ⊗ |i⟩B where ρA =

∑
i pi|i⟩⟨i|.

Mathematical Development
Proof via SVD

Choose any orthonormal product basis {|i⟩A ⊗ |j⟩B} of HA ⊗ HB . Write

|Ψ⟩ =
dA∑
i=1

dB∑
j=1

Cij |i⟩A ⊗ |j⟩B .

The coefficients Cij form a complex dA × dB matrix C. Apply the singular value decomposition:

C = UΣV †,

where U ∈ U(dA), V ∈ U(dB), and Σ is a dA × dB “diagonal” matrix with non-negative real entries σi on the
diagonal (zero elsewhere). The number of nonzero σi is r := rankC.

Substitute back:

|Ψ⟩ =
∑
i,j

∑
k

Uikσk(V †)kj |i⟩A ⊗ |j⟩B =
r∑

k=1
σk

(∑
i

Uik|i⟩A

)
⊗

∑
j

V ∗
jk|j⟩B

 .

Define
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|kA⟩ :=
∑
i

Uik|i⟩A, |kB⟩ :=
∑
j

V ∗
jk|j⟩B , λk := σk.

Then

|Ψ⟩ =
r∑

k=1
λk |kA⟩ ⊗ |kB⟩.

Since U and V are unitary, {|kA⟩}k and {|kB⟩}k are orthonormal. Normalization ⟨Ψ|Ψ⟩ = 1 is equivalent to∑
k λ

2
k = 1 (sum of squared singular values = Frobenius norm squared = 1). ■

Schmidt rank is basis-independent

The Schmidt rank is the rank of any matrix representation of the coefficients, which is invariant under left and
right unitary multiplication. So replacing the original product basis by any other orthonormal product basis
leaves the Schmidt rank unchanged. This is the structural reason Schmidt rank is a meaningful entanglement
classifier.

Reduced density operators

Trace out B from |Ψ⟩⟨Ψ|:

ρA = TrB

∑
i,j

λiλj |iA⟩⟨jA| ⊗ |iB⟩⟨jB |

 =
∑
i,j

λiλj |iA⟩⟨jA| ⟨jB |iB⟩ =
∑
i

λ2
i |iA⟩⟨iA|,

using orthonormality of {|iB⟩}. The reduced state is diagonal in the Schmidt basis with eigenvalues λ2
i . By

the same calculation ρB =
∑
i λ

2
i |iB⟩⟨iB |, so

spec(ρA) = spec(ρB) (up to padding with zeros).

This is a structural fact peculiar to pure bipartite states: the two marginals have identical nonzero spectra.
It fails badly for tripartite or mixed states.

Local unitary equivalence

If |Ψ⟩ and |Ψ′⟩ have the same Schmidt coefficients, they differ by a local unitary: pick UA sending the Schmidt
basis of |Ψ⟩ on A to that of |Ψ′⟩, and similarly UB . Then (UA ⊗ UB)|Ψ⟩ = |Ψ′⟩. Conversely, local unitaries
preserve Schmidt coefficients, since UA ⊗ UB acts on the coefficient matrix as C 7→ UACU

T
B , and SVD is

invariant under left/right unitary multiplication.

The maximally entangled state

A state of the form

|Φ⟩ = 1√
d

d∑
i=1

|i⟩A ⊗ |i⟩B , d = min(dA, dB),

has all Schmidt coefficients equal to 1/
√
d, Schmidt rank d, and reduced state ρA = Id/d (maximally mixed).

It is the unique (up to local unitaries) state with this property and is the canonical “Bell pair” generalization
to dimension d.

82



Worked Example
Schmidt decomposition of the Bell states

The four Bell states on two qubits:

|Φ±⟩ = 1√
2 (|00⟩ ± |11⟩), |Ψ±⟩ = 1√

2 (|01⟩ ± |10⟩).

For |Φ+⟩ the coefficient matrix in the computational product basis is C = 1√
2

(
1 0
0 1

)
, already diagonal

with singular values (1/
√

2, 1/
√

2). The Schmidt decomposition is the same as the original expression:
Schmidt rank 2, equal Schmidt coefficients 1/

√
2, maximally entangled. The reduced state on either side is

ρA = ρB = I/2.

For |Φ−⟩, C = 1√
2

(
1 0
0 −1

)
. The SVD is C = UΣV † with U = I, Σ = 1√

2I, V † =
(

1 0
0 −1

)
. The Schmidt

bases are: |1A⟩ = |0⟩, |2A⟩ = |1⟩, |1B⟩ = |0⟩, |2B⟩ = −|1⟩. The decomposition becomes

|Φ−⟩ = 1√
2

(
|0⟩A ⊗ |0⟩B + |1⟩A ⊗ (−|1⟩B)

)
,

with both Schmidt coefficients 1/
√

2. The minus sign has been absorbed into the local basis on B — it
disappears from the coefficients, illustrating that the Schmidt spectrum is local-unitary invariant.

For |Ψ+⟩ the coefficient matrix is C = 1√
2

(
0 1
1 0

)
, the Pauli X matrix scaled by 1/

√
2. Its SVD has singular

values (1/
√

2, 1/
√

2). Schmidt rank 2, equal coefficients, maximally entangled.

Conclusion. All four Bell states are maximally entangled with identical Schmidt spectra (1/
√

2, 1/
√

2). They
differ only by local unitaries on Bob’s side: |Ψ+⟩ = (I ⊗X)|Φ+⟩, |Ψ−⟩ = (I ⊗XZ)|Φ+⟩, |Φ−⟩ = (I ⊗Z)|Φ+⟩.
The Schmidt decomposition cannot distinguish them, because as far as local entanglement structure goes
they are the same state.

A non-maximally entangled example

Consider |Ψ⟩ =
√

0.9 |00⟩ +
√

0.1 |11⟩. The coefficient matrix is diag(
√

0.9,
√

0.1), already in Schmidt form
with coefficients (

√
0.9,

√
0.1). The reduced state is ρA = 0.9|0⟩⟨0| + 0.1|1⟩⟨1|, a strongly biased mixture.

Entanglement entropy:

S(ρA) = −0.9 log2 0.9 − 0.1 log2 0.1 ≈ 0.469 bits.

Compare with the Bell state’s 1 bit. The state is “less entangled” in the precise sense that its Schmidt
spectrum is more concentrated.

A non-trivial example requiring the SVD

|Ψ⟩ = 1
2 |00⟩ + 1

2 |01⟩ + 1
2 |10⟩ − 1

2 |11⟩.

The coefficient matrix is C = 1
2

(
1 1
1 −1

)
= 1√

2H, where H is the Hadamard. The SVD: H is unitary (in

fact H†H = I), so the singular values of H/
√

2 are both 1/
√

2. The Schmidt decomposition has rank 2 with
coefficients (1/

√
2, 1/

√
2) — this state is also maximally entangled, despite looking quite different from the

Bell states. The Schmidt bases on each side are the eigenvectors of C†C and CC†; for this example they turn
out to be {|+⟩, |−⟩} up to phases. Explicitly:
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|Ψ⟩ = 1√
2

(
|+⟩A|+⟩B + |−⟩A|−⟩B

)
,

a Bell state in the Hadamard basis.

Cross-Links
• Linear Algebra: The singular value decomposition. Schmidt decomposition = SVD with the matrix

indices interpreted as bipartite labels.
• Statistics: Low-rank matrix factorization, principal component analysis. The Schmidt rank is the

algebraic rank of the bipartite coefficient matrix; PCA picks out the same singular structure for data
matrices.

• Module 4.5 (Entanglement measures): Entanglement entropy and all related monotones for pure
states are functions of the Schmidt coefficients alone.

• Module 5.2 (Reduced density operators): Tracing out one subsystem of a pure bipartite state
always yields a state diagonal in the Schmidt basis with Schmidt-squared eigenvalues. Purification
reverses this construction.

• Module 7.4 (Quantum teleportation): The teleportation protocol exploits the Schmidt structure
of Bell states — every qubit state can be moved across by local Bell-basis operations.

Structural Compression
Invariant: Every bipartite pure state has a unique-up-to-rotation list of Schmidt coefficients {λi}, which is
its complete local-unitary invariant.

Mechanism: SVD of the coefficient matrix Cij of |Ψ⟩ in any product basis. The singular values are the
Schmidt coefficients; the left/right singular vectors define the Schmidt bases on A and B.

Cross-System Echo: The same algebraic operation appears as PCA in statistics, low-rank approximation
in numerical analysis, and latent factor models in machine learning. In quantum mechanics it acquires
a structural interpretation as the canonical form of bipartite entanglement: the singular spectrum is the
entanglement spectrum.

Exercises
1. Compute the Schmidt decomposition of |Ψ⟩ = 1√

3 |00⟩ + 1√
3 |01⟩ + 1√

3 |10⟩. What is its Schmidt rank?
2. Show that for a pure bipartite state, the Schmidt rank equals the rank of ρA (and equally of ρB).
3. Verify that all four Bell states have the same Schmidt spectrum (1/

√
2, 1/

√
2), and find local unitaries

connecting them to |Φ+⟩.
4. Prove that a pure bipartite state |Ψ⟩ is a product state if and only if its reduced density operator ρA is

pure.
5. Given a mixed state ρA =

∑
i pi|i⟩⟨i| on HA, construct an explicit purification |Ψ⟩ ∈ HA ⊗ HB with

ρA = TrB |Ψ⟩⟨Ψ|. What is the minimum dimension of HB?
6. For |Ψ⟩ ∈ Cd ⊗ Cd, show that the maximum value of the entanglement entropy S(ρA) is log d, achieved

exactly by maximally entangled states.
7. Argue, structurally, why the Schmidt decomposition cannot be straightforwardly generalized to tripartite

pure states. (Hint: try to diagonalize a three-index tensor by local unitaries and see what goes wrong.)
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Bell States and the CHSH Inequality
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Entanglement Node: 4.4

The CHSH (Clauser–Horne–Shimony–Holt) inequality is the operational form of Bell’s theorem. It is the
moment in the course where entanglement stops being a piece of mathematical structure and starts producing
experimentally falsifiable consequences. The inequality is a tight bound on what any local hidden variable
theory can predict for a particular sum of correlations between two distant measurement parties; the quantum
prediction for a Bell state with the right measurement choices exceeds this bound by a factor of

√
2. The

CHSH violation is the simplest, sharpest experimental certificate that the world is not classically correlated.

Formal Statement
The Bell basis

The four Bell states on two qubits form an orthonormal basis of C2 ⊗ C2:

|Φ+⟩ = 1√
2 (|00⟩ + |11⟩), |Φ−⟩ = 1√

2 (|00⟩ − |11⟩),

|Ψ+⟩ = 1√
2 (|01⟩ + |10⟩), |Ψ−⟩ = 1√

2 (|01⟩ − |10⟩).

Each is maximally entangled (Schmidt coefficients (1/
√

2, 1/
√

2), Node 4.3); each pair differs from |Φ+⟩ by a
single Pauli operator on Bob’s qubit. The state |Ψ−⟩ is the singlet, the unique two-qubit state invariant
under U ⊗ U for every U ∈ SU(2).

The CHSH operator

Let Alice and Bob each hold one qubit of a shared two-qubit state. Each chooses one of two possible
measurements, each with outcomes ±1:

• Alice measures observable A0 or A1, each with eigenvalues ±1.
• Bob measures observable B0 or B1, each with eigenvalues ±1.

The CHSH operator is

B := A0 ⊗B0 +A0 ⊗B1 +A1 ⊗B0 −A1 ⊗B1.

For a shared state ρ, the CHSH expectation is ⟨B⟩ρ = Tr(Bρ).

The classical (local hidden variable) bound

Theorem (CHSH inequality). If the joint distribution of (A0, A1, B0, B1) admits a local hidden variable
model — i.e., there is a probability distribution p(λ) and deterministic response functions ai(λ) ∈ {−1,+1},
bj(λ) ∈ {−1,+1} such that

⟨AiBj⟩ =
∫
p(λ) ai(λ)bj(λ) dλ

— then

|⟨B⟩LHV| ≤ 2.
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The quantum (Tsirelson) bound

Theorem (Tsirelson 1980). For any quantum state ρ on a bipartite Hilbert space and any observables
Ai, Bj with eigenvalues in [−1,+1],

|⟨B⟩QM| ≤ 2
√

2.

Both bounds are tight: there exist explicit local-deterministic strategies achieving ⟨B⟩ = 2, and there is a
quantum state and choice of observables achieving ⟨B⟩ = 2

√
2. The latter requires entanglement.

The gap between 2 and 2
√

2 is the structural distance between local classical realism and quantum mechanics.

Intuition
The CHSH inequality is the simplest statement of correlation that any local-realist theory must
satisfy. “Local realist” here means: every measurement outcome is determined by a pre-existing variable
λ (realism) that is shared between the parties without any influence travelling faster than light (locality).
Under those two assumptions, the algebraic identity

A0(B0 +B1) +A1(B0 −B1) = ±2

holds for any individual run, because exactly one of B0 +B1 and B0 −B1 vanishes (the other is ±2). Averaging
over λ gives the bound 2.

Quantum mechanics violates this bound because the four observables A0, A1, B0, B1 cannot all be assigned
simultaneous values. The product A0B0 is the expectation of a jointly measurable pair (Alice and Bob measure
it at spacelike separation), but A0B0 and A1B0 cannot be jointly measured by Alice (her two observables
don’t commute), so the algebraic step “factor out B0” has no quantum analogue. The non-commutation of
Alice’s observables is what gives quantum mechanics access to the extra

√
2.

The intuitive content is: non-commuting measurements on an entangled state produce correlations
stronger than any pre-existing classical assignment of values can match. The Bell test is a
quantitative way to measure this incompatibility from the outside, without ever having to commit to a
particular interpretation of the wavefunction.

Structural Role
CHSH is the foundational empirical statement of quantum nonlocality and the starting point for several large
structural pieces of quantum theory:

• Bell’s theorem (Module 10). The CHSH inequality is one operational form of Bell’s general
result that no local hidden variable theory can reproduce all the predictions of quantum mechanics.
Loophole-free experimental violations (Hensen et al. 2015 and successors) established this empirically.

• Device-independent cryptography. Because CHSH violation can be observed without trusting the
internal workings of measurement devices, it is the structural foundation of device-independent QKD:
a protocol whose security depends only on the observed CHSH score, not on assumptions about the
apparatus.

• Tsirelson bound and quantum information geometry. The Tsirelson bound 2
√

2 singles out the
quantum correlations from the non-signalling correlations more generally; the latter could in principle
reach 4 (the algebraic maximum). Why nature stops at 2

√
2 and not higher is an open foundational

question (Popescu–Rohrlich boxes are the standard non-quantum reference).
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• Entanglement certification. A CHSH score > 2 is a sufficient (though not necessary) certificate
of entanglement. Werner showed entangled states with no CHSH violation exist, so CHSH is strictly
weaker than entanglement, but it remains the most experimentally accessible test.

• Self-testing. A maximal CHSH violation 2
√

2 certifies the state and measurements uniquely, up to
local isometry: it must be a Bell state with the canonical anti-commuting measurements. This rigidity
is the basis of self-testing protocols.

Mathematical Development
Derivation of the classical bound

Let λ be the hidden variable and ai(λ), bj(λ) ∈ {−1,+1} the local deterministic response functions. The
CHSH expression for a single λ is

S(λ) := a0(λ)b0(λ) + a0(λ)b1(λ) + a1(λ)b0(λ) − a1(λ)b1(λ).

Factor:

S(λ) = a0(λ)[b0(λ) + b1(λ)] + a1(λ)[b0(λ) − b1(λ)].

Since b0(λ), b1(λ) ∈ {−1,+1}, one of b0 + b1 and b0 − b1 is ±2 and the other is 0. Therefore |S(λ)| = 2 for
every λ, and

|⟨B⟩LHV| =
∣∣∣∣∫ p(λ)S(λ) dλ

∣∣∣∣ ≤
∫
p(λ)|S(λ)| dλ = 2.

This is a deterministic bound at the level of each λ, so any randomization over λ (or any stochastic LHV
that is convex in deterministic LHVs) inherits it. ■

The Tsirelson bound

The CHSH operator can be rewritten as

B = A0 ⊗ (B0 +B1) +A1 ⊗ (B0 −B1).

Compute B2:

B2 = A2
0 ⊗ (B0 +B1)2 +A2

1 ⊗ (B0 −B1)2 + {A0, A1} ⊗ (B0 +B1)(B0 −B1).

For observables with A2
i = I,B2

j = I (eigenvalues ±1),

(B0 +B1)2 + (B0 −B1)2 = 4I, (B0 +B1)(B0 −B1) = [B1, B0],

and similarly the cross term involves [A0, A1] = −[A1, A0]. Combining:

B2 = 4 I ⊗ I + [A0, A1] ⊗ [B0, B1].

Using ∥[A0, A1]∥ ≤ 2 and ∥[B0, B1]∥ ≤ 2 (operator norm of a commutator of bounded-by-1 observables),

∥B2∥ ≤ 4 + 4 = 8, ∥B∥ ≤ 2
√

2.

Hence |⟨B⟩| ≤ ∥B∥ ≤ 2
√

2 for any state. ■
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Saturating the Tsirelson bound

The bound is saturated by choosing [A0, A1] and [B0, B1] maximally non-commuting and the state in the
joint maximal-eigenvalue eigenspace of B. Concretely, on |Φ+⟩ the choice

A0 = Z, A1 = X, B0 = Z +X√
2

, B1 = Z −X√
2

gives

⟨A0B0⟩ = 1√
2
, ⟨A0B1⟩ = 1√

2
, ⟨A1B0⟩ = 1√

2
, ⟨A1B1⟩ = − 1√

2
,

and the CHSH expectation is 4 · 1√
2 = 2

√
2.

Loopholes and loophole-free experiments

Early Bell tests had three structural loopholes: detection (low photon counters could allow biased subsamples
to fake nonlocality), locality (measurements not spacelike separated), and freedom-of-choice (the choice of
measurement settings could in principle be correlated with the hidden variable). Loophole-free experiments
closing all three simultaneously were achieved in 2015 (Hensen et al. with NV centres; Giustina et al. and
Shalm et al. with photons). Each used a different physical platform and converged on the same conclusion:
the CHSH violation is real, statistically significant, and not an artefact of any classical loophole.

Rigidity (self-testing)

If a black-box experiment achieves CHSH score arbitrarily close to 2
√

2, then up to local isometry the shared
state must be a Bell state and the measurements must be the maximally non-commuting choices above. This
is a rigidity statement: the maximal violation pins down the underlying physical implementation, even
with adversarial assumptions about the devices. Self-testing protocols use this rigidity to certify quantum
hardware in device-independent ways.

Worked Example
Optimal CHSH measurements on |Φ+⟩

Take the state |Φ+⟩ = 1√
2 (|00⟩ + |11⟩) and the measurements

A0 = Z =
(

1 0
0 −1

)
, A1 = X =

(
0 1
1 0

)
,

B0 = Z +X√
2

= 1√
2

(
1 1
1 −1

)
, B1 = Z −X√

2
= 1√

2

(
1 −1

−1 −1

)
.

Each is Hermitian with eigenvalues ±1 (so they are valid ±1-valued observables).

Compute ⟨A0 ⊗B0⟩ on |Φ+⟩. Using the identity ⟨Φ+|M ⊗N |Φ+⟩ = 1
2 Tr(MTN) (exercise),

⟨Z ⊗B0⟩ = 1
2 Tr(ZB0) = 1

2 · 1√
2 Tr

(
1 1

−1 1

)
= 1

2 · 1√
2 · 2 = 1√

2 .

By similar computations:
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⟨Z ⊗B1⟩ = 1√
2 , ⟨X ⊗B0⟩ = 1√

2 , ⟨X ⊗B1⟩ = − 1√
2 .

CHSH expectation:

⟨B⟩ = 1√
2 + 1√

2 + 1√
2 −

(
− 1√

2

)
= 4√

2
= 2

√
2.

The Tsirelson bound is saturated. This is the cleanest experimental signature of quantum entanglement.

A separable state cannot violate CHSH

For any separable state ρ =
∑
k pkρ

(k)
A ⊗ ρ

(k)
B ,

⟨B⟩ρ =
∑
k

pk⟨A0⟩k⟨B0⟩k + · · ·

(each correlator factorizes within a product component). Since each ⟨Ai⟩k, ⟨Bj⟩k ∈ [−1, 1], the same algebraic
argument as the LHV bound gives |⟨B⟩ρ| ≤ 2. So the inequality ⟨B⟩ > 2 is a sufficient (though not necessary)
certificate of entanglement.

A Werner state’s CHSH expectation

For the Werner state ρW (p) = p|Φ+⟩⟨Φ+| + (1 − p)I/4, linearity of ⟨B⟩ gives

⟨B⟩ρW (p) = p · 2
√

2 + (1 − p) · 0 = 2
√

2 p

(the maximally mixed state has zero CHSH expectation). The state violates CHSH iff p > 1/
√

2 ≈ 0.707. Note
that for 1/3 < p ≤ 1/

√
2 the state is entangled (Node 4.2) but does not violate CHSH — there exist entangled

states that admit local hidden variable models for projective measurements (Werner 1989). Entanglement
and Bell nonlocality are not equivalent.

Cross-Links
• Statistics: Conditional independence in causal graphical models. The CHSH inequality is a constraint

on the joint distribution of four binary variables under the assumption of a common cause λ screening
off all correlations.

• Quantum Information: Device-independent quantum key distribution; randomness expansion;
self-testing; entanglement certification.

• Module 4.2 (Separability): Separable states cannot violate CHSH. The converse (entanglement
implies CHSH violation) fails — Werner states between 1/3 and 1/

√
2 are entangled but CHSH-local.

• Module 6 (Interpretations): Bell’s theorem rules out local hidden variable theories but is compatible
with non-local hidden variables (Bohmian mechanics), many-worlds (no collapse), and operationalist
views (denial of objective values prior to measurement).

• Module 10.1 (Bell’s theorem): The full statement of Bell’s theorem and its experimental history;
CHSH is the operational form most often used.
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Structural Compression
Invariant:

|⟨B⟩|LHV ≤ 2 < 2
√

2 = |⟨B⟩|max
QM < 4 = |⟨B⟩|max

NS .

Mechanism: The CHSH operator on a Bell state has B2 = 4I + [A0, A1] ⊗ [B0, B1]; maximizing over
non-commuting Pauli pairs gives ∥B∥ = 2

√
2.

Cross-System Echo: Bell-type inequalities generalize to causal inference in classical statistics: a directed
acyclic graph imposes algebraic constraints on observable joint distributions that can be tested empirically.
The CHSH inequality is the quantum-violation case, where the common cause postulate of classical causal
models fails.

Exercises
1. Verify the identity ⟨Φ+|M ⊗N |Φ+⟩ = 1

2 Tr(MTN) for arbitrary 2 × 2 matrices M,N .
2. Compute B2 explicitly for the optimal Pauli choice A0 = Z,A1 = X,B0 = (Z + X)/

√
2, B1 =

(Z −X)/
√

2, and verify that its largest eigenvalue is 8.
3. Show that the singlet |Ψ−⟩ achieves CHSH violation −2

√
2 with the same measurement choices (note

the sign).
4. Derive the CHSH bound for a stochastic local hidden variable model (where the response functions
ai, bj are random rather than deterministic). Show that the bound is the same.

5. Compute ⟨B⟩ for the maximally mixed state I/4 with the optimal measurements. Why is the result
zero?

6. Construct a local hidden variable model that achieves ⟨B⟩ = 2 exactly. (Hint: take λ uniform on a
single bit, ai(λ) = λ, bj(λ) = (−1)ijλ or similar.)

7. Argue, structurally, why the Tsirelson bound 2
√

2 and not the algebraic bound 4 is the quantum
maximum. What feature of quantum mechanics makes 4 unattainable?
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Entanglement Measures
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Entanglement Node: 4.5

How much entanglement does a state have? For pure bipartite states the answer is essentially unique up to
monotone reparameterization: the entanglement entropy of a reduced density operator is the canonical
measure. For mixed states the situation fragments — different operational tasks (creating, distilling, certifying
entanglement) induce different measures, none of which agrees with any other in general. This node lays
out the axiomatic structure of an entanglement measure, the canonical pure-state measure (entanglement
entropy), and a survey of the major mixed-state generalizations.

Formal Definition
Axioms of an entanglement measure

An entanglement measure is a function E : D(HA ⊗ HB) → R≥0 satisfying at least:

1. Vanishing on separable states. E(ρ) = 0 for every separable ρ.
2. LOCC monotonicity. E(Λ(ρ)) ≤ E(ρ) for every LOCC operation Λ. (Often strengthened to strong

monotonicity: average non-increase under stochastic LOCC.)

Common additional desiderata:

3. Convexity. E(
∑
k pkρk) ≤

∑
k pkE(ρk). Mixing should not increase entanglement.

4. Continuity. E is continuous in ρ (in trace norm).
5. Asymptotic additivity. E(ρ⊗n) = nE(ρ) — consistent treatment of n independent copies.
6. Normalization. E(|Φ+⟩⟨Φ+|) = log 2 = 1 bit for the canonical Bell state.

A function satisfying (1) and (2) is often called an entanglement monotone; the stronger desiderata pick out
specific physically meaningful measures.

Pure-state entanglement entropy

For a pure bipartite state |Ψ⟩AB with reduced state ρA := TrB |Ψ⟩⟨Ψ|, the entanglement entropy is

E(|Ψ⟩) := S(ρA) = − Tr(ρA log2 ρA) = −
∑
i

λ2
i log2 λ

2
i ,

where {λ2
i } are the squared Schmidt coefficients of |Ψ⟩ (Node 4.3). By the symmetry of the Schmidt

decomposition, S(ρA) = S(ρB), so the measure is symmetric in A ↔ B.

For pure states this is the unique asymptotically continuous, normalized, additive entanglement measure:
any other reasonable measure equals it (for pure bipartite states) up to choice of logarithm base.

Mixed-state generalizations

For mixed bipartite states the entropy of the reduced state is not a valid entanglement measure — a separable
but correlated state has nonzero S(ρA) too. The standard mixed-state measures are:

• Entanglement of formation: EF (ρ) := min
∑
k pkS(ρ(k)

A ), minimized over decompositions ρ =∑
k pk|ψk⟩⟨ψk| into pure states. This is a convex roof construction.

• Distillable entanglement: ED(ρ) := the asymptotic rate at which Bell pairs can be extracted from
many copies of ρ by LOCC.

• Relative entropy of entanglement: ER(ρ) := minσ∈S S(ρ∥σ), the quantum relative entropy from ρ
to the closest separable state.
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• Logarithmic negativity: EN (ρ) := log2 ∥ρTB ∥1, built from the partial-transpose negativity.

These coincide on pure states (= S(ρA)) but generically disagree on mixed states.

Intuition
Entanglement is a resource, and resource theories ask “how much of it do you have?”. The answer depends on
what you want to do with it. Two natural operational meanings:

• Cost. How many Bell pairs must I consume to make a copy of this state by LOCC? → entanglement
of formation.

• Yield. How many Bell pairs can I extract from this state by LOCC? → distillable entanglement.

For pure states these two converge to the same number — the entanglement entropy. For mixed states they
generically don’t, and there are even bound entangled states for which the cost is positive but the yield is
zero (Node 4.2).

The pure-state case is the “thermodynamic limit” of entanglement theory: in the asymptotic regime of many
independent copies, all reasonable entanglement measures collapse to one number, the entropy of the reduced
state. The mixed-state case is “non-equilibrium” entanglement theory, where conversion between forms is
generally lossy and the resource splinters into a hierarchy.

The structural picture is that the entanglement entropy plays the same role for entanglement that ther-
modynamic entropy plays for energy: it counts the exchangeable units of the resource in the asymptotic
regime.

Structural Role
Entanglement measures provide the resource-theoretic backbone of quantum information:

• Quantification. They turn the qualitative question “is this state entangled?” into a quantitative one
with operational meaning.

• Conversion. They bound how much entanglement can be transformed from one form to another by
LOCC. The “second law of entanglement” (EF ≥ ED always) parallels the second law of thermodynamics.

• Quantum-classical boundary. Entanglement entropy of subsystems is the order parameter that
diagnoses topological and conformal phases of matter (area-law vs volume-law entanglement).

• Holography (AdS/CFT). The Ryu–Takayanagi formula relates the entanglement entropy of a
boundary region to the area of a minimal surface in the bulk geometry. This is one of the most striking
structural appearances of entanglement entropy outside quantum information theory.

• Decoherence (Module 5). Open-system dynamics typically transform high-entanglement-entropy
pure states into separable mixed states, with the entropy “leaking” into system-environment correlations.

• VQA. Trainability of variational quantum circuits depends sensitively on entanglement growth —
barren plateaus arise when the circuit’s outputs become almost-maximally entangled with auxiliary
degrees of freedom.

Mathematical Development
Why the Schmidt spectrum determines pure-state entanglement

Two pure bipartite states are convertible into each other by local unitaries UA ⊗ UB iff they have the
same Schmidt coefficients (Node 4.3). Any entanglement measure invariant under local unitaries (a basic
requirement) is therefore a function of the Schmidt spectrum alone. Adding asymptotic additivity and
continuity narrows it down to the entropy.
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Theorem (Donald–Horodecki–Rudolph 2002, refining Bennett–DiVincenzo–Smolin–Wootters
1996). Among entanglement measures that are normalized, asymptotically continuous, and additive on
tensor products of pure bipartite states, the entanglement entropy is unique.

LOCC monotonicity of entropy on pure states

If |Ψ′⟩ is obtained from |Ψ⟩ by LOCC with probability p (for pure-to-pure conversions, this means deterministic
conversion via local unitaries plus probabilistic mixing), then by Nielsen’s theorem (1999),

|Ψ⟩ LOCC−−−−→ |Ψ′⟩ ⇐⇒ λ⃗(Ψ) ≺ λ⃗(Ψ′),

where λ⃗(Ψ) = (λ2
1, λ

2
2, . . .) is the squared Schmidt vector and ≺ denotes majorization (λ⃗ ≺ µ⃗ iff every

cumulative sum of λ⃗ is bounded by the corresponding cumulative sum of µ⃗).

The entanglement entropy is Schur-concave (decreases under majorization), so deterministic LOCC |Ψ⟩ → |Ψ′⟩
requires S(ρA) ≥ S(ρ′

A). This is the LOCC-monotonicity statement for entropy.

Concentration and dilution

• Concentration. n copies of a partially entangled pure state |Ψ⟩ can be converted, asymptoti-
cally, into approximately nS(ρA) Bell pairs by LOCC. This is entanglement concentration (Ben-
nett–Bernstein–Popescu–Schumacher).

• Dilution. Conversely, m Bell pairs can be converted into approximately m/S(ρA) copies of |Ψ⟩ by
LOCC. This is entanglement dilution.

The two rates match: pure-state entanglement is asymptotically reversible, and the conversion rate is exactly
S(ρA).

Entanglement of formation and the convex roof

For a mixed state ρ, define

EF (ρ) := inf
{pk,|ψk⟩}

∑
k

pkS(TrB |ψk⟩⟨ψk|) ,

the infimum over all pure-state ensembles {pk, |ψk⟩} realizing ρ =
∑
k pk|ψk⟩⟨ψk|. The convex roof structure

ensures vanishing on separable states (which have decompositions into product states with zero Schmidt
entropy) and convexity by construction.

For two qubits, Wootters (1998) gave a closed-form expression in terms of the concurrence C(ρ) ∈ [0, 1]:

EF (ρ) = h

(
1+

√
1−C(ρ)2

2

)
, h(x) := −x log2 x− (1 − x) log2(1 − x),

with C(ρ) := max{0,√µ1 − √
µ2 − √

µ3 − √
µ4} and µi the eigenvalues (in decreasing order) of ρρ̃, where

ρ̃ := (Y ⊗ Y )ρ∗(Y ⊗ Y ). This gives the unique closed-form mixed-state entanglement measure for two qubits.

Distillable entanglement and bound entanglement

ED(ρ) is defined as the supremum, over all LOCC protocols, of the asymptotic rate m/n at which n copies of
ρ can be converted into m Bell pairs with vanishing error. It satisfies ED(ρ) ≤ EF (ρ), with strict inequality
for many mixed states. For PPT-entangled states (Node 4.2) the distillable entanglement is exactly zero,
even though entanglement of formation is positive — these are the bound entangled states.
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Logarithmic negativity

The simplest computable mixed-state monotone is the logarithmic negativity:

EN (ρ) := log2 ∥ρTB ∥1,

where ∥ · ∥1 is the trace norm. This is positive iff the partial transpose has negative eigenvalues, vanishing on
PPT states (which include all separable states). It is an entanglement monotone but is not convex, and does
not coincide with the entropy on pure states. Its main virtue is computability: no minimization or convex
roof is required.

Worked Example
Bell state entropy

For |Φ+⟩ = 1√
2 (|00⟩ + |11⟩), the reduced state is

ρA = 1
2 |0⟩⟨0| + 1

2 |1⟩⟨1| = I
2 .

Entanglement entropy: S(ρA) = − 1
2 log2

1
2 − 1

2 log2
1
2 = 1 bit.

This is the maximum possible entanglement entropy for a two-qubit state, since ρA is maximally mixed in
dimension 2 and log2 2 = 1. All four Bell states share this entropy.

Partially entangled pure state

For |Ψ⟩ = cos(θ/2)|00⟩ + sin(θ/2)|11⟩, the reduced state is

ρA = cos2(θ/2)|0⟩⟨0| + sin2(θ/2)|1⟩⟨1|,

with entropy h(cos2(θ/2)), the binary entropy. At θ = π/2 this equals 1 (Bell state); at θ = 0 it equals 0
(product state |00⟩). The function interpolates monotonically.

Werner state entanglement of formation

For the Werner state ρW (p) = p|Φ+⟩⟨Φ+| + (1 − p)I/4 (Node 4.2), Wootters’ formula gives

C(ρW (p)) = max{0, (3p− 1)/2}.

So the entanglement of formation is

EF (ρW (p)) =

0 p ≤ 1/3

h

(
1+

√
1−((3p−1)/2)2

2

)
p > 1/3,

continuous in p, zero at the separability boundary, monotonically increasing toward 1 bit at p = 1. The
structural threshold p = 1/3 coincides with the PPT/separability threshold derived in Node 4.2.
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Bell state vs. classical correlation

Compare |Φ+⟩⟨Φ+| (Bell state, 1 bit of entanglement entropy) with 1
2 (|00⟩⟨00|+|11⟩⟨11|) (classically correlated,

separable). Both have the same reduced state ρA = I/2 and so the same von Neumann entropy of the
reduction. But the second is separable: it has zero entanglement of formation. The entropy of the reduced
state is the same, but its significance differs. This is why S(ρA) is a valid entanglement measure only for
pure bipartite states.

Cross-Links
• Statistics: Mutual information I(A : B) = S(ρA) + S(ρB) − S(ρAB) generalizes Shannon mutual

information; for pure bipartite states it equals 2S(ρA).
• Information Theory: Shannon entropy is the classical analogue of von Neumann entropy; entanglement

entropy is the part of quantum mutual information that has no classical realization.
• Module 4.3 (Schmidt decomposition): Entanglement entropy is a function of the Schmidt spectrum.
• Module 4.6 (Monogamy): Entanglement measures (especially squared concurrence) satisfy monogamy

inequalities like CKW.
• Module 5 (Decoherence): Decoherence typically reduces entanglement of formation to zero, often in

finite time.
• Module 7 (Quantum Information): Channel capacities (entanglement-assisted, quantum, private)

are formulated as regularized entropy quantities; entanglement measures are the resource currencies.

Structural Compression
Invariant: LOCC monotonicity: any reasonable entanglement measure is non-increasing under local
operations and classical communication. Vanishing on separable states is the boundary condition.

Mechanism: For pure states, entanglement entropy S(ρA) = −
∑
i λ

2
i log λ2

i . For mixed states, convex-roof
extensions (entanglement of formation), regularized rates (distillable entanglement), or norm-based monotones
(negativity).

Cross-System Echo: Statistical entropy quantifies uncertainty about a system; entanglement entropy
quantifies correlation with an unobserved partner. The same mathematical object — von Neumann entropy
of a reduced density operator — plays both roles, depending on whether the larger system is regarded as a
closed pure state or as a mixed ensemble.

Exercises
1. Compute the entanglement entropy of |Ψ⟩ = 1√

3 (|00⟩ + |11⟩ + |22⟩) on C3 ⊗ C3.
2. Show that the entanglement entropy is invariant under local unitaries UA ⊗ UB .
3. For the partially entangled state |Ψ⟩ = cos θ|00⟩ + sin θ|11⟩, plot S(ρA) as a function of θ. Where is the

maximum?
4. Show that for any pure state |Ψ⟩ ∈ Cd⊗Cd, S(ρA) ≤ log2 d, with equality iff |Ψ⟩ is maximally entangled.
5. Verify that the classically correlated state 1

2 (|00⟩⟨00| + |11⟩⟨11|) is separable but has S(ρA) = 1 bit.
Why doesn’t this count as 1 bit of entanglement?

6. Compute the logarithmic negativity EN (ρW (p)) of the Werner state and compare its dependence on p
with the entanglement of formation.

7. Argue, structurally, why pure-state entanglement is asymptotically reversible (one number suffices)
while mixed-state entanglement is not (irreducible hierarchy of measures).
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Monogamy of Entanglement
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Entanglement Node: 4.6

Quantum entanglement cannot be freely shared. If two parties A and B are maximally entangled, then A
cannot be entangled with any third party C at all. This is structurally different from classical correlation,
which can be shared arbitrarily: three people can be perfectly correlated on a shared random bit. Monogamy is
one of the sharpest structural distinctions between quantum and classical information, and it is the structural
reason quantum key distribution is secure — any eavesdropper’s entanglement with the transmitted state
costs entanglement between the legitimate parties in a quantifiable way.

Formal Statement
The CKW (Coffman–Kundu–Wootters) inequality

Let A,B,C be three qubits in a joint state ρABC . Define the tangle τ(ρ) := C(ρ)2, the squared concurrence
(Node 4.5). Then

τ(A,B) + τ(A,C) ≤ τ(A,BC),

where τ(A,B) and τ(A,C) are the tangles of the two-qubit reduced states ρAB = TrC ρABC and ρAC =
TrB ρABC , and τ(A,BC) is the tangle of the bipartition A versus (B,C) treated as a single four-dimensional
subsystem.

The inequality is tight: it is saturated by the GHZ state, and its deficit (the difference between right and left
sides) is called the three-tangle or residual tangle,

τABC := τ(A,BC) − τ(A,B) − τ(A,C),

which is a genuine measure of three-party entanglement that cannot be captured by bipartite tangles alone.

General formulation

For higher dimensions and larger numbers of parties, the CKW inequality has been generalized in various
ways. The cleanest version is due to Osborne and Verstraete (2006):

n∑
i=2

τ(A1, Ai) ≤ τ(A1, A2 · · ·An)

for any n-qubit pure state. The structural content is the same: the total bipartite entanglement between one
party and each of the others is bounded above by the bipartite entanglement between that party and the rest
of the system considered as a whole.

Not every entanglement measure is monogamous in this sense; for instance, entanglement of formation is not
monogamous on three qubits. Squared concurrence (the tangle) is the canonical choice for which the CKW
inequality holds.
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Intuition
Classical correlations are sharable without limit. If Alice, Bob, and Charlie each hold a copy of a shared
random bit x, Alice is perfectly correlated with Bob and perfectly correlated with Charlie, simultaneously.
There is no upper bound on how many parties can share the same classical information.

Quantum entanglement cannot be copied this way, structurally. The reason traces back to the no-cloning
theorem (Node 7.2): if Alice could share a maximally entangled Bell pair with both Bob and Charlie
simultaneously, she could (in effect) clone the Bell pair by tracing out one side, violating no-cloning. Monogamy
is the quantitative refinement of this impossibility: not just “you can’t share Bell pairs perfectly with two
partners,” but “the more entanglement you have with Bob, the less you can have with Charlie,” with an
exact trade-off relation.

The paradigmatic fact: if A is in a pure entangled state with B, then C is completely uncorrelated
with A. Mathematically, if ρAB is pure, then ρABC = ρAB ⊗ ρC , so C factorizes off. There is no room for A
to be entangled with anything else when its entanglement with B is already “saturated.”

The CKW inequality makes this precise for partial entanglement: whatever entanglement A has with B
subtracts from the entanglement it can have with C, in a specific quadratic way.

Structural Role
Monogamy is one of the load-bearing structural facts of quantum information theory:

• Quantum key distribution (QKD) security. In BB84 or E91 protocols, Alice and Bob measure
correlated halves of a Bell state. If an eavesdropper Eve has entanglement with the qubits in transit,
monogamy forces a reduction in Alice–Bob correlations that Alice and Bob can detect via Bell tests.
The security of QKD is literally the CKW inequality applied to Alice–Bob–Eve.

• No-cloning reinforcement. Monogamy is the continuous-valued form of no-cloning. No-cloning says
you can’t copy arbitrary quantum states; monogamy says that even partial copies (approximate cloners)
must degrade the original’s entanglement with the environment.

• Constraint on multi-party entanglement. Monogamy means that entanglement in an n-party
system is a constrained resource; a party cannot be simultaneously maximally entangled with all others.
This disciplines the structure of multipartite entanglement into hierarchies like GHZ-class vs. W-class.

• Holography and the ER=EPR conjecture. In AdS/CFT, the bulk geometry dual to an entangled
boundary state has a wormhole structure. Monogamy of entanglement on the boundary corresponds
to the topological fact that one side of a wormhole can connect to only one other side — a striking
structural alignment between quantum information and spacetime geometry.

• Many-body physics. Monogamy constrains the entanglement structure of ground states of local
Hamiltonians and is behind the emergence of area laws for entanglement entropy in gapped systems.

Mathematical Development
Proof sketch of CKW for three qubits

Coffman, Kundu, and Wootters (2000) proved the inequality for pure three-qubit states by direct calculation
using Wootters’ closed-form expression for the concurrence. The key steps:

1. For a pure three-qubit state |ψ⟩ABC , the bipartition A|BC treats BC as a four-dimensional system and
τ(A,BC) = 4 det ρA, where ρA = TrBC |ψ⟩⟨ψ|. For a qubit, 4 det ρA = 1 − |r⃗|2 where r⃗ is the Bloch
vector.

2. The two-qubit reduced states ρAB , ρAC are generally mixed; their concurrences are computed by
Wootters’ formula.

3. Algebraic manipulation (lengthy but direct) shows τ(A,B) + τ(A,C) ≤ 4 det ρA = τ(A,BC), with
equality iff the three-tangle vanishes.
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The extension to mixed states is by convex roof: the CKW inequality holds for any convex roof extension of
the squared concurrence, and equals the pure-state expression on extremal points.

Three-tangle as a genuine tripartite invariant

The residual τABC := τ(A,BC) − τ(A,B) − τ(A,C) measures the entanglement that is not captured by any
of the bipartite reductions. It is symmetric under permutation of A,B,C (a nontrivial fact), is invariant
under local unitaries, and vanishes on states that are in the “W class” (discussed below). It characterizes a
genuinely multipartite form of entanglement.

Why the squared concurrence?

Not every entanglement monotone satisfies a monogamy inequality. Entanglement of formation EF , despite
being convex and monotonic under LOCC, is not monogamous: there exist three-qubit states with
EF (A,B) + EF (A,C) > EF (A,BC). The tangle (squared concurrence) is special because its convex-roof
structure interacts correctly with the bipartition. Later generalizations (Bai et al., 2014) showed that any
α-th power of the concurrence with α ≥ 2 is monogamous, while α < 2 fails.

Structurally, monogamy is a feature of the geometry of state space under specific measures, not a universal
property of “entanglement.” The right way to read the CKW inequality is as picking out τ as the monogamous
measure, rather than claiming that entanglement in general is monogamous.

The Osborne–Verstraete extension

For pure states of n qubits, Osborne and Verstraete proved:

n∑
i=2

τ(A1, Ai) ≤ τ(A1, A2 · · ·An) = 4 det ρA1 .

The right side is bounded by 1 (for a qubit), so the total tangle of A1 distributed among the remaining n− 1
parties is bounded by 1. This is the quantitative form of “you cannot simultaneously maximally entangle one
qubit with many others.”

Worked Example
GHZ state

The three-qubit GHZ state

|GHZ⟩ = 1√
2 (|000⟩ + |111⟩)

has reduced states

ρAB = 1
2 (|00⟩⟨00| + |11⟩⟨11|), ρA = 1

2I.

The two-qubit reduced state ρAB is separable (a classical mixture of |00⟩ and |11⟩), so its concurrence
C(A,B) = 0 and tangle τ(A,B) = 0. By symmetry τ(A,C) = 0. The bipartite tangle is

τ(A,BC) = 4 det ρA = 4 · 1
4 = 1.

CKW inequality:
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τ(A,B) + τ(A,C) = 0 ≤ 1 = τ(A,BC),

satisfied with maximum deficit. The three-tangle is τABC = 1 — the GHZ state has all of its entanglement in
the genuinely tripartite mode.

The structural picture: GHZ distributes entanglement so that no pair of qubits is entangled when the third
is traced out, yet the global state is maximally entangled against any single-qubit cut. This is genuinely
“non-bipartite” entanglement, undetectable by any bipartite measure.

W state

The three-qubit W state

|W ⟩ = 1√
3 (|001⟩ + |010⟩ + |100⟩)

has reduced states

ρAB = 1
3


1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0

 , ρA = 1
3 |1⟩⟨1| + 2

3 |0⟩⟨0|.

Wootters’ formula gives C(A,B) = 2/3, so τ(A,B) = 4/9. By symmetry τ(A,C) = 4/9. Compute

τ(A,BC) = 4 det ρA = 4 · 2
3 · 1

3 = 8
9 .

CKW inequality:

τ(A,B) + τ(A,C) = 4
9 + 4

9 = 8
9 = τ(A,BC).

The inequality is saturated, and the three-tangle of the W state is zero:

τABC(W ) = 0.

Structurally: the W state distributes its entanglement entirely into bipartite correlations — every pair is
entangled, but there is no genuinely tripartite residue. This is the W class of tripartite entanglement, distinct
from the GHZ class: local unitaries cannot convert between the two, even with finite probability.

Taxonomy of three-qubit entanglement. Tripartite pure states come in two structurally different
families:

• GHZ class: τABC > 0. Genuinely tripartite entanglement. Tracing out any party destroys all
remaining correlation.

• W class: τABC = 0. Pairwise entanglement only. Robust to the loss of one party — the remaining
pair is still entangled.

This is the structural explanation for why “a Bell pair plus a spectator” (product class), the W state (pairwise),
and the GHZ state (tripartite) are the irreducible patterns of three-qubit entanglement.
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QKD security sketch

In an E91-style protocol, Alice and Bob share Bell pairs distributed through a channel. An eavesdropper
Eve can, in principle, intercept and entangle an ancilla with each pair. The tripartite state is |Ψ⟩ABE , and
monogamy bounds:

τ(A,B) + τ(A,E) ≤ τ(A,BE).

If Alice and Bob verify by Bell tests that their two-party tangle is close to 1 (maximal entanglement),
then τ(A,E) is forced close to 0 — Eve cannot be entangled with A. No entanglement with A means Eve
cannot extract information about the shared key in a coherent way. This is the structural origin of QKD
security.

Cross-Links
• Module 4.5 (Entanglement measures): The squared concurrence (tangle) is the monogamous

measure; not all entanglement measures share this property.
• Module 7.2 (No-cloning): Monogamy is the continuous quantitative form of the no-cloning theorem.
• Quantum Information: QKD security proofs rely on monogamy to bound an eavesdropper’s

correlations.
• Holography: ER=EPR and Ryu–Takayanagi align monogamy with the topological structure of bulk

wormholes.
• Statistics: Classical mutual information is not monogamous — perfect correlation can be shared freely.

Monogamy is a structural feature with no classical analogue.

Structural Compression
Invariant:

τ(A,B) + τ(A,C) ≤ τ(A,BC).

Bipartite entanglements sharing a common party satisfy a quadratic constraint.

Mechanism: For three-qubit pure states, direct algebraic proof using Wootters’ concurrence formula.
Generalizations via convex-roof extensions and the Osborne–Verstraete theorem for n qubits.

Cross-System Echo: No classical analogue. Classical correlations and mutual information are freely
sharable; entanglement is not. Monogamy is one of the structural features of quantum correlation that most
sharply distinguishes it from classical statistics, and is the quantitative backbone of quantum cryptography.

Exercises
1. Verify by direct computation that the two-qubit reduced state ρAB of the GHZ state is separable, and

hence has zero concurrence.
2. Compute the reduced states ρAB , ρAC , ρA of the W state and verify the concurrence values C(A,B) =
C(A,C) = 2/3.

3. Show that for any pure tripartite state, τ(A,BC) = 4 det ρA where ρA is the single-qubit reduced state.
(Hint: the bipartition is pure, so use Schmidt decomposition and compute directly.)

4. Construct a three-qubit state that saturates the CKW inequality with τ(A,B) = τ(A,C) = τ(A,BC)/2.
Is it in the GHZ class or the W class?

5. Show that entanglement of formation is not monogamous by giving a three-qubit example with
EF (A,B) + EF (A,C) > EF (A,BC). (This requires looking up a counterexample from the literature.)
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6. Explain, using monogamy, why an eavesdropper Eve cannot perfectly clone a qubit Alice sends to Bob
without destroying the Alice–Bob entanglement needed to detect her. Make the bound quantitative.

7. Argue, structurally, why monogamy of entanglement is a direct consequence of the no-cloning theorem,
and why its quantitative form (CKW) goes beyond no-cloning by bounding partial correlations rather
than just exact cloning.
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Module 5 — Decoherence

Density Matrices and Mixed States
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Decoherence Node: 5.1

The state postulate (Node 2.1) identified quantum states with rays in Hilbert space — pure states. This
node generalizes the state concept to mixed states: statistical ensembles of pure states. The mathematical
object is the density matrix, and it is the right state object whenever the system is open, noisy, partially
traced out, or simply uncertain.

Density matrices are the most important object in this course after the Hilbert space itself. Modules 5–9 all
live on density matrices.

Formal Definition
A density operator (or density matrix) on a Hilbert space H is an operator ρ : H → H satisfying:

1. Hermiticity: ρ = ρ†.
2. Positivity: ⟨ψ|ρ|ψ⟩ ≥ 0 for all |ψ⟩ ∈ H.
3. Unit trace: tr(ρ) = 1.

A density operator is pure if tr(ρ2) = 1, and mixed otherwise.

For a pure state |ψ⟩, the corresponding density operator is the projector

ρ = |ψ⟩⟨ψ|.

For a statistical ensemble {(pk, |ψk⟩)} with pk ≥ 0 and
∑
k pk = 1, the density operator is the convex

combination

ρ =
∑
k

pk |ψk⟩⟨ψk|.

The set of density operators is closed and convex; the extreme points are the pure states.

Born Rule for Density Matrices
For an observable A and density matrix ρ, the expectation value is

⟨A⟩ρ = tr(ρA).

For a projective measurement {Pi}, the probability of outcome i is

p(i) = tr(ρPi),

and the post-measurement state, conditional on outcome i, is

ρ′ = Pi ρPi
tr(ρPi)

.
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Both of these reduce to the pure-state Born rule (Node 2.3) when ρ = |ψ⟩⟨ψ|.

Intuition
A density matrix is the most general quantum state. It encodes:

• Quantum uncertainty (intrinsic to a pure state — non-zero variance of incompatible observables).
• Classical uncertainty (about which pure state the system is actually in).

The two are conceptually distinct but the formalism does not separate them. This is the structural reason that
density matrices have multiple ensemble decompositions: many different convex combinations {(pk, |ψk⟩)}
can give the same ρ.

The textbook example: the maximally mixed qubit state

ρ = I

2 = 1
2 |0⟩⟨0| + 1

2 |1⟩⟨1| = 1
2 |+⟩⟨+| + 1

2 |−⟩⟨−|

— two completely different “ensembles,” same density matrix, identical predictions for every measurement.

Structural Role
Density matrices are required wherever the pure-state formalism breaks down:

• Subsystems of entangled states (Node 5.2): tracing out part of an entangled pure state gives a
mixed reduced state.

• Open systems (Module 8): system-environment coupling drives pure states to mixed states.
• Noisy quantum hardware (relevant to VQA): real circuits do not produce pure outputs.
• Measurement statistics: pre-readout, the system is described by a density matrix conditional on the

previous measurement record.
• Quantum information: channels (Module 7) act on density matrices, not on rays.

The density matrix is also the right object for quantum statistical mechanics: the Gibbs state ρ = e−βH/Z
is a density matrix (Node 9.1), and quantum thermodynamics builds entirely on this.

Mathematical Development
Bloch ball representation (qubit)

Every 2 × 2 density matrix can be written

ρ = 1
2(I + r⃗ · σ⃗)

where r⃗ ∈ R3 with ∥r⃗∥ ≤ 1, and σ⃗ = (X,Y, Z) is the vector of Pauli matrices.

• ∥r⃗∥ = 1: pure state, on the Bloch sphere.
• ∥r⃗∥ < 1: mixed state, in the interior of the Bloch ball.
• r⃗ = 0: maximally mixed state I/2, at the center.

The pure-state postulate (Node 2.1) maps states to the surface of the ball; the density-matrix generalization
fills in the interior.
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Purity

The purity of ρ is

γ(ρ) = tr(ρ2) ∈ [1/d, 1],

where d = dim H. It equals 1 for pure states and 1/d for the maximally mixed state.

Worked Example
Mixture of |0⟩ and |1⟩ versus |+⟩

Consider two preparations:

1. With probability 1/2, the qubit is in |0⟩; with probability 1/2, it is in |1⟩. Density matrix: ρ1 = I/2.
2. The qubit is definitely in |+⟩ = (|0⟩ + |1⟩)/

√
2. Density matrix: ρ2 = |+⟩⟨+|.

These are very different states. Measuring X on ρ1 gives outcome ±1 with equal probability; measuring X
on ρ2 gives +1 with certainty.

The lesson: a mixed state and a pure superposition look similar in computational-basis measurements but
diverge sharply when measured in other bases. The density matrix captures this correctly.

Cross-Links
• Linear Algebra: Hermitian, positive semidefinite operators with unit trace.
• Statistics: Density matrices generalize probability distributions; the diagonal of ρ in any basis is a

classical distribution over that basis.
• Quantum Information: All channels and entropies are defined on density matrices.
• VQA: Cost functions ⟨H⟩ = tr(ρH) on noisy circuits use this trace formula.
• Statistics → Bayesian inference: The density matrix is to a quantum state what the posterior is to

a Bayesian belief — a complete summary of “what we know.”

Structural Compression
Invariant: A density operator is positive, Hermitian, and unit-trace; the set of density operators is convex
with pure states as extreme points.

Mechanism: Convex hull of {|ψ⟩⟨ψ| : |ψ⟩ ∈ H, ∥|ψ⟩∥ = 1}.

Cross-System Echo: Probability simplices in classical statistics are also convex with pure (delta) measures
as extreme points. The density operator is the non-commutative generalization. Both are the most general
state objects in their respective theories.

Exercises
1. Show that for any density matrix ρ, tr(ρ2) ≤ 1, with equality iff ρ is pure.
2. Verify that ρ = 1

2 |+⟩⟨+| + 1
2 |−⟩⟨−| = I/2.

3. Show that the Bloch ball parameterization ρ = 1
2 (I + r⃗ · σ⃗) is positive iff ∥r⃗∥ ≤ 1.

4. Compute the purity of ρ = p|0⟩⟨0| + (1 − p)|+⟩⟨+| as a function of p. For what p is it most mixed?
5. Construct two distinct ensembles {(pk, |ψk⟩)} and {(ql, |ϕl⟩)} that produce the same density matrix ρ,

and verify they make identical predictions for every observable.
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Reduced Density Operator and Partial Trace
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Decoherence Node: 5.2

The reduced density operator is the answer to the question: given a state ρAB on a composite system, what
is the state of subsystem A alone? The answer is non-trivial precisely because entanglement exists — tracing
out B from an entangled pure state does not leave a pure state on A. The partial trace is the mathematical
operation that implements this restriction, and it is the bridge between the closed-system unitarity of Module
2 and the open-system dynamics of Modules 5–8.

Formal Definition
Let ρAB be a density operator on HA ⊗ HB . The reduced density operator on A, also called the marginal
state on A, is defined by the partial trace over B:

ρA := TrB(ρAB) :=
∑
j

(IA ⊗ ⟨jB |) ρAB (IA ⊗ |jB⟩),

where {|jB⟩} is any orthonormal basis of HB. The result is independent of the chosen basis and is a valid
density operator on HA (positive, Hermitian, unit trace).

Equivalently, on product operators the partial trace acts as

TrB(AS ⊗BS) = AS Tr(BS),

and extends by linearity to arbitrary operators on HA ⊗ HB .

The defining operational property

The reduced density operator is the unique operator on HA such that, for every observable MA acting on A
alone,

Tr(ρAMA) = Tr
(
ρAB(MA ⊗ IB)

)
.

Expressed differently: ρA reproduces the expectation values of all A-only observables computed on the full
joint state. This is the sense in which ρA is “the state of A”: it is everything an observer confined to A needs
to compute predictions.

Intuition
If Alice holds subsystem A and Bob holds subsystem B, and Alice has no access to B at all, then every
measurement Alice can perform is of the form MA ⊗ IB . The density operator ρA is the state that reproduces
the statistics of all such measurements — it is Alice’s complete local description of reality.

The operational meaning of the partial trace is marginalization: discarding subsystem B and asking what
remains. In classical probability, the marginal of a joint distribution is obtained by summing over the
discarded variable. In quantum mechanics, the analogous operation is the partial trace, which sums over a
basis of the discarded subsystem.

The crucial structural fact: tracing out a subsystem of a pure entangled state generally gives a
mixed state. This is the structural origin of decoherence. Unitary evolution preserves purity at the level of
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the full system, but “purity” can be lost in the transition to the subsystem description whenever the full
state is entangled. A pure quantum state globally can look maximally mixed locally — that’s entanglement.

The reverse operation, purification, says that every mixed state can be viewed as the marginal of a pure
state on a larger Hilbert space. Mixed states are precisely the image of pure bipartite states under the partial
trace.

Structural Role
Reduced density operators are the load-bearing object of open-system quantum mechanics:

• Local observers use reduced states. Any observer confined to a subsystem describes the world with
a reduced density operator. This is the structural origin of why the world can look classical (mixed)
even though the global wavefunction is pure.

• Entanglement detection. If |Ψ⟩AB is pure, then |Ψ⟩ is entangled iff ρA is mixed. Purity of the
reduced state is the single cleanest test of pure-state entanglement.

• Decoherence (Nodes 5.3–5.5). Decoherence is formalized as the reduced dynamics of a system
coupled to an environment: ρS(t) = TrE

(
U(t)(ρS(0) ⊗ ρE)U†(t)

)
. The map ρS(0) → ρS(t) is the

open-system evolution.
• Channels (Node 7.3). Every quantum channel is a partial trace of a unitary on a larger space

(Stinespring dilation). The partial trace is the structural universal building block of “generalized
quantum dynamics.”

• Purification. Every mixed state ρA can be written as TrB |Ψ⟩⟨Ψ| for some pure |Ψ⟩ ∈ HA ⊗ HB . This
embedding is one of the main tools of quantum information theory: to study a mixed state, lift it to a
pure state on a larger space and work there.

• Entanglement entropy (Node 4.5). S(ρA) of the reduced state is the canonical pure-state entangle-
ment measure.

Mathematical Development
Linearity and basis-independence

The partial trace is a linear map TrB : B(HA ⊗ HB) → B(HA) that preserves Hermiticity, positivity, and
trace. Basis-independence follows from the cyclic property: for two bases {|jB⟩}, {|j′

B⟩} related by a unitary
UB , the sums

∑
j

(I ⊗ ⟨jB |)ρ(I ⊗ |jB⟩) =
∑
j,k,k′

U∗
jkUjk′(I ⊗ ⟨k′

B |)ρ(I ⊗ |kB⟩) =
∑
k

(I ⊗ ⟨kB |)ρ(I ⊗ |kB⟩)

agree, using
∑
j U

∗
jkUjk′ = δkk′ . The result depends only on the subsystem, not the choice of basis.

Schmidt decomposition and the spectrum of ρA
For a pure bipartite state |Ψ⟩AB =

∑
i λi|iA⟩ ⊗ |iB⟩ in Schmidt form (Node 4.3),

ρA = TrB |Ψ⟩⟨Ψ| =
∑
i

λ2
i |iA⟩⟨iA|, ρB =

∑
i

λ2
i |iB⟩⟨iB |.

Both reduced states are automatically diagonal in the Schmidt basis of their respective sides, and they
share the same nonzero eigenvalues (the squared Schmidt coefficients). This is why entanglement entropy
S(ρA) = S(ρB) for pure bipartite states — the two marginals carry the same spectral information.
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Purification

Theorem. Every density operator ρA on HA is the reduced state of a pure state |Ψ⟩ ∈ HA ⊗ HB for some
auxiliary space HB with dim HB ≥ rank ρA.

Construction. Diagonalize ρA =
∑
i pi|i⟩⟨i|. Take HB with orthonormal basis {|i⟩B} of the same dimension

as the support of ρA, and set

|Ψ⟩ :=
∑
i

√
pi |i⟩A ⊗ |i⟩B .

Then TrB |Ψ⟩⟨Ψ| =
∑
i pi|i⟩A⟨i|A = ρA. ■

Purifications are unique up to isometry on the auxiliary space HB, and the minimal purification has
dim HB = rank ρA.

Why the diagonal-in-B prescription works

The formula TrB(ρ) =
∑
j⟨jB |ρ|jB⟩B (with implicit identity on A) may look ad hoc. The structural reason:

it is the unique linear map satisfying TrB(A⊗B) = ATr(B), and this in turn is forced by the operational
requirement that expectation values of A-only observables be preserved. In category-theoretic language, the
partial trace is the unique natural transformation making the corresponding diagram of C∗-algebras commute.

Reduced dynamics

If the joint state evolves unitarily under UAB(t), the reduced state on A evolves as

ρA(t) = TrB
(
UAB(t) (ρA(0) ⊗ ρB(0))UAB(t)†),

where we assumed an initially factorized state. This map ρA(0) 7→ ρA(t) is a quantum channel — completely
positive and trace-preserving — but it is generally not unitary. The non-unitarity is the structural content of
decoherence: the system’s state evolution, in isolation, has lost information.

Worked Example
One qubit of a Bell pair

Take |Φ+⟩ = 1√
2 (|00⟩ + |11⟩). The density matrix of the joint state is

|Φ+⟩⟨Φ+| = 1
2 (|00⟩⟨00| + |00⟩⟨11| + |11⟩⟨00| + |11⟩⟨11|).

Trace out qubit B:

ρA = 1
2 (|0⟩⟨0| Tr |0⟩⟨0| + |0⟩⟨1| Tr |0⟩⟨1| + |1⟩⟨0| Tr |1⟩⟨0| + |1⟩⟨1| Tr |1⟩⟨1|),

= 1
2 (|0⟩⟨0| · 1 + |0⟩⟨1| · 0 + |1⟩⟨0| · 0 + |1⟩⟨1| · 1) = 1

2 (|0⟩⟨0| + |1⟩⟨1|) = I
2 .

The reduced state of one qubit of a Bell pair is maximally mixed — a completely uninformative state,
indistinguishable from a fair coin flip between |0⟩ and |1⟩. All of the original pure state’s information is stored
in the correlation between the two qubits, not in either qubit alone.

This is the cleanest structural illustration of decoherence: a pure global state can look maximally mixed
locally.
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Reduced state of a partially entangled pure state

Take |Ψ⟩ = cos θ|00⟩ + sin θ|11⟩. By the same calculation,

ρA = cos2 θ |0⟩⟨0| + sin2 θ |1⟩⟨1|.

The purity is Tr ρ2
A = cos4 θ+ sin4 θ, which ranges from 1 (at θ = 0 or π/2, product state) to 1/2 (at θ = π/4,

Bell state). The entanglement entropy h(cos2 θ) (binary entropy) behaves similarly.

Reduced state of a product state

For a product state ρAB = ρA ⊗ ρB , the partial trace trivially gives back ρA:

TrB(ρA ⊗ ρB) = ρA Tr(ρB) = ρA · 1 = ρA.

No information is lost in the reduction, because ρB carries nothing that depends on A. Purity is preserved: if
ρAB is a product of pure states, so is the reduction.

Classically correlated state

Consider ρAB = 1
2 (|00⟩⟨00| + |11⟩⟨11|), a classically correlated mixed state. Tracing out B:

ρA = 1
2 (|0⟩⟨0| + |1⟩⟨1|) = I

2 .

The reduced state is again I/2, exactly the same as the reduced state of |Φ+⟩. From the marginal perspective,
the Bell state and the classically correlated state are indistinguishable — the distinction lies entirely in the
correlations, which are washed out by the partial trace. This is why entanglement cannot be detected from
reduced states alone: you need access to cross-correlators like ⟨XAXB⟩.

Cross-Links
• Module 4.3 (Schmidt decomposition): Reduced states of bipartite pure states are diagonal in the

Schmidt basis.
• Module 4.5 (Entanglement measures): The von Neumann entropy of ρA is the canonical pure-state

entanglement measure.
• Module 5.3 (System–environment coupling): Reduced dynamics are defined by tracing out an

unobserved environment.
• Module 7.3 (Quantum channels): Every CPTP channel arises as a partial trace of a unitary on a

dilated space (Stinespring).
• Statistics: Marginalization of joint probability distributions. The partial trace generalizes p(x) =∑

y p(x, y) to non-commuting marginals.

Structural Compression
Invariant: ρA is the unique density operator on HA such that Tr(ρAMA) = Tr(ρAB(MA ⊗ IB)) for every
A-only observable MA.

Mechanism: Sum over an orthonormal basis of HB : ρA =
∑
j⟨jB |ρAB |jB⟩.

Cross-System Echo: Marginalization in classical probability integrates out the unobserved variable to give
the marginal density. The partial trace is the non-commutative generalization — the operational restriction
of a joint state to a subsystem that has no access to the rest.
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Exercises
1. Verify directly that the partial trace of a density matrix is a density matrix: positive, Hermitian,

unit-trace.
2. Show that TrB is independent of the basis chosen for HB .
3. Compute the reduced state of qubit A for each of the four Bell states. Verify that all four give ρA = I/2.
4. For |Ψ⟩ = cos θ|00⟩ + sin θ|11⟩, compute the purity of ρA as a function of θ and plot it.
5. Given the mixed state ρA = 0.7|0⟩⟨0| + 0.3|1⟩⟨1|, construct an explicit purification in C2 ⊗C2 and verify

that the reduced state on A matches.
6. Show that for a pure bipartite state, ρA is pure iff |Ψ⟩AB is a product state.
7. Argue, structurally, why reduced density operators are the right objects for describing open quantum

systems — what goes wrong if you try to use pure states instead?
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System–Environment Coupling
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Decoherence Node: 5.3

Every real quantum system is coupled to an environment. Photons, phonons, stray electromagnetic fields,
nuclear spin baths, vibrational modes — no laboratory degree of freedom is truly isolated. Decoherence is
the name for what happens when this coupling is taken seriously: the system’s reduced dynamics become
non-unitary, coherences between pointer states decay, and the quantum-mechanical description at the level of
the system alone acquires classical features. This node sets up the general framework — total Hamiltonian
H = HS +HE +HSE , initial product state, unitary joint evolution, partial trace over the environment —
that will be used throughout Modules 5 and 8.

Formal Definition
Consider a system S with Hilbert space HS and an environment E with Hilbert space HE . The total
Hilbert space is H = HS ⊗ HE , and the total Hamiltonian decomposes as

H = HS ⊗ IE + IS ⊗HE +HSE ,

where HS acts on the system alone, HE on the environment alone, and HSE is the interaction (generally
non-factorizable).

Initial condition. At t = 0 we assume the joint state is factorized:

ρtot(0) = ρS(0) ⊗ ρE(0).

This is an idealization (in realistic situations the system and environment have been coupled for some time
prior to t = 0 and are not factorizable), but it is the starting point for the Born–Markov derivations of master
equations (Node 8.2).

Joint unitary evolution. The total state evolves unitarily:

ρtot(t) = U(t)ρtot(0)U(t)†, U(t) = e−iHt/ℏ.

Reduced system dynamics. The system state at time t is obtained by tracing out the environment:

ρS(t) := TrE
(
U(t)[ρS(0) ⊗ ρE(0)]U(t)†).

The map Φt : ρS(0) 7→ ρS(t) is a quantum channel (completely positive, trace-preserving), but is generally
not unitary. The non-unitarity is the mathematical signature of decoherence.

Intuition
The closed-system postulate (Node 2.4) said that quantum states evolve unitarily under the Schrödinger
equation. This remains true for the total system + environment — the joint state is always pure, always
evolves unitarily. What breaks is the assumption that the system alone has unitary dynamics. Once you couple
the system to degrees of freedom you cannot observe, the reduced state stops behaving like a closed-system
state.
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The structural picture: imagine the system and environment are two dancers. Before the music starts they
are independent; the state is a product ρS ⊗ ρE . Once the interaction turns on they become entangled — the
total state is no longer a product, even though it is still pure. If you watch only one dancer (the system),
their motion becomes correlated with the other dancer’s motion, and from the perspective of the isolated
observation their behavior becomes stochastic. The “randomness” is not fundamental; it is a reflection of the
unobserved correlations with the environment.

Operationally, decoherence is the process by which information leaks from system to environment. Phases of
the system wavefunction that depend on which state the system is in get copied into environmental degrees
of freedom, and once they are copied, coherent interference between those states becomes impossible from the
system’s perspective — the environment “knows which branch” and averaging over it destroys the off-diagonal
terms.

The structural slogan: The environment is an unasked-for measurement apparatus. Its coupling to the
system amounts to a continuous weak measurement in whatever basis the coupling selects, and the reduced
system dynamics are exactly the measurement-induced dephasing of Node 3.6, averaged over an unread
measurement record.

Structural Role
System–environment coupling is the universal frame for open quantum dynamics:

• Decoherence (Nodes 5.4–5.6). The specific reduced dynamics obtained by tracing out different
kinds of environments — photon baths, phonon baths, spin baths — give the canonical dephasing and
relaxation channels.

• Pointer basis (Node 5.5). The basis in which HSE is diagonal is the one the environment “measures.”
It becomes the pointer basis of the decoherence process.

• Open-system dynamics (Module 8). The Lindblad master equation is the Markovian approximation
of the exact reduced dynamics derived here. The non-Markovian corrections are the structural content
of Node 8.5.

• Decoherence-free subspaces. A subspace of HS that is invariant under HSE does not decohere — it
is protected from the environment by symmetry. This is the structural design principle behind several
error-correcting codes and quantum memory architectures.

• Stinespring / Naimark (Nodes 3.3, 7.3). The “unitary on a larger space + partial trace” structure
is the universal form of generalized quantum dynamics. System–environment coupling is the physical
instantiation.

Mathematical Development
The reduced dynamics is a channel

Theorem. Given a factorized initial state ρtot(0) = ρS(0)⊗ρE(0) with fixed ρE(0), the map Φt : ρS(0) 7→ ρS(t)
is completely positive and trace-preserving.

Proof sketch. Write the initial environment state in its spectral decomposition ρE(0) =
∑
µ pµ|eµ⟩⟨eµ|.

Then

ρS(t) =
∑
µ

pµ
∑
ν

⟨eν |U(t)|eµ⟩ρS(0)⟨eµ|U(t)†|eν⟩ =
∑
µ,ν

Kµν(t)ρS(0)Kµν(t)†,

where Kµν(t) := √
pµ⟨eν |U(t)|eµ⟩ are operators on HS . The completeness relation
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∑
µ,ν

Kµν(t)†Kµν(t) =
∑
µ

pµ
∑
ν

⟨eµ|U(t)†|eν⟩⟨eν |U(t)|eµ⟩ =
∑
µ

pµ⟨eµ|I|eµ⟩ = 1

confirms trace preservation. The Kraus representation makes complete positivity manifest. ■

Non-uniqueness of the Kraus decomposition

Different environment-basis choices give different Kraus operators, but the same channel Φt. This is the
measurement-theoretic content of the Naimark dilation (Node 3.3): the physical channel is intrinsic to the
joint unitary and the initial environment state, but its Kraus decomposition is basis-dependent.

Failure of divisibility

For general HSE , the family of channels {Φt}t≥0 is not a one-parameter semigroup — that is, Φt+s ̸= Φt ◦ Φs
in general. This is the structural reason that non-Markovian dynamics exist: information can flow from
environment back to system, and the reduced dynamics carry memory. Markovian approximations (Node 8.2)
are precisely those that discard this memory and treat {Φt} as a semigroup.

The Born approximation

In many physical situations the environment is vastly larger than the system and its state is barely perturbed
by the interaction. The Born approximation treats ρE(t) ≈ ρE(0) throughout the evolution, and writes
ρtot(t) ≈ ρS(t) ⊗ ρE(0). Combined with a short-memory (Markov) assumption, this yields the Lindblad
master equation of Node 8.2. The structural content of the Born approximation is: the environment is much
larger than the system and absorbs perturbations without reacting.

Weak coupling and linear-response form

For HSE = g S ⊗E (a single system operator S coupled to a single environment operator E with strength g),
second-order perturbation theory gives the leading decoherence rate

dρS
dt

∼ −g2
∫ ∞

0
dτ CE(τ)[S, [S(−τ), ρS ]],

where CE(τ) = Tr(ρEE(τ)E(0)) is the environment’s autocorrelation function. The decoherence rate is
proportional to the environment’s response function at the system’s characteristic frequencies; the functional
form of CE determines whether the dynamics are Markovian (short correlations) or memory-laden (long
correlations).

Worked Example
Single qubit dephasing via a bosonic bath

Take a qubit system with HS = ω0
2 Z coupled to a bosonic environment (infinite set of harmonic oscillators)

via

HSE = Z ⊗
∑
k

(gka†
k + g∗

kak),

and HE =
∑
k ωka

†
kak. The total Hamiltonian is the spin–boson model in the dephasing limit — the

coupling is diagonal in Z, so there is no energy exchange between system and environment, and the qubit’s
populations (|0⟩ and |1⟩ probabilities) are conserved. Only the phase relationship between them is affected.
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Exact solution. The coupling is diagonal in Z, so the total evolution can be computed exactly. The
off-diagonal matrix element of ρS(t) evolves as

ρ01(t) = ρ01(0) e−iω0t e−Γ(t),

with

Γ(t) = 4
∫ ∞

0
dω

J(ω)
ω2 (1 − cosωt) cothβω2 ,

where J(ω) =
∑
k |gk|2δ(ω − ωk) is the environment’s spectral density and β is the inverse temperature.

The diagonal elements (populations) are unchanged.

• Ohmic spectral density J(ω) = ηωe−ω/ωc : Γ(t) ∼ η ln(ωct) at long times — logarithmic decoherence
at zero temperature, linear in t at finite temperature.

• Super-Ohmic J(ω) ∝ ωs, s > 1: Γ(t) saturates — the decoherence is bounded and reversible in the
long-time limit. Entanglement is protected.

• Sub-Ohmic J(ω) ∝ ωs, s < 1: Γ(t) grows faster than linearly — decoherence is stronger than
Markovian.

The spectral density therefore determines whether the dynamics are Markovian, super-decoherent, or
decoherence-protected; the functional form of J(ω) is a basic design parameter of quantum hardware.

The short-time linear regime

At very short times t ≪ 1/ωc, regardless of the spectral density,

Γ(t) ≈ γ t2, γ = 2
∫ ∞

0
dω J(ω) cothβω2 ,

giving a quadratic-in-time decay. This is the Zeno regime, where frequent measurement (even weak) can
freeze the dynamics and suppress decoherence. At slightly longer times t ≫ 1/ωc but still within the Markov
regime, the decay becomes exponential: ρ01(t) ∼ e−Γ∞t. The crossover is a structural feature of the coupling
and is the reason Markovian approximations fail at short times.

The spin–boson model in the relaxing case

If instead the coupling were HSE = X⊗
∑
k(gka†

k+g∗
kak) — a σx-type transverse coupling — the environment

exchanges energy with the qubit, causing relaxation (amplitude damping) in addition to dephasing. The
populations ρ00, ρ11 now evolve toward thermal equilibrium, not just the off-diagonal elements. This is the
structural distinction between T2 processes (pure dephasing) and T1 processes (relaxation), made precise
in Node 5.4 and quantified in Node 5.6.

Cross-Links
• Module 2.4 (Unitary evolution): Closed-system dynamics are unitary; open-system dynamics are

the partial trace of unitary dynamics on a larger space.
• Module 3.6 (Back-action): Decoherence is the back-action of the environment on the system averaged

over an unread measurement.
• Module 5.4 (Decoherence mechanisms): Canonical channels (dephasing, amplitude damping) are

the reduced dynamics in specific limits of system–environment coupling.
• Module 8 (Open systems): The Lindblad master equation is the Markovian approximation of the

reduced dynamics derived here.
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• Module 7.3 (Stinespring dilation): The structure “joint unitary + partial trace” is the universal
form of CPTP maps; system–environment coupling is its physical realization.

Structural Compression
Invariant: The joint system-plus-environment state evolves unitarily; the reduced system state is obtained
by partial trace. Reduced dynamics are in general non-unitary and non-Markovian.

Mechanism:

ρS(t) = TrE
(
U(t)[ρS(0) ⊗ ρE(0)]U(t)†) , U(t) = e−iHt/ℏ, H = HS +HE +HSE .

Cross-System Echo: Coarse-graining in statistical mechanics — integrating out microscopic degrees
of freedom to obtain effective macroscopic dynamics — is the same structural operation. Decoherence
is the quantum-mechanical analogue of the second law’s thermodynamic arrow: unitary global evolution,
irreversible-looking local dynamics after tracing out the unobserved bath.

Exercises
1. Show that for a trivial interaction HSE = 0, the reduced dynamics are unitary Φt(ρS) =
e−iHSt/ℏρSe

iHSt/ℏ.
2. For HSE = gZS ⊗ σEz with a single-qubit environment initially in (|0⟩ + |1⟩)/

√
2, compute the reduced

system dynamics exactly and show that the off-diagonal element of ρS oscillates in time without
decaying. Why doesn’t a single-qubit environment cause decoherence?

3. For an N -qubit environment in |+⟩⊗N coupled as HSE = ZS ⊗
∑
k σ

(k)
z , compute ρ01(t) and show that

it decays as cosN (gt). Estimate how fast N → ∞ causes decoherence.
4. Derive the short-time quadratic decay Γ(t) ≈ γt2 for the spin–boson model with Ohmic spectral density.
5. Show that for a decoherence-free subspace HDFS ⊆ HS (a subspace on which HSE acts as a multiple of

the identity), states in the subspace evolve unitarily under HS alone.
6. Compute the reduced dynamics for an initially entangled system–environment state |ΨSE(0)⟩ =

(|00⟩+ |11⟩)/
√

2 with HSE = 0. Show that the “dynamics” look non-trivial even though the Hamiltonian
is trivial. What goes wrong with the factorized-initial-state assumption?

7. Argue, structurally, why the factorized initial state ρS ⊗ ρE is an idealization, and what breaks down
when the assumption fails.
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Decoherence Mechanisms
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Decoherence Node: 5.4

Generic system–environment coupling (Node 5.3) produces messy reduced dynamics, but most physical
situations are dominated by one of a few canonical channels. The two most important are dephasing
(pure loss of phase information, no energy exchange) and amplitude damping (energy exchange with a
zero-temperature environment, leading to relaxation to the ground state). Together they cover the dominant
noise processes in almost every quantum hardware platform — superconducting qubits, trapped ions, nitrogen-
vacancy centres, photonic qubits — and they are the Lindblad primitives from which more general noise
models are built.

Formal Definition
Dephasing channel

The qubit dephasing channel with parameter p ∈ [0, 1] is the CPTP map

Φdeph(ρ) = (1 − p)ρ+ pZρZ,

with Kraus operators

K0 =
√

1 − p/2 I, K1 =
√
p/2Z.

In matrix form on a qubit,

ρ =
(
ρ00 ρ01
ρ10 ρ11

)
7→ Φdeph(ρ) =

(
ρ00 (1 − p)ρ01

(1 − p)ρ10 ρ11

)
.

Populations (diagonal elements) are preserved. Coherences (off-diagonal elements) are scaled by 1 − p. In the
continuous-time limit, ρ01(t) = ρ01(0) e−t/T2 , where T2 is the dephasing time.

Amplitude damping channel

The amplitude damping channel with parameter γ ∈ [0, 1] is the CPTP map with Kraus operators

K0 =
(

1 0
0

√
1 − γ

)
, K1 =

(
0 √

γ
0 0

)
.

Here |1⟩ is the excited state and |0⟩ the ground state. The map sends

ρ =
(
ρ00 ρ01
ρ10 ρ11

)
7→

(
ρ00 + γρ11

√
1 − γ ρ01√

1 − γ ρ10 (1 − γ)ρ11

)
.

Excited-state population ρ11 decays to zero, transferring probability to ρ00; coherences decay by a factor√
1 − γ. In the continuous-time limit, ρ11(t) = ρ11(0)e−t/T1 , where T1 is the relaxation time.
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Generalized amplitude damping

At finite temperature, excited states can be excited back from the environment. The generalized channel sends
ρ11 toward the thermal equilibrium population p∞ rather than to zero, with Kraus operators parameterized
by both γ and p∞. The ground state eventually becomes a Gibbs-weighted mixture.

Intuition
Every realistic noise source on a quantum system can be schematically split into:

• Phase noise (T2 processes). The environment “reads” which energy eigenstate the system is in,
without exchanging energy. This looks like a weak Z-measurement: off-diagonal coherences decay,
populations are preserved. The information that leaks to the environment is which basis state the
system is in; the information that is lost from the system is the relative phase between basis states.

• Amplitude noise (T1 processes). The environment exchanges energy with the system, pulling the
population from the excited state to the ground state (or toward thermal equilibrium). This is what you
get from spontaneous emission into a zero-temperature photon bath, or from any dissipative coupling.

Both happen simultaneously in real systems, and the dominant one depends on the platform: superconducting
qubits are typically T1-dominated (dielectric loss, radiative emission into the resonator), trapped-ion qubits
are typically T2-dominated (magnetic-field fluctuations, laser phase noise), photonic qubits are dominated by
photon loss (a specific form of amplitude damping).

The two processes have very different structural character:

• Dephasing is reversible in principle — it is caused by the environment coupling to a diagonal observable,
and if the environment’s state were recorded and fed back the coherences could in principle be recovered.
It is the quantum analogue of pure “measurement back-action without readout.”

• Amplitude damping is irreversible — energy has actually left the system and entered the environment.
Undoing it would require reversing the energy flow, which is an exact time-reversal of the environment’s
dynamics.

The distinction between the two is the structural content of “T2 ̸= T1” — you can have phase noise without
energy loss, but you cannot have energy loss without phase noise.

Structural Role
Dephasing and amplitude damping are the load-bearing noise primitives of quantum information:

• Noise models for VQA and NISQ. Circuit-level noise is typically modeled as single-qubit dephasing
plus amplitude damping between gates, with two-qubit gate-specific error channels added on top.
Benchmarking and error mitigation protocols target these two channels in particular.

• Lindblad generators. The continuous-time limits of these channels give the Lindblad dissipators LZ
(dephasing) and Lσ− (relaxation) of Module 8.

• Coherence time budgeting. T1 and T2 are the headline hardware figures of merit: the number of
coherent gates that can be executed before noise dominates is ∼ min(T1, T2)/τg, where τg is the gate
time.

• T2 ≤ 2T1. A general relationship: pure dephasing is always bounded below by the dephasing induced by
relaxation. Any T1 process contributes to T2, so the pure dephasing rate is 1/Tϕ = 1/T2 − 1/(2T1) ≥ 0.

• Error correction (Module 7). Stabilizer codes target the bit-flip, phase-flip, and combined errors
that these channels produce in the Pauli decomposition.

• Bloch ball picture. Dephasing collapses the Bloch ball onto the z-axis; amplitude damping collapses
it onto the south pole (ground state). The geometric picture is cleanest for a qubit.
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Mathematical Development
Unitary dilation of the dephasing channel

The dephasing channel Φdeph(ρ) = (1 − p)ρ+ pZρZ arises from a CNOT-like coupling to an ancilla qubit:

U = |0⟩⟨0|S ⊗ IE + |1⟩⟨1|S ⊗XE ,

applied to a system state ρS ⊗ |e0⟩⟨e0| with ancilla initial state |e0⟩ =
√

1 − p/2|0⟩E +
√
p/2|1⟩E . Tracing

out the ancilla gives the dephasing channel. This is a direct instance of Stinespring dilation: a concrete joint
unitary + partial trace realization of a noise channel.

Unitary dilation of the amplitude damping channel

The amplitude damping channel arises from a beam-splitter-like coupling between system and environment
(initially in the ground state):

U =


1 0 0 0
0

√
1 − γ

√
γ 0

0 −√
γ

√
1 − γ 0

0 0 0 1

 ,

acting on (|0⟩, |1⟩)S ⊗ (|0⟩, |1⟩)E with initial environment state |0⟩E . Tracing out the environment recovers the
Kraus operators above. Physically: if the system is in the excited state |1⟩, it transfers a quantum of energy
to the environment with probability γ, leaving both in their respective ground/excited states entangled.

Bloch ball dynamics

Under dephasing with parameter p, the Bloch vector (rx, ry, rz) evolves as

(rx, ry, rz) 7→ ((1 − 2p)rx, (1 − 2p)ry, rz).

The ball is compressed along the xy-plane, collapsing onto the z-axis as p → 1/2. The z-axis is the
decoherence-free direction: eigenstates of Z are fixed points.

Under amplitude damping with parameter γ,

rx 7→
√

1 − γ rx, ry 7→
√

1 − γ ry, rz 7→ (1 − γ)rz + γ.

The ball is compressed and shifted: xy-components decay by
√

1 − γ, z-component decays toward the ground
state rz = 1 (the fixed point is the south pole if we orient |0⟩ downward, or the north pole if upward). As
γ → 1 every state is sent to the ground state |0⟩.

The T2 ≤ 2T1 bound

Pure dephasing has rate 1/Tϕ; amplitude damping has rate 1/T1. The total coherence decay rate is

1
T2

= 1
2T1

+ 1
Tϕ
.

The factor of 1/2 in the T1 contribution is because amplitude damping decays the coherences at half the rate
at which it decays the populations (this follows from the Kraus operator K0, which has

√
1 − γ on the excited

entry but no decay on the ground entry). Hence T2 ≤ 2T1, with equality when pure dephasing vanishes. In
practice, pure dephasing is usually significant, so T2 < 2T1.
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Composition of channels

The product of dephasing and amplitude damping is computed by composing Kraus operators. The result is
another CPTP channel with six Kraus operators (the tensor-product structure), describing combined noise.
In the continuous-time Lindblad limit, dephasing and amplitude damping combine additively at the level of
dissipators:

L(ρ) = γϕ
(
ZρZ − ρ

)
+ γ1

(
σ−ρσ+ − 1

2 {σ+σ−, ρ}
)
.

The two generators commute only if γϕ or γ1 vanishes; otherwise the dynamics must be solved jointly.

Worked Example
Qubit Bloch ball under dephasing

Start with a pure state on the equator of the Bloch sphere, |+⟩ = (|0⟩ + |1⟩)/
√

2, density matrix

|+⟩⟨+| = 1
2 (I +X) = 1

2

(
1 1
1 1

)
.

Bloch vector r⃗ = (1, 0, 0), pure (length 1).

Apply dephasing at rate 1/T2 for time t. The off-diagonal element shrinks by e−t/T2 :

ρ(t) = 1
2

(
1 e−t/T2

e−t/T2 1

)
.

Bloch vector r⃗(t) = (e−t/T2 , 0, 0). At t → ∞, ρ → I/2, maximally mixed. Entropy grows from 0 to 1 bit;
purity decreases from 1 to 1/2. The state migrates along the x-axis from the Bloch sphere to the center.

Crucially, the state |0⟩ (Bloch vector (0, 0, 1)) is completely unchanged by dephasing — it is a pointer state
of the Z-dephasing channel. Any classical mixture of |0⟩, |1⟩ is also unchanged.

Excited state under amplitude damping

Start with ρ(0) = |1⟩⟨1|, the excited state. Under amplitude damping with rate 1/T1,

ρ11(t) = e−t/T1 , ρ00(t) = 1 − e−t/T1 .

The excited-state population decays exponentially to zero, and the lost probability goes entirely to the ground
state. At t → ∞, ρ → |0⟩⟨0|, the pure ground state. Purity is preserved at infinity (the fixed point is pure),
even though the trajectory passes through mixed states at intermediate times.

For an initial superposition |+⟩, amplitude damping drives the state toward the ground state |0⟩, not
the equatorial center I/2 — a key difference from dephasing. The asymptotic state is pure because zero-
temperature amplitude damping has a pure fixed point.

Combined dynamics for superconducting transmon qubit

For a typical superconducting qubit: T1 ≈ 100µs, T2 ≈ 50µs, gate time τg ≈ 10 ns. The Bloch vector at
time t starting from |+⟩:

r⃗(t) =
(
e−t/T2 , 0, 1 − e−t/(2T1)) (approximately).
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In the long-time limit the state converges to (0, 0, 1) = |0⟩, the ground state. The decoherence time T2 sets
the timescale for the xy-plane components; the relaxation time T1 sets the timescale for the z-component’s
approach to the ground state. The ratio T2/τg ≈ 5000 gives a rough upper bound on circuit depth before
noise dominates.

Cross-Links
• Module 5.3 (System–environment coupling): Dephasing and amplitude damping are the reduced

dynamics for specific choices of HSE (diagonal vs. off-diagonal coupling).
• Module 5.5 (Pointer basis): Dephasing makes the Z-basis the pointer basis. Amplitude damping

makes the ground state the unique fixed point.
• Module 5.6 (Decoherence timescales): T1 and T2 parameterize these channels in continuous-time

form.
• Module 8.2 (Lindblad equation): The continuous-time generators LZ and Lσ− are the infinitesimal

versions of these channels.
• Module 7 (Error correction): Stabilizer codes are designed to correct the Pauli decomposition of

these noise channels.
• VQA: Circuit-level noise is typically modeled as compositions of these two primitives.

Structural Compression
Invariant: Dephasing destroys phase information and preserves energy; amplitude damping destroys
excitation and exchanges energy.

Mechanism: Two Lindblad generators: LZ(ρ) = ZρZ − ρ (dephasing) and Lσ−(ρ) = σ−ρσ+ − 1
2 {σ+σ−, ρ}

(relaxation).

Cross-System Echo: Friction in classical mechanics dissipates kinetic energy; phase noise in classical
oscillators shifts relative phases without changing amplitude. The two are quantum-mechanically the same
distinction made precise: T1 = classical friction, T2 = classical phase noise, with the additional quantum
constraint T2 ≤ 2T1 that has no classical analogue.

Exercises
1. Verify that the dephasing Kraus operators K0 =

√
1 − p/2I,K1 =

√
p/2Z satisfy K†

0K0 +K†
1K1 = I.

2. Verify that the amplitude damping Kraus operators satisfy completeness and compute their action on
the Bloch vector.

3. Show that the dephasing channel is unital (preserves I), but the amplitude damping channel is not.
4. Compute the composition of dephasing with parameter p1 and dephasing with parameter p2. Verify it

is dephasing with parameter p1 + p2 − 2p1p2.
5. Show that amplitude damping has a unique fixed point |0⟩⟨0|, while dephasing has a one-parameter

family of fixed points (all Z-diagonal states).
6. Derive the T2 ≤ 2T1 bound by computing how amplitude damping alone affects the off-diagonal elements

of ρ and comparing with the population decay rate.
7. Argue, structurally, why no single decoherence channel can be both energy-conserving and produce a

pure-state fixed point other than an energy eigenstate.
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Pointer Basis and Einselection
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Decoherence Node: 5.5

Not every basis of a system’s Hilbert space is equally “classical.” Decoherence dynamically selects a preferred
basis — the pointer basis — in which superpositions are rapidly destroyed and eigenstates are approximately
stable. Wojciech Zurek’s term for this dynamical selection is einselection (“environment-induced superselec-
tion”). The pointer basis is the dynamical answer to the question “why does the world look classical?” —
it explains why we observe definite positions and momenta rather than arbitrary superpositions of them,
without resolving the deeper measurement problem of Module 6.

Formal Definition
The pointer basis (schematic)

Given a system S coupled to an environment E via an interaction Hamiltonian HSE , the pointer basis of S
is the basis {|pi⟩} of HS in which:

1. States are stable. If ρS(0) = |pi⟩⟨pi|, then ρS(t) ≈ |pi⟩⟨pi| for all t of interest, up to small corrections
from the system’s own dynamics.

2. Superpositions decohere. If ρS(0) = |ψ⟩⟨ψ| with |ψ⟩ =
∑
i ci|pi⟩, the reduced state rapidly becomes

ρS(t) ≈
∑
i |ci|2|pi⟩⟨pi| — diagonal in the pointer basis — on a timescale τD much shorter than the

system’s own dynamical timescales.

The commutativity criterion (idealized)

In the limit of dominant system–environment coupling (when HSE overwhelms HS), the pointer basis is the
basis in which a pointer observable OS satisfies

[OS , HSE ] = 0.

This is the ideal case. States that are eigenstates of OS are unaffected by the interaction and are stable
under environmental coupling; states in superposition across different eigenvalues of OS are dephased. The
eigenbasis of OS is the pointer basis, and the process of environment-induced diagonalization in this basis is
einselection.

The predictability sieve

More generally, when HS is non-negligible and HSE does not strictly commute with any system observable,
the pointer basis is defined by the predictability sieve (Zurek 1993): the basis that minimizes the growth
of entropy of the reduced state over a fixed timescale. The pointer states are the most classical pure states in
the sense that, of all pure states, they maintain the most classical-looking behavior under the open dynamics.

Formally: define S(ψ, t) := − Tr(ρψ(t) log ρψ(t)) where ρψ(t) is the reduced state at time t starting from |ψ⟩.
The pointer states are the pure states |ψ⟩ minimizing S(ψ, t) in some averaged sense. Equivalently, they are
the states most robust against entanglement with the environment.

Intuition
A classical object has a definite position, a definite momentum, a definite energy — we don’t observe a car
being in a superposition of “parked” and “driving.” Why not? The textbook answer “measurement collapses
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the wavefunction” is circular: it presupposes a pre-existing classical apparatus doing the measuring, without
explaining why that apparatus behaves classically.

Einselection gives a dynamical answer. The environment is constantly “measuring” every macroscopic system,
in whatever basis the interaction Hamiltonian picks out. For an object like a car, the dominant coupling
is through position (every scattered photon carries position information), so the environment incessantly
dephases the car in the position basis. Superpositions of “parked here” and “parked there” decohere on
astronomically short timescales — typically 10−23 seconds or faster for macroscopic objects. The result:
macroscopic systems dynamically live in the pointer basis, and the pointer basis is the position basis.

For smaller systems, different couplings dominate. An atom in a thermal electromagnetic bath decoheres in
the energy basis (the environment couples to its dipole moment via photon exchange). A spin qubit in a
nuclear bath decoheres in the Z basis (hyperfine coupling is diagonal in spin-z). The pointer basis depends
on what the environment is looking at.

The structural insight: there is no universal pointer basis. The pointer basis is determined by
the structure of the system–environment interaction, not by the system’s own Hamiltonian.
Different environments pick out different pointer bases for the same system, and different bases for the same
system’s states in different physical setups.

Einselection does not explain why there are definite outcomes (that is the measurement problem, Module
6). It explains why the outcomes we see are the ones we see — why we see positions rather than position
superpositions, why we see energies rather than energy superpositions. The selection is dynamical, driven by
the structure of the coupling to the environment.

Structural Role
Einselection is the structural story behind the quantum-to-classical transition:

• The classical world as a dynamical phenomenon. Classical reality is not a separate layer of
physics; it is the limit in which decoherence is so fast that the pointer basis is effectively exact. Module
10.4 (quantum-to-classical transition) builds on this.

• The interpretive status of “collapse.” Einselection provides a dynamical mechanism for apparent
collapse: reduced states become diagonal in the pointer basis, losing their off-diagonal coherences
exponentially fast. It does not provide a mechanism for the selection of a particular outcome — that is
still the measurement problem.

• Decoherence-free subspaces (DFS). A subspace on which HSE acts trivially (as a multiple of the
identity) is unaffected by decoherence. DFS engineering is a passive error-correction technique: states
prepared in DFS are protected without active intervention. The structural characterization of DFS is
the complementary side of the pointer basis — where einselection selects classical pointer states, DFS
selects quantum-protected states.

• Quantum Darwinism (Node 5.6 in Zurek’s framework, Node 5.6 in this course uses the
timescales slot instead). Pointer states are “objective” in the sense that multiple environmental
fragments all carry the same information about them, so multiple observers can agree on the system’s
state without disturbing it. This is Zurek’s proposed mechanism for the emergence of objective classical
reality.

• Schrödinger’s cat. The pointer basis for a macroscopic cat is the {alive, dead} basis (or more precisely,
the position-like basis of macroscopic configurations). Superpositions (|alive⟩ + |dead⟩)/

√
2 decohere

in fantastically short times — Zurek estimates ∼ 10−23 s for a realistic cat in a realistic environment.
This is why we do not observe macroscopic superpositions: they exist for impossibly short times before
being einselected.
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Mathematical Development
Exact commutativity case

Suppose [OS , HSE ] = 0 exactly, and HSE can be written as

HSE =
∑
i

|pi⟩⟨pi| ⊗Bi,

where {|pi⟩} is the eigenbasis of OS (and of HSE on the system side), and Bi are environment operators.
The joint evolution U(t) = e−iHt/ℏ then acts on a system basis state |pi⟩ ⊗ |e0⟩ as

U(t)|pi⟩ ⊗ |e0⟩ = |pi⟩ ⊗ |ei(t)⟩,

with |ei(t)⟩ := e−iBit/ℏ|e0⟩ (ignoring the system’s own Hamiltonian for clarity). That is, the pointer states
|pi⟩ are frozen by the interaction — they do not evolve into superpositions of other pointer states.

For a superposition |ψ⟩ =
∑
i ci|pi⟩, the joint state at time t is

|Ψ(t)⟩ =
∑
i

ci|pi⟩ ⊗ |ei(t)⟩.

Tracing out the environment:

ρS(t) =
∑
i,j

cic
∗
j ⟨ej(t)|ei(t)⟩|pi⟩⟨pj |.

The diagonal elements i = j give ⟨ei(t)|ei(t)⟩ = 1, independent of time. The off-diagonal elements i ≠ j give
⟨ej(t)|ei(t)⟩, the overlap of two environmental branches — the decoherence factor. For any reasonable
environment, these overlaps decay rapidly to zero as the branches become distinguishable, leaving ρS(t)
approximately diagonal in the pointer basis.

The structural conclusion: pointer states are the states whose environmental “image” does not change under
the dynamics, so their coherences survive, while superpositions across them are destroyed by the environment
learning which branch the system is in.

The predictability sieve (schematic)

When [OS , HSE ] ̸= 0 exactly but HSE dominates over HS , the pointer basis is only approximately defined.
The predictability sieve works as follows:

1. For each pure state |ψ⟩, compute the reduced-state entropy S(t)|ψ⟩ after a short time t.
2. The pointer states are those |ψ⟩ for which S(t) grows most slowly.

Equivalently: pointer states are states of maximum robustness — states whose purity decays most slowly
under the joint dynamics.

For ordinary physical couplings the pointer basis identified by the predictability sieve agrees with the
[OS , HSE ] = 0 basis to leading order, and corrections are perturbative in HS/HSE .

Decoherence-free subspaces

A subspace HDFS ⊆ HS is a decoherence-free subspace with respect to HSE =
∑
k Sk ⊗ Ek if every

system operator Sk acts as a multiple of the identity on HDFS:

Sk|ψ⟩ = sk|ψ⟩ ∀|ψ⟩ ∈ HDFS,
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for scalars sk. States in HDFS are unentangled with the environment under the interaction (up to a global
phase), and they evolve unitarily under the effective Hamiltonian

Heff = HS +
∑
k

skEk.

DFS can be explicitly constructed when the interaction has a symmetry. For instance, if HSE is permutation-
symmetric on a set of qubits (e.g., collective dephasing), the total spin states |j,m⟩ with m = 0 constitute a
DFS. This is the structural basis of several quantum-memory protocols.

The timescale separation

For einselection to work, decoherence must be much faster than the system’s own internal dynamics:

τD ≪ τS ,

where τD is the decoherence time (the timescale on which off-diagonal coherences of the reduced state decay)
and τS is the system’s own dynamical timescale (ℏ/∥HS∥ or similar). When this inequality holds, the system
has no time to evolve coherently before being decohered, and the pointer basis is well-defined. When it fails,
the system’s own Hamiltonian can mix pointer states and the basis loses its classical character.

For macroscopic systems the inequality is satisfied by enormous margins — decoherence times are on the
order of 10−23 s while dynamical times are on the order of seconds — so the pointer basis is essentially exact.
For microscopic systems the inequality may not hold at all, and decoherence produces subtler effects (e.g.,
line broadening rather than classical selection).

Worked Example
Position as the pointer basis for a massive particle

Consider a particle of mass m coupled to a thermal bath of photons (ambient radiation) or air molecules.
The dominant scattering process is elastic scattering off the particle, with the scattered photons/molecules
carrying information about the particle’s position. The interaction is schematically

HSE ∼ V (x̂S , X̂E),

where x̂S is the particle’s position and X̂E summarizes the environment’s degrees of freedom. The interaction
is diagonal in the position basis — scattering preserves the particle’s position at leading order — so the
pointer basis is the position eigenbasis.

The quantitative result (Joos and Zeh 1985): for a macroscopic object of cross-section σ, embedded in a gas
of particles of density n and thermal wavelength λ, the decoherence rate for a spatial superposition of extent
∆x is

Γ ∼ nσv · (∆x)2

λ2 ,

where v is the thermal velocity. For realistic values, Γ ≳ 1023 per second — decoherence on Planck-like
timescales. Position superpositions of macroscopic objects do not survive.
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Energy as the pointer basis for an atom

Consider an atom coupled to the vacuum electromagnetic field via the dipole interaction

HSE = −d⃗ · E⃗,

where d⃗ is the atomic dipole moment and E⃗ is the field. The dipole operator is off-diagonal in the atomic
energy basis (it couples different energy eigenstates), so HSE does not commute with the atomic Hamiltonian
HS . Nevertheless, at weak coupling the predictability sieve identifies the energy basis as the pointer basis:
superpositions of different energy eigenstates are the ones that get dephased, and energy eigenstates are the
most robust under the dynamics (they only decay by spontaneous emission, on the T1 timescale).

The intuition: the environment “sees” the atom through its dipole radiation, which is diagonal in transition
frequencies (energy differences). So different energy eigenstates couple differently to the field and are
distinguishable by the environment, while superpositions of them are dephased.

Qubit pointer basis under Z-coupling

For a qubit with HS = (ω0/2)X (transverse magnetic field) and HSE = Z ⊗B (pure dephasing coupling),
the pointer basis is the Z-eigenbasis {|0⟩, |1⟩} — the eigenbasis of the operator that appears in HSE .

However, note that [HS , Z] ̸= 0: the system Hamiltonian tries to rotate Z-eigenstates around the X-axis,
away from the pointer basis. The resulting dynamics is a competition between the environment einselecting
the Z-basis and the system Hamiltonian trying to rotate out of it. When the dephasing rate 1/T2 is much
larger than the Larmor frequency ω0, the environment wins and the qubit is pinned in the Z-basis (quantum
Zeno regime). When ω0 ≫ 1/T2, the system wins and rotates freely.

Schrödinger’s cat

Zurek’s canonical estimate: a 1 kg cat in a superposition of ∆x ∼ 10 cm at room temperature decoheres in

τD ∼ 10−23 seconds.

This is 13 orders of magnitude shorter than the Planck time for the room-temperature gas bath, and stagger-
ingly shorter than any conceivable observational timescale. In this regime, the pointer basis (macroscopic
position configurations) is exact to any accuracy we could care about, and there is no physical possibility of
observing a cat in a coherent superposition of alive and dead. Schrödinger’s cat is a thought experiment, not
a prediction.

Cross-Links
• Module 5.3 (System–environment coupling): Einselection is the structural consequence of the

coupling Hamiltonian, computed by tracing out the environment.
• Module 5.4 (Decoherence mechanisms): Dephasing is einselection in the commuting observable’s

basis; amplitude damping is einselection + energy relaxation.
• Module 5.6 (Decoherence timescales): The decoherence time τD is what determines how fast the

pointer basis takes over.
• Module 6 (Interpretations): Einselection provides a dynamical story for why the pointer basis is

what it is, but does not solve the measurement problem (why there are definite outcomes at all).
• Module 10.4 (Quantum-to-classical transition): The pointer basis is the structural bridge from

quantum to classical mechanics.
• Systems Thinking: Stable equilibria in dynamical systems — states that are robust under perturba-

tions from the environment.
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Structural Compression
Invariant: The pointer basis is the basis dynamically selected by the system–environment coupling. States
in the pointer basis are stable; superpositions across it are exponentially suppressed.

Mechanism: In the strong-coupling limit, pointer states are eigenstates of a system observable commuting
with HSE . More generally (predictability sieve), they are the pure states whose reduced-state entropy grows
most slowly under the joint dynamics.

Cross-System Echo: Attractors in dynamical systems and stable equilibria in control theory are the same
structural idea: states selected by the dynamics as being robust under perturbation. Einselection specifies
“robust under perturbation from the environment” with a quantum-specific notion of decoherence. The
existence of a classical world is, from this point of view, the statement that the pointer basis is exact enough,
fast enough, that its selection is indistinguishable from a fundamental law.

Exercises
1. For HSE = Z ⊗B with B an arbitrary environment operator, show that the pointer basis is {|0⟩, |1⟩}

(the Z-eigenbasis).
2. For HSE = X ⊗B, identify the pointer basis. How does it relate to the Z-basis?
3. Show that a subspace spanned by {|01⟩, |10⟩} of two qubits is a decoherence-free subspace for collective

dephasing HSE = (Z1 + Z2) ⊗B.
4. Compute the reduced dynamics of a qubit with HS = (ω0/2)X and HSE = Z ⊗B in the limit of strong

dephasing (Zeno regime). Show that the qubit is frozen in the Z-basis.
5. Argue why the position basis is the pointer basis for a macroscopic object scattering photons, and why

the energy basis would be the pointer basis for an atom emitting radiation.
6. Zurek’s predictability sieve minimizes entropy growth of the reduced state. Argue why this is equivalent,

for short times and weak dynamics, to the commutativity criterion [OS , HSE ] = 0.
7. Argue, structurally, why einselection explains the apparent classicality of the macroscopic world but

does not solve the measurement problem.
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Decoherence Timescales
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Decoherence Node: 5.6

How fast does decoherence happen? For macroscopic objects the answer is “unobservably fast” — Schrödinger’s
cat decoheres in something like 10−23 seconds. For microscopic systems the answer is “fast enough to matter
but slow enough to exploit” — superconducting qubits maintain coherence for microseconds to milliseconds,
long enough to run quantum circuits. The structural scaling that explains both regimes, and everything in
between, is the topic of this node. Decoherence rates depend on the coupling strength, the spectral density of
the environment at the relevant frequencies, and the “size” of the superposition in whatever basis is being
einselected. Understanding this scaling is the key to both the apparent classicality of the macroscopic world
and the engineering challenge of building quantum computers.

Formal Definition
T1, T2, Tϕ
For a qubit coupled to an environment, the decoherence times are defined operationally from the decay of
density-matrix elements in the energy eigenbasis:

• Relaxation time T1: The characteristic timescale of population decay. If the qubit starts in the
excited state, ρ11(t) − ρ

(eq)
11 = (ρ11(0) − ρ

(eq)
11 )e−t/T1 , where ρ(eq)

11 is the thermal equilibrium excited-state
population.

• Dephasing time T2: The characteristic timescale of off-diagonal coherence decay. |ρ01(t)| =
|ρ01(0)|e−t/T2 .

• Pure dephasing time Tϕ: The coherence decay due to phase noise alone, not counting the contribution
from relaxation. Related by

1
T2

= 1
2T1

+ 1
Tϕ
.

The factor of 1/2 in the T1 contribution reflects the fact that amplitude damping decays off-diagonal elements
at half the rate it decays populations (the Kraus operator K0 = diag(1,

√
1 − γ) gives

√
1 − γ on the

off-diagonal but (1 − γ) on the population).

General decoherence rate from Fermi’s golden rule

For a system weakly coupled to a bath through HSE = A⊗B (single system operator A, single bath operator
B), the decoherence rate at second order in perturbation theory is

Γ = 1
ℏ2

∫ ∞

−∞
dτ ⟨B(τ)B(0)⟩ρE

eiωτ = 1
ℏ2 SB(ω),

where SB(ω) is the spectral density of the bath operator B at the transition frequency ω corresponding to
the system process of interest. This is Fermi’s golden rule for decoherence: the rate is the Fourier transform
of the bath’s autocorrelation function evaluated at the system’s characteristic frequency.

For the qubit relaxation rate,

1
T1

= |g|2

ℏ2 J(ω0)
[
nth(ω0) + 1

]
,
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where g is the coupling strength, J(ω) is the environment’s spectral density, ω0 is the qubit transition
frequency, and nth(ω) = (eβω − 1)−1 is the thermal occupation.

For the pure dephasing rate at low frequencies,

1
Tϕ

= |g|2

ℏ2 Sz(0),

where Sz(0) is the zero-frequency spectral density of the environmental longitudinal noise. Dephasing is
sensitive to low-frequency noise (flicker noise, 1/f noise) while relaxation is sensitive to noise at the qubit
frequency.

Decoherence rate for macroscopic superpositions

For a massive object in a spatial superposition of separation ∆x, scattering off environmental particles of
thermal wavelength λ, the decoherence rate is (Joos–Zeh 1985, Gallis–Fleming 1990)

Γ ∼ Λ (∆x)2,

with Λ a scattering constant that scales linearly with the environmental density and scattering cross-
section. The (∆x)2 scaling is the structural signature: decoherence rate grows as the square of the
superposition size. For any macroscopic ∆x, this gives astronomically large rates.

Intuition
Three structural factors determine how fast a system decoheres:

1. Coupling strength. Stronger coupling to the environment means faster decoherence. The rate is
typically quadratic in the coupling, Γ ∝ |g|2.

2. Bath spectral density. The environment must have modes at the relevant frequency to absorb
the system’s information. A bath with no modes at the system’s transition frequency cannot drive
relaxation, no matter how strong the coupling.

3. Superposition “size”. For a spatially extended superposition, the decoherence rate grows with
the square of the separation, because more environmental scattering events are needed to resolve a
larger superposition. This is the reason Schrödinger’s cat decoheres so fast: its superposition covers
macroscopic distances.

The combined message: the more macroscopic, the more coupled, and the noisier the environment,
the faster decoherence. This is a quantitative gradient, not a sharp boundary — smaller, better-isolated,
colder systems decohere slower, and the line between “quantum” and “classical” is determined by where the
decoherence rate crosses the threshold of observational irrelevance.

The key intuitive distinction between T1 and T2:

• T1 (relaxation): requires energy exchange with the environment. The bath must have modes at the
qubit transition frequency to accept a quantum of energy. Typically limited by the density of states
and temperature of the environment at ω0.

• Tϕ (pure dephasing): requires only phase fluctuations of the qubit’s energy levels. No energy exchange,
so any low-frequency noise (temperature fluctuations, flux noise, charge noise) contributes. Usually
dominated by 1/f noise in solid-state qubits.

In most experimental platforms, pure dephasing dominates: Tϕ ≪ 2T1, so T2 ≈ Tϕ. Exceptions are systems
with good shielding from low-frequency noise (trapped ions in magnetic shielding, NV centres in isotopically
purified diamond), where T2 ≈ 2T1 can be approached.
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Structural Role
Decoherence timescales are the load-bearing hardware parameters of every quantum technology:

• Quantum computing depth budget. The number of gates that can be executed coherently is
roughly N ∼ T2/τg, where τg is the gate time. For current superconducting qubits, T2 ∼ 50µs and
τg ∼ 10 ns, giving N ∼ 5000. Increasing either parameter is a major engineering target.

• Error correction threshold. Fault-tolerant quantum computing requires physical error rates below
∼ 10−3 per gate. For gates with time τg, this means T2/τg ≳ 1000. Reaching this threshold is the
structural gate to scalable quantum computing.

• Quantum sensing and metrology. The Ramsey interferometry uncertainty on a frequency measure-
ment scales as 1/(T2

√
N) where N is the number of shots. Longer T2 means better sensors.

• The classical limit. For macroscopic objects, Γ ∼ 1023 s−1 or larger. This is the structural reason
“classicality” is the overwhelming norm: the decoherence rate is faster than any physical timescale.
Quantum coherence is the exception, requiring deliberate isolation.

• Quantum Zeno effect. When the environment couples strongly enough, T2 ≪ any internal dynamical
time, the system is pinned in the pointer basis by continuous einselection. This is the structural
mechanism behind the Zeno effect (Node 3.5/3.6 continuous limit).

• Hardware platform comparison. Different platforms have wildly different T1, T2 profiles. Trapped
ions: T1 ∼ hours, T2 ∼ seconds. Superconducting qubits: T1 ∼ 100µs, T2 ∼ 50µs. Photonic qubits:
no relaxation (photons don’t decay), but photon loss (amplitude damping) over fiber is the effective
coherence limit. NV centres: T2 ∼ ms at room temperature, seconds at cryogenic.

Mathematical Development
Derivation of Fermi’s golden rule for decoherence

Consider H = HS +HE + g AS ⊗BE and a system initially in |ψi⟩ and environment in ρE (thermal state of
HE). At second order in g, the rate of transition out of |ψi⟩ is

Γi→f = 2π
ℏ

|g|2|⟨f |AS |i⟩|2 δ(Ef − Ei − ω)SB(ω),

summed over final states |f⟩. The transition rate depends on the matrix elements of the system operator, the
density of final states, and the bath spectral density at the right frequency. This is the standard Fermi’s
golden rule for transitions into a continuum.

For decoherence specifically, the coherence between two states |i⟩, |j⟩ decays at rate

1
Tij

= 1
2

(
1
T

(i)
1

+ 1
T

(j)
1

)
+ 1
T

(ij)
ϕ

,

where the first term is the average of the two states’ relaxation rates (amplitude damping) and the second is
pure dephasing between the pair. For a two-level system this reduces to the standard 1/T2 = 1/(2T1) + 1/Tϕ.

Short-time vs. long-time behavior

At very short times, decoherence is quadratic in time rather than exponential:

|ρ01(t)| ≈ |ρ01(0)| (1 − 1
2γ0t

2 +O(t4)),

with γ0 = Var(HSE)/ℏ2 the variance of the coupling. This is the Zeno regime. As t increases past the bath
correlation time τc, the dynamics transition to exponential decay:
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|ρ01(t)| ∼ e−t/T2 .

The transition happens at t ∼ τc, the inverse of the environment’s characteristic frequency cutoff. For
t ≪ τc, frequent measurement (or even the Zeno-type self-interruption) can suppress decoherence; for t ≫ τc,
exponential decay is unavoidable.

Scaling with system size

For a collection of N qubits coupled independently to the same environment, the collective decoherence rate
can scale as N2 rather than N — superdecoherence. This is the structural reason that decoherence-free
subspaces (which are immune to collective noise) become increasingly valuable at large N : they are the only
way to resist the superdecoherence scaling.

For a spatial superposition of extent ∆x involving many constituents, the decoherence rate is bounded below
by the per-constituent rate times (∆x/λ)2 (with λ the environmental thermal wavelength). For a cat of
mass M in a superposition of macroscopic separation, the product gives Γ ∝ M(∆x)2, rendering coherent
superpositions of classical objects unobservable.

Spectral density and noise types

Different noise spectra give different scaling of T2 with measurement time:

• White noise (flat S(ω)): exponential decay, well-defined T2.
• 1/f noise (ubiquitous in solid-state systems): |ρ01(t)| ∼ e−t2/T 2

ϕ · corrections — Gaussian decay, no
fixed T2 but an effective one at a given timescale.

• Ohmic spectral density J(ω) ∝ ω at low frequency: exponential decay at finite temperature,
power-law at zero temperature.

The structural consequence: the figure of merit T2 is a simplification that hides the true nature of the noise.
Realistic systems show non-exponential decay, and the effective T2 depends on which dynamical range is
being probed. This is why dynamical decoupling sequences (CPMG, UDD) can extend apparent T2 — they
filter out certain frequency ranges of noise that would otherwise contribute.

Worked Example
Superconducting transmon qubit

Typical transmon parameters (as of 2025):

• Qubit frequency ω0/2π ≈ 5 GHz
• T1 ≈ 100µs (limited by dielectric loss and Purcell decay into the readout resonator)
• T2 ≈ 50µs (limited by flux noise and charge noise at low frequencies)
• Single-qubit gate time τg ≈ 20 ns
• Two-qubit gate time τ2g ≈ 200 ns

Gates per T2: T2/τg ≈ 2500. Circuits of depth 1000 are possible with some error; deeper circuits require
error correction.

Threshold for fault tolerance: Surface code threshold is approximately pth ∼ 10−2 for circuit-level noise.
This requires T2/τg ≳ 100, easily satisfied. The harder challenge is two-qubit gate fidelity, which must be
> 99% and currently hovers at 99.5–99.9% in the best systems.

Macroscopic Schrödinger’s cat

Following Zurek’s estimate: take a 1 kg cat in a superposition of two positions 10 cm apart, embedded in a
room-temperature gas bath. The relevant parameters:
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• Molecular scattering cross-section σ ∼ 10−19 m2

• Gas density n ∼ 1025 m−3

• Thermal velocity v ∼ 500 m/s
• Thermal de Broglie wavelength λ ∼ 10−11 m
• Superposition extent ∆x ∼ 10−1 m

Decoherence rate:

Γ ∼ nσv
(∆x)2

λ2 ∼ 1025 · 10−19 · 102 · 1020 ≈ 1028 s−1.

This gives τD ∼ 10−28 seconds. The spatial superposition is coherent for less than the Planck time. It is
unobservable in principle, not just in practice.

Nuclear spin qubit

For a 31P nuclear spin in silicon (Kane qubit concept), the relevant coupling is the hyperfine interaction with
the bath of 29Si nuclei. Isotopically purified 28Si reduces the bath. Measured values (Tyryshkin et al. 2012):

• T1 ∼ hours (nuclear spin relaxation is very slow — nuclear magnetic moments are tiny)
• T2 ∼ 30 seconds (dynamical decoupling extends this further)

These are among the longest coherence times ever measured for solid-state qubits. The structural reason is
that nuclear spins couple weakly to everything: the hyperfine coupling is small, the gyromagnetic ratio is
1000× smaller than for electrons, and the relevant noise frequencies are far from thermal fluctuations. This is
a design-principle illustration of “minimize coupling + minimize spectral density at relevant frequencies.”

Cross-Links
• Module 5.4 (Decoherence mechanisms): T1 and T2 parameterize the canonical dephasing and

amplitude damping channels.
• Module 5.5 (Pointer basis): The decoherence time sets the rate at which the reduced state becomes

diagonal in the pointer basis.
• Module 8.2 (Lindblad equation): The continuous-time Lindblad dynamics have T−1

1 and T−1
2 as

the dissipator rates.
• VQA: Coherence time sets the circuit depth budget. Barren plateaus and trainability depend on

whether the circuit fits within the coherence window.
• Module 10.4 (Quantum-to-classical transition): The structural fact that decoherence is fast

explains the emergence of classicality.
• Quantum sensing: Metrological sensitivity scales with T2; longer coherence means better measure-

ments.

Structural Compression
Invariant: Decoherence rate scales with the squared coupling strength, the spectral density of the environment
at the relevant frequency, and (for spatial superpositions) the squared separation.

Mechanism:
Γ ∼ |g|2

ℏ2 SB(ω) (Fermi’s golden rule for a local coupling),

with SB the bath spectral density and ω the system’s characteristic frequency.

Cross-System Echo: Damping rates in classical oscillators follow the same structural form — coupling
squared times spectral density at the resonance frequency. The distinctive quantum feature is the (∆x)2
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scaling for spatial superpositions, which has no classical analogue and is why macroscopic objects are “classical”
to overwhelming precision: the decoherence rate is driven catastrophically high by the macroscopic size of
any would-be superposition.

Exercises
1. Verify the relation 1/T2 = 1/(2T1) + 1/Tϕ by computing how the amplitude damping channel affects

the off-diagonal element of a qubit density matrix.
2. For a qubit with T1 = 100µs and pure dephasing Tϕ = 70µs, compute T2.
3. Derive the (∆x)2 scaling of the decoherence rate for a spatial superposition in a thermal bath, under

the assumption that scattering events are localized on the thermal wavelength.
4. For an Ohmic bath with spectral density J(ω) = ηωe−ω/ωc , compute the pure dephasing rate at zero

temperature and at finite temperature β.
5. Estimate the decoherence time of a single atom in a magneto-optical trap at room temperature, and

compare to a trapped ion in an ultra-high-vacuum chamber.
6. For a transmon qubit with T1 = 100µs and gate time 20 ns, compute the gate error rate if all error is

coherence-limited, and assess whether fault tolerance thresholds are met.
7. Argue, structurally, why macroscopic objects cannot exhibit coherent quantum behavior under realistic

environmental conditions, and quantify the “macroscopicity” at which decoherence becomes faster than
any observational timescale.
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Module 6 — Interpretations

The Measurement Problem (Frame Node)
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Interpretations Node: 6.1

This is the frame node for the entire interpretations module. Every interpretation discussed in subsequent
nodes is, structurally, a different proposed resolution of the same problem: the formal incompatibility between
unitary evolution (Node 2.4) and the projection postulate (Node 2.3). The HBAR Method requires that we
name this incompatibility precisely before introducing any interpretive framework.

Formal Statement
The standard formulation of quantum mechanics contains two distinct dynamical rules:

1. Unitary evolution (Postulate, Node 2.4): when no measurement occurs, the state |ψ⟩ evolves smoothly
and reversibly under the Schrödinger equation

iℏ
d

dt
|ψ⟩ = H|ψ⟩, |ψ(t)⟩ = U(t)|ψ(0)⟩.

This map is linear, deterministic, norm-preserving, and reversible.

2. Projection postulate / collapse (Born rule, Node 2.3): when a measurement of an observable
A =

∑
i λiPi occurs, the state jumps:

|ψ⟩ −→ Pi|ψ⟩√
⟨ψ|Pi|ψ⟩

with probability p(i) = ⟨ψ|Pi|ψ⟩. This map is nonlinear, stochastic, non-norm-preserving on individual
branches, and irreversible.

The measurement problem is the structural fact that the formalism does not specify when, where, or
under what conditions rule 2 supplants rule 1.

Why This Is a Structural Problem and Not a Philosophical One
The measurement problem is not the question “what is consciousness?” or “what does measurement mean?”
These are downstream concerns. The structural problem is internal to the formalism:

• A measurement apparatus is itself a physical system, hence its dynamics should be unitary (rule 1).
• The system + apparatus together are a composite quantum system (Node 2.5), evolving under a joint

Hamiltonian.
• A faithful unitary description of measurement produces an entangled system-apparatus state, not a

collapsed one.
• Yet measurement statistics are observed to follow rule 2, not the unitary prediction.

So either:

(a) Rule 1 does not apply at the macroscopic level (some new physics intervenes — e.g., spontaneous
collapse).

(b) Rule 2 is not fundamental but emerges from rule 1 plus some additional structural ingredient (decoherence,
branching, hidden variables, agent-relative states).
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(c) The two rules describe complementary aspects of the same physical situation under different epistemic
frames (Copenhagen, QBism).

Each option in the rest of this module is one of these branches. None has been ruled out by experiment.

Intuition
The simplest framing: write down the unitary evolution of “system + measurement apparatus + observer”
under the Schrödinger equation, all the way to the end. Where in this calculation does the wavefunction
collapse? The honest answer is: nowhere. The Schrödinger equation is linear, so superpositions of (system,
apparatus, observer) states evolve into superpositions of (system, apparatus, observer) states. Collapse is
added by hand at some point — and the formalism does not say where.

Structural Role
This frame node organizes Module 6. Each subsequent node presents one interpretive resolution and is judged
on three criteria:

1. Formal completeness: Does it specify exactly when (or whether) collapse occurs?
2. Empirical equivalence: Does it reproduce the standard predictions of quantum mechanics?
3. Ontological commitments: What does it claim exists — wavefunctions, branches, hidden variables,

agents?

The HBAR Method’s “no interpretational rhetoric without formal grounding” rule (course-summary §1) is
enforced here. We do not argue about meaning until we have stated the formal structure.

Mathematical Development
The Wigner’s-friend setup (canonical illustration)

Let S be a qubit, M be an apparatus modeled as a qubit, and F (Wigner’s friend) be a third qubit. The
interaction:

1. Initial state: (|0⟩S + |1⟩S)|0⟩M |0⟩F .
2. SM interaction: CNOT from S to M , entangling them.
3. MF interaction: CNOT from M to F , entangling F with the joint SM state.

The final state, by purely unitary evolution, is

1√
2

(|0⟩S |0⟩M |0⟩F + |1⟩S |1⟩M |1⟩F ).

The friend (and the apparatus, and the system) are all in a superposition. Where did collapse happen?

According to:

• Copenhagen: Collapse occurred when “the friend looked.” Why? Unspecified.
• Many-worlds: It didn’t. Each branch is a separate world.
• Bohmian mechanics: Particles always had definite positions; the wavefunction guides them.
• QBism: “Collapse” is the friend updating their personal probabilities; nothing physical happened to

anyone else.
• Spontaneous collapse: A physical collapse process occurs at some hidden mass/complexity threshold;

testable.
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Each is a different commitment about what is actually going on inside the unitary expression above.

Worked Example
Schrödinger’s cat as macroscopic Wigner’s friend

Take a radioactive atom with a half-life t1/2 coupled to a Geiger counter, which triggers a vial of poison,
which kills a cat in a sealed box. The atom’s state after time t1/2 is

|ψatom⟩ = 1√
2 (|undecayed⟩ + |decayed⟩).

Unitary evolution of the full system. Atom, counter, vial, and cat are all quantum systems. The
Schrödinger equation applied to the joint system gives

|Ψ⟩ = 1√
2

(
|undecayed⟩|counter quiet⟩|vial sealed⟩|cat alive⟩+|decayed⟩|counter fired⟩|vial broken⟩|cat dead⟩

)
.

By the linearity of Schrödinger evolution there is no step in this chain where the superposition is resolved
into one branch. The final joint state is a superposition of “cat alive” and “cat dead” — a macroscopic
Schrödinger cat.

Decoherence check. Tracing out the environment (air molecules colliding with the cat’s fur, thermal
photons emitted by the cat’s body, etc.) diagonalizes the reduced density matrix of the cat in the pointer
basis {|alive⟩, |dead⟩} on timescales of ∼ 10−23 seconds (10.4). After decoherence,

ρcat ≈ 1
2 |alive⟩⟨alive| + 1

2 |dead⟩⟨dead|.

This is a classical probabilistic mixture — no interference, no off-diagonal coherences. Decoherence has solved
the “why no cat-interference-experiment” problem. But ρcat is still a mixture: the formalism says “probability
1/2 alive, probability 1/2 dead,” not “alive” or “dead.” In a single run, an observer opens the box and sees
exactly one outcome.

What each interpretation says happens when Alice opens the box:

• Copenhagen. Before opening: system is in a superposition; talking about “the cat” as if it has a
definite state is meaningless. On opening: the wavefunction collapses (non-unitarily) to one of the two
branches. The cat “becomes” alive or dead at the moment of observation. No account of when this
happens; the classical/quantum cut is placed wherever is convenient.

• Many-worlds. Before opening: the universe is in a superposition. On opening: Alice becomes
entangled with the cat, producing 1√

2 (|alive⟩|Alice sees alive⟩+ |dead⟩|Alice sees dead⟩). Both branches
are equally real. Each branch contains a version of Alice who is certain she saw a single outcome.
Nothing is selected; nothing collapses.

• Bohmian mechanics. Before opening: the cat has a definite configuration (all particle positions are
specified) — either the “alive” configuration or the “dead” configuration, determined by the initial
hidden variable and guided by the pilot wave. The wavefunction is still a superposition of both, but
only one is occupied by the actual particles. Opening reveals pre-existing fact.

• QBism. Before opening: Alice has a personal probability assignment of 1/2 for each outcome. On
opening: Alice updates her beliefs. “Collapse” is a Bayesian update on her personal credences; no
physical collapse occurred and the wavefunction was never a physical object.

• GRW / dynamical collapse. Before opening: a macroscopic object like a cat is far above the
spontaneous-collapse threshold. Within microseconds, the cat’s wavefunction has already physically
collapsed to either |alive⟩ or |dead⟩ via spontaneous localizations — well before Alice arrives. The
“opening” is just classical inspection of an already-definite situation.
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The structural point. All five interpretations agree on every observable prediction in this experiment:
Alice sees alive with probability 1/2 and dead with probability 1/2. The disagreement is entirely about the
ontological content of the intermediate state and about what “happens” during the act of observation. This
is why the measurement problem is simultaneously the most empirically stable and the most conceptually
contested problem in the foundations of physics.

Cross-Links
• Module 2: Postulates 2.3 (collapse) and 2.4 (unitary) — the two rules whose tension defines the

problem.
• Module 5: Decoherence (Node 5.5) — does not solve the measurement problem (it explains the

apparent classicality of pointer states but leaves the choice of branch unaccounted).
• Module 10: PBR theorem (10.3) and other foundational no-go results constrain admissible interpreta-

tions.

Structural Compression
Invariant: The formalism contains two distinct dynamical rules and no internal criterion specifying when
each applies.

Mechanism: Linearity of Schrödinger evolution combined with nonlinearity of the projection postulate.

Cross-System Echo: Frequentist vs Bayesian interpretations of probability share an analogous structural
pattern: a single mathematical formalism, multiple compatible philosophical readings, no internal criterion
that selects between them.

Exercises
1. State precisely the contradiction between unitary evolution and the projection postulate, using the

Wigner’s-friend setup.
2. Argue why decoherence alone cannot solve the measurement problem. (Hint: decoherence diagonalizes

the reduced density matrix in the pointer basis but does not select a single outcome.)
3. For each of the five resolutions above, state the answer to: “What physically happens when Wigner’s

friend looks at the qubit?”
4. Argue why the measurement problem is a structural problem about the postulates, not a metaphysical

question about consciousness.
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Copenhagen Interpretation
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Interpretations Node: 6.2

Copenhagen is the historical default interpretation of quantum mechanics — the view Niels Bohr, Werner
Heisenberg, and their colleagues developed in the late 1920s and which appears, explicitly or implicitly, in
nearly every introductory textbook. It resolves the measurement problem of Node 6.1 by postulating a cut
between quantum and classical domains and refusing to formalize where the cut lies. The wavefunction is
interpreted operationally or epistemically, not as a physical field. This node states the formal content of
Copenhagen precisely, separates it from the various later “Copenhagen-ish” views it is sometimes conflated
with, and evaluates it against the three criteria of Node 6.1: formal completeness, empirical equivalence, and
ontological commitments.

Formal Statement
The two-domain structure

Copenhagen partitions physical situations into two domains, following Bohr’s framing:

1. Quantum domain. Systems described by a state vector |ψ⟩ ∈ H evolving under the Schrödinger
equation iℏ∂t|ψ⟩ = H|ψ⟩. All of Nodes 2.1–2.6 applies. The state is a complete description of the
system’s predictive resources, not necessarily a description of objective facts about the system.

2. Classical domain. Macroscopic apparatuses, observers, and measurement outcomes. These are
described in the language of classical physics — definite positions, definite pointer readings, definite
events. Classical concepts are necessary for the formulation of experiment: one cannot specify what is
being measured without using classical language to describe the apparatus.

Between the two domains sits the Heisenberg cut: a (movable, methodological) boundary separating
quantum from classical. The location of the cut is a choice made by the physicist for the purposes of a
particular analysis — it is not a structural feature of nature.

The measurement rule

When a measurement is performed, the system’s state collapses according to the projection postulate of Node
2.3:

|ψ⟩ 7→ Pi|ψ⟩√
⟨ψ|Pi|ψ⟩

, p(i) = ⟨ψ|Pi|ψ⟩.

The collapse is physically ambiguous in Copenhagen. It is a rule for updating the predictive state of the
quantum system conditional on a macroscopically recorded outcome, not a physical process occurring at a
precise moment. The question “exactly when did the wavefunction collapse?” is declared to be meaningless:
collapse is whatever is needed to make the quantum-domain description consistent with the classical-domain
outcome.

Epistemic reading of the wavefunction

In Copenhagen, |ψ⟩ is not a physical property of the system. It is a calculational tool that encodes the observer’s
knowledge (or the experimental setup’s predictive resources) and allows the derivation of probabilities for
future measurement outcomes. The question “what is the system actually doing between measurements?” is
declared to be outside the scope of physics.
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Different authors within the Copenhagen tradition vary on how strictly this epistemic reading is held. Bohr
himself was careful not to commit to an ontological reading but emphasized the role of the classical apparatus.
Heisenberg oscillated between epistemic and ontological readings. The “shut up and calculate” attitude
associated with Mermin (who disavowed it) is a caricature but captures the operational spirit.

Intuition
Copenhagen is, in effect, the interpretation one arrives at by refusing to ask the questions that the measurement
problem poses. The strategy is to draw a line at the outputs of measuring devices — classical pointer readings

— and insist that physics makes predictions about these outputs via the Born rule, without committing to
any story about what the wavefunction is or what happens between measurements. The epistemic reading is
a natural fit: the wavefunction is whatever the physicist knows about the system, and “collapse” is just the
update when new information arrives.

The appeal of Copenhagen is its operational minimalism. It requires no metaphysical commitments beyond
the Born rule and the existence of classical apparatuses. It works for every actual calculation physicists do.
It does not require you to believe in branching universes, hidden particles, or personal probabilities. For
decades it was the interpretation physicists would give if pressed, and it is still the implicit framework of
most laboratory practice.

The cost is precision: Copenhagen does not say where the cut lies or what counts as a measurement. A
photomultiplier is a classical apparatus; what about a coherent superposition of photomultiplier readings? A
single atom is a quantum system; what about an atom being measured by a single photon? Copenhagen’s
answer is that the cut can be placed anywhere that makes the analysis work — which is to say, the formalism
does not determine where it should be placed. This is Bohr’s complementarity: the placement of the cut is
a feature of the observer’s description, not of the physical situation.

Structural Role
Copenhagen plays a specific role within the space of interpretations:

• The operational floor. Whatever else an interpretation claims, it must reproduce the Born-rule
predictions that Copenhagen takes as axiomatic. Every subsequent interpretation of this module accepts
Copenhagen’s empirical content and then attempts to provide a structural story behind it.

• Resistance to the measurement problem. Copenhagen’s strategy is to declare that the measurement
problem is ill-posed: there is no need to reconcile unitary evolution with collapse, because they apply in
different domains. This is a refusal rather than a resolution, but it is internally consistent as long as
the cut can always be drawn somewhere sensible.

• The interpretive zero point. Because Copenhagen makes no claims beyond the operational minimum,
it serves as the reference against which other interpretations can be measured. Many-Worlds (6.3)
removes the collapse rule; Bohmian mechanics (6.4) adds hidden variables; QBism (6.5) makes the
epistemic reading explicit and agent-centric. Each modifies Copenhagen along a specific axis.

• Tension with structural realism. Copenhagen is strongly anti-realist about the wavefunction (or
at best agnostic). This makes it compatible with Bohrian philosophical views but incompatible with
any program that wants quantum mechanics to describe an observer-independent reality. Modern
foundational work (Module 10) tends to treat Copenhagen as a starting point rather than a final resting
place.
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Mathematical Development
The Heisenberg cut as a boundary-condition choice

When analyzing an experiment involving a system S and an apparatus A, Copenhagen allows the Heisenberg
cut to be placed anywhere along the chain from S to the final observer. Placing the cut between S and A
means:

ρS =
∑
i

p(i)|ϕi⟩⟨ϕi|, p(i) = Born rule for S measurement.

A is treated classically, with p(i) as the probability of a classical pointer outcome.

Placing the cut after A means:

|ΨSA⟩ =
∑
i

ci|ϕi⟩S |ai⟩A,

a unitary-evolved entangled state of system and apparatus, with the cut deferred to a later stage (a
second apparatus, the observer’s eye, the observer’s brain). Copenhagen asserts that both descriptions are
operationally equivalent: they give the same predictions for whatever classical outcome is ultimately recorded.

The mathematical equivalence is straightforward (tracing out A in the second description gives the same
statistics as the first). The interpretive content is that the precise location of the cut is undetermined by the
formalism and must be chosen by the analyst.

Relation to decoherence

Decoherence (Module 5) provides a partial dynamical justification for the Heisenberg cut: macroscopic
apparatuses decohere extremely rapidly, so their reduced density matrices become effectively diagonal in the
pointer basis almost instantly. From a purely operational standpoint this means the apparatus’s coherences
cannot be detected, and so it may as well be classical.

Decoherence does not, however, solve the measurement problem within Copenhagen — the off-diagonal
elements of the reduced density matrix become small but never actually zero, and the reduced state is still a
mixed state encoding a superposition at the joint level. Copenhagen’s response is that once the coherences
are below detection thresholds, the pragmatic thing to do is to drop them and use a classical description.
This makes the Heisenberg cut a defensible approximation rather than an arbitrary stipulation.

Nonetheless, from the point of view of Module 6.1’s formal criterion, Copenhagen remains formally
incomplete: it does not specify exactly when the cut should be drawn, only that it can always be drawn
somewhere.

Contextuality and the observer

Bohr emphasized that the choice of experimental setup (including which classical apparatus is used) is part
of the physical situation. Measuring Z and measuring X on the same qubit are not two readings of the same
underlying reality — they are two complementary experimental contexts, each valid on its own but mutually
exclusive. This view of contextuality anticipates the formal Kochen–Specker theorem (Node 10.2), which
makes the impossibility of non-contextual hidden variable assignments rigorous. In Copenhagen, contextuality
is not a bug but a feature: the classical apparatus is part of the description, and there is no observer-free
quantum reality.

What Copenhagen cannot say

Copenhagen forbids certain questions as meaningless:
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• “Which path did the particle take through the interferometer?” Meaningless, because no which-path
detector was present.

• “What value did the observable have before it was measured?” Meaningless, because the question
presupposes a pre-measurement value.

• “Where exactly did the wavefunction collapse?” Meaningless, because collapse is a methodological
update, not a physical event.

This refusal to answer is the source of Copenhagen’s critics’ dissatisfaction. For operationalists, the refusal is
appropriate — it marks the limits of what physics can say. For realists, it is evasive — the questions are
about objective facts about nature and deserve answers.

Worked Example
Stern–Gerlach as the paradigm

The Stern–Gerlach experiment sends a beam of spin-1/2 atoms through an inhomogeneous magnetic field.
Atoms with Sz = +ℏ/2 are deflected one way; atoms with Sz = −ℏ/2 are deflected the other way. A screen
registers two spots.

In Copenhagen’s framing:

• The atom (or rather, its spin) is a quantum system with state |ψ⟩S .
• The magnet is a classical apparatus. Its magnetic field is a classical field configuration — not a

quantum field in a coherent state.
• The detector screen is another classical apparatus.

A single atom prepared in state |ψ⟩ = α|+⟩ + β|−⟩ passes through the apparatus. The classical description
of the outcome is: with probability |α|2 the atom hits the upper spot, with probability |β|2 the lower. The
quantum-to-classical collapse is what happens at the detector.

The Heisenberg cut can be placed at different positions:

• At the magnet: The atom’s spin is measured by the classical magnetic field. Outcome probabilities
are computed by Born rule.

• At the screen: The atom+magnet system evolves unitarily into an entangled state α|+⟩|upper path⟩+
β|−⟩|lower path⟩, and the screen measures which path by classical detection.

Both analyses give the same predictions. Copenhagen is silent about “which one is correct” — either is
acceptable as long as the computed probabilities match.

The contextual role of the magnet is essential: if instead of the z-field magnet a horizontal one were used,
the apparatus would measure Sx and give different outcome probabilities. Copenhagen refuses to say that
the spin “had” either an Sz or Sx value before the measurement — the apparatus choice is part of the
specification of the observable.

Double-slit

A particle passes through a double-slit screen and hits a detector. Copenhagen’s analysis:

• Without a which-path detector: the particle’s state is in superposition across the two slits; interference
pattern emerges at the detector; one cannot speak of the particle having taken a definite path.

• With a which-path detector: the particle’s state is effectively measured at the slit; interference is
destroyed; one of the two paths is recorded.

The classical-domain description of the experimental setup (which detectors are present) determines what can
be said about the quantum-domain state. Questions like “which slit did the particle actually pass through in
the interference case?” are declared meaningless by Copenhagen.
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Contrast with a hidden-variable analysis

A Bohmian analysis (Node 6.4) of the same experiment would assign a definite trajectory to the particle,
moving through one specific slit. Copenhagen would reject this as unnecessary metaphysical commitment:
all predictions are reproduced by the standard analysis, so why commit to trajectories that are in principle
unobservable?

The structural disagreement is not empirical — Copenhagen and Bohmian mechanics make the same
predictions — but about what counts as a satisfying theory. Copenhagen says: if the predictions are right,
there is nothing more to ask. Bohmian mechanics says: if predictions are all we care about, physics has
abandoned its claim to describe reality.

Cross-Links
• Module 6.1 (Measurement problem): Copenhagen’s strategy is to deny the problem is well-posed.

This is internally consistent but formally incomplete.
• Module 5.5 (Pointer basis / einselection): Decoherence provides a dynamical story for why

macroscopic apparatuses can be described classically, without solving the measurement problem.
• Module 2.3 (Born rule): Copenhagen takes the Born rule as axiomatic; other interpretations attempt

to derive it.
• Module 10.2 (Kochen–Specker): Formalizes contextuality — Copenhagen’s insistence on apparatus-

dependent observables turns out to be forced, not a choice.
• Statistics: Frequentist statistics has a similar operational orientation — refuses to assign probabilities

to hypotheses, only to observed outcomes under fixed experimental setups.

Structural Compression
Invariant: Copenhagen posits a methodological (not ontological) cut between a quantum domain of unitary
dynamics and a classical domain of definite outcomes. The wavefunction is epistemic, not physical. The
measurement rule is a calculational prescription, not a physical process.

Mechanism: Heisenberg cut, deliberately not formalized. Unitary evolution in the quantum domain,
Born-rule probability updating at the cut, classical description of apparatuses.

Cross-System Echo: Frequentist statistics refuses to formalize the prior; Copenhagen refuses to formalize
the cut. Both are operational frameworks that gain precision by restricting what questions can be asked.

Exercises
1. State precisely the criteria under which the Heisenberg cut may be placed in a Copenhagen analysis.

What formal requirement must hold for the two sides of the cut to be “equivalent”?
2. Argue why decoherence makes the Heisenberg cut a defensible approximation but does not eliminate its

arbitrariness.
3. For the Stern–Gerlach experiment, construct the joint state of atom + magnet before the detector

screen measures the position. Verify that tracing out the magnet gives the same outcome probabilities
as treating the magnet as a classical measuring device.

4. Explain why Copenhagen is formally incomplete (in the sense of Node 6.1) despite being empirically
adequate.

5. In what sense is Copenhagen “realist” about the classical domain but not about the quantum domain?
Is this combination internally consistent?

6. Compare the Copenhagen treatment of the measurement problem with its treatment of Bell nonlocality
(Module 10.1). Is Copenhagen’s refusal to assign pre-measurement values consistent with Bell’s theorem?
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7. Argue, structurally, why Copenhagen’s operational minimalism has kept it the default interpretation of
working physicists even as foundational work has moved beyond it.
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Many-Worlds Interpretation
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Interpretations Node: 6.3

Many-worlds — originally due to Hugh Everett (1957) and developed by DeWitt, Wheeler, Deutsch, Wallace,
Saunders, and others — is the interpretation that resolves the measurement problem by dropping the projection
postulate entirely. Only the Schrödinger equation governs the evolution of the universe’s total wavefunction;
there is no collapse, no cut, no classical domain, and no preferred basis except the one dynamically selected
by decoherence. What is experienced as measurement is the branching of the universal wavefunction into
mutually decoherent sectors, each containing a definite outcome and a copy of the observer who saw it.

Many-worlds is the minimal interpretation in terms of postulates (it discards one) and the maximal interpre-
tation in terms of ontology (everything in the wavefunction is real). It is the interpretation most directly
coupled to the material of Module 5: decoherence and einselection are essential to its account of experience.

Formal Statement
The only postulate

The universe is described by a universal wavefunction |Ψ⟩ on a Hilbert space that includes all physical
systems, observers, apparatuses, and environment. This state evolves only under the Schrödinger equation:

iℏ
d

dt
|Ψ⟩ = H|Ψ⟩.

There is no projection postulate. There is no collapse. Measurement is just a unitary interaction between a
system and an apparatus (and eventually an observer and environment), producing an entangled state in
which the observer becomes correlated with the measurement outcome.

Branching

When a measurement is performed, the joint state of system + apparatus + observer + environment becomes,
schematically,

|Ψ⟩ =
∑
i

ci |i⟩S ⊗ |apparatus shows i⟩A ⊗ |observer sees i⟩O ⊗ |Ei⟩env.

Each term in this sum is a branch (or “world”). The environment states |Ei⟩ are mutually orthogonal after
decoherence (by the einselection argument of Node 5.5), so the branches have no practical way to interfere
with each other. Within each branch, the observer has experienced a definite outcome i and will, from that
moment on, describe the world in terms of that branch’s history.

Everett’s central claim: each branch is equally real. There is no “actual” outcome selected from among the
branches — all of them occur, in different sectors of the universal wavefunction.

Probabilities

The coefficients |ci|2 are interpreted as probabilities — but the question of why they should be is non-trivial,
because in a purely deterministic branching picture every outcome occurs. Several approaches to deriving the
Born rule from the many-worlds framework have been developed:

• Deutsch–Wallace decision-theoretic derivation (2000–2012). A rational agent operating within the
many-worlds framework can be shown, under plausible decision-theoretic axioms, to assign subjective
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probabilities to branches equal to |ci|2. This is the formal analogue of the classical Cox/Savage
derivations of Bayesian probability from rationality axioms.

• Self-locating uncertainty (Vaidman, Sebens–Carroll 2018). Immediately after branching but before
the observer learns the outcome, they are uncertain which branch they are in. The correct probability
to assign to being in a particular branch is derived from the structure of the wavefunction and turns
out to equal |ci|2.

• Envariance (Zurek 2005). The Born rule follows from an invariance property of entangled states under
local operations on one side balanced by compensating operations on the other.

These derivations are not universally accepted — critics argue that each presupposes in some form what it
sets out to prove. The status of the Born rule in many-worlds is therefore a live area of foundational debate.
What is not in dispute is that many-worlds’ empirical predictions, if the Born rule is taken as an auxiliary
postulate, match standard quantum mechanics exactly.

Intuition
The simplest reading: take the Schrödinger equation seriously. If a measurement is a physical process — and
it is, since apparatuses are made of atoms — then it should be describable by unitary quantum mechanics all
the way through, with no special exception for “measurement.” But doing so produces entangled states of
system, apparatus, and observer. Where does the definite outcome come from?

Everett’s answer: nowhere. The entangled state is the situation, and each term in it is one branch of the
universal wavefunction. The observer in branch 1 sees outcome 1; the observer in branch 2 sees outcome
2. Both observers are copies of the original observer before the measurement. Neither has any experiential
access to the other branch — the branches have decohered, so no interference is possible.

From the inside of a branch, the experience of measurement is exactly what Copenhagen describes: an
apparent random selection of one outcome from a distribution. The many-worlds account is that each branch
looks locally like the Copenhagen account, but the global picture is unitary, branching, and deterministic.

The cost is an explosion of ontology. Every quantum event creates branches, and the total number of branches
grows without bound. Many-worlds advocates reply that this is no more ontologically extravagant than
committing to a continuous field theory in classical mechanics: in both cases, the theory is described by a
single mathematical object, and whatever exists is whatever that object contains. The universe’s “cost” is
the dimension of its Hilbert space, not the number of terms in any particular decomposition.

The advantage is structural parsimony. Many-worlds has one dynamical rule (the Schrödinger equation)
and no cuts, no collapse, no special role for observers. It is compatible with locality in a technical sense:
there is no faster-than-light signalling, because branching is a local phenomenon that spreads at the speed of
light. And it is compatible with determinism: the universal wavefunction evolves deterministically under the
Schrödinger equation, even though each observer experiences apparent randomness.

Structural Role
Many-worlds is the interpretation of choice for certain classes of structural argument:

• Dropping a postulate. It is the minimalist response to the measurement problem in the specific
sense that it removes one of the two rules of Node 6.1. This appeals to people who believe that physics
should have the smallest possible set of fundamental laws.

• Compatibility with quantum cosmology. If the universe as a whole has a wavefunction (as
in Wheeler–DeWitt quantum cosmology), there is no external observer to perform a measurement.
Copenhagen becomes unusable; many-worlds provides a coherent framework in which the universal
wavefunction just evolves.
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• Pairing with decoherence. Many-worlds leans heavily on the machinery of Module 5. The preferred-
basis problem (“why do we see position rather than position+momentum superpositions?”) is answered
by pointing to the pointer basis selected by the system–environment coupling. Decoherence is not a
partial solution to the measurement problem in many-worlds; it is the complete account of why branches
look definite from the inside.

• Information-theoretic cousins. Consistent-histories (Node 6.5), decoherent histories, and relational
interpretations are close relatives of many-worlds in the sense that all drop the objective collapse and
replace it with framework-dependent descriptions.

• Controversies. The Born-rule derivation remains contested. Critics include Price, Kent, Adlam,
and others who argue that probabilities make sense only if something is uncertain, and in a fully
deterministic many-worlds picture there is nothing to be uncertain about. Defenders respond via
decision theory, self-locating uncertainty, or simply treating the Born rule as an auxiliary postulate.

Mathematical Development
The universal wavefunction

Let HU be the Hilbert space of the universe, schematically HU = HS ⊗ HA ⊗ HO ⊗ Henv (system, apparatus,
observer, environment). The universal state |Ψ⟩ ∈ HU evolves under HU by the Schrödinger equation. All
quantum predictions are to be computed from |Ψ⟩ by taking inner products and tracing out unobserved
degrees of freedom.

Everett’s consistency claim. The empirical content of quantum mechanics — the probabilities of
measurement outcomes — can be recovered from |Ψ⟩ alone, without invoking any collapse. The recovery
depends on:

1. The branches being decoherent (so no cross-branch interference is observable).
2. The Born-rule weighting of branches (which must be justified from the structure of |Ψ⟩).

Branching as entanglement

Before a measurement, the state is |Ψ0⟩ = (
∑
i ci|i⟩S) ⊗ |0⟩A⊗ |0⟩O ⊗ |E0⟩. After the measurement interaction

(a unitary that couples system to apparatus), the apparatus has become correlated with the system:

|Ψ1⟩ =
∑
i

ci|i⟩S ⊗ |ai⟩A ⊗ |0⟩O ⊗ |E0⟩.

After the observer reads the apparatus, the observer is correlated as well:

|Ψ2⟩ =
∑
i

ci|i⟩S ⊗ |ai⟩A ⊗ |oi⟩O ⊗ |Ei⟩,

where the environment states |Ei⟩ are the einselected records of the observer’s brain state interacting with its
surroundings. Decoherence drives ⟨Ei|Ej⟩ → 0 on timescales of 10−13 seconds or faster.

Once the environment states are orthogonal, the reduced density matrix on the system + apparatus +
observer is diagonal:

ρSAO =
∑
i

|ci|2|i⟩⟨i|S ⊗ |ai⟩⟨ai|A ⊗ |oi⟩⟨oi|O.

From the inside of any branch, the observer sees a classical mixture of outcomes with probabilities |ci|2
— exactly the Copenhagen prediction. No collapse was needed; the apparent randomness comes from the
observer being in one branch and not having access to the others.
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Preferred basis

The “preferred basis problem” is: why do branches decompose in the {|i⟩} basis rather than any other?
The mathematical answer is decoherence + einselection (Node 5.5): the environment’s coupling to the joint
system determines the pointer basis, and that is the basis in which branching is well-defined. A basis that is
not einselected would have its cross-terms remain coherent, making the “branches” interfere and rendering
the description nonsense.

This is why many-worlds is structurally dependent on Module 5. Without decoherence, there would be no
unique way to decompose the universal wavefunction into branches, and the many-worlds story would be
ambiguous. With decoherence, the branches are the einselected components, and the branching structure is
well-defined up to the limits of decoherence precision.

Deutsch–Wallace decision-theoretic derivation of Born rule

The Deutsch–Wallace program takes rationality axioms from classical decision theory (transitivity of prefer-
ences, continuity, Savage’s sure-thing principle) and adds quantum-specific axioms (equivalence, additivity
over branches, etc.). Under these axioms, a rational agent acting within the many-worlds framework must
treat the branch amplitudes |ci|2 as probabilities. The derivation is technical and the axioms are contested,
but the structural point is that the Born rule emerges from the combination of unitary dynamics and rational
betting behavior — it is not an independent postulate.

Wallace’s 2012 book The Emergent Multiverse gives the most developed form of this argument.

Self-locating uncertainty

The Sebens–Carroll approach uses the observation that, after the measurement interaction but before the
observer learns the outcome, the observer is uncertain about which branch they are in — self-locating
uncertainty. The natural probability assignment for being in branch i is then derived from symmetries of the
wavefunction and, under plausible assumptions, equals |ci|2. The derivation is cleaner than Deutsch–Wallace’s
but still assumes something about how to count observers across branches.

Worked Example
Schrödinger’s cat in many-worlds

Consider the full Schrödinger’s cat setup: a radioactive atom in a state (|undecayed⟩ + |decayed⟩)/
√

2,
coupled to a Geiger counter, coupled to a vial of poison, coupled to a cat, coupled to Wigner, coupled to the
environment. The joint unitary evolution takes the initial product state into

|Ψ⟩ = 1√
2

(
|undec⟩|G0⟩|V ⟩|alive⟩|W0⟩|E0⟩ + |dec⟩|G1⟩|Vbroken⟩|dead⟩|W1⟩|E1⟩

)
,

where all the degrees of freedom have become entangled with the atom’s decay status.

Copenhagen says: the cat is in a superposition until someone opens the box, at which point collapse happens.

Many-worlds says: there is no superposition-versus-collapse distinction. The universal wavefunction is always
|Ψ⟩. It contains two branches: one in which the atom did not decay and the cat is alive, and one in which it
did and the cat is dead. Both branches are equally real. Before Wigner opens the box, he is in a factored
state |W0⟩ not entangled with the atom; after he opens it, he becomes entangled:

|Ψ⟩ → 1√
2

(
|alive⟩|Wsees alive⟩ + |dead⟩|Wsees dead⟩

)
.

The “Wigner sees alive” copy of Wigner experiences a relieved observation; the “Wigner sees dead” copy
experiences a sad one. Both exist. Each is only aware of his own branch.
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Is this coherent? From the inside of each branch, the statistics match Copenhagen: subjective probability
1/2 for each outcome. From the outside (if there were some meta-observer), the universal wavefunction is a
simple unitary evolution with no collapse. Many-worlds claims this is the only consistent picture.

The Wigner’s-friend scenario

In the Frauchiger–Renner extension, one has Wigner measuring his friend who has measured a spin. In
Copenhagen, there are delicate questions about whether the friend’s “observation” counts as a collapse. In
many-worlds, the question dissolves: after all the measurements, the universal wavefunction contains four
branches corresponding to the four joint outcomes, all deterministic, all existing in parallel. The friend in
each branch has a consistent story; the branches do not interfere.

The Frauchiger–Renner paradox, which claims to derive a contradiction from single-world assumptions plus
quantum mechanics plus reasoning across observers, is consistent in many-worlds because many-worlds does
not assume single-world outcomes.

Branching and the expansion of the universe

In many-worlds cosmology, the universal wavefunction branches constantly and everywhere. Each quantum
event, from a cosmic ray decay to the spontaneous emission of a photon by a distant atom, creates branches.
The total number of branches grows astronomically, but this is not a physical cost — it is just the dimension
of Hilbert space being used. From an information-theoretic standpoint, the wavefunction has bounded
Kolmogorov complexity (as a solution to a differential equation), even if the number of branches in any
decomposition is large.

Cross-Links
• Module 2.4 (Unitary evolution): The only rule in many-worlds. Everything else follows.
• Module 5.5 (Pointer basis / einselection): Provides the preferred basis for branching. Many-worlds

is structurally dependent on decoherence.
• Module 6.5 (QBism / consistent histories): Related agent-relative and framework-relative

interpretations that also drop objective collapse.
• Module 10 (Foundations): The PBR theorem (10.3) constrains ψ-epistemic interpretations. Many-

worlds is strongly ψ-ontic — the wavefunction is the only fundamental entity — and so survives PBR
trivially.

• Statistics: Self-locating uncertainty and decision-theoretic derivations have direct analogues in Bayesian
probability theory.

Structural Compression
Invariant: Only unitary evolution is fundamental. Measurement is a unitary interaction producing branches
of the universal wavefunction; each branch is equally real; apparent randomness comes from being in one
branch and not the others.

Mechanism: Schrödinger equation applied to the universal wavefunction, plus decoherence (Module 5) to
select the preferred basis and make branches effectively independent.

Cross-System Echo: Bayesian self-locating uncertainty, statistical mechanics ensembles (imagined as many
actual copies rather than one probabilistic system), and parallel computation all share the structural pattern
“apparent selection arises from restriction to one sector of a larger space that contains all possibilities.”
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Exercises
1. Write out the universal wavefunction for Wigner’s friend in full, tracking the entanglement structure at

each step. Where does “collapse” appear in the many-worlds picture?
2. Explain why many-worlds does not require a preferred basis to be postulated — decoherence provides

one dynamically. Under what conditions could the decoherence selection fail?
3. State the Deutsch–Wallace decision-theoretic argument for the Born rule in your own words. What is

the key assumption being made about rational agency?
4. Argue why many-worlds is not refuted by the observation that we don’t experience branching. (Hint:

each branch is only aware of itself.)
5. Compare the many-worlds account of Schrödinger’s cat with the Copenhagen account. Which of the

questions “when did the cat become definite?” and “which cat am I?” is well-posed in each framework?
6. Critics argue that many-worlds’ ontology is extravagant. Argue for or against this claim on structural

grounds (e.g., Hilbert-space dimension, Kolmogorov complexity of the wavefunction).
7. Explain, structurally, why many-worlds requires Module 5 (decoherence) but not Module 6.5 (hidden

variables). What is the relationship between the two?
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Bohmian Mechanics
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Interpretations Node: 6.4

Bohmian mechanics — due to Louis de Broglie (1927) in its pilot-wave form and rediscovered and developed
by David Bohm (1952), with later refinement by Bell, Dürr, Goldstein, Zanghì, and others — is the canonical
hidden-variable interpretation of quantum mechanics. It restores determinism and particle trajectories by
supplementing the wavefunction with a second physical ingredient: actual particle positions. The wavefunction
evolves under the Schrödinger equation exactly as in standard quantum mechanics and plays the role of
a guiding field. Particles follow definite trajectories determined by the wavefunction through a first-order
guidance equation. All quantum predictions are recovered, provided one assumes that particle positions are
distributed according to |ψ|2 — the quantum equilibrium hypothesis.

Bohmian mechanics is the interpretation one reaches by insisting that physics describes an observer-independent
reality of point particles moving in space, at the cost of accepting that the dynamics is explicitly nonlocal.

Formal Statement
The two dynamical objects

A Bohmian universe is specified by:

1. A wavefunction ψ(x1, . . . , xN , t) on configuration space, evolving under the usual Schrödinger equation:

iℏ
∂ψ

∂t
=
(

−
N∑
k=1

ℏ2

2mk
∇2
k + V (x1, . . . , xN )

)
ψ.

2. Actual positions Q1(t), . . . , QN (t) of N particles, evolving under the guidance equation:

dQk
dt

= ℏ
mk

Im ∇kψ

ψ

∣∣∣∣
x1=Q1,...,xN =QN

.

The wavefunction guides the particles; the particles do not back-react on the wavefunction. The theory is
first-order in time (like a flow, not like Newtonian mechanics), and it is fully deterministic: given ψ and the
initial positions Qk(0), the future evolution of everything is fixed.

Quantum equilibrium hypothesis

The statistical content of the theory comes from a single assumption about initial conditions: the positions of
particles in any subsystem are distributed according to |ψ|2 at some time. The continuity equation

∂|ψ|2

∂t
+
∑
k

∇k ·
(
|ψ|2 vk

)
= 0, vk = ℏ

mk
Im ∇kψ

ψ
,

ensures that if |ψ|2 holds initially, it holds for all time. This is called equivariance: the Bohmian flow carries
the |ψ|2 distribution into itself. The quantum equilibrium hypothesis is then the statement that our universe
is in such an equilibrium.

Under quantum equilibrium, all empirical predictions of Bohmian mechanics agree exactly with those of
standard quantum mechanics, because measurement outcomes — being reducible to final particle positions
(pointer readings) — are distributed according to |ψ|2. Non-equilibrium Bohmian mechanics, in which particle
distributions differ from |ψ|2, is a logically consistent possibility but is not observed (Valentini has argued it
could leave cosmological signatures).
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No separate measurement postulate

Bohmian mechanics has no projection postulate. Measurement is simply an interaction between a system and
an apparatus in which the apparatus’s pointer (a collection of Bohmian particles) ends up at one of several
spatial locations. The Born rule is not postulated — it is derived from the guidance equation plus quantum
equilibrium.

Intuition
The animating image is simple. Particles are real objects with definite locations at all times, moving through
space along smooth trajectories. The wavefunction is a real field on configuration space that tells each
particle how to move. A measurement outcome is just the final location of a pointer particle; there is nothing
mysterious about it.

This is the interpretation a seventeenth-century natural philosopher would have wanted. It restores the
classical picture almost in full: there are particles, they move, the trajectories exist, determinism holds. The
only non-classical element is the nature of the guiding field, which lives on the 3N -dimensional configuration
space rather than on ordinary three-dimensional space and therefore couples distant particles instantaneously.

This instantaneous coupling is the price. Bell’s theorem (Node 10.1) proves that any theory assigning definite
values to measurement outcomes and reproducing quantum statistics must be nonlocal. Bohmian mechanics
does not evade this — it embraces it. The guidance equation for particle k depends on the positions of all
other particles simultaneously, so a measurement on one half of an entangled pair instantaneously alters the
guidance of the other half. There is no signaling (the |ψ|2 distribution prevents any observable faster-than-light
effects), but the underlying dynamics is explicitly nonlocal in a way that sits uneasily with special relativity.

The second cost is mathematical elegance. The Schrödinger equation plus guidance equation is not the
most economical description — it has two dynamical entities where standard quantum mechanics has one.
And the quantum equilibrium hypothesis must be added as an independent postulate (though it has a
statistical-mechanics-style justification in terms of typicality arguments).

The advantage is a clean ontology. Bohmian mechanics says exactly what exists (particles and wavefunction),
exactly where it is (positions in configuration space), and exactly how it evolves (Schrödinger + guidance).
There is no measurement problem because measurement is just a particular kind of interaction. There is no
preferred-basis problem because the preferred basis is position, by fiat. There is no observer problem because
observers are collections of Bohmian particles like any other.

Structural Role
Bohmian mechanics plays several distinctive structural roles in the foundations literature:

• Existence proof for hidden variables. Before Bohm, it was widely believed (following von Neumann’s
flawed 1932 “proof”) that hidden-variable completions of quantum mechanics were impossible. Bohmian
mechanics refuted this by exhibiting one. The von Neumann argument was shown by Bell to rest on an
unjustified assumption (linearity of hidden-variable value assignments over non-commuting observables).

• Counterexample to naïve locality claims. Bohmian mechanics makes it concrete that nonlocal
hidden-variable theories can reproduce quantum statistics. Bell’s theorem was developed in part by
thinking about what Bohmian nonlocality actually requires, and the Bell inequalities are tight: any
theory reproducing quantum statistics and assigning definite outcomes must have this much nonlocality.

• Position as the fundamental observable. Bohmian mechanics takes position as the primitive
ontology and derives the other observables’ behavior from measurement dynamics. This makes it
contextual in Bell’s sense (Node 10.2): the “value” of, say, spin is not a property of the particle
but of the joint system of particle plus measuring apparatus. This squares Bohmian mechanics with
Kochen–Specker contextuality by accepting it straightforwardly.
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• ψ-ontic commitment. The wavefunction in Bohmian mechanics is a real physical field, not an
epistemic tool. This makes Bohmian mechanics strongly ψ-ontic, and it passes the PBR theorem (Node
10.3) trivially.

• Contrast class to many-worlds. Both Bohmian mechanics and many-worlds drop the projection
postulate. Many-worlds keeps only the wavefunction; Bohmian mechanics keeps the wavefunction and
adds particles. Defenders of many-worlds argue that Bohmian particles are redundant (the wavefunction
is doing all the work); defenders of Bohmian mechanics argue that the particles are the only thing
preventing the wavefunction from being a sum of unrealized possibilities.

Mathematical Development
Deriving the guidance equation

Write the wavefunction in polar form ψ = ReiS/ℏ with R,S real. Substituting into the Schrödinger equation
and separating real and imaginary parts yields two equations:

∂R2

∂t
+
∑
k

∇k ·
(
R2 ∇kS

mk

)
= 0,

∂S

∂t
+
∑
k

(∇kS)2

2mk
+ V +Q = 0, Q = −

∑
k

ℏ2

2mk

∇2
kR

R
.

The first equation is a continuity equation for the density R2 = |ψ|2, with velocity field vk = ∇kS/mk. The
second is a Hamilton–Jacobi equation for S supplemented by an additional term Q, the quantum potential,
which is the only place ℏ appears. Bohm’s original 1952 formulation was cast in these terms: particles follow
Newtonian-like trajectories under the combined potential V +Q.

The modern formulation (Dürr–Goldstein–Zanghì) drops the quantum potential and simply reads off the
guidance equation directly from the probability current:

jk = ℏ
mk

Im(ψ∗∇kψ) = |ψ|2 ∇kS

mk
= |ψ|2vk,

giving

vk = jk
|ψ|2

= ℏ
mk

Im ∇kψ

ψ
.

This form makes no reference to S (which is only defined up to 2πℏ at nodes of ψ) and generalizes cleanly to
spinors and many-particle systems.

Equivariance

If the distribution of particle positions is ρ(x, t), then ρ satisfies a continuity equation:

∂ρ

∂t
+
∑
k

∇k · (ρvk) = 0.

Since |ψ|2 also satisfies this equation with the same velocity field (from the Schrödinger equation), any
distribution equal to |ψ|2 at one time remains equal to |ψ|2 at all later times. This is equivariance, and it is
the technical basis for the quantum equilibrium hypothesis being consistent.
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Quantum equilibrium and typicality

The question “why are particles distributed according to |ψ|2?” has been addressed by Dürr–Goldstein–Zanghì
through a typicality argument, analogous to Boltzmann’s justification of the uniform distribution on phase
space in classical statistical mechanics. The argument is: among the measure-|Ψ|2 set of possible initial particle
configurations of the universe, the vast majority of initial conditions lead to subsystem distributions that
are empirically indistinguishable from |ψ|2. So quantum equilibrium is typical in a precise measure-theoretic
sense, even if it is not inevitable.

Nonlocality in entangled systems

For a two-particle entangled state ψ(x1, x2), the guidance equation for particle 1 depends on x2:

Q̇1 = ℏ
m1

Im ∇1ψ(x1, x2)
ψ(x1, x2)

∣∣∣∣
x1=Q1,x2=Q2

.

If ψ does not factorize, the velocity of particle 1 depends on where particle 2 is right now. Measuring particle
2 (which in Bohmian mechanics means causing its position to be correlated with a macroscopic pointer) alters
the effective wavefunction that guides particle 1, and this alteration propagates instantaneously.

This is the explicit nonlocality Bell’s theorem requires of any definite-outcome theory. The theory is
compatible with no-signaling because the |ψ|2 distribution over hidden initial conditions averages out the
nonlocal influences at the statistical level — any experimenter making only macroscopic measurements cannot
use the nonlocal dynamics to send information.

Measurement as entanglement plus position readout

Consider a spin measurement in the Bohmian picture. The spin-1/2 particle has a wavefunction ψ(x) =
αϕ+(x) + βϕ−(x) where ϕ± are spin eigenstates with spatial wavepackets. A Stern–Gerlach magnet couples
spin to position, producing after evolution a bipartite wavefunction in which spin-up packets are at position
+z and spin-down packets are at position −z:

ψ(x, t) = αϕ+(x− z0ẑ, t) + βϕ−(x+ z0ẑ, t).

The actual Bohmian particle ends up in one of the two packets — whichever one contains its initial position.
Which one it is depends deterministically on the initial conditions, but because those conditions are distributed
according to |ψ|2, the observed statistics are |α|2 and |β|2. The spin “value” is not a property of the particle;
it is a feature of the apparatus–particle interaction that happens to correlate cleanly with the final position.

Worked Example
Double-slit with Bohmian trajectories

A particle impinges on a screen with two slits. The wavefunction after the slits is the superposition ψ = ψ1 +ψ2
of two outgoing wavepackets. Downstream, the two packets overlap and interfere, producing the standard
cos2 fringe pattern in |ψ|2.

In Bohmian mechanics, the particle has a definite position at all times. It goes through one slit — slit
1 if its initial position is in the left half of the configuration space, slit 2 otherwise. After the slits, the
particle’s trajectory is guided by the total ψ, and in the overlap region the trajectories become strongly
curved, bunching toward the bright fringes and avoiding the dark fringes.

Numerical computations of these trajectories (originally by Philippidis, Dewdney, and Hiley in 1979) show a
distinctive “no-crossing” property: Bohmian trajectories never cross each other in configuration space. This
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means that in the symmetric double-slit, a particle going through the left slit always ends up on the left half
of the screen, and vice versa. (Contrast with the Feynman picture, where paths cross freely.)

The statistical distribution of impact positions is |ψ|2, reproducing the interference pattern exactly. An
individual particle’s path is a definite curve, but which curve depends on the initial position, and the ensemble
of curves over the |ψ|2 distribution produces interference.

Crucially, which slit the particle went through is not observable without disturbing the wavefunction. Any
detector at one slit destroys the coherence of the two packets and thus destroys the interference. Bohmian
mechanics is consistent with the standard experimental phenomenology: in the interference case, the question
“which slit did it go through?” has an answer according to the theory (one can in principle compute it from
initial conditions), but no measurement can reveal that answer without erasing the interference. This is the
sense in which Bohmian hidden variables are “hidden.”

EPR in Bohmian mechanics

Consider an entangled singlet pair |ψ⟩ = (| ↑↓⟩ − | ↓↑⟩)/
√

2. Alice measures her particle’s spin along some
axis; Bob measures his along another.

In Bohmian mechanics, both particles have definite position trajectories throughout. When Alice performs
her measurement, her apparatus couples to her particle’s spin-position correlation, and her particle ends up in
one of the spin-up or spin-down packets. The wavefunction is still an entangled two-particle wavefunction, so
the “effective wavefunction” guiding Bob’s particle is instantaneously updated: Bob’s particle is now guided
by the conditional wavefunction corresponding to Alice’s outcome.

This update is nonlocal in the strict sense — it happens at Bob’s location at the same time as Alice’s
measurement, regardless of spatial separation. But the statistics of Bob’s subsequent measurement remain
1/2, 1/2 if he hasn’t yet been informed of Alice’s outcome, so no signal has been sent. The nonlocality is
“under the hood”: visible in the equations of motion of hidden variables but invisible at the level of observed
statistics.

Bell’s theorem is what forces this nonlocality: if Bohmian mechanics were local, it could not reproduce
the violations of CHSH observed in real EPR experiments. The theorem guarantees that any deterministic
hidden-variable theory with definite outcomes must have this feature. Bohmian mechanics has it explicitly
and unapologetically.

Hydrogen ground state

The hydrogen ground-state wavefunction ψ = (πa3
0)−1/2e−r/a0 is real. Since the guidance equation is

proportional to Im(∇ψ/ψ), and the wavefunction is real, the velocity field vanishes identically. Therefore the
Bohmian electron in the ground state is at rest: it sits at some definite position in the cloud and does not
move at all.

This is unintuitive from a classical standpoint — a stationary electron in a hydrogen atom? — but consistent.
The orbital picture of an electron orbiting the nucleus does not correspond to Bohmian reality. The “motion”
in the classical picture is really the spread of the wavefunction; the Bohmian particle itself is stationary in
s-states. Kinetic energy appears through the quantum potential Q, not through actual motion. This is one of
the places where Bohmian mechanics’ ontology diverges most strikingly from classical intuition.

Cross-Links
• Module 6.1 (Measurement problem): Bohmian mechanics resolves the measurement problem

by eliminating the collapse postulate and treating measurement as an interaction that correlates the
apparatus position with the system state.
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• Module 6.3 (Many-worlds): Both drop the projection postulate. Many-worlds keeps only the
wavefunction; Bohmian mechanics adds particles. Structurally, Bohmian mechanics can be seen as
“many-worlds with a marker pointing to the branch we’re in.”

• Module 10.1 (Bell’s theorem): Forces Bohmian mechanics to be nonlocal. The nonlocality is visible
in the guidance equation for entangled states.

• Module 10.2 (Kochen–Specker): Bohmian mechanics is contextual: the “value” of a spin measure-
ment depends on the apparatus, not just on the particle. This is consistent with KS, which forbids
non-contextual hidden variables.

• Module 10.3 (PBR theorem): Bohmian mechanics is ψ-ontic (the wavefunction is real) and so
survives PBR.

• Classical mechanics: The guidance equation is first-order in time, like a classical flow, and the
quantum potential plays a role analogous to a Hamilton–Jacobi potential.

• Statistics: Quantum equilibrium is analogous to thermodynamic equilibrium in statistical mechanics
— a typical distribution that dominates observations even though non-equilibrium initial conditions are
logically possible.

Structural Compression
Invariant: Particles have definite positions at all times, guided by a wavefunction that evolves unitarily. Mea-
surement reveals position; other “values” (spin, momentum) are contextual features of the particle–apparatus
interaction. Quantum statistics are recovered because positions are distributed according to |ψ|2.

Mechanism: Schrödinger equation for ψ, guidance equation for particle positions, quantum equilibrium
hypothesis ρ = |ψ|2 as the initial condition.

Cross-System Echo: Latent-variable models in statistics, hidden Markov state in Bayesian filtering, and
stochastic particle methods in fluid dynamics all share the pattern “guiding field + tracer particle distributed
by that field’s density.”

Exercises
1. Derive the guidance equation from the Schrödinger equation via the polar decomposition ψ = ReiS/ℏ.

Verify that the velocity field is ∇S/m and that |ψ|2 satisfies a continuity equation with this velocity.
2. Show that the hydrogen ground-state wavefunction, being real, yields zero Bohmian velocity. Discuss

the tension with the classical picture of an orbiting electron.
3. For a particle in a one-dimensional box in the n-th stationary state, compute the Bohmian trajectories.

Verify that the particle is at rest, and explain how this is consistent with nonzero kinetic energy
expectation values.

4. Construct the Bohmian trajectories for a Gaussian wavepacket in free space. Show that the trajectories
spread linearly with time, matching the |ψ|2 spread.

5. For an entangled singlet pair, write the guidance equation for each particle and show explicitly that it
depends on the other particle’s position. Use this to explain how Bohmian mechanics is nonlocal yet
no-signaling.

6. Discuss the quantum equilibrium hypothesis. What would it mean for the universe to not be in quantum
equilibrium, and what observable signatures would such a state have?

7. Argue, structurally, why Bohmian mechanics accepts the results of the Kochen–Specker theorem as a
feature rather than a problem. What does contextuality mean in the Bohmian framework?
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Consistent Histories and QBism
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Interpretations Node: 6.5

Two twentieth-century interpretive frameworks developed after Copenhagen, many-worlds, and Bohmian
mechanics, each dissolving the measurement problem in a different way.

Consistent histories — due to Robert Griffiths (1984), Roland Omnès, and in a closely related form to
Murray Gell-Mann and James Hartle — is a framework in which quantum mechanics is formulated as a
theory about sequences of events (histories) rather than states at fixed times. Classical probabilities are
assigned to histories, but only within self-consistent frameworks, and different frameworks may describe the
same physical situation in mutually exclusive ways. There is no objective collapse; there is no single universal
description; there is only the choice of framework plus decoherence.

QBism (Quantum Bayesianism) — due to Christopher Fuchs, Rüdiger Schack, and David Mermin — is a
radically agent-centered reading in which the wavefunction is not a physical property of any system but a
personal degree of belief held by an individual agent about their own future measurement outcomes. The
Born rule is a normative constraint on rational beliefs, and “collapse” is just Bayesian updating when the
agent learns a new fact. Measurement is the agent’s personal experience.

Both approaches abandon the idea of an observer-independent objective wavefunction. Both reproduce all
standard predictions. Both draw on Bayesian probability theory as an organizing principle. They differ in
whether there is a shared objective world at all (CH says yes, subject to framework choice; QBism says the
only thing “objective” is the formalism itself).

Formal Statement
Consistent histories

A history Hα is a sequence of projection operators P (1)
α1 , P

(2)
α2 , . . . , P

(n)
αn at times t1 < t2 < · · · < tn, where

each P
(k)
αk projects onto some subspace of the Hilbert space at time tk. Intuitively, Hα describes a possible

sequence of events: “at t1 the property α1 held, then at t2 the property α2 held, and so on.”

The class operator for a history is the time-ordered product

Cα = P (n)
αn

(tn)P (n−1)
αn−1

(tn−1) · · ·P (1)
α1

(t1),

in the Heisenberg picture (so each P
(k)
αk (tk) = U(tk)†P

(k)
αk U(tk) for unitary U).

The decoherence functional on a set of histories is

D(α, β) = Tr
(
Cα ρ0 C

†
β

)
,

where ρ0 is the initial state. The set of histories is consistent (or decoherent) if

Re D(α, β) = 0 whenever α ̸= β.

Equivalently, the diagonal of the decoherence functional gives real nonnegative probabilities p(α) = D(α, α)
that sum to 1 and satisfy the classical sum rules. A stronger condition, strong decoherence, requires D(α, β) = 0
for α ̸= β.

Framework-dependence. Two different sets of histories may each be consistent, yet make contradictory
claims about what happened. Consistent histories accepts this: the “correct” description of a physical
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situation depends on the framework (choice of projector set at each time), and different frameworks are
mutually incompatible but each internally valid.

QBism

In QBism, a quantum state |ψ⟩ (or density operator ρ) is not a property of any system. It is a catalogue
of personal probabilities that an agent assigns to the possible outcomes of measurements they might
perform. When the agent performs a measurement and learns the result, they update |ψ⟩ by Bayesian
conditionalization on the outcome — this is “collapse,” and it is not a physical process but a belief revision.

The Born rule is a normative rule: given that an agent holds belief state ρ and will measure POVM {Ei},
their probabilities for outcomes must be p(i) = Tr(ρEi). Deviating from this rule would make the agent
susceptible to a Dutch book — a set of bets guaranteed to lose.

SIC-POVMs (symmetric informationally complete POVMs) play a privileged role in QBism: a SIC-POVM
in d-dimensional Hilbert space consists of d2 rank-one projectors {|ϕi⟩⟨ϕi|/d} with |⟨ϕi|ϕj⟩|2 = 1/(d+ 1) for
i ≠ j. Any state ρ can be reconstructed from the probabilities it assigns to a SIC measurement, and the Born
rule can be rewritten as an “urgleichung” that looks like a deformation of classical total probability. QBists
read this as evidence that quantum mechanics is Bayesian probability theory for agents in a fundamentally
stochastic world, with the deformation encoding the constraints of unitarity.

No objective collapse

Both frameworks reject objective collapse: CH because there is no single objective wavefunction at all, only
framework-relative histories; QBism because the wavefunction is personal, so “collapse” is just the agent
updating their own beliefs. In both cases, the measurement problem — how to reconcile unitary evolution
with definite outcomes — dissolves, because one of the two rules is reinterpreted as something other than a
physical dynamical process.

Intuition
Consistent histories. Imagine watching a movie of a quantum system. At each time step, you have a
choice of coarse-graining: which properties to “ask about.” A framework is a consistent choice of questions at
each time, such that the answers can be assigned joint classical probabilities. The key insight is that there is
no single privileged framework — you can ask “was the particle in the left half?” at t1, or you can ask “what
was its momentum?” at t1, but not both in the same framework, because the two questions correspond to
non-commuting projectors and do not satisfy the consistency condition. Consistent histories tells you: pick a
framework, compute your probabilities, do not mix frameworks. This is a formalization of Copenhagen’s
contextual “you have to specify your experimental setup” rule, extended to multiple times and framed as a
choice of classical sub-theory within quantum mechanics.

QBism. Imagine you are an agent with a catalogue of beliefs about what the universe will do next. Some of
your beliefs are “classical” (the coin will land heads with probability 1/2), and some are “quantum” (this
photon will be detected at the upper detector with probability |α|2). The quantum beliefs are just beliefs;
they live in your head. The universe is not in a quantum state — only your description of it is. When you
measure, you learn something new, and you update your beliefs. The next time someone asks you to predict
something, you use your updated beliefs. There is no physical collapse because there was never a physical
wavefunction. The measurement problem dissolves by relocating the wavefunction from the world to the
agent’s belief state.

Both interpretations take the Bayesian analogy seriously. In frequentist statistics, probabilities are objective
features of the world; in Bayesian statistics, they are degrees of belief. The tension between “collapse is a real
process” and “collapse is an update rule” mirrors the frequentist-versus-Bayesian tension in statistics, and
both CH and QBism are Bayesian in spirit.
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The disagreement between CH and QBism is over whose beliefs and how shared they are. Consistent histories
is “objective Bayesian” in the Jaynes sense — the framework is a choice, but once you pick it, the probabilities
are determined by the quantum formalism and are the same for anyone using that framework. QBism is
“subjective Bayesian” — each agent has their own personal state, and there is no requirement that agents
agree.

Structural Role
• Dissolving the measurement problem through framework relativity. Both CH and QBism

deny that there is a single objective physical state that must either collapse or not. CH says: there are
multiple consistent descriptions, each internally classical; the “measurement problem” arises only if you
try to impose a single description. QBism says: there is one description per agent, and “measurement”
is that agent’s own experience.

• Formalizing Copenhagen. Consistent histories can be read as a mathematically precise version of
Copenhagen’s complementarity: Bohr’s choice of experimental setup becomes the framework choice, and
the Heisenberg cut becomes the coarse-graining at each time. QBism can be read as the radicalization
of Copenhagen’s epistemic reading: the wavefunction really is only knowledge, and that knowledge
belongs to a specific agent.

• Bayesian reconstruction programs. QBism is closely tied to attempts to derive the Born rule
from decision theory and Bayesian rationality (Fuchs’s work on SIC-POVMs, Appleby, and others). If
successful, these would show that quantum mechanics is the unique consistent extension of Bayesian
probability to a world with certain non-classical constraints.

• Compatibility with special relativity. Both CH and QBism are naturally local in the sense
that there is no objective faster-than-light influence: CH because histories are framework-relative and
the framework is a choice made by the analyst; QBism because updates are agent-local and there is
no “collapse” propagating across space. This contrasts with Bohmian mechanics, which is explicitly
nonlocal.

• Criticisms. Consistent histories is accused of proliferating frameworks (there are many consistent sets,
and the formalism does not say which to use). QBism is accused of solipsism (if the wavefunction is
personal, is the world real at all?) — a charge Fuchs and Mermin dispute by distinguishing between
the wavefunction (agent-centric) and the world (which is real but not captured by the wavefunction).

Mathematical Development
The decoherence functional and consistency

Let ρ0 be the initial density operator and Cα the class operator for history α. The probability assigned to
history α is

p(α) = Tr(Cαρ0C
†
α).

For these probabilities to obey the classical sum rule — i.e., for the probability of the union of two disjoint
histories to be the sum of their individual probabilities — the off-diagonal decoherence functional must vanish:

D(α, β) = Tr(Cαρ0C
†
β) ≈ 0, α ̸= β.

When this holds, the set is consistent and classical probability reasoning applies within it. Typically,
decoherence (Module 5) provides the mechanism: if each projector at each time is coarse-grained over
a pointer-basis partition of an environment, the decoherence functional suppresses off-diagonal elements
exponentially in the environment size.
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Framework examples

Consider a qubit in the initial state ρ0 = |+⟩⟨+|, evolved trivially (no dynamics), with two projector sets at a
single time:

• Framework A: {P0 = |0⟩⟨0|, P1 = |1⟩⟨1|}. Probabilities: p(0) = p(1) = 1/2.
• Framework B: {P+ = |+⟩⟨+|, P− = |−⟩⟨−|}. Probabilities: p(+) = 1, p(−) = 0.

Both frameworks are consistent and give valid descriptions. They are mutually incompatible: framework A
says “the bit is 0 with probability 1/2,” framework B says “the bit is + with certainty.” Consistent histories
says: pick one. Do not try to assign joint probabilities across frameworks — that would correspond to
non-commuting projectors and would violate consistency.

SIC-POVMs and the Born rule in QBism

A SIC-POVM in Hd is a set of d2 rank-1 operators Ei = Πi/d with Πi = |ϕi⟩⟨ϕi| and pairwise overlaps
|⟨ϕi|ϕj⟩|2 = 1/(d+ 1) for i ̸= j. A state ρ can be reconstructed from its SIC probabilities pi = Tr(ρEi) as

ρ = (d+ 1)
∑
i

piΠi − ⊮.

In QBism, these SIC probabilities are the fundamental objects: the agent’s belief state is specified by giving
(p1, . . . , pd2). The Born rule for an arbitrary measurement {Mj} can then be rewritten as

q(j) =
∑
i

[
(d+ 1)pi − 1

d

]
r(j|i),

where r(j|i) = Tr(ΠiMj) is the conditional probability of the outcome j given the “reference measurement”
outcome i. This looks like classical total probability q(j) =

∑
i pir(j|i) with a characteristic quantum

correction. QBists argue this form shows that quantum mechanics is “Bayesian probability with a twist” —
the twist being the specific deformation required by Hilbert space structure.

Dutch book argument for the Born rule

If an agent’s betting quotients on quantum outcomes do not satisfy the Born rule, a clever opponent can
construct a combination of bets that guarantees the agent loses money regardless of outcomes. This is the
Dutch book argument, and in QBism it is the normative basis for the Born rule: a rational agent is one
whose betting is not Dutch-bookable, and for quantum measurements the unique Dutch-book-free assignment
is pi = Tr(ρEi).

Worked Example
EPR in QBism

Consider an EPR singlet |ψ⟩ = (|01⟩ − |10⟩)/
√

2 shared between Alice and Bob. Alice measures her qubit in
the Z basis and obtains outcome 0.

In Copenhagen, one would say Bob’s qubit has “collapsed” to |1⟩, and this collapse is nonlocal and puzzling
(how does Bob’s qubit know what Alice measured?).

In QBism: the wavefunction is Alice’s personal belief state about her own future measurements. Before her
measurement, she held the belief |ψ⟩ about the joint system; this is a statement about her own betting odds
for various joint outcomes, nothing more. When she measures and obtains 0, she updates her belief state. Her
new belief about Bob’s qubit is |1⟩ — but this is Alice’s belief, held in Alice’s head, not a physical property
of Bob’s qubit.
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Bob, from his perspective, holds his own belief state. He has not yet measured, so his belief about his qubit
is still the reduced density matrix I/2 derived from the singlet. There is no moment at which Bob’s qubit
physically collapses, because there is no physical wavefunction. When Alice tells Bob her outcome, Bob
updates his belief to match Alice’s prediction, but this update is local — the information traveled classically
from Alice to Bob.

The nonlocality of EPR, in QBism, is the nonlocality of correlations, not of causal influences. No physical
thing happens at Bob’s location at the moment of Alice’s measurement. The only thing that happens is that
Alice updates her personal belief state — and that belief state lives in Alice’s head, not in the world. Bell’s
theorem is a constraint on the joint probability tables of the agents’ beliefs, not on hidden variables or causal
propagation.

Double-slit in consistent histories

Consider a particle passing through a double-slit apparatus with two possible paths. Three frameworks:

Framework A (which-path): projectors PL, PR onto the left/right slit at the intermediate time, plus final
position at the screen. If a which-path detector is present, this framework is consistent (decoherence makes
D(L,R) ≈ 0 on the screen), and probabilities add classically: the interference pattern disappears.

Framework B (no which-path question): only project on the screen position at the final time. This
framework is consistent (trivially, since it is a single-time measurement), and the probability distribution is
the full interference pattern |ψL + ψR|2.

Framework C (which-path and screen, no detector): tries to assign joint probabilities to “the particle went
left” and “it hit position x on the screen.” This framework is not consistent when there is no decoherence
between slit paths, because D(L,R) = Tr(CLρ0C

†
R) is generically nonzero due to interference. So one is

forbidden from asking “which slit did it go through and where did it land?” in the absence of a which-path
detector — not because of physical impossibility but because the joint question does not correspond to a
consistent history.

This recovers the standard quantum story: you can talk about which slit (and destroy interference via a
detector that decoheres the path) or about screen position with interference, but not both. Consistent
histories formalizes this as a rule about which frameworks are allowed.

Cross-Links
• Module 5.4 (Decoherence mechanisms): The decoherence functional in consistent histories is

driven by the same physical decoherence that selects pointer bases. Consistency is the formal analogue
of “branches don’t interfere.”

• Module 6.2 (Copenhagen): Both CH and QBism can be read as mathematical refinements of
Copenhagen. CH formalizes the framework-dependence; QBism formalizes the epistemic reading.

• Module 6.3 (Many-worlds): Consistent histories can be seen as “decoherent many-worlds without
the ontological commitment to all branches being real.” QBism goes in the opposite direction — there
are no branches, only agent beliefs.

• Module 10.1 (Bell’s theorem): QBism sidesteps Bell nonlocality by treating the wavefunction as
personal; CH sidesteps it by treating frameworks as choices rather than objective facts. Both deny the
premise of Bell’s theorem that there is an observer-independent joint probability distribution.

• Module 10.4 (SIC-POVMs): QBism’s mathematical core rests on SIC-POVM structures, which are
conjectured to exist in every finite dimension.

• Statistics — Bayesian inference: QBism is explicit about its Bayesian character. The Born rule
plays the role of a Dutch-book-free prior; measurement updates are Bayesian conditionalization.
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Structural Compression
Invariant: There is no objective wavefunction collapse. Quantum mechanics is a framework for assigning
(framework-relative or agent-relative) probabilities to events. The measurement problem dissolves because
one of its premises — that there is a single objective wavefunction that must either evolve unitarily or collapse

— is denied.

Mechanism: Consistent histories: decoherence functional D(α, β) vanishing off-diagonal within a chosen
framework of projector sequences. QBism: the wavefunction is an agent’s personal belief state, the Born rule
is a Dutch-book-free constraint, and measurement updates are Bayesian conditionalization.

Cross-System Echo: Bayesian probability theory, in which probabilities are degrees of belief and updates
are conditionalizations, is the direct structural cousin of QBism. Framework-relative probability assignments
in consistent histories echo the structure of reference frames in relativity — different observers may use
different coordinates, and no single one is privileged, but each is internally consistent.

Exercises
1. Write out the decoherence functional explicitly for a two-time history on a qubit with initial state |+⟩,

projectors P0, P1 at time t1, and P+, P− at time t2. Determine whether the set is consistent.
2. Show that the decoherence functional’s diagonal entries give probabilities that sum to 1 whenever the

projectors at each time form a complete set of orthogonal projectors.
3. Construct two consistent frameworks for a qubit that assign mutually contradictory probabilities to the

same “event.” Explain why this is not a contradiction in consistent histories.
4. For the SIC-POVM in d = 2, write out the four projectors explicitly (they are rank-1 projectors onto

the vertices of a regular tetrahedron inscribed in the Bloch sphere). Verify the overlap condition.
5. Explain the Dutch book argument for the Born rule: why would an agent with non-Born-rule beliefs

lose money to a clever opponent?
6. Describe the EPR experiment from a QBist perspective. In what sense is there no nonlocality, and

what does Bell’s theorem become in this framing?
7. Argue, structurally, why consistent histories and QBism can be seen as Bayesian refinements of

Copenhagen. What does each take from the Copenhagen tradition, and what does each add?
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Empirical Equivalence and Constraints
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Interpretations Node: 6.6

The four interpretations developed in Module 6 — Copenhagen (6.2), many-worlds (6.3), Bohmian mechanics
(6.4), and consistent histories / QBism (6.5) — are empirically equivalent in the precise sense that each
reproduces the Born-rule predictions of standard quantum mechanics exactly. No experiment within the
scope of standard quantum mechanics can distinguish them. And yet they make radically different claims
about what exists: one wavefunction or many, with or without particles, with or without collapse, with or
without framework relativity.

This node closes Module 6 by making the empirical-equivalence situation structurally precise and by identifying
the no-go theorems that do constrain the space of admissible interpretations. The full formal content of these
theorems is developed in Module 10, but their structural role — as filters on interpretive space — belongs
here.

The punchline: no interpretation of standard quantum mechanics has been ruled out by experiment, and
current no-go theorems eliminate only certain broad structural classes of hidden-variable theories. Choice of
interpretation is therefore metaphysical, not empirical, but the metaphysical options are constrained rather
than unconstrained.

Formal Statement
Empirical equivalence

Definition. Two interpretations I1 and I2 of standard quantum mechanics are empirically equivalent if,
for every experimental setup and every quantum-mechanical measurement, the probability distribution over
outcomes predicted by I1 coincides exactly with that predicted by I2 — and with the standard Born-rule
prediction.

All four interpretations of Module 6 (and many related ones: relational quantum mechanics, modal interpreta-
tions, transactional, etc.) satisfy this definition with respect to standard non-relativistic quantum mechanics.
So do objective-collapse theories (GRW, Penrose) to within current experimental precision, though these
make predictions that differ from standard QM and are thus only approximately empirically equivalent.

The no-go theorems

The following three theorems (formalized in Module 10) act as structural filters on the space of interpretations:

Bell’s theorem (Node 10.1). Any hidden-variable theory reproducing quantum statistics and assigning
definite values to all measurement outcomes must be nonlocal: there must be a physical influence between
spacelike-separated measurement events, in the form of dependence of one measurement’s outcome on the
setting of a distant measurement’s apparatus. Formally: no local hidden-variable theory can reproduce the
CHSH violations observed in Bell experiments.

Kochen–Specker theorem (Node 10.2). Any hidden-variable theory in Hilbert space dimension d ≥ 3
that assigns pre-existing values to all observables must be contextual: the value assigned to an observable
may depend on which other (commuting) observables are measured along with it. Non-contextual hidden
variables are impossible.

PBR theorem (Node 10.3) — Pusey, Barrett, Rudolph (2012). Under the preparation independence
assumption, any hidden-variable theory in which the quantum state is ψ-epistemic (i.e., two distinct pure
states can correspond to overlapping probability distributions over hidden variables) contradicts quantum
predictions. Therefore, subject to the premises, the quantum state must be ψ-ontic: distinct pure states
correspond to disjoint ontic states.
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Auxiliary results:

• Free Will Theorem (Conway–Kochen 2006, 2009). If experimenters have free will to choose measure-
ment settings, then particles must also have an analogous “free will” (outcomes not determined by past
history on the light cone). A strengthening of Bell.

• Frauchiger–Renner (2018). A thought experiment showing that single-world assumptions, quantum
mechanics applied to observers, and certain reasoning principles jointly lead to contradictions. Each
interpretation handles this differently.

Filter structure

Each theorem eliminates a specific class of interpretations:

• Bell eliminates local hidden-variable theories.
• Kochen–Specker eliminates non-contextual hidden-variable theories (in d ≥ 3).
• PBR eliminates a large class of ψ-epistemic hidden-variable theories.

What remains is the space of admissible interpretations: nonlocal or contextual hidden-variable theories
(Bohmian), ψ-ontic theories without hidden variables (many-worlds), or theories that reject one of the premises
of the no-go theorems (QBism rejects the “observer-independent joint distribution” premise, and in that
sense evades rather than satisfies the theorems).

Intuition
The empirical-equivalence situation is sometimes described as a scandal: how can multiple mutually exclusive
accounts of reality all make the same predictions? The structural answer is that standard quantum mechanics
is, itself, under-committal about ontology. It specifies a formalism (Hilbert space + Born rule) and tells you
how to use it to predict experiments. The interpretations are different ways of filling in a metaphysical story
that the formalism alone leaves open. Since the formalism determines the predictions and the predictions are
what experiments measure, adding extra metaphysics on top of the formalism cannot change experimental
outcomes.

But “empirically equivalent” does not mean “equally good” or “equally plausible.” Interpretations can be
compared along axes other than prediction:

• Ontological economy. How much extra machinery beyond the formalism does the interpretation
require? Bohmian mechanics adds particle positions; many-worlds subtracts the collapse rule and claims
branches are real; QBism relocates the wavefunction to the agent’s head.

• Conceptual clarity. Does the interpretation dissolve the measurement problem, or merely relocate it?
• Compatibility with relativity. Bohmian mechanics is explicitly nonlocal and fits uneasily with

Lorentz invariance. Many-worlds and QBism are more naturally relativistic.
• Compatibility with cosmology. Interpretations requiring an external observer or classical apparatus

(Copenhagen) struggle with cosmological contexts where there is no such external structure.
• Derivation of the Born rule. Some interpretations take Born as axiomatic; others attempt to derive

it from decision theory (Deutsch–Wallace), self-location (Sebens–Carroll), or Dutch-book arguments
(QBism).

The no-go theorems narrow this space. Before Bell (1964), it was possible to hope for a local classical
picture behind quantum statistics; Bell proved this hope false. Before KS (1967), it was possible to hope
for non-contextual hidden variables; KS proved this hope false in dimension ≥ 3. Before PBR (2012), it
was possible to hope for a broad class of ψ-epistemic theories; PBR constrained them. Each theorem is a
reduction in the space of viable stories.

What remains is: if you want classical hidden variables, you must accept nonlocality and contextuality
(Bohmian mechanics does this). If you want to keep locality, you must give up single-world definite outcomes
(many-worlds) or relocate the state to the agent (QBism). If you want to keep both locality and a single
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world, you must give up some other principle (e.g., counterfactual definiteness). There is no option that keeps
everything.

Structural Role
• Closing the module. This node states clearly: no experiment has ruled out any of the interpretations of

Module 6. The choice among them is driven by structural, conceptual, and philosophical considerations,
not by empirical ones. But the structural constraints are nontrivial — the no-go theorems really do
filter the space.

• Bridge to Module 10. The no-go theorems are proved in Module 10; this node states their consequences
for interpretations without giving the full proofs. The HBAR-method principle “no interpretive rhetoric
without formal grounding” means that any claim about what interpretations are or are not allowed
must cite a theorem.

• Motivation for formal foundations. The empirical-equivalence situation is the reason formal
foundations (Modules 10 and beyond) matter: they turn interpretational debate from a matter of taste
into a matter of theorem. The no-go theorems are not philosophical arguments; they are mathematical
results that any interpretation must respect or explicitly reject.

• Underdetermination as a feature. Rather than treating empirical equivalence as a scandal, one
can read it as evidence that quantum mechanics has captured something abstract about the structure
of physical prediction — something that can be realized in multiple concrete metaphysical ways. This
is a Kuhnian / Friedman-style reading: the formalism is the stable core; the interpretations are the
metaphysical clothing.

Mathematical Development
Bell’s theorem — structural content

Consider an EPR-type scenario: Alice and Bob receive particles from a common source, each chooses a
measurement setting a, b ∈ {0, 1}, and each obtains an outcome A,B ∈ {±1}. Suppose the joint distribution
p(A,B|a, b) factorizes through a hidden variable λ:

p(A,B|a, b) =
∫
p(λ) p(A|a, λ) p(B|b, λ) dλ.

This is the local hidden-variable assumption: Alice’s outcome depends only on her setting and λ, not on
Bob’s setting, and vice versa. The CHSH inequality

|E(0, 0) + E(0, 1) + E(1, 0) − E(1, 1)| ≤ 2

(where E(a, b) =
∑
A,B AB p(A,B|a, b)) follows. Quantum mechanics predicts, and experiment confirms,

CHSH values up to 2
√

2. Therefore no local hidden-variable factorization is possible.

Consequences for interpretations:

• Copenhagen: no hidden variables, so the assumption does not apply. Consistent with Bell.
• Many-worlds: no definite outcomes, so the joint distribution p(A,B|a, b) is not a single distribution but

a branching structure. Consistent with Bell via denying the premise.
• Bohmian mechanics: explicitly nonlocal. Accepts Bell’s conclusion.
• QBism: denies that there is an observer-independent joint distribution over Alice’s and Bob’s outcomes.

Consistent with Bell via denying the premise.
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Kochen–Specker theorem — structural content

Assume a hidden-variable theory assigns to every observable O a value v(O), such that:

1. For any set of mutually commuting observables {Oi}, the values {v(Oi)} satisfy the same functional
relations as the observables themselves (if O3 = O1 +O2, then v(O3) = v(O1) + v(O2)).

2. The value v(O) does not depend on which commuting set O is measured alongside.

Kochen and Specker showed that in Hilbert space dimension d = 3, a finite set of 117 rays can be constructed
such that no valuation satisfying both conditions is consistent. Peres, Mermin, and others later gave more
economical proofs. The conclusion: non-contextual hidden variables are impossible in d ≥ 3.

Consequences for interpretations:

• Bohmian mechanics: contextual by construction (the spin value depends on the apparatus). Consistent
with KS.

• Copenhagen: no pre-existing values, so the premise does not apply. Consistent.
• Many-worlds: no single-world values, same as Bell. Consistent.
• QBism: values are agent-beliefs, not observer-independent facts. Consistent.

PBR theorem — structural content

Assume a hidden-variable theory in which each quantum state |ψ⟩ corresponds to a probability distribution
µψ(λ) over hidden variables λ. The theory is ψ-ontic if µψ1 and µψ2 have disjoint support for any two distinct
pure states; ψ-epistemic if they can overlap. PBR showed that under a preparation-independence assumption
(independently prepared systems have independent hidden variables), ψ-epistemic theories contradict quantum
predictions for certain carefully chosen measurements. Therefore, subject to preparation independence, the
quantum state must be ψ-ontic.

Consequences for interpretations:

• Bohmian mechanics: ψ-ontic (the wavefunction is a real physical field). Survives PBR.
• Many-worlds: ψ-ontic. Survives.
• Copenhagen: ψ-epistemic, but denies the premise that the wavefunction represents anything “behind

the scenes.” PBR applies only to theories that posit hidden variables λ beneath the wavefunction, which
Copenhagen does not. Consistent.

• QBism: ψ-epistemic (the wavefunction is agent-belief), but the preparation independence assumption
fails because beliefs are not physical objects that can be independently prepared. Consistent.

Free will and Frauchiger–Renner

The Free Will Theorem and the Frauchiger–Renner thought experiment further constrain interpretations, in
ways that are interpretation-specific. Frauchiger–Renner in particular shows that single-world interpretations
combined with quantum mechanics applied to reasoning observers can produce contradictions; many-worlds
and QBism each dissolve the contradiction in their own ways, while Bohmian mechanics handles it by appeal
to its specific single-world ontology.

Worked Example
Comparison table: interpretations versus no-go theorems

Interpretation Bell (locality)
KS
(non-contextuality) PBR (ψ-epistemic)

Born rule
derivation

Copenhagen No hidden vars —
evades

No hidden vars —
evades

ψ-epistemic, no hiddens
— evades

Axiomatic
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Interpretation Bell (locality)
KS
(non-contextuality) PBR (ψ-epistemic)

Born rule
derivation

Many-worlds No single-world
outcomes — evades
premise

No single-world
values — evades
premise

ψ-ontic — survives Deutsch–Wallace
/ self-location

Bohmian
mechanics

Nonlocal — accepts
consequence

Contextual —
accepts
consequence

ψ-ontic — survives Quantum
equilibrium

Consistent
histories

Framework-relative
— evades premise

Framework-relative
— evades premise

Framework-relative —
survives

Decoherence
functional

QBism Agent-relative —
evades premise

Agent-relative —
evades premise

Agent-relative —
survives (premise fails)

Dutch book

The pattern: most interpretations “evade” the no-go theorems by denying one of their premises. The exception
is Bohmian mechanics, which is the only interpretation that directly faces Bell and KS and accepts their
conclusions by being nonlocal and contextual respectively. Many-worlds, Copenhagen, and QBism each reject
a premise (single-world outcomes, observer-independent values, or preparation independence), and the no-go
theorems therefore do not apply in the form stated.

Scorecard on other axes

Ontological economy: - Copenhagen: minimal (one wavefunction, epistemic). - Many-worlds: minimal
postulates but maximal ontology (all branches real). - Bohmian mechanics: wavefunction plus particles. -
Consistent histories: framework choice is extra structure. - QBism: wavefunction relocated to agents; world
is real but not described.

Resolution of measurement problem: - Copenhagen: denies the problem (unacceptable to realists). -
Many-worlds: dissolves by unitary-only dynamics (ontologically costly). - Bohmian: dissolves by particle-
definite positions (nonlocal). - CH: dissolves by framework relativity (framework proliferation). - QBism:
dissolves by relocating the state (no objective world captured by ψ).

Compatibility with relativity: - Copenhagen: silent, relies on no-signaling. - Many-worlds: naturally
relativistic (decoherence is local). - Bohmian: awkward; requires a preferred foliation. - CH: naturally
relativistic. - QBism: naturally relativistic.

The underdetermination scandal dissolved

The fact that all five interpretations reproduce the same predictions is sometimes called the “interpretational
underdetermination scandal.” Structurally, it dissolves when one recognizes that the formalism of quantum
mechanics is the stable, empirically validated core, and the interpretations are attempts to provide metaphysical
narratives around it. The underdetermination is then analogous to the situation in classical mechanics, where
one can choose to view the theory in Newtonian, Lagrangian, or Hamiltonian form — all mathematically
equivalent, all empirically adequate, but suggesting different physical pictures. The difference is that in
quantum mechanics the metaphysical differences between “equivalent” interpretations feel more dramatic,
because they concern the nature of reality itself rather than just the choice of variables.

Cross-Links
• Module 6.2–6.5 (Interpretations): All four interpretations in this module satisfy empirical equiva-

lence.
• Module 10.1 (Bell’s theorem): Formal proof of the locality constraint.
• Module 10.2 (Kochen–Specker): Formal proof of the contextuality constraint.
• Module 10.3 (PBR theorem): Formal proof of the ψ-ontic constraint.
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• Module 10.4 (Ontological models): The framework in which PBR and related results are formulated.
• HBAR Method: This node embodies the principle “no interpretive rhetoric without formal grounding.”

Every claim about which interpretations are allowed is backed by a theorem.

Structural Compression
Invariant: All interpretations developed in Module 6 are empirically equivalent to standard quantum
mechanics. The choice among them is metaphysical, not empirical. But the metaphysical space is constrained
by no-go theorems: Bell (locality), Kochen–Specker (non-contextuality), PBR (ψ-epistemic), which act as
filters eliminating broad classes of hidden-variable theories.

Mechanism: Each no-go theorem proves the inconsistency of a specific set of assumptions with quantum
statistics. Interpretations survive by denying one of the assumptions — nonlocality, contextuality, single-world
ontology, preparation independence, or observer-independent joint distributions.

Cross-System Echo: Underdetermination of theory by data is generic in science, and the quantum-
foundations case is the sharpest known example where the underdetermination is itself mathematically
classified — every interpretive move corresponds to denying a specific premise of a specific theorem, and the
theorems tell you which moves remain.

Exercises
1. State precisely what it means for two interpretations to be empirically equivalent. Why does this not

imply they are “equally good”?
2. For each of Copenhagen, many-worlds, Bohmian, and QBism, identify the premise of Bell’s theorem

that the interpretation rejects or the consequence it accepts.
3. Explain, in structural terms, why Kochen–Specker does not apply to dimension d = 2 (single qubit).

What is special about d ≥ 3?
4. Summarize the PBR theorem’s assumptions and conclusions in your own words. What would it mean

for an interpretation to be “ψ-epistemic” in the PBR sense, and why does QBism escape the theorem’s
reach?

5. Produce a scorecard comparing the interpretations of Module 6 along three axes: ontological commit-
ments, compatibility with relativity, and mechanism for the Born rule. Which axis do you find most
decisive?

6. Describe a hypothetical experiment that could distinguish two interpretations of Module 6. If no such
experiment exists within standard quantum mechanics, explain what would have to change (e.g., moving
to objective-collapse theories, modified QM, etc.) for distinguishing experiments to become possible.

7. Argue, structurally, why the existence of no-go theorems turns interpretational debate into a disciplined
enterprise rather than unconstrained speculation. What would foundations look like if no no-go theorems
were known?
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Module 7 — Quantum Information

Qubits and Quantum Registers
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Quantum Information Node: 7.1

This is the foundation node of the quantum information module. The qubit is the simplest quantum system
— and the universal building block for quantum computation, communication, and cryptography. Every
protocol in the rest of this module is built on registers of qubits.

Formal Definition
A qubit is a quantum system with state space H = C2, equipped with a distinguished orthonormal basis
{|0⟩, |1⟩} called the computational basis.

A general qubit state is

|ψ⟩ = α|0⟩ + β|1⟩, α, β ∈ C, |α|2 + |β|2 = 1.

A quantum register of n qubits is a system with state space

H⊗n = (C2)⊗n = C2n

,

with computational basis

{|x⟩ : x ∈ {0, 1}n}

where |x⟩ is shorthand for |x1⟩ ⊗ |x2⟩ ⊗ · · · ⊗ |xn⟩.

A general n-qubit state is

|ψ⟩ =
∑

x∈{0,1}n

cx|x⟩,
∑
x

|cx|2 = 1,

with 2n complex amplitudes (and 2n − 1 independent real parameters after normalization and global phase).

Intuition
A qubit is two classical bits’ worth of “answers” entangled with one bit’s worth of “information you can read.”
It is not a continuous classical bit; it is not a probabilistic classical bit; it is a structurally distinct object
whose reduction-to-classical only happens at the moment of measurement.

The exponential dimensionality of registers — 2n amplitudes for n qubits — is the structural source of
quantum computational resources. A 50-qubit register has more amplitudes than there are atoms in the
observable universe; this is the structural fact that quantum simulation exploits.
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Structural Role
This node is the operational entry point to all quantum information protocols:

• No-cloning theorem (7.2) is a constraint on what can be done to qubit registers.
• Quantum channels (7.3) are the dynamics on density matrices on H⊗n.
• Entropy and mutual information (7.4) measure resources on quantum registers.
• Teleportation and superdense coding (7.6) are protocols on small registers (2-3 qubits).

It is also the entry point to VQA: parameterized quantum circuits act on registers of this form.

Mathematical Development
Single-qubit gates

Single-qubit operations are unitaries on C2 — equivalently, elements of SU(2) (up to phase). The Pauli
operators X,Y, Z generate the Pauli group; the Hadamard H, phase S, and T gates generate the Clifford+T
set, which is universal for single-qubit unitaries (approximately).

H = 1√
2

(
1 1
1 −1

)
, S =

(
1 0
0 i

)
.

Two-qubit gates

The CNOT (controlled-NOT) gate is the canonical two-qubit entangling gate:

CNOT = |0⟩⟨0| ⊗ I + |1⟩⟨1| ⊗X.

The set {H,S,CNOT} plus any non-Clifford single-qubit gate (e.g., T ) is universal for quantum computation:
any unitary on n qubits can be approximated to arbitrary precision by a circuit of these gates.

Quantum registers vs classical registers

Property Classical n-bit register Quantum n-qubit register
State space {0, 1}n, 2n states C2n , 2 · 2n − 2 real parameters
Operations Boolean functions Unitary operators
Read-out Deterministic Probabilistic (Born rule)
Composition Cartesian product Tensor product
Information content n bits Up to n qubits’ worth of

entanglement, but only n bits per
measurement

The last row is Holevo’s theorem (Node 7.5): you cannot extract more than n classical bits from n qubits,
despite the exponentially larger state space.

Worked Example
Creating a Bell state

Starting from |00⟩:

1. Apply H to qubit 1: H ⊗ I|00⟩ = 1√
2 (|00⟩ + |10⟩).
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2. Apply CNOT (control = qubit 1, target = qubit 2): CNOT 1√
2 (|00⟩ + |10⟩) = 1√

2 (|00⟩ + |11⟩) = |Φ+⟩.

Two gates, one Bell state. This is the simplest non-trivial quantum protocol — and it is the entry point to
teleportation, superdense coding, QKD, and Bell tests.

Cross-Links
• Module 2: State postulate (2.1) and tensor products (2.5) are the foundations.
• Module 4: Bell states (4.4) are the canonical entangled qubit states.
• VQA: All variational circuits are built from gates on qubit registers.
• Linear Algebra: The whole machinery of unitary matrices on C2n .
• Statistics: Measurement of n qubits in the computational basis returns a sample from a distribution

on {0, 1}n.

Structural Compression
Invariant: Qubit register dimension scales as 2n; operations are unitaries; readouts are samples from a
Born-rule distribution.

Mechanism: Tensor product of n copies of C2.

Cross-System Echo: Classical bit registers grow linearly in storage; quantum registers grow exponentially
in state space dimension. The gap is the structural source of quantum advantage.

Exercises
1. Show that any single-qubit unitary can be written as U = eiαRz(β)Ry(γ)Rz(δ) (Z-Y-Z decomposition).
2. Verify that the CNOT gate maps |+⟩|0⟩ → 1√

2 (|00⟩ + |11⟩).
3. Show that an n-qubit pure state has 2n+1 − 2 real parameters before normalization, and 2 · 2n − 2 after

global-phase removal.
4. Construct a 3-qubit GHZ state (|000⟩ + |111⟩)/

√
2 using H and CNOT gates.

5. Argue why the exponential state-space dimension does not automatically translate to exponential
computational speedup. (Hint: read-out is constrained by Holevo’s bound, Node 7.5.)
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No-Cloning Theorem
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Quantum Information Node: 7.2

The no-cloning theorem — Wootters–Zurek and Dieks, independently in 1982 — says that there is no physical
process that can take an arbitrary unknown quantum state as input and produce two identical copies of it as
output. Unlike classical bits, which can be freely copied, quantum states are “use-once” resources in a precise
structural sense: whatever the state is, the only way to make a second instance of it is to already know it
classically (in which case one can prepare the second copy directly).

No-cloning is the structural reason quantum key distribution is secure, the reason quantum error correction
must work differently from classical repetition codes, and the reason there is no quantum amplifier that
faithfully preserves a single-photon state. It is also one of the cleanest illustrations that quantum mechanics
is not just “classical mechanics with extra ingredients” — it is a fundamentally different theory of information
whose constraints are inherited directly from the linearity of unitary dynamics.

Formal Statement
The theorem

Theorem (Wootters–Zurek, Dieks 1982). There is no unitary operator U acting on H ⊗ H and no fixed
“blank” state |0⟩ ∈ H such that, for every |ψ⟩ ∈ H,

U(|ψ⟩ ⊗ |0⟩) = |ψ⟩ ⊗ |ψ⟩.

Proof

Suppose such a U exists. Apply it to two arbitrary states |ψ⟩ and |ϕ⟩:

U(|ψ⟩ ⊗ |0⟩) = |ψ⟩ ⊗ |ψ⟩,

U(|ϕ⟩ ⊗ |0⟩) = |ϕ⟩ ⊗ |ϕ⟩.

Unitary operators preserve inner products. Taking the inner product of the left-hand sides:

⟨ψ| ⊗ ⟨0|U†U |ϕ⟩ ⊗ |0⟩ = ⟨ψ|ϕ⟩⟨0|0⟩ = ⟨ψ|ϕ⟩.

And of the right-hand sides:

(
⟨ψ| ⊗ ⟨ψ|

)(
|ϕ⟩ ⊗ |ϕ⟩

)
= ⟨ψ|ϕ⟩2.

Therefore ⟨ψ|ϕ⟩ = ⟨ψ|ϕ⟩2, which means ⟨ψ|ϕ⟩ ∈ {0, 1}. But |ψ⟩ and |ϕ⟩ were arbitrary, and generic pairs of
states have inner products strictly between 0 and 1. Contradiction. ■

Corollaries and refinements

• No approximate universal cloning at perfect fidelity. Even if one relaxes to imperfect cloning,
the best achievable fidelity for universal cloners is bounded below 1 (Buzek–Hillery bound: F = 5/6 for
optimal 1 → 2 qubit cloning).

• No deletion. A complementary theorem (Pati–Braunstein 2000): there is no unitary that takes
|ψ⟩ ⊗ |ψ⟩ → |ψ⟩ ⊗ |0⟩ for arbitrary |ψ⟩. Quantum information cannot be unconditionally deleted either.
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• Orthogonal states can be copied. The theorem does not forbid cloning a known basis: if one knows
|ψ⟩ ∈ {|0⟩, |1⟩}, a CNOT gate clones it perfectly. The theorem forbids a single unitary that clones every
state.

Intuition
The intuitive story is that to clone a state, one would need to learn enough about it to reproduce it, and
learning a quantum state means measuring it — which in general disturbs or destroys the state. But this
intuition is only suggestive; the theorem is stronger. It says that no unitary can produce a clone, even if
no classical information is extracted. The ban is on the shape of the required transformation, not on the
information-theoretic resources of the cloner.

The cleanest way to see why is through linearity. Suppose a unitary cloner U exists. Then for any superposition
α|ψ⟩ + β|ϕ⟩, linearity forces

U
(
(α|ψ⟩ + β|ϕ⟩) ⊗ |0⟩

)
= α |ψ⟩|ψ⟩ + β |ϕ⟩|ϕ⟩.

But “two copies of the superposition” would require

(α|ψ⟩ + β|ϕ⟩) ⊗ (α|ψ⟩ + β|ϕ⟩) = α2|ψ⟩|ψ⟩ + αβ(|ψ⟩|ϕ⟩ + |ϕ⟩|ψ⟩) + β2|ϕ⟩|ϕ⟩.

These are manifestly different unless the cross-terms vanish, which happens only if αβ = 0 or the states are
orthogonal. Cloning is incompatible with quantum superposition because it is a nonlinear operation on the
state, and quantum dynamics is linear.

The philosophical upshot: classical information is “free” — it can be copied, broadcast, and distributed —
because classical states are distinguishable pointers to definite facts. Quantum information is “private” — a
state cannot be broadcast to multiple recipients without destroying its coherence — because quantum states
are not pointers but the actual objects of physical interest, and linearity forbids the operation that would
distribute them.

Structural Role
• Cryptography foundation. No-cloning is the structural reason BB84 and other QKD protocols

are secure. An eavesdropper cannot tap a quantum channel without disturbing the states — and any
disturbance is detectable by the legitimate users. Section 9.3 of Nielsen–Chuang develops this chain of
reasoning in full.

• Constraint on error correction. Classical error correction uses repetition codes: to protect a bit,
make three copies and majority-vote. Quantum error correction cannot use this directly because making
copies is forbidden. Instead, quantum codes like the Shor code and Steane code distribute information
across qubits via entanglement, in a way that does not require cloning.

• No quantum signal amplification. A classical amplifier boosts a weak signal by creating many
high-energy copies. A quantum amplifier cannot do this for a single-photon state — any attempt to
amplify introduces noise (this is the basis of the quantum limits on amplifier noise in nonlinear optics,
and forms one pillar of the theory of quantum channels).

• Contrast with classical channels. A broadcast channel in classical information theory distributes one
input to multiple receivers. The quantum analogue (the “quantum broadcast channel”) is fundamentally
different: one cannot split a quantum state into two independent copies, only into an entangled pair
whose marginals have reduced purity.

• Foundational significance. No-cloning is one of a family of no-go theorems (no-cloning, no-deleting,
no-broadcasting, no-hiding) that together characterize quantum information as a resource distinct from
classical information. Each is proved by similar linearity arguments.
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Mathematical Development
Proof via inner product preservation

The proof above uses the fact that unitary operators preserve inner products. This is the cleanest proof of
no-cloning and generalizes easily. Any linear operator V satisfying V |ψ⟩|0⟩ = |ψ⟩|ψ⟩ and V |ϕ⟩|0⟩ = |ϕ⟩|ϕ⟩
for two non-orthogonal states is inconsistent, regardless of unitarity. Unitarity is sufficient but not strictly
necessary; linearity is the essential property.

Proof via linearity of superposition

For states |ψ⟩ and |ϕ⟩ that can be cloned, linearity forces the superposition to map as

U
(
(α|ψ⟩ + β|ϕ⟩) ⊗ |0⟩

)
= α|ψ⟩|ψ⟩ + β|ϕ⟩|ϕ⟩,

which is an entangled state, not a product state of the form (α|ψ⟩ + β|ϕ⟩) ⊗ (α|ψ⟩ + β|ϕ⟩). So even if U could
clone each of |ψ⟩ and |ϕ⟩ individually, it cannot clone any proper superposition of them.

Approximate cloning: the Bužek–Hillery bound

Suppose one relaxes the requirement and asks for a “universal quantum cloner” that produces two output
states, each approximately equal to the input, with maximum average fidelity over input states. Bužek and
Hillery showed that for a qubit 1 → 2 universal cloner, the maximum achievable fidelity is

F = 5
6 ≈ 0.833.

The optimal cloner produces entangled outputs whose reduced density matrices have this fidelity with the
input. For d-dimensional systems, the bound is

Fd,1→2 = 1
2 + 1

d+ 1 .

This converges to 1/2 as d → ∞ — high-dimensional states cannot even be copied to better-than-guessing
fidelity.

State-dependent cloning

If one is willing to clone only a specific (known) pair of states rather than all states, better fidelity is possible.
For two non-orthogonal states |ψ0⟩, |ψ1⟩ with inner product ⟨ψ0|ψ1⟩ = s, the optimal state-dependent cloner
has fidelity

F = 1
2

(
1 +

√
1 − s2

1 − s2 + s2/2

)
.

As s → 0 (orthogonal states), F → 1 — orthogonal states can be perfectly cloned. As s → 1 (nearly identical
states), F → 1/2 — the cloner is no better than random guessing.
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Broadcast generalization

No-broadcasting theorem (Barnum–Caves–Fuchs–Jozsa–Schumacher 1996): for mixed states, “broadcast-
ing” — finding a joint state ρAB whose marginals are both equal to the input ρ — is impossible unless the
input is classical (commuting with itself on some basis). This generalizes no-cloning from pure to mixed
states.

Worked Example
Cannot clone |0⟩ and |+⟩

Suppose a hypothetical cloner exists with U(|0⟩ ⊗ |0⟩) = |0⟩|0⟩ and U(|+⟩ ⊗ |0⟩) = |+⟩|+⟩. Write out
|+⟩ = (|0⟩ + |1⟩)/

√
2:

U

(
|0⟩ + |1⟩√

2
⊗ |0⟩

)
= 1√

2
U(|0⟩|0⟩) + 1√

2
U(|1⟩|0⟩).

For this to equal |+⟩|+⟩ = 1
2 (|00⟩ + |01⟩ + |10⟩ + |11⟩), we would need

1√
2

|00⟩ + 1√
2
U(|1⟩|0⟩) = 1

2 |00⟩ + 1
2 |01⟩ + 1

2 |10⟩ + 1
2 |11⟩.

But the left-hand side has amplitude 1/
√

2 on |00⟩, and the right-hand side has amplitude 1/2. Contradiction.
No such U exists.

Equivalently, via the inner product argument: ⟨0|+⟩ = 1/
√

2, so cloning would require 1/
√

2 = (1/
√

2)2 = 1/2,
which is false. The theorem applies in a concrete, verifiable way.

BB84 eavesdropping detection

In BB84, Alice sends qubits to Bob in randomly chosen bases {|0⟩, |1⟩} or {|+⟩, |−⟩}. Eve, the eavesdropper,
wants to learn the bit and forward a copy to Bob. If Eve could clone, she could copy each qubit, measure her
copy, and send Bob an identical copy. No-cloning forbids this.

Eve’s only option is to measure each qubit in some basis of her choice and send Bob a freshly prepared state.
If Eve measures in the wrong basis (because she doesn’t know which basis Alice used), she randomizes the
state. Alice and Bob can detect this by comparing a random subset of their bits after the transmission: if the
error rate is above the expected noise level, Eve is detected.

The structural chain is: no-cloning → Eve must disturb → disturbance is detectable → QKD is secure
(modulo noise model assumptions). This is the cleanest application of no-cloning in a practical protocol.

Quantum money

Wiesner (1970) proposed “quantum money”: bills encoded as specific quantum states such that the bank can
verify authenticity (by measuring in the right basis) but counterfeiters cannot duplicate the states (no-cloning).
The concept predates no-cloning’s formal statement and motivated the theorem. Modern quantum money
schemes build on this idea but require additional cryptographic assumptions beyond just no-cloning.

Cross-Links
• Module 2.4 (Unitary evolution): The proof relies essentially on the linearity of unitary dynamics.

No-cloning is a direct consequence of this linearity.
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• Module 7.1 (Qubits): Qubits are the natural setting for the cleanest version of the theorem and for
BB84-style applications.

• Module 7.3 (Quantum channels): The no-broadcasting theorem generalizes no-cloning to mixed
states and channels.

• Module 7.6 (Teleportation): Teleportation moves a quantum state from Alice to Bob without
violating no-cloning: the original is destroyed in the process. This is the no-cloning-compatible way to
transmit quantum information.

• VQA: One cannot “checkpoint” an intermediate quantum state in a variational circuit for diagnostic
purposes. The circuit must be re-run from the initial state each time.

• Quantum error correction: Must use entanglement rather than repetition.

Structural Compression
Invariant: There is no unitary U that maps |ψ⟩|0⟩ → |ψ⟩|ψ⟩ for all |ψ⟩ in a Hilbert space of dimension ≥ 2.
Quantum states cannot be copied, only transported (teleportation) or distributed via entanglement.

Mechanism: Unitarity preserves inner products, and the cloning relation forces ⟨ψ|ϕ⟩ = ⟨ψ|ϕ⟩2, which
has no solutions for non-trivial superpositions. Equivalently, cloning is a nonlinear operation on the state,
incompatible with linear quantum dynamics.

Cross-System Echo: Classical Shannon information is freely copiable — a bit stream can be duplicated and
distributed arbitrarily. Quantum information is not, and this gap is the structural source of both quantum
cryptography’s security and quantum error correction’s nontrivial form.

Exercises
1. Prove the no-cloning theorem using the inner-product argument for two distinct non-orthogonal states.
2. Prove the no-cloning theorem using the linearity-of-superposition argument. Where in the calculation

does the contradiction appear?
3. Show that orthogonal states can be cloned by exhibiting the unitary (hint: CNOT clones computational-

basis states).
4. Compute the Bužek–Hillery fidelity bound 5/6 for 1 → 2 qubit cloning explicitly by constructing the

optimal cloner.
5. Describe how BB84 uses no-cloning to detect eavesdropping. What assumption about the noise model

is required for the protocol to be secure?
6. State the no-deletion theorem and sketch its proof. Why is it a complementary result to no-cloning?
7. Argue, structurally, why no-cloning is a consequence of linearity and not of some deeper “measurement

disturbance” principle. What would happen if quantum dynamics were nonlinear?
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Quantum Channels and CPTP Maps
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Quantum Information Node: 7.3

A quantum channel is the most general physically realizable linear operation on quantum states. It
generalizes unitary evolution (which describes closed systems) to arbitrary open-system processes that include
noise, decoherence, measurement, and discarding of subsystems. The class of quantum channels coincides
with the class of completely positive trace-preserving (CPTP) maps, and this characterization is one
of the central results of quantum information theory.

Three equivalent representations of quantum channels — Stinespring dilation, Kraus operator sum, and the
Choi matrix — give complementary views of the same mathematical object. Together they form the standard
toolkit for analyzing any quantum process in which the system is not perfectly isolated. Every result in the
subsequent modules about decoherence, measurement, noise, or quantum information flow is ultimately a
statement about channels.

Formal Definition
CPTP maps

Let B(H) denote the space of bounded operators on a Hilbert space H. A quantum channel is a linear map

E : B(HA) → B(HB)

satisfying two conditions:

1. Trace preservation (TP): For every ρ ∈ B(HA),

Tr(E(ρ)) = Tr(ρ).

This ensures that probabilities sum to 1 after the channel acts.

2. Complete positivity (CP): For every ancillary Hilbert space HR of any dimension, the extension
E ⊗ idR maps positive operators on HA ⊗ HR to positive operators on HB ⊗ HR:

X ≥ 0 =⇒ (E ⊗ idR)(X) ≥ 0.

Complete positivity is strictly stronger than ordinary positivity (which demands only E(ρ) ≥ 0 for ρ ≥ 0).
The standard counterexample is the transpose map T : ρ 7→ ρT , which is positive but not completely positive
— when tensored with the identity and applied to an entangled state, it can produce negative eigenvalues
(this is the basis of the Peres PPT criterion in Node 4.2).

Stinespring dilation

Theorem (Stinespring 1955). A linear map E : B(HA) → B(HB) is CPTP if and only if there exist an
environment Hilbert space HE , a pure state |0⟩E ∈ HE , and an isometry V : HA → HB ⊗ HE such that

E(ρ) = TrE
(
V ρV †).

Equivalently, every channel can be realized as a unitary on a larger system (system + environment) followed
by tracing out the environment. The environment can always be chosen with dimension at most dim(HA) ·
dim(HB).
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Kraus representation

Theorem (Kraus 1983). A linear map E is CPTP if and only if there exist operators {Kk}Nk=1, Kk : HA →
HB , with

∑
k

K†
kKk = IA

(completeness condition, equivalent to trace preservation), such that

E(ρ) =
∑
k

KkρK
†
k.

The Kk are called Kraus operators (or operation elements). The representation is not unique — different
Kraus sets can give the same channel, and the number of Kraus operators can be taken ≤ dim(HA) · dim(HB).

Choi matrix

The Choi matrix of a channel E is the operator on HA ⊗ HB obtained by applying E to one half of a
maximally entangled state:

CE = (idA ⊗E)(|Ω⟩⟨Ω|), |Ω⟩ =
∑
i

|i⟩A ⊗ |i⟩A.

By the Choi–Jamiołkowski isomorphism, E is CPTP if and only if CE ≥ 0 and TrB(CE) = IA. The
Choi matrix provides a finite-dimensional representation of the channel and is the basis for many numerical
approaches in quantum information.

Intuition
A quantum channel is “anything physical that takes quantum states in and produces quantum states out.”
The defining properties are natural:

• Linearity: if ρ is a probabilistic mixture p1ρ1 + p2ρ2, the output must be the same mixture p1E(ρ1) +
p2E(ρ2). Otherwise the channel would “know” the decomposition, which is unphysical.

• Trace preservation: probabilities must add up to 1.
• Positivity: outputs must be valid density operators.
• Complete positivity: even if the input system is part of a larger entangled system, the channel acting

on just one half must still produce a valid joint state. Without this, channels could produce “negative
probabilities” on entangled inputs, which would be unphysical.

The three representations each emphasize a different aspect:

• Stinespring says: channels are just unitaries on bigger systems, then throwing away part. This is the
physicist’s picture — every “noisy” or “lossy” process in the lab is actually a clean unitary interaction
with an environment we don’t control.

• Kraus says: channels are sums of “branches,” each weighted by an operator. This is useful for explicit
calculations and for thinking of channels as generalized measurements (each Kraus operator corresponds
to a possible measurement outcome, if the environment is measured).

• Choi says: channels are operators on a doubled Hilbert space. This is the most mathematically compact
view and turns questions about channels into questions about fixed density matrices.

The key structural fact — that the CPTP class exactly coincides with physically realizable operations,
independent of how one defines “physically realizable” — is a deep theorem. It says: there is no ambiguity

175



about what quantum operations can be done in principle. The mathematical definition captures physics
exactly.

Structural Role
• Unification of dynamics. Unitary evolution, measurement (via generalized POVMs), discarding a

subsystem (partial trace), noise, decoherence, and quantum error correction are all quantum channels.
The structural payoff is that one framework handles all of them uniformly.

• Foundation for open systems. Module 8 (Lindblad equation) will introduce the continuous-time
generator of a semigroup of channels. The Lindblad equation is to quantum channels what the master
equation is to classical Markov processes.

• Entropic bounds. The data-processing inequality (Module 7.4) states that mutual information cannot
increase under channel action: I(A;B)(id ⊗E)(ρ) ≤ I(A;B)ρ. This is the quantum analogue of the
classical fact that noisy channels destroy information, and is central to quantum Shannon theory.

• Noise models for real hardware. Variational quantum circuits run on noisy quantum devices are
modeled by inserting a noise channel after each gate. The choice of channel (depolarizing, amplitude
damping, dephasing, etc.) determines the error model for quantum error correction and fault tolerance.

• Capacity theorems. Quantum channels have several inequivalent capacities: classical capacity,
quantum capacity, private capacity, entanglement-assisted capacity. These are all rates at which specific
resources can be transmitted through the channel, and they form the core of quantum Shannon theory.

Mathematical Development
Equivalence of representations

Start from Stinespring: E(ρ) = TrE(V ρV †). Choose an orthonormal basis {|ek⟩} of HE and define

Kk = ⟨ek|EV : HA → HB .

Then

TrE(V ρV †) =
∑
k

⟨ek|V ρV †|ek⟩ =
∑
k

KkρK
†
k,

and the completeness relation V †V = IA translates to
∑
kK

†
kKk = IA. This gives the Kraus form.

Conversely, given Kraus operators {Kk}, one can construct an isometry V |ψ⟩ =
∑
kKk|ψ⟩ ⊗ |ek⟩, which is

exactly a Stinespring dilation. So the two representations are equivalent.

The Choi matrix can be read off either: from Kraus form,

CE =
∑
k

(I ⊗Kk)|Ω⟩⟨Ω|(I ⊗K†
k).

Its positivity (since each term is a rank-1 positive operator) reflects complete positivity of E .

Complete positivity versus positivity: the transpose map

Consider the transpose map T : ρ 7→ ρT on a single qubit. T is positive: if ρ ≥ 0 then ρT ≥ 0 (since they
have the same spectrum). But T ⊗ id applied to a Bell state |Φ+⟩⟨Φ+| on two qubits gives
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(T ⊗ I)|Φ+⟩⟨Φ+| = 1
2
∑
i,j

|i⟩⟨j|T ⊗ |i⟩⟨j| = 1
2
∑
i,j

|j⟩⟨i| ⊗ |i⟩⟨j| = 1
2 SWAP,

which has eigenvalues +1/2,+1/2,+1/2,−1/2 — a negative eigenvalue. So T is positive but not completely
positive, and therefore not a quantum channel.

This is exactly the mathematical obstruction exploited by the PPT (Peres–Horodecki) separability criterion in
Node 4.2: applying the partial transpose to an entangled state can produce a non-positive matrix, detecting
the entanglement.

Channel composition

If E1 : B(HA) → B(HB) and E2 : B(HB) → B(HC) are channels, their composition E2 ◦ E1 is also a channel,
with Kraus operators given by products:

(K(2)
k K

(1)
l ) ∈ {Kraus of E2 ◦ E1}.

Channels form a monoid under composition with the identity channel.

Unital vs non-unital channels

A channel E is unital if E(I) = I. Equivalently, the maximally mixed state is a fixed point. Examples:
unitary channels, Pauli channels, depolarizing channels. Non-unital examples: amplitude damping (which
drives toward |0⟩⟨0| rather than the maximally mixed state).

Unital channels form a subclass with many nice properties: they are the quantum analogue of doubly-
stochastic classical channels (which preserve the uniform distribution) and are the channels for which entropy
is non-decreasing.

Worked Example
Depolarizing channel

The depolarizing channel on a qubit with parameter p ∈ [0, 1] is

Ep(ρ) = (1 − p)ρ+ p · I2 .

It leaves the state unchanged with probability 1 − p and replaces it with the maximally mixed state with
probability p.

Kraus form: Using the Pauli operators,

Ep(ρ) =
(

1 − 3p
4

)
ρ+ p

4
(
XρX + Y ρY + ZρZ

)
,

so the Kraus operators are

K0 =
√

1 − 3p
4 I, K1 =

√
p
4 X, K2 =

√
p
4 Y, K3 =

√
p
4 Z.

Check:
∑
kK

†
kKk = (1 − 3p/4)I + 3(p/4)I = I. Trace-preserving.
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Action on Bloch vector: Ep shrinks the Bloch vector by (1 − p), mapping the Bloch sphere to a smaller
ball of radius 1 − p centered at the origin. As p → 1, all states collapse to the maximally mixed state. This is
the canonical model of “isotropic noise.”

Amplitude damping channel

The amplitude damping channel models spontaneous emission: a qubit in the excited state |1⟩ decays to the
ground state |0⟩ with probability γ per unit time. The Kraus operators are

K0 =
(

1 0
0

√
1 − γ

)
, K1 =

(
0 √

γ
0 0

)
.

The physical picture: K0 is “no decay occurred” (the amplitude on |1⟩ shrinks), K1 is “decay occurred” (the
qubit jumps from |1⟩ to |0⟩).

Trace-preservation check: K†
0K0 +K†

1K1 = diag(1, 1 − γ) + diag(0, γ) = I. ✓

Effect on a state: Starting from ρ =
(
a b
b∗ 1 − a

)
, one finds

E(ρ) =
(
a+ γ(1 − a)

√
1 − γ b√

1 − γ b∗ (1 − γ)(1 − a)

)
.

The population (1 − a) on |1⟩ decays exponentially; the coherences b decay as
√

1 − γ. This is the source of
the T2 ≤ 2T1 relationship derived in Node 5.4: the coherence decay rate is at least half the population decay
rate, because part of the dephasing comes from population decay itself.

The channel is non-unital: E(I) ̸= I (the output is biased toward |0⟩⟨0|).

Stinespring dilation of amplitude damping

The amplitude damping channel can be realized as a unitary on the qubit plus an environment qubit, initially
in |0⟩E :

V : |0⟩S ⊗ |0⟩E → |0⟩S ⊗ |0⟩E ,

V : |1⟩S ⊗ |0⟩E →
√

1 − γ |1⟩S ⊗ |0⟩E + √
γ |0⟩S ⊗ |1⟩E .

Tracing out the environment gives exactly the amplitude damping Kraus operators. The physical picture:
the excited state |1⟩ “leaks” into an entangled superposition where, with amplitude √

γ, the system decays to
ground and the environment absorbs a quantum of excitation. This is the quantum-mechanical content of
spontaneous emission.

Measurement as a channel

A projective measurement with outcomes {Pi} can be described as a channel whose Kraus operators are the
projectors themselves (assuming outcomes are forgotten after measurement):

Emeas(ρ) =
∑
i

PiρPi.

This is a unital CPTP map that implements “dephasing in the measurement basis.” If the outcome is
retained as classical information, the channel becomes a quantum-classical channel ρ 7→

∑
i Tr(Piρ)|i⟩⟨i|,

which destroys quantum coherence entirely and outputs a classical distribution.
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Cross-Links
• Module 5.2 (Reduced density operator): The partial trace is a specific channel (tracing out

subsystems). Every channel arises this way via Stinespring.
• Module 5.4 (Decoherence mechanisms): Dephasing and amplitude damping channels are the

canonical quantum noise models, and are decoherence channels.
• Module 7.4 (Von Neumann entropy): Data-processing inequality S(E(ρ)) ≥ S(ρ) for unital

channels; mutual information is contractive under channels.
• Module 8.2 (Lindblad equation): The generator of a continuous-time semigroup of channels.

Lindblad operators are the infinitesimal analogue of Kraus operators.
• Module 4.2 (Separability): Partial transpose is positive but not completely positive — it is not a

channel, which is why PPT can detect entanglement.
• Statistics: Classical stochastic (Markov) channels are the commutative analogue: linear, completely

positive (trivially), trace-preserving maps on probability distributions.

Structural Compression
Invariant: A quantum channel is a completely positive trace-preserving linear map. This is the unique class
of transformations representing physically realizable operations on quantum states — neither smaller nor
larger.

Mechanism: Three equivalent representations: Stinespring dilation (unitary on a larger system + partial
trace), Kraus operator sum (

∑
kKkρK

†
k with

∑
K†
kKk = I), and the Choi matrix via the Choi–Jamiołkowski

isomorphism. Complete positivity is strictly stronger than positivity, forced by the existence of entangled
ancillas.

Cross-System Echo: Stochastic matrices on probability distributions are the classical (commutative)
analogue: linear, positive, trace-preserving. CPTP maps are the non-commutative generalization. Complete
positivity — the strengthening of positivity to allow entangled inputs — is the specifically quantum ingredient.

Exercises
1. Show that the transpose map T : ρ 7→ ρT is positive but not completely positive by computing

(T ⊗ I)|Φ+⟩⟨Φ+| and finding its eigenvalues.
2. Verify that the Kraus operators of the depolarizing channel satisfy

∑
kK

†
kKk = I, and compute the

action on the Bloch vector.
3. Derive the amplitude damping Kraus operators from a Stinespring dilation using a qubit environment.
4. Compute the Choi matrix for the depolarizing channel with p = 1/2. Verify that it is positive and

satisfies the trace condition.
5. Show that the composition of two channels is a channel by constructing its Kraus representation from

the individual Kraus operators.
6. Define a non-unital channel and discuss its fixed points. What is the fixed point of the amplitude

damping channel?
7. Argue, structurally, why complete positivity (rather than mere positivity) is the correct mathematical

requirement for physical channels. What would go wrong if we only required positivity?
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Von Neumann Entropy and Mutual Information
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Quantum Information Node: 7.4

The von Neumann entropy S(ρ) = − Tr(ρ log ρ) is the quantum analogue of Shannon entropy. It measures
the information content (or equivalently, the mixedness, or the uncertainty) of a quantum state and is the
foundational information-theoretic quantity for quantum systems. From it are derived quantum relative
entropy, quantum mutual information, and the entropies that control channel capacities, entanglement
measures, and thermodynamic bounds.

The quantum theory differs from the classical theory in two important ways. First, entropies can exhibit strict
subadditivity with surprising strength — joint entropy can be less than the entropy of a single subsystem,
a phenomenon impossible in classical Shannon theory. Second, quantum mutual information can exceed
twice the corresponding classical mutual information, reflecting the extra correlations available through
entanglement. Together these give von Neumann entropy a character distinct from its classical cousin, even
though it reduces to Shannon entropy on diagonal states.

Formal Definition
Von Neumann entropy

For a density operator ρ on a finite-dimensional Hilbert space H,

S(ρ) = − Tr(ρ log ρ) = −
∑
i

λi log λi,

where {λi} are the eigenvalues of ρ (with 0 log 0 ≡ 0 by continuity). The logarithm is base 2 for entropies
measured in bits, base e for nats.

Basic properties:

• Non-negativity. S(ρ) ≥ 0, with equality iff ρ is a pure state.
• Upper bound. S(ρ) ≤ log d, where d = dim H, with equality iff ρ = I/d.
• Unitary invariance. S(UρU†) = S(ρ) for any unitary U .
• Concavity. S(λρ1 + (1 − λ)ρ2) ≥ λS(ρ1) + (1 − λ)S(ρ2).
• Additivity over products. S(ρA ⊗ ρB) = S(ρA) + S(ρB).

Relative entropy

The quantum relative entropy (Umegaki) is

S(ρ∥σ) = Tr(ρ log ρ) − Tr(ρ log σ),

defined when supp(ρ) ⊆ supp(σ) and +∞ otherwise. Klein’s inequality: S(ρ∥σ) ≥ 0, with equality iff
ρ = σ. Relative entropy is the fundamental “distance” in quantum information, underlying hypothesis testing,
resource theories, and thermodynamics.

Joint, conditional, and mutual information

For a bipartite state ρAB with marginals ρA = TrB ρAB and ρB = TrA ρAB :

• Joint entropy: S(AB) = S(ρAB).
• Conditional entropy: S(A|B) = S(AB) − S(B).
• Mutual information: I(A : B) = S(A) + S(B) − S(AB) = S(ρAB∥ρA ⊗ ρB).
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A striking quantum fact: S(A|B) can be negative. For example, if ρAB is a pure entangled state, then
S(AB) = 0 but S(B) > 0, so S(A|B) = −S(B) < 0. Negative conditional entropy has no classical analogue
and is closely related to the ability to perform quantum protocols like teleportation.

Intuition
Von Neumann entropy measures “how mixed” a state is, equivalently “how much classical uncertainty is
encoded in ρ.” A pure state has S = 0 — it is a definite quantum state, and although measurements give
probabilistic outcomes, the state itself is maximally known. A maximally mixed state ρ = I/d has S = log d

— it is the state of maximum ignorance, corresponding to the uniform classical distribution over a basis of
size d.

What makes von Neumann entropy non-classical is the behavior of bipartite entropy under entanglement. For
a pure entangled state |ψ⟩AB , the whole system has S(AB) = 0, but each subsystem has S(A) = S(B) > 0.
This is structurally impossible in classical information theory: a classical joint distribution with zero entropy
is a delta function, which has marginals with zero entropy. Quantum joint purity does not imply marginal
purity because the whole system is more than the sum of its parts — the entanglement is “in between” the
subsystems, not localized in either.

Mutual information is the natural measure of how much two subsystems are correlated. Classically, I(A :
B) ≤ min(H(A), H(B)). Quantumly, I(A : B) ≤ 2 min(S(A), S(B)) — a factor of 2 more, achieved by
maximally entangled states. This extra factor is one of the structural signatures of quantum correlations
and is tightly connected to why quantum channels can transmit more classical information per qubit (when
assisted by entanglement) than classical channels can transmit per bit.

The practical slogan: entropy measures the number of (qu)bits needed on average to describe the state
classically, given some reference basis. A pure state needs zero bits (you already know it). The maximally
mixed state needs log d bits (you know nothing). An arbitrary state lies somewhere in between, and its
position is exactly the entropy.

Structural Role
• Foundational quantity. Von Neumann entropy is the fundamental information-theoretic quantity

for quantum systems, analogous to Shannon entropy in the classical case. Every capacity theorem,
compression theorem, and information inequality in quantum information theory is formulated in terms
of S(ρ) or related quantities.

• Entanglement entropy. For a bipartite pure state, S(ρA) = S(ρB) is the entanglement entropy — the
unique measure of entanglement for pure states (Node 4.5). Entanglement entropy is the operational
measure used in condensed matter and holography (area laws, entanglement entropy of ground states).

• Channel capacities. Classical and quantum capacities of quantum channels are expressed in terms of
entropic quantities: the Holevo capacity χ = S(ρ̄)−

∑
i piS(ρi) (Node 7.5) and the coherent information

Ic = S(B) − S(AB) are the fundamental capacity formulas.
• Thermodynamic bridge. Thermal states minimize free energy F = E − TS at fixed temperature,

where S is the von Neumann entropy. This gives the quantum-statistical-mechanics link between
information and heat, developed in Module 9.

• Data processing. Mutual information cannot increase under local channels: I(A : B)(id ⊗E)(ρ) ≤ I(A :
B)ρ. This is the data-processing inequality, the quantum generalization of the classical statement that
post-processing cannot create information. It is equivalent to monotonicity of quantum relative entropy
under CPTP maps, which in turn is one of the deepest theorems in quantum information (Lindblad
1975, Uhlmann).

• Strong subadditivity. Lieb–Ruskai (1973): S(ABC) + S(B) ≤ S(AB) + S(BC) for any tripartite
state. A nontrivial and highly structural inequality; equivalent to monotonicity of relative entropy and
to the data-processing inequality for quantum mutual information.
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Mathematical Development
Klein’s inequality

For density operators ρ, σ,

S(ρ∥σ) = Tr(ρ(log ρ− log σ)) ≥ 0,

with equality iff ρ = σ. Proof: use the operator inequality x log x− x log y ≥ x− y (from concavity of log)
on eigenvalues. Klein’s inequality is the quantum analogue of non-negativity of classical KL divergence and
underlies most entropic inequalities.

Subadditivity

For any bipartite state ρAB ,

S(AB) ≤ S(A) + S(B),

with equality iff ρAB = ρA ⊗ ρB . This follows from Klein’s inequality applied to ρAB and ρA ⊗ ρB :

0 ≤ S(ρAB∥ρA ⊗ ρB) = −S(AB) + S(A) + S(B).

Subadditivity implies mutual information is non-negative: I(A : B) = S(A) + S(B) − S(AB) ≥ 0.

Strong subadditivity (Lieb–Ruskai)

For any tripartite state ρABC ,

S(ABC) + S(B) ≤ S(AB) + S(BC).

This is the quantum version of the classical inequality H(ABC) +H(B) ≤ H(AB) +H(BC), but it is vastly
harder to prove in the quantum case. It was conjectured by Lanford and Robinson and proved by Lieb and
Ruskai in 1973 using a key operator convexity theorem of Lieb. Strong subadditivity implies monotonicity
of mutual information under local channels, Markov chain conditions for quantum states, and many other
central results.

Data processing inequality

For any CPTP map E on system B and any bipartite state ρAB ,

I(A : B)(idA ⊗E)(ρAB) ≤ I(A : B)ρAB
.

Equivalently: quantum relative entropy is monotone under CPTP maps,

S(E(ρ)∥E(σ)) ≤ S(ρ∥σ).

This is the fundamental information-theoretic bound on how much correlation between systems can survive
processing. It implies the second law of thermodynamics (when applied to thermal reference states) and
constrains all channel capacities.
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Bounds on mutual information

For any bipartite state ρAB on HA ⊗ HB ,

0 ≤ I(A : B) ≤ 2 min(log dA, log dB).

The upper bound is achieved by maximally entangled pure states, where S(A) = S(B) = log d and S(AB) = 0,
giving I(A : B) = 2 log d. Classical mutual information is bounded by min(H(A), H(B)) (a factor of 2
smaller), reflecting the non-classical correlations available through entanglement.

Joint concavity and convexity

• Concavity of entropy: S(
∑
i piρi) ≥

∑
i piS(ρi). Mixing states increases entropy on average.

• Joint convexity of relative entropy: S(
∑
i piρi∥

∑
i piσi) ≤

∑
i piS(ρi∥σi).

• Araki–Lieb triangle inequality: |S(A) − S(B)| ≤ S(AB). This is the lower bound complementing
subadditivity.

Worked Example
Entropies of basic states

• Pure state: ρ = |ψ⟩⟨ψ| has eigenvalues (1, 0, 0, . . .), so S(ρ) = 0.
• Maximally mixed qubit: ρ = I/2 has eigenvalues (1/2, 1/2), so S(ρ) = 1 bit.
• Maximally mixed d-dim state: S(I/d) = log d. For a qubit register of n qubits, S(I/2n) = n bits.
• Mixed state p|0⟩⟨0| + (1 − p)|1⟩⟨1|: S = h(p) = −p log p − (1 − p) log(1 − p), the binary entropy

function.
• Thermal state at temperature T : ρth = e−βH/Z with β = 1/kBT . Then S(ρth) = β⟨H⟩ + logZ,

which is the standard thermodynamic entropy formula.

Bell state

The Bell state |Φ+⟩ = (|00⟩ + |11⟩)/
√

2 has S(ρAB) = 0 (pure). The reduced density matrix of either qubit is
ρA = I/2, with S(A) = S(B) = 1 bit. Therefore:

• I(A : B) = 1 + 1 − 0 = 2 bits — the maximum possible mutual information for a qubit pair.
• S(A|B) = S(AB) − S(B) = 0 − 1 = −1 bit — negative conditional entropy, a purely quantum

phenomenon.

For comparison, the maximum classical mutual information for two bits is 1 bit (perfectly correlated). The
Bell state doubles this.

Mixed Bell state

Consider ρAB = p|Φ+⟩⟨Φ+| + (1 − p)I/4 (a Werner-like state). One finds:

• ρA = ρB = I/2, so S(A) = S(B) = 1 bit independent of p.
• ρAB has eigenvalues (p+ (1 − p)/4, (1 − p)/4, (1 − p)/4, (1 − p)/4), giving

S(AB) = −
(
p+ 1 − p

4

)
log
(
p+ 1 − p

4

)
− 3 · 1 − p

4 log 1 − p

4 .

• I(A : B) = 2 − S(AB). For p = 1, S(AB) = 0, I = 2. For p = 0, S(AB) = 2, I = 0. The transition is
smooth and nonlinear.
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Data processing on a Bell state

Apply a dephasing channel E(ρ) = (ρ+ ZρZ)/2 to qubit B of a Bell state. The resulting state is

ρ′
AB = 1

2(|00⟩⟨00| + |11⟩⟨11|),

a classical-quantum correlated state with S(AB) = 1 (not zero anymore) and I(A : B) = 1 + 1 − 1 = 1 bit.
The dephasing channel has halved the mutual information, consistent with the data processing inequality: we
lost exactly the “coherent” part of the correlation, retaining only the “classical” part.

Cross-Links
• Module 5.1 (Density operators): The object on which entropy acts. Pure states have zero entropy;

mixing always increases it.
• Module 4.5 (Entanglement measures): Entanglement entropy S(ρA) is the canonical entanglement

measure for pure bipartite states, and is the special case of von Neumann entropy applied to reduced
density matrices.

• Module 7.3 (Quantum channels): Data-processing inequality expresses the monotonicity of entropic
quantities under CPTP maps.

• Module 7.5 (Holevo bound): Bounds classical information extractable from quantum states in
terms of entropic quantities.

• Module 9.4 (Quantum thermodynamics): Von Neumann entropy is the thermodynamic entropy
of quantum states; equilibrium and non-equilibrium thermodynamics are built on its behavior.

• Module 10.5 (Quantum resource theories): Entropies quantify resource content (entanglement,
coherence, athermality).

• Statistics: Shannon entropy is the classical restriction. Quantum relative entropy generalizes KL
divergence; quantum mutual information generalizes classical mutual information.

Structural Compression
Invariant: S(ρ) = − Tr(ρ log ρ) is the unique (up to normalization) entropy functional satisfying concavity,
additivity on products, and continuity. It is zero for pure states, maximized at log d for the maximally mixed
state, invariant under unitaries, non-decreasing under unital channels, and monotone-decreasing for relative
entropy under any CPTP map.

Mechanism: Eigendecomposition of the density matrix: entropy is Shannon entropy of the eigenvalue
spectrum. All quantum-specific phenomena (subadditivity with negative conditional entropy, doubling of
mutual information, entanglement entropy of pure states) arise from the non-commuting structure of the
density operators involved.

Cross-System Echo: Shannon entropy in classical information theory is the diagonal restriction; KL
divergence is the classical analogue of relative entropy; classical mutual information sits inside quantum
mutual information. The factor-of-2 gap in mutual information upper bounds quantifies the specifically
quantum contribution from entanglement.

Exercises
1. Compute S(ρ) for a qubit state ρ = (I + r⃗ · σ⃗)/2 with Bloch vector of magnitude r. Show that
S = h((1 + r)/2).

2. Show that S(AB) ≤ S(A) + S(B) using Klein’s inequality applied to ρAB and ρA ⊗ ρB .
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3. Verify the Araki–Lieb inequality |S(A) − S(B)| ≤ S(AB) for a Bell state.
4. Compute the quantum mutual information of a Werner state ρ = p|Φ+⟩⟨Φ+| + (1 − p)I/4 as a function

of p. At what value of p does it become zero?
5. State the strong subadditivity inequality and show how it implies monotonicity of quantum mutual

information under local channels.
6. For a thermal state ρth = e−βH/Z, derive the formula S = β⟨H⟩ + logZ. How does this connect to the

thermodynamic identity S = (E − F )/T?
7. Argue, structurally, why negative conditional entropy is possible quantumly but not classically. What

does S(A|B) < 0 mean operationally?

185



Holevo Bound
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Quantum Information Node: 7.5

The Holevo bound — Alexander Holevo (1973) — is the fundamental upper bound on the amount of
classical information that can be extracted from an ensemble of quantum states. It says: no matter how
cleverly you measure, you cannot recover more than χ classical bits of information per quantum state, where
χ is a specific entropic quantity associated with the ensemble. In particular, n qubits can carry at most n
bits of classical information (when no prior entanglement is shared between sender and receiver).

The Holevo bound is the structural reason the exponentially large dimensionality of n-qubit state space
does not translate directly into exponentially large classical information capacity. Quantum states have
many amplitudes, but reading them out is constrained by the Born rule, and the Holevo bound makes that
constraint sharp. It is the key to understanding why quantum advantage appears in computation (where
interference between amplitudes matters) but not in classical communication beyond the bit-per-qubit rate
unless entanglement assistance is available (which unlocks superdense coding’s factor-of-2 speedup).

Formal Statement
The theorem

Let {(pi, ρi)}ni=1 be an ensemble of quantum states: the sender Alice prepares state ρi with probability pi
and sends it to Bob. Let ρ̄ =

∑
i piρi be the average state of the ensemble. Bob performs some POVM

measurement {Ej}mj=1 and obtains outcome j with probability qj|i = Tr(Ejρi).

Theorem (Holevo 1973). The classical mutual information between the input label I and the measurement
outcome J satisfies

I(I : J) ≤ χ({pi, ρi}) := S(ρ̄) −
∑
i

piS(ρi),

where S is the von Neumann entropy. The right-hand side χ is called the Holevo χ-quantity of the ensemble.

Immediate corollaries

• Bit-per-qubit bound. If each ρi lives in a Hilbert space of dimension d, then S(ρ̄) ≤ log d and∑
i piS(ρi) ≥ 0, so χ ≤ log d. For n qubits, this gives χ ≤ n bits. No measurement strategy can extract

more than n bits of classical information from n qubits.
• Pure-state ensembles. If all ρi = |ψi⟩⟨ψi| are pure, then S(ρi) = 0 and χ = S(ρ̄). The accessible

information is bounded by the entropy of the average state.
• Orthogonal states saturate. If the {|ψi⟩} are mutually orthogonal, S(ρ̄) = H({pi}) (the classical

Shannon entropy), and the bound is saturated by measuring in the basis {|ψi⟩}. Orthogonal states can
be perfectly distinguished, and the Holevo bound reduces to the classical bound.

• Non-orthogonal states have a gap. For non-orthogonal pure states, χ < H({pi}) strictly, and no
measurement can achieve the classical source entropy. This is why non-orthogonal states cannot be
perfectly distinguished — a restatement of the no-cloning theorem.

Achievability: HSW theorem

Holevo–Schumacher–Westmoreland (1996–1998): the χ-quantity is not just an upper bound on accessible
information for a single use of a channel, but the achievable classical capacity of a quantum channel
asymptotically. Explicitly, for a channel N , its classical capacity is
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C(N ) = sup
{pi,ρi}

χ
(
{pi,N (ρi)}

)
(regularized over multiple channel uses for non-additive cases). The Holevo bound is thus tight in the
appropriate asymptotic sense.

Intuition
An n-qubit state has 2n complex amplitudes, so naively it contains O(2n) real numbers of information. The
Holevo bound says this naive counting is wrong: you can put O(2n) amplitudes into n qubits, but you cannot
read them out — any measurement returns at most n classical bits on average.

The reason is structural. Measurement is a channel from quantum states to classical outcomes, and channels
are subject to the data-processing inequality. Once you commit to a measurement strategy, the information
flow is bounded by the Holevo quantity, which is itself bounded by log d in the dimension of the state space.
The exponential amplitude structure is only accessible through interference — that is, through operations
that act on superpositions before measurement — and even then, the final measurement is limited by the
same bound.

This is why quantum advantage in computation is subtle. Shor’s algorithm does not “read out” the
exponentially many amplitudes of its quantum register; it arranges the amplitudes to interfere constructively
at the correct answer and destructively elsewhere, so a single polynomial-sized measurement suffices to extract
the answer. Grover’s algorithm amplifies the amplitude of the target state. Neither violates the Holevo bound

— both are consistent with it, because the classical information extracted from the final measurement is
polynomially bounded.

By contrast, the Holevo bound makes quantum memory — using quantum states to store classical data for
later retrieval — no better than classical memory, up to constant factors. A quantum hard drive is not an
exponential improvement over a classical one (in terms of bits stored per physical system), even though the
Hilbert space dimension is exponentially large.

The factor-of-2 loophole — superdense coding — exists because shared prior entanglement changes the
counting: the channel is now “1 qubit + half a Bell pair,” and this combined resource can transmit 2 classical
bits. Holevo’s bound applies to the single qubit alone without the prior entanglement. The bound is sharp.

Structural Role
• Separating computational from communication advantage. Quantum computation achieves

exponential speedups over classical computation for certain problems (factoring, simulating physics),
but quantum communication achieves only modest speedups for classical-information transmission
(factor-of-2 via superdense coding). The Holevo bound is the structural reason for this asymmetry.

• Channel capacity foundation. The classical capacity of a quantum channel is expressed in terms
of Holevo quantities. The Holevo–Schumacher–Westmoreland theorem is the quantum analogue of
Shannon’s noisy-channel coding theorem: it gives the asymptotic rate at which classical information
can be sent through a quantum channel with vanishing error.

• Cryptographic bounds. In QKD security proofs, the adversary’s knowledge of the key is bounded by
a Holevo quantity over the purifications of the key ensemble. Asymptotic security reduces to estimating
this quantity.

• Memory and storage. Quantum random access codes (QRACs) allow encoding n bits into fewer
than n qubits with some decoding error. Holevo’s bound gives the tight rate at which this trade-off can
be made.
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• Information-theoretic identity for mixed ensembles. The Holevo quantity χ can be rewritten as a
quantum mutual information on a classical-quantum state ρXQ =

∑
i pi|i⟩⟨i|X⊗ρQi : then χ = I(X : Q)ρ.

This identification is the key to understanding why the Holevo bound is a data-processing inequality in
disguise.

Mathematical Development
Proof via data processing inequality

Encode the ensemble as a classical-quantum state

ρXQ =
∑
i

pi|i⟩⟨i|X ⊗ ρQi .

Compute the quantum mutual information:

I(X : Q)ρ = S(X) + S(Q) − S(XQ) = H({pi}) + S(ρ̄) −

(
H({pi}) +

∑
i

piS(ρi)
)
,

where the last equality uses the block-diagonal structure of ρXQ to get S(XQ) = H({pi}) +
∑
i piS(ρi). So

I(X : Q)ρ = S(ρ̄) −
∑
i

piS(ρi) = χ.

The measurement channel M : Q → J takes the quantum system to a classical measurement outcome. After
measurement, the joint state becomes a classical-classical state ρXJ on a copy of X and the outcome J . The
data processing inequality gives

I(X : J) ≤ I(X : Q) = χ.

But I(X : J) = I(I : J) is exactly the classical mutual information between input label and measurement
outcome. So I(I : J) ≤ χ. ■

The proof is essentially one application of the data-processing inequality applied to a classical-quantum state
— a clean structural argument, the economy of which reflects the underlying simplicity of the bound.

Tightness via HSW

The HSW theorem shows the bound is asymptotically tight. Given an ensemble {(pi, ρi)}, one can construct
codes using n copies of the channel that transmit nχ bits of classical information with arbitrarily small error
as n → ∞. The proof uses a random coding argument analogous to Shannon’s original proof of the classical
noisy-channel coding theorem, but with classical codes replaced by quantum ones.

Accessible information

The accessible information of an ensemble is

Iacc({pi, ρi}) = sup
POVMs {Ej}

I(I : J),

i.e., the supremum of classical mutual information over all measurement strategies. The Holevo bound says
Iacc ≤ χ. In general, the gap can be strict — for some ensembles of non-orthogonal states, no single-shot
measurement achieves χ, and the bound is achievable only in the asymptotic limit of block coding.
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Example: two non-orthogonal states

Consider two non-orthogonal qubit states |ψ0⟩ = |0⟩ and |ψ1⟩ = cos θ|0⟩+sin θ|1⟩, with equal prior probabilities
p0 = p1 = 1/2.

The average state is

ρ̄ = 1
2 |ψ0⟩⟨ψ0| + 1

2 |ψ1⟩⟨ψ1| =
(

1+cos2 θ
2

cos θ sin θ
2

cos θ sin θ
2

sin2 θ
2

)
.

Its eigenvalues are λ± = (1 ± | cos θ|)/2, and

χ = S(ρ̄) = h

(
1 + | cos θ|

2

)
,

where h is the binary entropy. For θ = π/2 (orthogonal states), χ = 1 bit — full bit of information. For θ = 0
(identical states), χ = 0 — no information possible. For intermediate θ, χ < 1 strictly, and no measurement
can recover the full 1-bit classical source.

The optimal single-shot measurement (the Helstrom measurement) achieves an error probability Pe =
(1 − sin θ)/2, and the corresponding mutual information is 1 − h(Pe), which is strictly less than χ for
0 < θ < π/2. Asymptotically, however, block coding over many copies of the channel achieves χ in the HSW
sense.

Worked Example
n qubits cannot store more than n bits

Suppose Alice wants to encode m classical bits into n qubits. By Holevo, the accessible information is at
most χ ≤ n bits. So if m > n, Bob cannot reliably recover all m bits from a measurement of the n qubits. In
the asymptotic limit of many repetitions, the rate m/n is bounded by 1, so quantum storage has the same
bit-per-qubit density as classical storage. No exponential quantum storage advantage exists.

Superdense coding — why it doesn’t violate Holevo

In superdense coding (Node 7.6), Alice and Bob share a Bell pair. Alice applies one of four Pauli operations
{I,X, Y, Z} to her qubit, then sends it to Bob. Bob performs a Bell measurement on both qubits and recovers
2 classical bits.

Does this violate Holevo? No — because the shared entanglement is additional resources beyond the single
qubit. The relevant ensemble is on two qubits (Alice’s encoded qubit + Bob’s retained Bell-pair half), and the
effective dimension is 4, giving a Holevo bound of 2 bits, which is exactly what superdense coding achieves.

Without prior entanglement, a single qubit sent from Alice to Bob has χ ≤ 1 and cannot transmit more
than 1 bit. The shared Bell pair is the “loophole” — it changes the counting. This is consistent with the
Holevo bound being a statement about an ensemble of states, and the ensemble in superdense coding lives in
a 4-dimensional space.

Quantum random access codes

A (2 → 1)-QRAC encodes 2 classical bits into 1 qubit such that either bit can be recovered with probability
≥ p (but not both simultaneously with certainty). The optimal QRAC achieves p = cos2(π/8) ≈ 0.854 per
bit.

Holevo’s bound is consistent with this: while the accessible information is bounded by χ ≤ 1 bit, the QRAC
does not violate the bound because the “information” recovered per measurement is not a full bit. The mutual
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information per recovered bit is 1 − h(0.854) ≈ 0.4, and the total mutual information across the two bits is
also bounded by 1. The QRAC distributes the 1 bit of accessible information across the two target bits.

BB84 key rate

In BB84 QKD, Alice sends qubits in 4 possible states (2 bases × 2 outcomes). Holevo bounds Eve’s maximum
knowledge of the key given her access to the quantum channel. In the collective-attack model, the secure key
rate is bounded by

r ≥ I(Alice : Bob) − χ(Alice : Eve),

where χ is the Holevo quantity over Eve’s ensemble. Asymptotic security proofs reduce to estimating χ from
the observed error rate.

Cross-Links
• Module 7.1 (Qubits): Justifies the last row of the qubit-vs-classical-register comparison table: “n

qubits carry n bits of classical information.”
• Module 7.2 (No-cloning): Holevo and no-cloning are related — both express the inaccessibility of

non-orthogonal quantum state information.
• Module 7.3 (Quantum channels): The proof uses the data-processing inequality for classical-

quantum states under CPTP maps (measurement is a channel).
• Module 7.4 (Von Neumann entropy): χ is built from entropies. The Holevo bound is a corollary

of the data-processing inequality for quantum mutual information.
• Module 7.6 (Teleportation and superdense coding): Superdense coding achieves the Holevo

bound on 2-qubit ensembles (assisted by prior entanglement); teleportation transmits a qubit using 2
classical bits and shared entanglement.

• Module 10.5 (Quantum resource theories): Holevo quantity is a monotone under free operations
in the resource theory of classical communication.

• Statistics / Shannon theory: Classical capacity theorems generalize Shannon’s noisy-channel coding
theorem.

Structural Compression
Invariant: No measurement can extract more than χ = S(ρ̄) −

∑
i piS(ρi) bits of classical information from

a quantum ensemble {(pi, ρi)}. In particular, n qubits carry at most n bits of classical information, regardless
of encoding.

Mechanism: Application of the data-processing inequality to the classical-quantum state ρXQ =
∑
i pi|i⟩⟨i|⊗

ρi under the measurement channel. χ is exactly the quantum mutual information I(X : Q)ρ of this state,
and measurement is a CPTP map from Q to a classical outcome register.

Cross-System Echo: Shannon’s channel capacity theorem bounds the classical rate through a classical
channel; Holevo’s bound is the quantum generalization. The HSW theorem closes the analogy by showing
that the Holevo quantity is asymptotically achievable, making it the quantum Shannon capacity for classical
communication.

Exercises
1. Verify that for an ensemble of pure states {(pi, |ψi⟩⟨ψi|)}, the Holevo quantity reduces to χ = S(ρ̄).
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2. Compute the Holevo quantity for two non-orthogonal qubit states at angle θ (as in the worked example)
and verify that it is less than 1 bit for 0 < θ < π/2.

3. Show that the Holevo bound reduces to the classical source-coding bound when the states {|ψi⟩} are
mutually orthogonal.

4. Prove the Holevo bound via the data-processing inequality applied to the classical-quantum state ρXQ
under a measurement channel.

5. Explain why superdense coding does not violate the Holevo bound. What is the correct ensemble to
apply the bound to?

6. Describe how the Holevo bound constrains the security of BB84 quantum key distribution. What is
Eve’s role in the relevant ensemble?

7. Argue, structurally, why the Holevo bound is the reason quantum advantage appears in computation
but not in classical communication (without entanglement assistance). What feature of quantum
computation allows it to evade the bound’s implications?
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Teleportation and Superdense Coding
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Quantum Information Node: 7.6

Quantum teleportation (Bennett, Brassard, Crépeau, Jozsa, Peres, Wootters 1993) and superdense
coding (Bennett–Wiesner 1992) are two protocols built on the same resource — a shared entangled Bell pair —
that trade classical and quantum communication against each other in exactly reciprocal ways. Teleportation
spends one Bell pair plus two classical bits to transmit one qubit. Superdense coding spends one Bell pair
plus one qubit to transmit two classical bits. Together they establish entanglement as a tradeable resource
that can be converted into classical or quantum communication and back, and they form the operational
cornerstone of the theory of quantum information as a resource theory.

Beyond their foundational role, teleportation is the basic primitive for quantum networking, distributed
quantum computation, and quantum state transfer over noisy channels. It is the closest real physical
phenomenon to “beaming” — with the caveat that the original is destroyed in the process (required by
no-cloning) and that no faster-than-light signaling is possible (classical information must accompany the
entanglement).

Formal Statement
Teleportation protocol

Alice wants to transmit an unknown qubit state |ψ⟩ = α|0⟩ + β|1⟩ to Bob. They share a Bell pair
|Φ+⟩A′B = (|00⟩ + |11⟩)/

√
2, with qubit A′ held by Alice and B held by Bob. The protocol:

1. Alice performs a Bell-basis measurement on her two qubits (the unknown |ψ⟩ and her half of the Bell
pair). The measurement has four possible outcomes: Φ+,Φ−,Ψ+,Ψ−.

2. Alice sends the 2-bit classical outcome to Bob.
3. Depending on the outcome, Bob applies a Pauli correction to his half of the Bell pair:

• Φ+ → I (no correction),
• Φ− → Z,
• Ψ+ → X,
• Ψ− → XZ (or equivalently Y up to phase).

After the correction, Bob’s qubit is in the state |ψ⟩. Alice’s original qubit, after the Bell measurement, is no
longer in the state |ψ⟩ — consistent with no-cloning.

Resource accounting: 1 qubit teleported = 1 Bell pair (1 “ebit”) + 2 classical bits.

Superdense coding protocol

Alice wants to transmit two classical bits (a, b) ∈ {0, 1}2 to Bob. They share a Bell pair |Φ+⟩AB. The
protocol:

1. Alice applies one of four Pauli operators to her half of the Bell pair, depending on (a, b):
• (0, 0) → I
• (0, 1) → X
• (1, 0) → Z
• (1, 1) → XZ

2. Alice sends her half of the Bell pair to Bob via a quantum channel.
3. Bob performs a Bell-basis measurement on both qubits and recovers the 2-bit message.

The four possible operations map |Φ+⟩ into the four Bell states {Φ+,Φ−,Ψ+,Ψ−}, which Bob can perfectly
distinguish because they are orthogonal.

Resource accounting: 2 classical bits transmitted = 1 Bell pair + 1 qubit.
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Reciprocity

The two protocols are exactly reciprocal in their resource conversions: - Teleportation: 2 cbits + 1 ebit →
1 qubit. - Superdense coding: 1 qubit + 1 ebit → 2 cbits.

A Bell pair (ebit) is the pivot, and the direction of resource flow depends on whether you are spending ebits
to send classical information or quantum information.

Intuition
Teleportation’s surprising feature is that Alice can transmit an unknown quantum state — one she cannot
even describe, since describing it would require infinitely many classical bits (continuous amplitudes) — using
only 2 classical bits. The “extra” information required to specify |ψ⟩ is pre-packaged in the entanglement of
the Bell pair. The Bell pair is a kind of “shared randomness with quantum flavor,” and once Alice performs
her Bell measurement, her measurement outcome is maximally random (each outcome has probability 1/4)
regardless of |ψ⟩. The specific random outcome, when combined with the Bell pair’s pre-existing entanglement,
picks out the correct unitary correction at Bob’s end.

No faster-than-light signaling is possible. Before receiving Alice’s 2 classical bits, Bob’s qubit is the reduced
density matrix I/2 — the maximally mixed state — which contains no information about |ψ⟩ whatsoever.
Only after Bob applies the correct Pauli correction (which requires knowing Alice’s outcome) does his qubit
become |ψ⟩. The information is carried by the combination of the entanglement (already in place) and the
classical message (traveling at most at light speed).

Superdense coding’s surprise is that Alice can transmit two classical bits by sending only one qubit. Without
shared entanglement, this would violate the Holevo bound. But with the Bell pair, Alice’s qubit is never
“alone” — it is part of a 4-dimensional entangled system, and the operations Alice applies to her half reveal
themselves as distinct orthogonal states when measured jointly with Bob’s half. The effective information
capacity is log 4 = 2 bits, matching what superdense coding achieves.

The reciprocity is structural: both protocols exploit the fact that the Bell basis is a 4-dimensional space in
which any of the four distinct orthogonal states encodes 2 bits of classical information. Teleportation uses
Alice’s Bell measurement to “read out” which state the joint system is in (giving 2 classical bits); superdense
coding uses Alice’s Pauli operation to “write in” one of 4 Bell states (encoding 2 classical bits). The two are
Fourier-dual in a sense.

Structural Role
• Entanglement as a resource. Teleportation and superdense coding establish that entanglement is

not just a static correlation but a dynamical resource that can be converted into communication. This
observation is the seed of quantum resource theories (Module 10.5), in which entanglement is quantified
by how much it can do under restricted operations (LOCC, typically).

• Classical vs quantum communication trade-offs. The two protocols give the canonical answer to
“how do classical bits and quantum bits trade against each other?” — through the intermediary of shared
ebits. The full theory of such trade-offs (classical capacity, quantum capacity, entanglement-assisted
capacity) is built on these primitives.

• Quantum networking. Teleportation is the basic primitive for sending quantum states over long
distances. Quantum repeaters — the enabling technology for long-distance quantum communication —
work by chaining multiple short-distance teleportation steps together, with entanglement distillation in
between to combat noise.

• Distributed quantum computation. Gate teleportation generalizes state teleportation: a quantum
gate can be “teleported” from one location to another using pre-shared entanglement and classical
communication, enabling distributed quantum computation across separated processors.
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• Consistency with no-cloning. Teleportation is not cloning: Alice’s original qubit is destroyed by
her Bell measurement, and only Bob’s qubit retains |ψ⟩. No-cloning would forbid any protocol that
produced two copies; teleportation produces one copy and destroys the original, staying compatible.

• Measurement-based quantum computation. One-way quantum computation (Raussendorf–Briegel)
is built on the idea that teleportation-like steps, repeated through a large entangled resource state, can
implement arbitrary quantum computations. Teleportation is the local primitive; a graph state is the
global resource.

Mathematical Development
Teleportation derivation

Alice holds qubits S (the unknown state) and A′ (her half of the Bell pair); Bob holds qubit B (the other
half). The total state is

|ψ⟩S ⊗ |Φ+⟩A′B = (α|0⟩S + β|1⟩S) ⊗ 1√
2

(|00⟩A′B + |11⟩A′B).

Expand and regroup in the Bell basis of qubits S and A′:

= 1
2

[
|Φ+⟩SA′(α|0⟩ + β|1⟩)B + |Φ−⟩SA′(α|0⟩ − β|1⟩)B

+|Ψ+⟩SA′(α|1⟩ + β|0⟩)B + |Ψ−⟩SA′(α|1⟩ − β|0⟩)B
]
.

The four terms correspond to the four possible Bell measurement outcomes, each with probability 1/4.

Alice measures qubits S and A′ in the Bell basis. Suppose she obtains outcome Ψ+. Bob’s qubit is projected
to α|1⟩ + β|0⟩, which equals X|ψ⟩ — so Bob must apply X to recover |ψ⟩.

The full outcome-to-correction map:

Alice’s outcome Bob’s state Correction
Φ+ α∥0⟩ + β∥1⟩ I
Φ− α∥0⟩ − β∥1⟩ Z
Ψ+ α∥1⟩ + β∥0⟩ X
Ψ− α∥1⟩ − β∥0⟩ XZ

After the appropriate correction, Bob’s qubit is in state |ψ⟩, regardless of the original amplitudes α, β.

Reduced state of Bob before classical communication

Before Bob receives Alice’s outcome, his qubit’s state is the reduced density matrix

ρB = TrSA′
(
|ψ⟩⟨ψ|S ⊗ |Φ+⟩⟨Φ+|A′B

)
= I

2 .

This is independent of |ψ⟩ — Bob has no access to the teleported state until Alice’s 2 classical bits arrive.
The protocol is consistent with no-signaling: classical communication is required to complete it.
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Superdense coding derivation

Start with a Bell pair |Φ+⟩ = (|00⟩ + |11⟩)/
√

2 shared between Alice (qubit A) and Bob (qubit B). Alice
applies one of four Pauli operations to her qubit:

• I ⊗ I|Φ+⟩ = |Φ+⟩
• Z ⊗ I|Φ+⟩ = (|00⟩ − |11⟩)/

√
2 = |Φ−⟩

• X ⊗ I|Φ+⟩ = (|10⟩ + |01⟩)/
√

2 = |Ψ+⟩
• XZ ⊗ I|Φ+⟩ = (|10⟩ − |01⟩)/

√
2 = |Ψ−⟩ (up to an overall sign)

The four resulting Bell states are mutually orthogonal. Alice then sends qubit A to Bob, who now holds both
qubits and performs a Bell measurement, recovering with certainty which of the four Bell states is present
and hence which 2-bit message Alice encoded.

Resource accounting via coherent information

The coherent information Ic(A⟩B) = S(B) − S(AB) measures the quantum capacity of a channel. For
a noiseless channel with prior ebit assistance, the coherent information of 1 qubit is log 2 = 1, matching
teleportation’s rate. Entanglement-assisted classical capacity (Bennett–Shor–Smolin–Thapliyal 2002) gives
2 log d for a noiseless channel, consistent with superdense coding.

These are special cases of the resource calculus of quantum Shannon theory, in which inequalities relate
rates of qubit, cbit, and ebit consumption. Teleportation and superdense coding are the tightest extremal
resource conversions in this calculus.

Worked Example
Teleporting |ψ⟩ = α|0⟩ + β|1⟩ explicitly

Initial state (Alice holds qubits 1 and 2, Bob holds qubit 3):

|ψ⟩1|Φ+⟩23 = (α|0⟩ + β|1⟩) ⊗ 1√
2

(|00⟩ + |11⟩).

Expand:

= 1√
2
(
α|0⟩|00⟩ + α|0⟩|11⟩ + β|1⟩|00⟩ + β|1⟩|11⟩

)
.

Rewrite the joint state of qubits 1 and 2 in the Bell basis:

|00⟩ = 1√
2

(|Φ+⟩ + |Φ−⟩), |11⟩ = 1√
2

(|Φ+⟩ − |Φ−⟩),

|01⟩ = 1√
2

(|Ψ+⟩ + |Ψ−⟩), |10⟩ = 1√
2

(|Ψ+⟩ − |Ψ−⟩).

Substituting and collecting terms (tedious but mechanical):

= 1
2
[
|Φ+⟩12(α|0⟩3 + β|1⟩3) + |Φ−⟩12(α|0⟩3 − β|1⟩3)

+|Ψ+⟩12(α|1⟩3 + β|0⟩3) + |Ψ−⟩12(α|1⟩3 − β|0⟩3)
]
.

Alice measures qubits 1 and 2 in the Bell basis. Each outcome has probability 1/4. If the outcome is Φ+, qubit
3 is already in |ψ⟩; no correction needed. If it is Φ−, Bob applies Z, turning α|0⟩ −β|1⟩ into α|0⟩ +β|1⟩ = |ψ⟩.
Similarly for the other outcomes. In all four cases, after the classical communication and Pauli correction,
Bob’s qubit is |ψ⟩.
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Superdense coding, two-bit message “11”

Alice wants to send (1, 1). She applies XZ to her half of |Φ+⟩:

(XZ ⊗ I)|Φ+⟩ = (XZ ⊗ I) 1√
2

(|00⟩ + |11⟩) = 1√
2

(|10⟩ − |01⟩) = |Ψ−⟩ (up to sign).

Alice sends her qubit to Bob. Bob performs a Bell measurement and obtains Ψ− with certainty, decoding
“11.” Total cost: 1 physical qubit transmitted + 1 Bell pair used = 2 bits of classical information delivered,
at a rate of 2 cbits per qubit — double what any unassisted quantum channel could do, and matching the
Holevo bound for 2-qubit systems.

Entanglement swapping

Combine teleportation with a second entangled pair to perform entanglement swapping: Alice holds
qubits 1 and 2 (with 1 entangled with a distant qubit 0, and 2 entangled with Bob’s qubit 3). Alice performs
a Bell measurement on qubits 1 and 2. After classical communication and Bob’s correction, qubits 0 and 3

— which have never interacted directly — become entangled. This is the primitive for quantum repeaters:
long-distance entanglement is built up by swapping a chain of short-distance entangled pairs.

Cross-Links
• Module 4.4 (Bell states and CHSH): The Bell basis is the core ingredient in both protocols. Bell

states are both the resource (Bell pair in teleportation) and the measurement basis.
• Module 7.1 (Qubits): The basic building blocks for the protocols.
• Module 7.2 (No-cloning): Teleportation is consistent with no-cloning because the original state is

destroyed by Alice’s Bell measurement.
• Module 7.5 (Holevo bound): Superdense coding saturates the Holevo bound for 2-qubit systems. It

does not violate the bound because the relevant ensemble is on two qubits, not one.
• Module 4.6 (Monogamy of entanglement): Monogamy explains why teleportation uses up the

Bell pair — the entanglement is “spent” in the Bell measurement and the pair becomes unentangled
afterwards.

• Module 10.5 (Quantum resource theories): Teleportation and superdense coding are the founda-
tional conversions in the resource theory of entanglement.

• Statistics — shared randomness: Classical shared randomness allows analogous (but much weaker)
protocols; the quantum extension via shared entanglement gives exponentially greater power.

Structural Compression
Invariant: Shared entanglement is a tradeable resource that converts between classical and quantum
communication. Teleportation: 1 ebit + 2 cbits → 1 qubit. Superdense coding: 1 ebit + 1 qubit → 2 cbits.
The two protocols are reciprocal and exploit the 4-dimensional structure of the Bell basis.

Mechanism: Bell-basis measurement (teleportation) or Pauli encoding (superdense coding) on a pre-shared
Bell pair, followed by classical communication (teleportation) or quantum transmission (superdense coding),
followed by Pauli correction (teleportation) or Bell measurement (superdense coding).

Cross-System Echo: Shared randomness in classical communication allows rate-increasing protocols
analogous to superdense coding (but much weaker, since shared random bits cannot transmit 2 cbits per 1
cbit of channel use). The quantum case is strictly stronger because Bell states have 4 orthogonal alternatives
rather than 2, doubling the channel capacity with entanglement assistance.
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Exercises
1. Derive the teleportation protocol by expanding |ψ⟩S |Φ+⟩A′B in the Bell basis of SA′. Verify all four

Pauli corrections.
2. Show explicitly that the reduced state of Bob’s qubit before classical communication is I/2, independent

of |ψ⟩. Use this to argue that teleportation is consistent with no-signaling.
3. Verify that the four states {(I⊗I)|Φ+⟩, (Z⊗I)|Φ+⟩, (X⊗I)|Φ+⟩, (XZ⊗I)|Φ+⟩} are mutually orthogonal

and form a complete basis of two qubits.
4. Construct the entanglement swapping protocol: given Bell pairs (0, 1) and (2, 3), describe the measure-

ment and corrections that entangle qubits 0 and 3.
5. Compute the success probability of teleportation if the shared Bell pair is imperfect, e.g., a Werner

state ρ = p|Φ+⟩⟨Φ+| + (1 − p)I/4. At what p does teleportation fidelity drop below classical?
6. Describe gate teleportation: how to apply a known single-qubit gate U to a distant qubit using

pre-shared entanglement and classical communication.
7. Argue, structurally, why teleportation and superdense coding are reciprocal in their resource consumption.

What role does the 4-dimensional Bell basis play in both directions?
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Module 8 — Open Systems

Open vs Closed Quantum Systems
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Open Quantum Systems Node: 8.1

This is the foundation node of Module 8. The dynamical postulate (Node 2.4) gave us unitary evolution for
closed quantum systems. Real systems are never closed. This module formalizes the dynamics of systems
that exchange energy, information, or particles with an environment — and shows how the unitary postulate
is a special case, not the general one.

Formal Definition
A quantum system is closed if its dynamics are generated by a Hamiltonian acting on a fixed Hilbert space
H, producing the unitary evolution

|ψ(t)⟩ = U(t)|ψ(0)⟩, U(t) = e−iHt/ℏ.

A quantum system is open if it is one part of a larger composite system whose other part — the environment
— is inaccessible. The total composite system S + E is closed and evolves unitarily on HS ⊗ HE , but the
reduced state of the system

ρS(t) = trE
(
U(t)(ρS(0) ⊗ ρE(0))U†(t)

)
is in general not generated by any unitary on HS alone.

The map ρS(0) 7→ ρS(t) is a quantum channel (Node 7.3), i.e., a CPTP map. The collection {Et}t≥0 is the
dynamical map of the open system.

Intuition
A closed system is a fiction. Every real system couples to something — vacuum fluctuations, thermal photons,
gravitational fields, the experimentalist’s apparatus. The closed-system idealization is useful for short times
and well-isolated systems but it cannot describe the full physical situation.

The open-system formalism is the correction: instead of pretending isolation, we explicitly model the system
+ environment, evolve the joint system unitarily, then trace out the environment. What we are left with —
the reduced density matrix evolution — is in general non-unitary, irreversible, and entropy-increasing.

This is the structural origin of:

• Dissipation (energy flowing from system to environment).
• Decoherence (quantum coherences leaking into environmental degrees of freedom).
• Thermalization (relaxation to equilibrium with the environment).
• Measurement (apparatus-as-environment).
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Structural Role
This node sets up Module 8’s central question: what dynamical equation governs the reduced state ρS(t)?

In general, the answer involves complicated integro-differential equations with memory effects. But under
physically motivated assumptions — weak coupling, fast environment, no memory — the dynamics simplify
dramatically to the Lindblad master equation (Node 8.2). This is the workhorse equation of open-system
quantum mechanics and is what every quantum hardware noise model ultimately reduces to.

Module 8 then unpacks:

• The Lindblad form (8.2) — the differential generator of CPTP semigroups.
• Markovian vs non-Markovian dynamics (8.3) — when memory effects matter.
• Quantum trajectories (8.4) — stochastic unraveling of master equations.
• Decoherence-free subspaces (8.5) — protected sectors immune to noise.
• Quantum error correction foundations (8.6) — engineered restoration of coherence.

Mathematical Development
Why open-system dynamics are non-unitary

If the system + environment start in a product state ρS ⊗ ρE and the joint system evolves unitarily, the
reduced state evolution is

ρS(t) = trE
(
U(t)(ρS(0) ⊗ ρE(0))U†(t)

)
.

Even though U is unitary on the joint space, the partial trace introduces a contraction: distinct ρS(0) can
lead to the same ρS(t), violating unitarity (which is invertible).

Concretely, this is the source of entropy increase: S(ρS(t)) can grow with time even though S(ρSE(t)) =
S(ρSE(0)) is conserved by the unitary.

Markov approximation

If the environment is “large and fast” — i.e., correlations within the environment decay on timescales much
shorter than the system’s dynamics — then the dynamical map satisfies the semigroup property:

Et+s = Et ◦ Es, t, s ≥ 0.

A semigroup of CPTP maps is generated by a Lindbladian (Node 8.2). Without the semigroup property,
the dynamics is non-Markovian (Node 8.3) and qualitatively richer.

When openness can be ignored

The closed-system approximation is valid when:

• Coupling g to the environment is weak compared to internal energy scales.
• Time of interest t is much shorter than 1/(g2τE), where τE is the environment correlation time.
• Environmental temperature is below the relevant excitation gap.

In quantum hardware, gate times are much shorter than T1, T2, but circuit depths are bounded by them —
this is where the open-system approximation becomes operationally important.
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Worked Example
Pure dephasing of a qubit

Take a qubit coupled to a bath via HSE = Z ⊗B for some environment operator B. The dynamical map
turns out to be

ρS(t) =
(

ρ00 e−Γ(t)ρ01
e−Γ(t)ρ10 ρ11

)
,

with Γ(t) a positive function determined by the environment correlation function. The diagonal (populations)
is unchanged, but off-diagonal (coherences) decay. This is exactly the structural picture of decoherence:
pointer states (here, |0⟩, |1⟩) survive, superpositions across them do not.

For a Markovian bath, Γ(t) = γt — exponential decay of coherences. For a non-Markovian bath, Γ(t) can be
non-monotonic, with revivals.

Cross-Links
• Module 5: Decoherence (5.3, 5.4) is the open-system perspective on coherence loss.
• Module 7: Quantum channels (7.3) are the discrete-time / time-integrated form of open-system

dynamics.
• VQA: Hardware noise models live here. Noise-aware ansatz design and error mitigation depend on the

structure of the open-system dynamics.
• Quantum Thermodynamics (Module 9): Thermal equilibration is open-system dynamics with a

thermal environment.

Structural Compression
Invariant: Closed-system dynamics is unitary; open-system dynamics is CPTP. Unitarity is the special case
in which the environment is trivial.

Mechanism: Tracing out an environment after joint unitary evolution.

Cross-System Echo: Coarse-graining in classical statistical mechanics; same structural operation produces
irreversible dynamics from reversible underlying laws.

Exercises
1. Show that the dynamical map ρS(0) 7→ ρS(t) defined by tracing out the environment is CPTP.
2. Construct a 2-qubit system + environment such that the reduced dynamics on the system qubit has a

specified Kraus form.
3. Explain why an initially pure state ρS(0) = |ψ⟩⟨ψ| can become mixed under open-system dynamics,

and why this is not in conflict with the unitarity of the joint evolution.
4. Argue why the semigroup property requires the environment to be “memoryless,” and give one physical

example of a system in which this fails.
5. For the dephasing channel above, compute ρS(t) starting from |+⟩ and verify that it converges to I/2

as t → ∞.
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The Lindblad Master Equation
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Open Quantum Systems Node: 8.2

The Lindblad master equation — or, in its full historical name, the Gorini–Kossakowski–Sudarshan–Lindblad
(GKSL) equation (1976) — is the canonical form of time-local Markovian dynamics for open quantum
systems. It is the most general linear differential equation on a density operator that preserves complete
positivity and trace and whose solutions form a one-parameter semigroup. In the same way that the
Schrödinger equation is the unique “physical” first-order linear equation for a state vector, the Lindblad
equation is the unique “physical” first-order linear equation for a density operator evolving under a
memoryless environment.

Every realistic noise model in quantum hardware, quantum optics, quantum chemistry, and quantum
simulation can be cast in Lindblad form when the Markov approximation applies. The equation’s power lies
in decomposing the dynamics into a unitary part (generated by an effective Hamiltonian) and a dissipative
part (generated by jump operators with associated rates), each contribution having a transparent physical
interpretation as “coherent drive plus incoherent noise channels.”

Formal Statement
The GKSL theorem

Theorem (Gorini–Kossakowski–Sudarshan 1976; Lindblad 1976). A linear map L : B(H) → B(H)
generates a one-parameter semigroup {eLt}t≥0 of CPTP maps if and only if it can be written in the form

L(ρ) = − i

ℏ
[H, ρ] +

∑
k

(
LkρL

†
k − 1

2{L†
kLk, ρ}

)
,

where H = H† is a Hermitian operator (the effective Hamiltonian) and {Lk} is a (possibly infinite) set of
operators on H called Lindblad operators or jump operators. The anticommutator is {A,B} = AB+BA.
Nonnegative rate constants γk can always be absorbed into the Lk by rescaling Lk → √

γkLk.

The corresponding equation of motion for a density operator is

dρ

dt
= L(ρ),

called the Lindblad master equation or quantum Markovian master equation.

Decomposition

The generator splits naturally into two parts:

L(ρ) = − i

ℏ
[H, ρ]︸ ︷︷ ︸

coherent

+
∑
k

D[Lk](ρ)︸ ︷︷ ︸
dissipative

,

where

D[L](ρ) := LρL† − 1
2L

†Lρ− 1
2ρL

†L
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is the dissipator associated with jump operator L. The coherent part is von Neumann evolution under H;
the dissipative part is a sum of decoherence channels.

Trace and positivity preservation

Trace preservation. Taking the trace of both sides:

Tr ρ̇ = − i

ℏ
Tr([H, ρ]) +

∑
k

Tr
(
LkρL

†
k − 1

2L
†
kLkρ− 1

2ρL
†
kLk

)
= 0,

using cyclicity of trace (Tr(LρL†) = Tr(L†Lρ)). So trace is preserved.

Complete positivity. The Lindblad form guarantees CP through the “quantum jump” structure: each
LkρL

†
k term is a completely positive map (it is a Kraus operator applied on both sides of ρ), and the

− 1
2 {L†

kLk, ρ} “no-jump” contribution acts as the exact counter-term required to keep trace at 1 without
spoiling positivity. The detailed argument involves Kraus decomposition of eLt for infinitesimal t; the key
point is that the Lindblad form is the most general such structure.

Intuition
The Lindblad equation says: the dynamics of an open system can be decomposed into two fundamentally
different contributions. The coherent part is ordinary quantum mechanical evolution under a Hamiltonian H

— possibly renormalized from the bare Hamiltonian by interactions with the environment (Lamb shifts and the
like). The dissipative part describes irreversible processes: spontaneous emission, dephasing, thermalization,
measurement backaction, etc. Each dissipative channel is specified by a jump operator Lk and a rate γk
(absorbed into Lk in the condensed notation).

The physical intuition behind each Lindblad term is that of a “quantum jump”: the dissipator can be read as
“with probability rate γk dt, apply the jump Lk to the state, and between jumps evolve with a non-Hermitian
effective Hamiltonian H − i

2
∑
k L

†
kLk.” This is made rigorous by the quantum trajectory picture (Node 8.4).

The density-matrix Lindblad equation is recovered by averaging over all possible jump sequences.

The “Markovian” adjective is essential. Lindblad dynamics has no memory — the state at time t+dt depends
only on the state at time t, not on the history. This is justified when the environment correlations decay
on timescales much shorter than the system’s dynamical timescales (Born–Markov approximation). When
memory effects matter (Node 8.3), the dynamics is non-Markovian and a Lindblad form — at least with
constant rates — is not adequate.

The structural significance of the Lindblad equation is that it is the unique form for Markovian CPTP
dynamics. Any equation that violates it — by having non-Lindblad structure — either fails to preserve
positivity (leading to negative probabilities) or fails the Markov property (revealing memory effects). This
uniqueness is why the Lindblad form appears in every textbook, every hardware noise model, and every
standard treatment of open quantum systems.

Structural Role
• Canonical noise model for hardware. Every noise model used in quantum simulators, device

characterization, and error mitigation is ultimately a Lindblad equation. Even when noise is specified
via Kraus operators, those Kraus operators typically come from time-integration of an underlying
Lindblad generator over a gate time.

• Link to channels. A quantum channel is the integrated form of a Lindblad equation over some time
interval. Kraus operators for the resulting channel can be derived from the jump operators and the
effective non-Hermitian Hamiltonian.
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• Decoherence. Dephasing and amplitude damping, the two canonical decoherence processes of Node
5.4, are both Lindblad dynamics with specific jump operators (L = Z for dephasing, L = σ− for
amplitude damping).

• Relaxation to equilibrium. When the jump operators and Hamiltonian satisfy the quantum detailed-
balance condition, the Lindblad dynamics has the Gibbs state e−βH/Z as its unique fixed point,
and any initial state relaxes toward it. This is the bridge from open-system dynamics to quantum
thermodynamics (Module 9).

• Foundation for trajectories and error correction. The quantum trajectory picture (Node 8.4)
unravels the Lindblad equation into individual stochastic realizations, each consisting of continuous
evolution under a non-Hermitian effective Hamiltonian punctuated by discrete jumps. Quantum
error correction (Node 8.6) engineers Lindblad-form dynamics (or their inverses) to protect encoded
information.

Mathematical Development
Microscopic derivation (Born–Markov)

Start from a system-environment Hamiltonian

Htot = HS +HE +HSE , HSE =
∑
α

Aα ⊗Bα,

where Aα are system operators and Bα are environment operators. Move to the interaction picture, tracing out
the environment in a perturbation expansion to second order in HSE , and applying two key approximations:

1. Born approximation. The environment is large and weakly affected by the system, so ρSE(t) ≈
ρS(t) ⊗ ρE remains a product state at all times.

2. Markov approximation. Environment correlation functions ⟨Bα(t)Bβ(t′)⟩ρE
decay much faster than

the system’s dynamical timescales, so the system’s evolution depends only on its current state, not on
its history.

Under these approximations, one obtains the Redfield equation:

dρS
dt

= − i

ℏ
[HS , ρS ] +

∫ ∞

0
dτ
∑
α,β

Cαβ(τ) [Aβ(−τ)ρS , Aα] + h.c.,

where Cαβ(τ) are bath correlation functions. Redfield is not in general of Lindblad form — it can violate
complete positivity for certain initial conditions. Adding a third approximation, the rotating-wave approx-
imation (dropping rapidly oscillating terms), brings the equation into Lindblad form with jump operators
given by the eigenoperators of HS at each Bohr frequency, and rates given by the Fourier transform of the
bath correlation function at those frequencies.

Uniqueness of the Lindblad form

One can ask: what is the most general time-local equation ρ̇ = L(ρ) that preserves positivity and trace and
allows the solution to form a semigroup? The answer is the Lindblad form. This is the content of the GKSL
theorem, proved independently by Gorini–Kossakowski–Sudarshan (in finite dimensions) and Lindblad (in the
general bounded-operator case). The proof uses the Choi–Jamiołkowski isomorphism to convert the problem
into a condition on a matrix, where the positivity and trace constraints force the Lindblad structure.

Solutions and fixed points

The formal solution is ρ(t) = eLtρ(0), where the exponential is in the super-operator sense. Fixed points
ρ∞ satisfy L(ρ∞) = 0. For a Lindblad equation with Gibbs detailed balance, the unique fixed point is the
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thermal state ρ∞ = e−βH/Z at the environment’s temperature. In general, the structure of fixed points can
be analyzed via the Evans–Hahn theorem: the set of invariant states is a convex subset determined by the
commutant of the jump operators and H.

Connection to Kraus form

Integrating the Lindblad equation over a small time dt gives a CPTP map with Kraus operators (to leading
order in dt):

K0 = I − i

ℏ
H dt− 1

2
∑
k

L†
kLk dt, Kk = Lk

√
dt, k ≥ 1.

Check:
∑
kK

†
kKk = I + O(dt2). The probability of “jumping” (applying Lk for k ≥ 1) in time dt is

Tr(L†
kLkρ) dt, which is the jump rate. Between jumps, the state evolves under the non-Hermitian effective

Hamiltonian Heff = H − iℏ
2
∑
k L

†
kLk, which shrinks the norm at a rate equal to the total jump probability.

Renormalizing and averaging over the jump history reproduces the Lindblad dynamics — this is the quantum
trajectory picture of Node 8.4.

Covariance and symmetries

If H commutes with a symmetry operator G, and if the jump operators are eigen-operators of the adjoint
action of G, then the Lindblad dynamics preserves the corresponding conservation laws statistically. For
example, a Lindblad equation with H having U(1) symmetry and jumps that commute with the U(1)
generator preserves particle number in the mean.

Worked Example
Pure dephasing qubit

Let H = ω
2Z and a single jump operator L =

√
γϕ/2Z. The Lindblad equation is

ρ̇ = − iω

2 [Z, ρ] + γϕ
2 (ZρZ − ρ) .

In matrix form on the computational basis,

d

dt

(
ρ00 ρ01
ρ10 ρ11

)
=
(

0 −(iω + γϕ)ρ01
(iω − γϕ)ρ10 0

)
.

Populations are unchanged; coherences decay with rate γϕ and oscillate at frequency ω:

ρ01(t) = e−(γϕ+iω)tρ01(0).

This is the canonical Markovian pure-dephasing dynamics: coherences decay exponentially without any
population loss. The dephasing rate γϕ sets the Tϕ = 1/γϕ timescale contributing to T2 (Node 5.6).

Amplitude damping qubit

Let H = ω
2Z and a single jump operator L = √

γ σ−, where σ− = |0⟩⟨1|. The Lindblad equation is

ρ̇ = − iω

2 [Z, ρ] + γ

(
σ−ρσ+ − 1

2{σ+σ−, ρ}
)
.
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Component-wise:

ρ̇11 = −γρ11, ρ̇00 = γρ11, ρ̇01 = (iω − γ/2)ρ01.

The excited state population decays with rate γ (identified with 1/T1), ground state is repopulated, and
coherences decay with rate γ/2 = 1/(2T1). This is the source of the fundamental bound

1
T2

= 1
2T1

+ 1
Tϕ

≥ 1
2T1

,

giving T2 ≤ 2T1. Amplitude damping forces the coherence decay rate to be at least half the population decay
rate, because part of the dephasing comes from the very process that depopulates |1⟩.

Thermal qubit

For a qubit in contact with a thermal bath at temperature T and inverse temperature β = 1/(kBT ), one uses
two jump operators:

L− = √
γ− σ−, L+ = √

γ+ σ+,

with γ− = γ(n+ 1), γ+ = γn, where n = 1/(eβω − 1) is the thermal bath occupation at frequency ω. The
Lindblad equation relaxes the qubit to

ρ∞ = e−βH

Z
= 1

1 + e−βω

(
|0⟩⟨0| + e−βω|1⟩⟨1|

)
,

the Gibbs state. The ratio γ+/γ− = e−βω is the detailed balance condition, which ensures that the fixed
point is the thermal state.

Driven damped oscillator

A harmonic oscillator with Hamiltonian H = ωa†a+ ϵ(a+ a†) and jump operator L =
√
κ a describes a cavity

mode driven by a coherent field ϵ and damped at rate κ (e.g., photons leaking out through a mirror). The
steady-state density operator is a coherent state |α⟩ with α = −2iϵ/κ, which is the standard result from
quantum optics for driven-damped cavities.

Cross-Links
• Module 5.3 (System-environment coupling): The Lindblad equation is the Markovian limit of

the exact reduced dynamics derived from a system-environment Hamiltonian.
• Module 5.4 (Decoherence mechanisms): The dephasing and amplitude damping channels of Node

5.4 are the integrated forms of Lindblad equations with L = Z and L = σ− respectively.
• Module 7.3 (Quantum channels): eLt is a quantum channel. The CPTP structure of channels is

guaranteed by the GKSL form.
• Module 8.3 (Markovian vs non-Markovian): The Lindblad equation defines the Markovian regime;

non-Markovian dynamics requires more general structures (time-dependent rates, non-local-in-time
kernels).

• Module 8.4 (Quantum trajectories): Stochastic unraveling of the Lindblad equation into individual
trajectories with discrete quantum jumps.

• Module 9.3 (Thermal states): Lindblad dynamics with detailed balance relaxes to Gibbs states,
providing the dynamical bridge between open-system dynamics and thermal equilibrium.
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• Statistics — Fokker-Planck: The classical analogue is the Fokker-Planck equation, which is the
unique form for Markovian diffusion on classical phase space and plays the same structural role as
GKSL in the quantum setting.

Structural Compression
Invariant: Any Markovian CPTP semigroup of dynamical maps on a finite-dimensional Hilbert space is
generated by a Lindblad operator of the form L(ρ) = − i

ℏ [H, ρ] +
∑
k(LkρL†

k − 1
2 {L†

kLk, ρ}). The GKSL form
is the unique structure consistent with complete positivity, trace preservation, and time-local dynamics.

Mechanism: Derivation from microscopic Hamiltonian via the Born–Markov–RWA approximations, or
equivalently the GKSL characterization via Choi matrix positivity. The jump operators Lk encode indi-
vidual decoherence/dissipation channels; the effective Hamiltonian H encodes coherent evolution including
environment-induced renormalizations.

Cross-System Echo: The Fokker-Planck equation for classical Markov diffusion plays the same structural
role: it is the unique form of a linear, time-local evolution of probability densities that preserves normalization
and positivity. The GKSL form is the non-commutative generalization to density operators on Hilbert space,
and its structure reduces to Fokker-Planck on diagonal states.

Exercises
1. Verify trace preservation of the Lindblad equation by computing Tr(ρ̇) from the general Lindblad form.
2. For a qubit with dephasing jump operator L =

√
γϕ/2Z, show that the populations are conserved and

the coherences decay as ρ01(t) = e−γϕtρ01(0).
3. Derive the T2 ≤ 2T1 bound from the Lindblad equation for amplitude damping combined with pure

dephasing.
4. Construct the Lindblad equation for a qubit in contact with a thermal bath at inverse temperature β,

and show that its fixed point is the Gibbs state.
5. Show that the Kraus operators K0 = I− i

ℏHdt− 1
2
∑
L†
kLkdt and Kk = Lk

√
dt form a trace-preserving

set to leading order in dt.
6. Identify a physically natural example of a non-Lindblad dynamical equation (e.g., Redfield without

RWA) and explain what goes wrong when it is applied to certain initial states.
7. Argue, structurally, why the Lindblad form is the unique time-local, completely positive, trace-preserving

generator. What role does each of the three requirements play in constraining the form?
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Markovian vs Non-Markovian Dynamics
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Open Quantum Systems Node: 8.3

The Lindblad equation (Node 8.2) describes Markovian dynamics — open-system evolution in which the
environment has no memory, and the future state depends only on the present. This is the cleanest and most
widely used class of open-system models, but it is an approximation. Real environments are finite, structured,
and often slow compared to the system they couple to. When these conditions break down, memory effects
appear: the environment “remembers” what the system did in the past and feeds that information back later,
producing non-Markovian dynamics with features such as population revivals, non-monotonic coherence
decay, and information backflow.

This node makes the Markovian/non-Markovian distinction mathematically precise, introduces the standard
measures of non-Markovianity (BLP and RHP), and shows through canonical examples (the damped
Jaynes–Cummings model) how both regimes arise from the same microscopic physics at different coupling
strengths. It also situates the distinction in the context of real hardware: modern quantum devices frequently
exhibit non-Markovian noise, and characterizing it is essential for accurate error modeling and mitigation.

Formal Definition
Dynamical maps and divisibility

Given a family of CPTP maps {Λt,0}t≥0 describing the evolution from time 0 to time t, the dynamics is
called CP-divisible if for every pair 0 ≤ s ≤ t, there exists a CPTP map Vt,s such that

Λt,0 = Vt,s ◦ Λs,0.

That is, the evolution from 0 to t can be broken into an evolution from 0 to s followed by a valid quantum
channel from s to t.

Markovian and non-Markovian

A dynamics is Markovian (in the sense of Rivas–Huelga–Plenio, 2010) if it is CP-divisible. Equivalently, the
dynamical map satisfies a time-local master equation of Lindblad form, possibly with time-dependent rates
that remain nonnegative throughout the evolution:

dρ

dt
= − i

ℏ
[H(t), ρ] +

∑
k

γk(t)D[Lk(t)](ρ), γk(t) ≥ 0 ∀ t.

If the rates γk(t) are constant, the dynamics is also time-homogeneous and satisfies the full semigroup property
Λt+s = Λt ◦ Λs.

A dynamics is non-Markovian if it is not CP-divisible. This manifests as either: - A time-local master
equation with some rate γk(t) < 0 at some time (while the full map Λt,0 remains CPTP), or - A non-time-local
integro-differential master equation with memory kernels (the Nakajima–Zwanzig form).

BLP measure

The Breuer–Laine–Piilo (BLP) measure (2009) quantifies non-Markovianity via information backflow.
Define the trace distance between two states as D(ρ1, ρ2) = 1

2 ∥ρ1 − ρ2∥1. Under any CPTP map, trace
distance is contractive:
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D(Λ(ρ1),Λ(ρ2)) ≤ D(ρ1, ρ2).

For Markovian dynamics, the trace distance between any pair of input states is monotonically non-increasing
in time. For non-Markovian dynamics, the trace distance can increase during certain intervals — this is
information backflow from the environment to the system. The BLP measure is

NBLP = max
ρ1,ρ2

∫
σ>0

σ(t) dt, σ(t) = d

dt
D(Λt,0(ρ1),Λt,0(ρ2)),

where the integral is over time intervals in which the distance grows.

RHP measure

The Rivas–Huelga–Plenio (RHP) measure (2010) characterizes non-Markovianity via CP-divisibility
directly. A map is CP-divisible iff Vt+dt,t is CPTP for every t, which can be tested via the Choi matrix of
Vt+dt,t. The RHP measure integrates the magnitude of non-CP contributions:

NRHP =
∫ ∞

0
g(t) dt,

where g(t) measures the instantaneous deviation of Vt+dt,t from CPTP.

These measures are not equivalent in general: CP-divisibility implies trace-distance monotonicity, but the
converse does not hold — there exist non-CP-divisible dynamics whose BLP measure vanishes. RHP is
stricter than BLP.

Intuition
The Markovian picture is: the environment is so large and its correlations decay so fast that any perturbation
the system induces in it is “washed away” before it can come back to affect the system. The environment is
like an ocean — throw a pebble in, and the ripples disperse. The system evolves as if the environment were
always in its equilibrium state, and each infinitesimal time step is statistically independent of the past.

The non-Markovian picture is: the environment is finite, structured, or slow enough that it “remembers”
what the system did. A perturbation injected into the environment doesn’t disperse — it propagates, reflects
off environmental structure, and comes back to affect the system again. The environment is more like a
resonant cavity than an ocean. The system’s future depends not just on its current state but on the history
of its interactions with the environment.

Practical consequences:

• Population revivals. Instead of exponential decay e−γt, non-Markovian populations can oscillate or
even fully return to their initial values at certain times.

• Non-monotonic coherence decay. Coherences may decay, then partially recover, then decay again.
• Information backflow. The distinguishability of states (trace distance) increases at certain times,

meaning information that leaked to the environment is coming back.
• Enhanced quantum control. Non-Markovian dynamics, if characterized and exploited, can be used

to recover information via engineered echo sequences or feedback protocols.

The canonical physical example is a two-level atom strongly coupled to a single-mode cavity (the
Jaynes–Cummings model): in the weak-coupling limit, the cavity acts as a Markovian environment and
the atom decays exponentially; in the strong-coupling limit, the atom and cavity exchange an excitation
coherently, producing vacuum Rabi oscillations — a textbook non-Markovian revival.
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The distinction matters for real hardware. Superconducting qubits often couple to a few nearby two-level
systems (two-level defects, spurious resonators) rather than to a smooth environment, and the resulting noise
is non-Markovian. Characterizing this non-Markovianity is essential for high-fidelity gate operations and
error mitigation.

Structural Role
• Classifying open-system dynamics. The Markovian/non-Markovian distinction is the fundamental

classification of open-system dynamics, analogous to the classical distinction between Markov processes
and processes with memory.

• Range of validity of the Lindblad equation. The Lindblad equation is valid only in the Markovian
regime. For non-Markovian dynamics, one needs either a time-local master equation with possibly
negative rates (yielding a CPTP dynamical map but not a semigroup), a Nakajima–Zwanzig memory
kernel equation (exact but typically intractable), or an enlargement of the system Hilbert space to
explicitly include relevant environmental degrees of freedom.

• Noise mitigation strategies. Markovian noise is fought with repeated error correction or dynamical
decoupling optimized for white-noise spectra. Non-Markovian noise can be mitigated by tailored
pulse sequences that exploit the environment’s memory structure (e.g., CPMG sequences that refocus
low-frequency environmental fluctuations).

• Resource-theoretic perspective. Non-Markovianity can be treated as a resource in the sense that it
allows information backflow — this backflow can be exploited for tasks like state preparation, quantum
control, and quantum sensing. The resource theory of non-Markovianity studies what operations
preserve or deplete this resource.

• Bridge to exact dynamics. Non-Markovian master equations are intermediate between fully exact
system+environment dynamics and the Lindblad approximation. They retain some features of the
exact dynamics (memory effects, revivals) while still operating on the reduced density matrix of the
system.

Mathematical Development
Time-local master equation with time-dependent rates

A general time-local master equation can be written as

dρ

dt
= − i

ℏ
[H(t), ρ] +

∑
k

γk(t)
(
Lk(t)ρLk(t)† − 1

2{Lk(t)†Lk(t), ρ}
)
.

Markovian case: γk(t) ≥ 0 for all t and all k. The dynamical map is CP-divisible.

Non-Markovian case: some γk(t) < 0 at some times. Although the individual infinitesimal generator is
not Lindblad-like, the time-ordered exponential can still yield a CPTP map Λt,0 at each time. However, the
intermediate maps Vt,s for 0 < s < t may fail to be CP, violating divisibility. The negative rates are the
mathematical manifestation of information backflow.

Nakajima–Zwanzig memory kernel

The exact reduced dynamics of a system coupled to an environment can be derived via the Nakajima–Zwanzig
projection technique, giving an integro-differential equation

dρS(t)
dt

= − i

ℏ
[HS , ρS(t)] +

∫ t

0
K(t− s)ρS(s) ds,
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where K(t− s) is a memory kernel encoding the environment’s influence on the system’s past. The Markov
approximation is recovered when the kernel is sharply peaked at t = s, i.e., K(t− s) ≈ δ(t− s)LM for some
Lindbladian LM . When the kernel has finite width, memory effects appear.

Damped Jaynes–Cummings model

Consider a two-level atom with transition frequency ω0 coupled to a single cavity mode of frequency ωc and
decay rate κ (the cavity leaks photons to an external reservoir at rate κ). The atom-cavity coupling has
strength g.

In the single-excitation sector, the exact reduced dynamics of the atom’s excited state amplitude ce(t) satisfies
an integro-differential equation whose solution depends on the ratio g/κ:

• Weak coupling g ≪ κ: The cavity decays faster than the atom-cavity exchange, and the cavity acts
as a Markovian environment for the atom. The atomic excited state decays exponentially with effective
rate Γ = 4g2/κ (Purcell-enhanced spontaneous emission).

• Strong coupling g ≫ κ: The atom-cavity exchange is faster than cavity decay. An excitation oscillates
coherently between atom and cavity (vacuum Rabi oscillations) with frequency 2g, decaying slowly on
the scale κ. The atomic population exhibits revivals, and the dynamics is strongly non-Markovian.

The crossover at g ∼ κ is continuous, and the BLP/RHP measures capture the increasing non-Markovianity
smoothly through the transition.

BLP example

Take a qubit with the non-Markovian amplitude-damping dynamics from the strong-coupling
Jaynes–Cummings model. Start with two initial states |+⟩ and |−⟩. Their trace distance at time t
is | cos(gt)|e−κt/2 (schematically) — oscillating between small and large values due to the Rabi oscillation.

The time derivative σ(t) = dD/dt is negative during coherence decay intervals but positive during revivals.
Integrating over the revival intervals gives a nonzero BLP measure, quantifying the non-Markovianity.

Beyond Lindblad: positivity-preserving vs CP-divisible

An important subtlety: positivity-preserving dynamics is weaker than CP-divisible dynamics. There are
dynamical maps that preserve positivity (so any single input state evolves to a valid density matrix) but
fail CP-divisibility, because they fail to preserve positivity when tensored with an ancilla (analogous to
the transpose map’s failure of CP from Node 7.3). These dynamics are physically realizable but require
accounting for non-trivial correlations between system and environment that violate CP-divisibility.

Worked Example
Two regimes of spontaneous emission in a Lorentzian bath

Consider a two-level atom in a photonic bath with a Lorentzian spectral density peaked at the atomic
transition frequency ω0:

J(ω) = 1
2π

γ0λ
2

(ω − ω0)2 + λ2 ,

where λ sets the width of the Lorentzian and γ0 sets the coupling strength.

Regime 1: λ ≫ γ0 (broad bath, weak coupling). The bath correlation function decays on timescale 1/λ,
much faster than the system timescale 1/γ0. Markov approximation applies; the atom decays exponentially
with rate γ0. This is the Wigner–Weisskopf theory of spontaneous emission.
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Regime 2: λ ≪ γ0 (narrow bath, strong coupling). The bath is essentially a single resonant mode with
slow leakage. An excitation oscillates between the atom and the narrow-bath peak, with partial revivals
of the atomic excited-state population. The dynamics is strongly non-Markovian, and the exact reduced
dynamics (solvable in this model) shows the atomic amplitude obeying

ce(t) = e−λt/2
[
cosh

(
Ωt
2

)
+ λ

Ω sinh
(

Ωt
2

)]
, Ω =

√
λ2 − 2γ0λ.

When 2γ0 > λ, Ω becomes imaginary and the population oscillates with revivals — the non-Markovian
regime.

Real hardware: superconducting qubits with TLS

Superconducting transmon qubits couple to amorphous two-level system (TLS) defects in oxide layers and
interfaces. A single TLS with frequency close to the qubit’s transition acts as a structured, non-Markovian
bath. Instead of decaying exponentially, the qubit can exchange excitations with the TLS, producing
characteristic “avoided crossing” patterns in spectroscopy and population revivals in time-domain experiments.
Modern device characterization must account for this non-Markovian structure to accurately predict gate
fidelities.

Environment engineering for error correction

Because non-Markovian noise has memory, it can sometimes be turned into an advantage. Dynamical
decoupling sequences such as CPMG refocus slow environmental fluctuations by rapid pulse echoes, effectively
suppressing the non-Markovian component of the noise and making the effective dynamics closer to Markovian
white noise — which is easier to protect against with standard error correction. The success of dynamical
decoupling depends critically on the non-Markovian spectrum being narrow compared to the pulse repetition
rate.

Cross-Links
• Module 8.2 (Lindblad equation): Describes exactly the Markovian regime. Non-Markovian

dynamics requires generalization beyond GKSL.
• Module 5.3 (System-environment coupling): The Born–Markov approximation is the microscopic

justification for Markovianity; its failure is the origin of non-Markovian dynamics.
• Module 8.4 (Quantum trajectories): Markovian trajectories have discrete jumps; non-Markovian

trajectories involve correlations across jumps.
• Module 5.6 (Decoherence timescales): Non-Markovian baths can produce deviations from simple

exponential T1, T2 decay, requiring more sophisticated characterization.
• Module 8.6 (Error correction): Error correction thresholds depend on the noise structure; non-

Markovian noise often has correlated errors that degrade standard threshold estimates.
• Statistics — Markov chains: Classical Markov processes are the structural analogue of Markovian

quantum dynamics. Non-Markovian quantum dynamics echoes classical processes with memory (e.g.,
fractional Brownian motion, autoregressive processes).

Structural Compression
Invariant: A quantum dynamical map is Markovian iff it is CP-divisible, iff the associated time-local master
equation has nonnegative rates at all times. Non-Markovianity manifests as information backflow — increase
of trace distance between distinct states during evolution — and is quantified by the BLP or RHP measures.
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Mechanism: Markovianity requires environment correlations to decay faster than system dynamics; this
justifies the Born–Markov approximation leading to the Lindblad equation. Non-Markovianity arises when the
environment is finite, structured, or slow, causing memory effects encoded in a non-trivial Nakajima–Zwanzig
memory kernel or time-dependent negative rates.

Cross-System Echo: Classical Markov chains have the memoryless property; classical processes with
memory require higher-order state spaces or explicit memory kernels. The quantum distinction maps onto
the classical one with one complication: CP-divisibility (the quantum Markov condition) is stronger than
mere positivity-divisibility, reflecting the need to handle entangled ancilla systems.

Exercises
1. Show that the Lindblad equation with constant rates is CP-divisible, and identify the intermediate

maps Vt,s.
2. Construct a time-local master equation with γ(t) < 0 during some interval, and show that although the

rate is negative, the dynamical map can still remain CPTP.
3. Solve the Jaynes–Cummings model in the single-excitation sector exactly, and identify the crossover

from Markovian to non-Markovian dynamics as a function of g/κ.
4. Compute the BLP measure for the non-Markovian amplitude damping model with Lorentzian spectral

density in the strong-coupling regime.
5. Discuss the relationship between BLP and RHP measures: give an example (or describe one from the

literature) of a dynamics that is non-CP-divisible but has vanishing BLP measure.
6. Explain how dynamical decoupling sequences like CPMG exploit the non-Markovian structure of a bath

to suppress dephasing. What conditions on the bath spectrum make CPMG effective?
7. Argue, structurally, why CP-divisibility is the correct quantum notion of Markovianity, rather than the

weaker condition of positivity-divisibility or the stronger condition of the full semigroup property.
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Quantum Trajectories
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Open Quantum Systems Node: 8.4

The Lindblad equation describes the average evolution of an open system — the density operator obtained
by averaging over all possible histories of the environment. But a single run of a physical experiment with a
single quantum system does not produce the average; it produces one specific random history. A quantum
trajectory is a stochastic unraveling of the Lindblad equation into individual sample paths, each of which is a
possible evolution of the system conditioned on a specific measurement record in the environment. Averaging
over many trajectories recovers the deterministic Lindblad dynamics.

Quantum trajectories serve three distinct purposes. Numerically, they provide a Monte Carlo method — the
Monte Carlo wavefunction (MCWF) or quantum jump method — for simulating large open systems
by evolving pure states and taking statistical averages, which is often vastly cheaper than evolving the full
density matrix. Conceptually, they clarify what a measurement “looks like” from the system’s perspective: a
continuous weak interaction with an environment that is being monitored, producing a stochastic trajectory
of the conditional state. Experimentally, they describe exactly the state-of-the-art in continuous monitoring
and feedback control of quantum systems, which is central to quantum error correction, quantum sensing,
and cavity QED.

Formal Definition
Unraveling a Lindblad equation

Given a Lindblad master equation

dρ

dt
= − i

ℏ
[H, ρ] +

∑
k

D[Lk](ρ),

an unraveling is a stochastic process for a pure state |ψ(t)⟩ whose ensemble average reproduces ρ(t):

ρ(t) = E[|ψ(t)⟩⟨ψ(t)|].

There are infinitely many possible unravelings, each corresponding to a different choice of how the environment
is monitored. The two most important classes are jump unravelings (corresponding to photon counting)
and diffusive unravelings (corresponding to homodyne detection).

Jump unraveling (Monte Carlo wavefunction)

In the jump picture, the state evolves deterministically under a non-Hermitian effective Hamiltonian

Heff = H − iℏ
2
∑
k

L†
kLk,

punctuated by discrete quantum jumps at random times. The jumps occur with rate

pk(t) dt = ⟨ψ(t)|L†
kLk|ψ(t)⟩ dt,

and when a jump of type k occurs, the state is updated via
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|ψ(t+ dt)⟩ = Lk|ψ(t)⟩
∥Lk|ψ(t)⟩∥ .

Between jumps, the deterministic non-Hermitian evolution

|ψ̃(t+ dt)⟩ =
(
I − i

ℏ
Heff dt

)
|ψ(t)⟩

followed by normalization gives the conditional state (normalized to account for the probability of no jump).
The stochastic equation is

d|ψ⟩ =
(

− i

ℏ
Heff + 1

2
∑
k

⟨L†
kLk⟩

)
|ψ⟩ dt+

∑
k

( Lk√
⟨L†

kLk⟩
− I
)

|ψ⟩ dNk,

where dNk are Poisson increments with E[dNk] = ⟨L†
kLk⟩ dt and dNkdNl = δkldNk.

Diffusive unraveling (homodyne detection)

In the diffusive picture, the state evolves continuously but stochastically, driven by Wiener noise:

d|ψ⟩ = − i

ℏ
H|ψ⟩ dt+

∑
k

(
Lk − 1

2 ⟨Lk + L†
k⟩
)

|ψ⟩ dWk − 1
2
∑
k

(
L†
kLk − ⟨Lk + L†

k⟩Lk + 1
4 ⟨Lk + L†

k⟩2
)

|ψ⟩ dt,

where dWk are independent Wiener increments with E[dWk] = 0 and dWkdWl = δkldt. This corresponds
to continuous monitoring of the environment quadratures (homodyne or heterodyne detection in quantum
optics).

Equivalence on average

For both unravelings, taking the ensemble average ρ(t) = E[|ψ(t)⟩⟨ψ(t)|] reproduces the Lindblad equation.
The individual trajectories are different in the two pictures, but their ensemble average is invariant under the
choice of unraveling.

Intuition
The master equation tells you the ensemble average of many experimental runs. But a single run produces a
single specific history — one sample path. The quantum trajectory picture says: imagine that the environment
is continuously monitored by a gedanken-experimenter, who records every photon emitted, every phase shift,
every measurement outcome. Conditional on this full record, the system’s state is always a pure state (the
environment, being fully measured, cannot be entangled with the system). This pure conditional state evolves
stochastically, driven by the randomness of the measurement outcomes.

When you don’t monitor the environment (or you average over all possible monitoring outcomes), you recover
the Lindblad density matrix. The density matrix is the ensemble average over all possible measurement
histories, each of which corresponds to a single trajectory.

The “jump” vs “diffusive” distinction reflects the type of measurement performed on the environment:

• Jump unraveling = photon counting. The environment is monitored with detectors that click
discretely when a photon is emitted. Between clicks, the system evolves deterministically (but non-
Hermitianly, because the absence of a click is itself information that updates the state). At each click,
the state jumps discontinuously. This is the natural description for photon emission, spontaneous decay,
and discrete detection events.
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• Diffusive unraveling = homodyne detection. The environment is monitored with a local oscillator
that measures quadrature amplitudes continuously. The system state performs a continuous stochastic
walk driven by white-noise measurement records. This is the natural description for continuous weak
measurement and for many solid-state qubit readout schemes.

Both pictures describe the same underlying physics; they correspond to different detector designs. The
system’s density matrix, averaged over the unknown outcomes of these detectors, obeys the same Lindblad
equation regardless of which detector is imagined. Trajectories are an interpretive and computational tool,
not a new physical theory.

The Monte Carlo wavefunction method exploits this for numerical efficiency. A density matrix on N states
has N2 entries; a pure state has only N . Evolving a pure state stochastically and averaging over many
realizations is often much cheaper than evolving the N2-dimensional density matrix, especially when the
system is large. This is the standard workhorse for simulating open quantum systems in quantum optics,
condensed matter, and quantum chemistry.

Structural Role
• Numerical methods. The Monte Carlo wavefunction method (Dalibard–Castin–Mølmer, 1992) is one

of the standard techniques for simulating open quantum systems. It reduces the computational cost
from O(N2) per time step (full density matrix) to O(N) per trajectory, at the cost of needing many
trajectories for statistical convergence.

• Continuous measurement theory. Quantum trajectories are the mathematical foundation of
continuous measurement, which underlies modern quantum sensing (gravitational wave detectors,
atomic clocks) and quantum feedback control.

• Conditional dynamics in quantum error correction. Real-time error correction schemes like cat
codes, GKP codes, and stabilizer codes with continuous monitoring use the conditional quantum state
to decide when and how to apply corrections. The theory of quantum trajectories is the language in
which these schemes are formulated.

• Conceptual picture of measurement. Quantum trajectories give a concrete picture of what happens
during a measurement: the system’s state evolves stochastically under the influence of measurement
backaction, collapsing gradually (diffusive) or suddenly (jump) depending on the measurement type.
This is the “dynamical collapse” picture that dissolves many apparent paradoxes of measurement.

• Link to stochastic differential equations. The stochastic Schrödinger equation is a quantum
generalization of classical stochastic differential equations (Itô and Stratonovich calculi), and it inherits
the same mathematical structure and pitfalls. Quantum trajectories provide a rich testing ground for
stochastic analysis.

Mathematical Development
Monte Carlo wavefunction algorithm

Given an initial pure state |ψ(0)⟩, the MCWF algorithm proceeds in discrete time steps dt:

1. Compute the total jump probability p(t) dt =
∑
k⟨L†

kLk⟩ dt.
2. Draw a uniform random number r ∈ [0, 1].
3. If r < p(t) dt: a jump occurs.

• Choose which jump via weights pk/p.
• Apply |ψ⟩ → Lk|ψ⟩/∥Lk|ψ⟩∥.

4. Else: no jump.
• Apply the non-Hermitian evolution |ψ⟩ → |ψ̃⟩ = (I−iHeffdt/ℏ)|ψ⟩ and renormalize: |ψ⟩ = |ψ̃⟩/∥ψ̃∥.

5. Repeat.

Averaging over many trajectories gives ρ(t) and all its statistical properties.
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Proof of equivalence with Lindblad

To see that the ensemble average of the MCWF algorithm reproduces the Lindblad equation, compute

ρ(t+ dt) = E[|ψ(t+ dt)⟩⟨ψ(t+ dt)|]

by conditioning on whether a jump occurred:

= (1 − p dt) (I − iHeffdt/ℏ)|ψ⟩⟨ψ|(I + iH†
effdt/ℏ)

1 − p dt
+
∑
k

pk dt
Lk|ψ⟩⟨ψ|L†

k

⟨L†
kLk⟩

.

The normalization factors cancel, and expanding to first order in dt yields

ρ(t+ dt) = ρ(t) + dt

(
− i

ℏ
[H, ρ] +

∑
k

LkρL
†
k − 1

2{L†
kLk, ρ}

)
+O(dt2),

which is exactly the Lindblad equation. So the trajectory average reproduces the deterministic evolution.

Stochastic master equation

When the environment is partially monitored (say, with detection efficiency η < 1), the conditional state is
neither a pure state (because of the unmonitored part of the environment) nor the full ensemble average
(because the monitored part has been measured). It satisfies a stochastic master equation (SME) that
interpolates between the Lindblad equation (at η = 0) and the pure-state unraveling (at η = 1).

For homodyne detection with efficiency η:

dρc = − i

ℏ
[H, ρc]dt+ D[L]ρc dt+ √

ηH[L]ρc dW,

where H[L]ρ = Lρ+ ρL† − Tr((L+ L†)ρ)ρ is the “measurement innovation” superoperator. Averaging over
the noise dW gives the unconditioned Lindblad equation.

Itô vs Stratonovich

The diffusive unraveling is naturally written in Itô form, where the noise increment is “non-anticipating”
(does not know the future). Transforming to Stratonovich form (which uses the symmetric midpoint rule)
adds extra drift terms, but the two are equivalent descriptions of the same process. Itô is usually preferred for
computation; Stratonovich is sometimes more natural for physical derivations. Both give the same ensemble
average.

Worked Example
Photon counting on a damped cavity

Consider a cavity mode with H = ωa†a and damping Lindblad operator L =
√
κa. Start in a Fock state

|n⟩. The jump operator a lowers the photon number by 1 when a jump occurs; the non-Hermitian effective
Hamiltonian is Heff = ωa†a− iℏκa†a/2.

Between jumps, the state |n⟩ evolves as

e−iHefft/ℏ|n⟩ = e−iωnt−κnt/2|n⟩,
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with norm decaying at rate κn (the total jump rate for an n-photon state). The probability of no jump up to
time t is e−κnt, so the expected time to the first jump is 1/(κn).

A single trajectory looks like: start in |n⟩, wait a random time τ1 ∼ Exponential(κn), then jump to |n− 1⟩,
wait another random time τ2 ∼ Exponential(κ(n− 1)), then jump to |n− 2⟩, and so on until reaching |0⟩.

The ensemble average of these trajectories gives the density matrix ρ(t) =
∑
m pm(t)|m⟩⟨m|, where pm(t)

is the probability of having m photons at time t. The moments match the Lindblad prediction exactly:
⟨a†a⟩(t) = ne−κt (exponential decay of mean photon number).

Homodyne detection of a qubit

Consider a qubit with dephasing via L =
√
γϕ/2Z. The diffusive unraveling gives

d|ψ⟩c = −γϕ
2 (Z − ⟨Z⟩)2|ψ⟩c dt+

√
γϕ/2(Z − ⟨Z⟩)|ψ⟩c dW.

Starting from |+⟩ = (|0⟩ + |1⟩)/
√

2, the trajectory evolves stochastically. Over time, individual trajectories
collapse toward either |0⟩ (with Z = +1) or |1⟩ (with Z = −1), chosen randomly with equal probability.
The average of the trajectories gives ρ(t) = 1

2 (|0⟩⟨0| + |1⟩⟨1|) after long times — the same as the Lindblad
prediction for the ensemble-averaged density matrix.

The conditional state, however, is always a pure state on the Z-eigenvector axis, gradually collapsing to an
eigenstate as measurement information accumulates. This is the diffusive picture of measurement: continuous
acquisition of information drives the state toward a measurement eigenstate via a stochastic process.

Numerical simulation of spontaneous emission

Simulating spontaneous emission from a two-level atom via MCWF: the effective Hamiltonian is Heff =
−iℏγσ+σ−/2 (taking H = 0 in the rotating frame). The jump operator is L = √

γσ−.

Start in |1⟩. The non-Hermitian evolution gives |ψ̃(t)⟩ = e−γt/2|1⟩, with norm squared e−γt, which is exactly
the probability of no jump up to time t. At a random time (exponentially distributed with rate γ), the jump
|1⟩ → |0⟩ occurs, and the state remains in |0⟩ thereafter.

Each trajectory is a single step function: |1⟩ until some random jump time, then |0⟩. Averaging over many
such trajectories gives the smooth exponential decay p1(t) = e−γt. A single experiment produces one step
function, not the ensemble curve — which is exactly what is observed in single-atom fluorescence experiments
with time-resolved detection.

Cross-Links
• Module 3.5 (Measurement theory): Quantum trajectories formalize continuous weak measurement.

Each trajectory is conditional on a specific measurement record.
• Module 8.2 (Lindblad equation): Ensemble averages of trajectories reproduce the Lindblad equation.

Trajectories and the master equation are two views of the same dynamics.
• Module 8.6 (Error correction): Continuous-monitoring error correction schemes use conditional

quantum states computed via trajectory methods to decide on corrective operations.
• Module 5.4 (Decoherence mechanisms): Amplitude damping and dephasing channels are the

integrated forms of Lindblad dynamics whose trajectories are direct photon-counting or homodyne-
detection processes.

• Statistics — Stochastic processes: Classical Poisson processes (jump unraveling) and Wiener
processes (diffusive unraveling) are the mathematical backbone of trajectory theory.

• VQA: Stochastic gradient descent in optimization has structural parallels to diffusive unravelings — a
deterministic flow with stochastic fluctuations whose ensemble average gives the “true” dynamics.
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Structural Compression
Invariant: Any Lindblad master equation admits stochastic unravelings into pure-state trajectories whose
ensemble average reproduces the deterministic evolution. The unravelings correspond to different choices of
how the environment is monitored, and there are infinitely many valid unravelings consistent with the same
master equation.

Mechanism: Monte Carlo wavefunction (jump unraveling, corresponding to photon counting) or stochastic
Schrödinger equation (diffusive unraveling, corresponding to homodyne detection). In both cases, a pure
state evolves under a non-Hermitian effective Hamiltonian between stochastic events (jumps or Wiener noise),
and the ensemble average over trajectories reproduces the density-matrix evolution.

Cross-System Echo: Sample paths vs ensemble average in classical stochastic processes: a Brownian
motion has individual trajectories that are continuous but rough, while the ensemble-averaged distribution
is smooth and obeys a deterministic PDE (the heat equation). Quantum trajectories generalize this to the
non-commutative setting, with pure states playing the role of sample points and density matrices playing the
role of probability distributions.

Exercises
1. Show explicitly that the Monte Carlo wavefunction algorithm’s ensemble average reproduces the

Lindblad equation to first order in dt.
2. Simulate (on paper) two trajectories of a damped two-level atom in MCWF starting from |1⟩. What

are the possible trajectories and their probabilities?
3. Derive the diffusive stochastic Schrödinger equation from homodyne detection of a cavity decay, starting

from the projection of the environment field onto homodyne outcomes.
4. For a qubit with dephasing L = √

γZ, compute the trajectory for a diffusive unraveling starting from
|+⟩. Show that long-time trajectories localize on Z eigenstates.

5. Compute the expected time to the first jump in a photon-counting simulation of spontaneous emission
from the state |n⟩.

6. Explain how different unravelings (jump vs diffusive) can both correspond to the same density-matrix
evolution. What does this ambiguity say about the physical reality of the conditional state?

7. Argue, structurally, why the MCWF method is numerically efficient for large Hilbert spaces. For
what kinds of systems does this method provide the largest computational advantage over direct
density-matrix evolution?
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Decoherence-Free Subspaces
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Open Quantum Systems Node: 8.5

A decoherence-free subspace (DFS) is a sector of a system’s Hilbert space on which a particular noise
channel acts trivially — every state in the subspace is preserved under the noise. Quantum information
encoded into such a subspace is passively protected: no active error detection or correction is required,
because the noise simply has no effect within the protected sector. DFS are the simplest possible form of
noise immunity, and they exploit symmetries of the noise model to identify “blind spots” of the environment.

DFS are conceptually older and structurally simpler than the active quantum error correction codes of Node
8.6. They are also more fragile: a DFS protects against the specific noise model it is constructed for, and
provides no protection against other forms of noise. In practice, DFS encoding is used when the dominant
noise channel has a clean symmetry (for example, collective dephasing of qubits in a region of uniform
magnetic field), while active error correction is used for generic noise. The two strategies are complementary:
combining DFS encoding with active error correction can yield substantial improvements in effective fidelity.

Formal Definition
Decoherence-free subspace

Let {Lk} be the Lindblad operators of an open-system master equation, and H the system Hamiltonian. A
subspace HDFS ⊆ H is decoherence-free with respect to this dynamics if:

1. For every |ψ⟩ ∈ HDFS and every k, each Lindblad operator acts as a multiple of the identity:

Lk|ψ⟩ = ck|ψ⟩,

for some constants ck independent of |ψ⟩.

2. The Hamiltonian preserves HDFS, i.e., HHDFS ⊆ HDFS.

When these conditions hold, the projector PDFS onto the subspace commutes with the dynamics, and the
reduced state of any DFS-encoded pure state evolves unitarily inside HDFS under an effective Hamiltonian
Heff = PDFSHPDFS − iℏ

2
∑
k |ck|2⊮DFS, with the second term contributing only an overall phase. The subspace

is invariant under the open-system dynamics and the encoded states do not decohere.

Equivalent characterization via Lindbladian kernel

A DFS can equivalently be characterized as a subspace on which the dissipator vanishes. Compute

D[Lk](|ψ⟩⟨ψ|) = Lk|ψ⟩⟨ψ|L†
k − 1

2{L†
kLk, |ψ⟩⟨ψ|}.

If Lk|ψ⟩ = ck|ψ⟩, this becomes

|ck|2|ψ⟩⟨ψ| − |ck|2|ψ⟩⟨ψ| = 0.

So the dissipator vanishes on DFS states, confirming that they evolve only under the unitary part of the
dynamics.
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Necessary and sufficient conditions

Theorem (Lidar–Chuang–Whaley, 1998). A subspace HDFS is decoherence-free with respect to a
Lindblad equation iff:

1. Each Lk restricted to HDFS is proportional to the identity on the subspace.
2. H restricted to HDFS maps the subspace into itself (no leakage).
3. (Sometimes added for cleanliness) The subspace is contained in a common eigenspace of {L†

kLk}.

For strict DFS the constants ck must be the same for all states in the subspace; if they vary across the
subspace, the dynamics is unitary on the subspace but is no longer strictly noise-free in the usual sense (one
then enters the territory of noiseless subsystems, a strict generalization of DFS).

Noiseless subsystems

A more general notion is the noiseless subsystem (NS): the system’s Hilbert space decomposes as
H =

⊕
J HL

J ⊗ HN
J , and noise acts only on the L factor (the “logical” part is left unchanged). A DFS is the

special case where the N factor is one-dimensional. Noiseless subsystems can encode quantum information
immune to a wider class of noises than DFS, at the cost of more complex encoding.

Intuition
The intuition behind DFS is symmetry. If the noise has a symmetry that the encoded states all share,
the noise cannot distinguish among them, and therefore cannot decohere them. The simplest example is
collective dephasing of two qubits: a noise process that flips the phase of both qubits identically. The
two states |01⟩ and |10⟩ both have one excitation, so they are related by a permutation symmetry that the
collective phase noise respects. Phase shifts on both qubits act as global phases on these states, leaving
the relative phase unchanged. Therefore the subspace spanned by |01⟩ and |10⟩ is decoherence-free against
collective dephasing.

The general principle: identify a symmetry that the noise model respects, find a subspace whose states
transform trivially (or all the same way) under that symmetry, and encode logical qubits in that subspace.
The encoding is “passive” because no measurement, no syndrome extraction, no correction is needed — the
symmetry of the noise itself guarantees that the encoded states are preserved.

The cost is fragility. A DFS protects only against the specific symmetry-respecting noise it was designed
for. Any noise that breaks the symmetry — say, individual qubit dephasing on top of collective dephasing —
will still affect the encoded states. In real hardware, noise is typically a mixture of collective and individual
processes, and a pure DFS encoding only protects against the collective component. For full protection one
needs active error correction (Node 8.6).

The structural role of DFS is also as a stepping stone: every active error-correcting code can be viewed as a
DFS for the encoded noise model after a recovery operation. The Knill–Laflamme conditions for quantum
error correction are a generalization of the DFS conditions to allow active recovery. Understanding DFS is
therefore a prerequisite for understanding why and how quantum error correction works.

Structural Role
• Passive noise protection. DFS provide noise protection without active intervention. This is attractive

when the noise model has a clean symmetry and when active error correction is expensive (requires
extra qubits, gates, and measurements).

• Foundation for active error correction. The conditions for a subspace to be a DFS are a special
case of the Knill–Laflamme conditions for an error-correcting code: in DFS the recovery operation
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is the identity, while in active codes the recovery is a nontrivial unitary or measurement-conditioned
operation.

• Practical applications. Trapped-ion quantum computers use DFS encoding to protect against
collective dephasing from magnetic field fluctuations, which is the dominant noise in many ion-trap
systems. NV-center qubits use similar tricks to protect against collective fluctuations in nuclear spin
baths.

• Symmetry-protected logical qubits. The DFS framework gives a way to think about logical qubits
as transformations under specific symmetry groups. The symmetric and antisymmetric subspaces of n
qubits under permutations are the prototypical examples.

• Connection to subsystem codes. The Bacon–Shor code and other subsystem codes use the noiseless-
subsystem generalization of DFS to protect against more complex noise models with simpler encoding
circuits.

Mathematical Development
Collective dephasing on n qubits

Consider n qubits all coupled to the same dephasing noise via the collective Lindblad operator

L =
n∑
i=1

Zi.

The eigenspaces of L are the “Dicke” sectors with definite Sz total. Within each Dicke sector, all states have
L|ψ⟩ = m|ψ⟩ with the same eigenvalue m, so the Lindblad operator acts as a multiple of identity. Therefore
each Dicke sector is a DFS for collective dephasing.

For n = 2, the Dicke sectors are:

• m = +2: {|00⟩} (1-dimensional, trivial DFS).
• m = 0: {|01⟩, |10⟩} (2-dimensional DFS — encodes 1 logical qubit).
• m = −2: {|11⟩} (1-dimensional).

The 2-dimensional DFS at m = 0 encodes a single logical qubit. The logical |0L⟩ = |01⟩ and |1L⟩ = |10⟩ are
immune to collective dephasing — any superposition α|01⟩ + β|10⟩ acquires only an overall phase under the
noise (which has no observable effect).

For n = 4, the m = 0 sector has dimension
(4

2
)

= 6, so it can encode log2 6 ≈ 2.58 logical qubits. In general,
the dimension of the m = 0 sector for 2k qubits is

(2k
k

)
, giving an encoding rate that approaches 1 logical

qubit per physical qubit asymptotically.

Collective spin-flip

For collective X-noise, L =
∑
iXi, the DFS is constructed similarly using eigenstates of Sx = 1

2
∑
iXi. The

2-qubit DFS for collective spin-flip is the antisymmetric singlet |s⟩ = (|01⟩ − |10⟩)/
√

2 and its complement,
with appropriate logical qubit encoding.

General collective noise

For a noise model with collective Lindblad operator L =
∑
iAi, where each Ai acts on qubit i, the DFS

structure is determined by the symmetric group Sn: subspaces transforming trivially under the collective
action are DFS, and the dimensions of DFS sectors are computed via representation theory of Sn.

For arbitrary collective noise (combinations of X,Y, Z acting collectively on all qubits), the DFS is the
singlet sector of total spin J = 0, which exists only for an even number of qubits. The minimal singlet-DFS
encoding uses 4 qubits to encode 1 logical qubit (DFS dimension 2) protected against arbitrary collective
noise. This is the Zanardi–Rasetti construction.
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Knill–Laflamme conditions for DFS

The Knill–Laflamme conditions for an error-correcting code with code projector P and error operators {Ea}
state that:

PE†
aEbP = αabP

for some matrix αab. When αab = δab · const, the errors take the code into orthogonal subspaces and can be
corrected. When αab is a multiple of identity and EaP = caP for each a, the errors do not take the code out
of itself — the code is a DFS.

This shows that DFS is the “trivial recovery” case of quantum error correction: no syndrome measurement,
no active recovery, just the natural protection of the encoded subspace.

Worked Example
2-qubit DFS for collective dephasing

Consider two qubits with collective dephasing Lindblad operator L = Z1 + Z2. The eigenstates of L and
their eigenvalues:

• |00⟩: eigenvalue +2
• |01⟩: eigenvalue 0
• |10⟩: eigenvalue 0
• |11⟩: eigenvalue −2

The 2-dimensional eigenspace at eigenvalue 0 — spanned by |01⟩, |10⟩ — is the DFS. Encode a logical qubit:

|0L⟩ = |01⟩, |1L⟩ = |10⟩.

A general logical state is |ψL⟩ = α|01⟩ + β|10⟩.

Check noise immunity. Apply the dissipator: L|ψL⟩ = 0 · |ψL⟩ = 0, so

D[L](|ψL⟩⟨ψL|) = 0 · 0 − 1
2{0, |ψL⟩⟨ψL|} = 0.

The state evolves only under the Hamiltonian. If the Hamiltonian is H = ω(Z1 + Z2)/2 (collective drive),
then H|ψL⟩ = 0 (since L is proportional to H here), and the encoded state is completely frozen. To enable
logical operations, one needs Hamiltonian terms that act non-trivially within the DFS, such as X1X2 + Y1Y2,
which exchanges |01⟩ ↔ |10⟩ and acts as a logical X gate.

Singlet-triplet qubit in semiconductor double quantum dots

In semiconductor double-dot systems, two electrons can be encoded in singlet |s⟩ = (|01⟩−|10⟩)/
√

2 and triplet
|t0⟩ = (|01⟩ + |10⟩)/

√
2 states. The two-state subspace {|s⟩, |t0⟩} is decoherence-free against collective noise

(uniform magnetic field fluctuations on both dots) and forms the “S-T0 qubit” used in many semiconductor
implementations. Logical operations are performed via exchange interactions and gradient magnetic fields.

4-qubit DFS for arbitrary collective noise

For protection against arbitrary collective noise (LX = X1 + X2 + X3 + X4, LY = Y1 + Y2 + Y3 + Y4,
LZ = Z1 + Z2 + Z3 + Z4), the DFS is the total-spin-zero (singlet) subspace of 4 qubits. This subspace has
dimension 2 and encodes one logical qubit. The logical states are:
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|0L⟩ = 1
2(|0011⟩−|0110⟩−|1001⟩+|1100⟩), |1L⟩ = 1√

12
(2|0101⟩−|0110⟩+2|1010⟩−|1001⟩−|0011⟩−|1100⟩).

(Up to choice of basis within the singlet sector.) These logical states are completely immune to any noise
that acts as a collective operator on all four qubits. They are not immune to individual qubit errors, which
are not collective. This is the Zanardi–Rasetti DFS.

Failure under independent noise

If the noise on each qubit is independent rather than collective, the DFS fails. For example, with two qubits
and independent dephasing L1 = Z1, L2 = Z2, the state |01⟩ is no longer an eigenstate of both Lindblad
operators (it is an eigenstate of Z1 with eigenvalue +1 but of Z2 with eigenvalue −1, not the same constant).
The dissipator does not vanish, and the encoded state decoheres. This illustrates the fragility of DFS to
symmetry-breaking noise.

Cross-Links
• Module 8.2 (Lindblad equation): DFS conditions are formulated in terms of the Lindblad operators.

The dissipator vanishes on DFS states.
• Module 8.6 (Quantum error correction): Active error correction generalizes DFS by allowing

nontrivial recovery operations. The Knill–Laflamme conditions reduce to DFS conditions when the
recovery is the identity.

• Module 5.5 (Pointer basis / einselection): Both DFS and pointer states are subspaces preserved
by the system-environment coupling, but they differ in what is preserved: pointer states are classical-like
states selected by decoherence, while DFS are arbitrary quantum states protected by symmetry.

• Module 4.6 (Monogamy of entanglement): DFS encoding distributes the logical state across
multiple physical qubits, exploiting the structure of multi-particle entanglement.

• Statistics — symmetry-protected statistics: Classical analogue is the use of conserved quantities
(e.g., total spin, total particle number) to reduce the effective state space and protect against generic
noise that respects the conservation law.

Structural Compression
Invariant: A subspace HDFS is decoherence-free iff every Lindblad operator acts on it as a multiple of
identity, and the Hamiltonian preserves the subspace. Within HDFS, the dissipator vanishes and states evolve
unitarily under an effective Hamiltonian.

Mechanism: Identify a symmetry of the noise model; find a subspace on which all noise operators act
trivially; encode logical information in that subspace. The encoding is passive — no syndrome extraction or
active recovery is needed.

Cross-System Echo: Symmetry-protected ground states in condensed matter; conserved-quantity sectors
in classical mechanics; anyonic encoding in topological quantum computing — all use the same structural
pattern of “encode in a sector that the noise cannot reach.”

Exercises
1. Verify that the 2-dimensional subspace spanned by |01⟩, |10⟩ is a DFS for collective dephasing L = Z1+Z2.

Compute the dissipator on a general state in this subspace.
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2. Construct logical operations on the 2-qubit collective-dephasing DFS using Hamiltonian terms that
preserve the subspace.

3. Show that the singlet-triplet qubit {|s⟩, |t0⟩} is a DFS for collective noise.
4. Determine the dimension of the maximal DFS for collective dephasing on n qubits, and identify the

encoding rate as n → ∞.
5. Explain why DFS encoding fails when noise is independent rather than collective. Quantify the effective

dephasing rate of an encoded logical qubit under weak independent noise.
6. State the Knill–Laflamme conditions for a quantum error-correcting code, and show how DFS is the

special case where the recovery is the identity operation.
7. Argue, structurally, why DFS is a “free lunch” in the appropriate noise regime, and discuss the cost

(encoding overhead, sensitivity to noise model assumptions, restricted Hamiltonian set) that makes it
not always the right choice.
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Quantum Error Correction Foundations
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Open Quantum Systems Node: 8.6

Quantum error correction (QEC) is the active analogue of decoherence-free subspaces (Node 8.5). Instead
of finding a sector of Hilbert space that happens to be immune to noise, QEC deliberately encodes one logical
qubit into many physical qubits in such a way that errors leave a structural fingerprint — a syndrome — that
can be measured without disturbing the encoded information, and then corrected by applying an appropriate
unitary. The result is that a logical qubit can be stored and manipulated with arbitrarily small effective error
rate, provided that the physical error rate is below a finite threshold.

Quantum error correction is one of the most remarkable discoveries in quantum information theory. Before
Shor (1995) and Steane (1996) exhibited the first codes, it was a serious concern that quantum computation
might be fundamentally infeasible: any non-trivial quantum algorithm requires a long coherent evolution, and
decoherence would seem to accumulate and destroy the computation. QEC resolved this concern by showing
that coherence can be actively maintained through a clever combination of redundant encoding, syndrome
measurement, and feedback correction. The existence of QEC is the structural reason fault-tolerant quantum
computing is believed to be possible.

This node introduces the foundational concepts: the Knill–Laflamme conditions for correctability, the stabilizer
formalism for describing codes, the 3-qubit bit-flip code as the simplest worked example, and a pointer to the
threshold theorem for fault-tolerant computation.

Formal Definition
Quantum error-correcting codes

A quantum error-correcting code of parameters [[n, k, d]] encodes k logical qubits into n physical qubits
and can detect any error affecting fewer than d qubits (and correct any error affecting fewer than d/2 qubits,
where d is the code’s distance).

Formally, a code is a 2k-dimensional subspace C ⊆ (C2)⊗n with projector PC . The logical computational
basis states {|iL⟩ : i ∈ {0, 1}k} span C.

The Knill–Laflamme conditions

Let {Ea} be a set of error operators (each Ea is an operator on the n-qubit Hilbert space). The code C can
detect and correct these errors iff the Knill–Laflamme conditions are satisfied:

PCE
†
aEbPC = cabPC ,

for some Hermitian matrix cab (independent of the code state).

Intuitively: distinct errors take the code to orthogonal subspaces (cab = δab up to normalization), and each
error preserves the structural relationships among code states. When the conditions hold, there exists a
recovery operation — a CPTP map R such that R(E(ρ)) = ρ for all ρ with support in C, for the channel
E whose Kraus operators are the Ea.

When cab is diagonal (distinct errors are fully distinguishable), the code is non-degenerate. When cab has
rank less than the number of errors (some errors are “equivalent” on the code), the code is degenerate.

Stabilizer formalism

The stabilizer formalism (Gottesman 1997) describes a large class of codes, called stabilizer codes, via a
subgroup of the n-qubit Pauli group.
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Let Pn be the n-qubit Pauli group: the group generated by Xi, Zi, iI for i = 1, . . . , n. A stabilizer group S
is an abelian subgroup of Pn that does not contain −I. Given such an S, the stabilizer code C(S) is the
simultaneous +1 eigenspace of all elements of S:

C(S) = {|ψ⟩ : g|ψ⟩ = |ψ⟩ for all g ∈ S}.

If S is generated by n − k independent generators (and contains 2n−k elements in total), then C(S) has
dimension 2k and encodes k logical qubits.

Error detection and syndromes

An error E ∈ Pn either commutes with every generator of S (in which case it preserves the code subspace) or
anti-commutes with some. Measuring the generators reveals which generators anti-commute — this pattern
of ±1 outcomes is the syndrome of the error.

For Pauli errors, the syndrome is a classical bit string that uniquely identifies the error (up to equivalence
under elements of S). The recovery is to apply the inverse Pauli correction. Crucially, the syndrome
measurement does not reveal the encoded state — only the error.

Logical operators

The logical Pauli operators X̄, Z̄ are elements of the normalizer of S in Pn that are not in S itself. They
commute with all stabilizer generators (so they preserve the code subspace) but act nontrivially on logical
states. The weight (number of non-identity tensor factors) of the smallest logical operator is the code’s
distance d.

Intuition
The no-cloning theorem (Node 7.2) forbids classical-style repetition: you cannot make three copies of a qubit.
So how can redundant encoding work at all? The answer is subtle and structural: quantum error correction
encodes a logical qubit into an entangled state across multiple physical qubits. The logical state is not “three
copies of the same qubit” but rather a particular pattern of entanglement that spreads the logical information
nonlocally.

The canonical example is the 3-qubit bit-flip code:

|0L⟩ = |000⟩, |1L⟩ = |111⟩.

A logical state α|0L⟩ + β|1L⟩ = α|000⟩ + β|111⟩ is a GHZ-like entangled state, not a classical triplication. If a
bit-flip error occurs on any one qubit, the resulting state is still in the span of {|100⟩, |010⟩, |001⟩} (for errors
on the first, second, or third qubit respectively on the |000⟩ component) — and the three error subspaces are
mutually orthogonal to the original code subspace and to each other.

To detect the error, we measure the stabilizer generators Z1Z2 and Z2Z3. These operators commute with the
code (both eigenvalue +1 on |000⟩ and |111⟩), so measuring them does not disturb the logical superposition.
But they anti-commute with specific bit-flip errors:

• X1 anti-commutes with Z1Z2, commutes with Z2Z3. Syndrome: (−1,+1).
• X2 anti-commutes with both. Syndrome: (−1,−1).
• X3 commutes with Z1Z2, anti-commutes with Z2Z3. Syndrome: (+1,−1).

The syndrome uniquely identifies which qubit had the error, and we correct by applying X to that qubit.

The key magic is that the syndrome measurement reveals which error occurred without revealing the logical
information (α, β). This is possible because the stabilizer operators commute with logical operations but
anticommute with errors — a structural separation that QEC exploits.
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The 3-qubit code only corrects bit flips. A similar 3-qubit code corrects phase flips. Combining them gives
the 9-qubit Shor code, which corrects arbitrary single-qubit errors. Larger codes (Steane’s 7-qubit code,
Bacon–Shor, surface codes) achieve better encoding rates and distances.

The threshold theorem then says: if every physical operation has error rate below a threshold pth (estimated
at 10−3 to 10−2 depending on the code), then recursive concatenation of codes can reduce the logical error rate
to arbitrarily small values with polylogarithmic overhead in the desired accuracy. This is why fault-tolerant
quantum computation is believed to be scalable in principle.

Structural Role
• Resolving the decoherence objection to quantum computing. Before QEC, it was unclear

whether any long coherent quantum computation could be performed. QEC showed it was possible,
subject to the threshold theorem. This is one of the foundational theoretical results underpinning the
field.

• Fault-tolerant computation. Quantum error correction is the prerequisite for fault-tolerant quantum
computation. The full theory of fault tolerance (quantum circuits that work correctly despite errors
during the error correction itself) is built on stabilizer codes and their properties.

• Classifying noise models. QEC codes are designed for specific noise models (bit flips, phase flips,
depolarizing noise, amplitude damping). Matching the code to the noise is essential for efficiency; a
code designed for depolarizing noise is wasteful against dephasing-only noise.

• Topological error correction. Surface codes, color codes, and topological codes generalize stabilizer
codes to geometric structures where logical operations are “topological” (depend only on the homotopy
class, not the precise shape, of operator strings). These codes achieve higher thresholds and are the
leading candidates for large-scale fault-tolerant architectures.

• Near-term error mitigation. For NISQ-era devices (noisy intermediate-scale quantum, without full
fault tolerance), error mitigation techniques like zero-noise extrapolation, probabilistic error cancellation,
and virtual distillation provide partial benefits without the overhead of full QEC. These are the “lite”
versions of QEC suitable for the current generation of hardware.

• Information-theoretic bounds. The existence of QEC codes at rates approaching the quantum
channel capacity is one of the central results of quantum Shannon theory. The CSS code construction,
combined with good classical codes, achieves asymptotically optimal rates for depolarizing channels.

Mathematical Development
Proof of Knill–Laflamme sufficiency

Given errors {Ea} satisfying the Knill–Laflamme conditions PCE
†
aEbPC = cabPC , we construct the recovery.

Diagonalize cab =
∑
α dαu

∗
aαubα (eigendecomposition of the Hermitian matrix c). Define new error operators

Fα =
∑
a

u∗
aαEa/

√
dα,

for dα > 0. These satisfy PCF
†
αFβPC = δαβPC , meaning different Fα’s take the code to orthogonal subspaces.

Let Pα = FαPCF
†
α/dα be the projector onto the α-th error subspace. The recovery operation is

R(ρ) =
∑
α

F †
αPαρPαFα/dα,

which projects onto each error subspace (identifying which error occurred) and then applies the inverse error.
One can verify that R(E(ρ)) = ρ for ρ supported on C.
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The Pauli group and stabilizer codes

The n-qubit Pauli group is

Pn = {ikP1 ⊗ P2 ⊗ · · · ⊗ Pn : k ∈ {0, 1, 2, 3}, Pi ∈ {I,X, Y, Z}}.

It has order 4 ·4n and is non-abelian. Any two elements either commute or anticommute. A stabilizer group
S ⊂ Pn is an abelian subgroup not containing −I; if it has n− k independent generators, the codespace is
2k-dimensional.

For any error E ∈ Pn and any stabilizer g, either Eg = gE or Eg = −gE. The syndrome is the (n− k)-bit
string of signs from measuring the n− k generators.

CSS codes (Calderbank–Shor–Steane) are stabilizer codes whose stabilizer generators are either all-X or
all-Z type (no mixed Y generators). These codes arise from pairs of classical linear codes and are especially
efficient for treating X and Z errors independently.

The 7-qubit Steane code

The Steane code is the smallest nontrivial CSS code: [[7, 1, 3]], encoding 1 logical qubit into 7 physical qubits
with distance 3 (correcting any single-qubit error). Its stabilizer generators are

g1 = IIIXXXX, g2 = IXXIIXX, g3 = XIXIXIX,

g4 = IIIZZZZ, g5 = IZZIIZZ, g6 = ZIZIZIZ.

The X-type generators and Z-type generators are both based on the (7, 4) Hamming code, a famous classical
error-correcting code. The logical operators are X̄ = X⊗7 and Z̄ = Z⊗7.

Steane code is significant because it is the smallest code with fault-tolerant implementations of the complete
Clifford group via transversal gates. This property is the starting point for fault-tolerant quantum computation.

Threshold theorem

Theorem (Aharonov–Ben-Or, Knill–Laflamme–Zurek, Kitaev, and others, 1996–1999). There
exists a positive constant pth such that, for any physical error rate p < pth, any quantum circuit of any
size can be simulated with arbitrarily small error using a polylogarithmic overhead in the number of ancilla
qubits and gate operations. That is, the cost of simulating a T -gate circuit to within accuracy ϵ scales as
T · polylog(T/ϵ).

The threshold pth depends on the code and the architecture but is typically estimated at 10−3 to 10−2. Below
this threshold, concatenated or topological codes can suppress errors to arbitrary accuracy. Above it, more
errors accumulate than correction can remove, and the computation fails.

This theorem is the theoretical foundation for believing that fault-tolerant quantum computation is scalable,
and it establishes the road map for quantum hardware development: get physical error rates below pth, then
use QEC to reach logical error rates needed for large algorithms.

Worked Example
The 3-qubit bit-flip code

Encoding. A qubit |ψ⟩ = α|0⟩ + β|1⟩ is encoded into three qubits:

|ψL⟩ = α|000⟩ + β|111⟩.
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The encoding circuit uses two CNOT gates: the data qubit controls two ancilla qubits initialized to |0⟩.

Stabilizers. The code is the stabilizer code with generators g1 = Z1Z2, g2 = Z2Z3. Both have eigenvalue +1
on |000⟩ and |111⟩, so the code subspace is the +1 eigenspace of both generators.

Error detection. Suppose a bit-flip X2 occurs. The new state is α|010⟩ + β|101⟩. Measure g1 = Z1Z2:
on |010⟩, Z1Z2 = (+1)(−1) = −1; on |101⟩, Z1Z2 = (−1)(+1) = −1. So g1 gives −1. Measure g2 = Z2Z3:
on |010⟩, Z2Z3 = (−1)(+1) = −1; on |101⟩, Z2Z3 = (+1)(−1) = −1. So g2 gives −1. Syndrome: (−1,−1),
indicating X2.

Correction. Apply X2 to undo the error. The state returns to α|000⟩ + β|111⟩, the original encoded state.
The logical information (α, β) is recovered.

Note on limitations. The 3-qubit bit-flip code only corrects bit-flip errors. A phase-flip error Zi on any
qubit takes α|000⟩ + β|111⟩ → α|000⟩ − β|111⟩ — a logical phase flip that the code cannot detect. To correct
both kinds of errors, one needs a more sophisticated code like the 9-qubit Shor code.

The 9-qubit Shor code

The Shor code [[9, 1, 3]] encodes 1 logical qubit into 9 physical qubits. The encoding is a “double” of the
3-qubit codes: each of the three “blocks” is a 3-qubit phase-flip code, and the blocks themselves form a
3-qubit bit-flip code. The result is a code that corrects any single-qubit error, including arbitrary linear
combinations of X,Y, Z.

Logical states:

|0L⟩ = 1
2
√

2
(|000⟩ + |111⟩)(|000⟩ + |111⟩)(|000⟩ + |111⟩),

|1L⟩ = 1
2
√

2
(|000⟩ − |111⟩)(|000⟩ − |111⟩)(|000⟩ − |111⟩).

The stabilizer generators include 6 Z-type operators (detecting bit flips within each block) and 2 X-type
operators (detecting phase flips across blocks), for a total of 8 generators (as expected for an [[9, 1, 3]] code:
n− k = 8).

Surface code

The surface code is a topological stabilizer code defined on a 2D lattice of qubits. Its logical qubits
correspond to topological features of the lattice (holes, boundaries), and errors are detected by local stabilizer
measurements involving only nearest-neighbor qubits. This locality makes the surface code particularly
attractive for hardware implementations where long-range connectivity is difficult.

The surface code has a high threshold (estimated around pth ≈ 1%) and is the leading candidate for near-term
fault-tolerant architectures in superconducting qubit platforms. Recent experimental demonstrations have
achieved logical qubits with error rates below the threshold for small-distance surface codes, marking a
milestone in the road to fault tolerance.

Cross-Links
• Module 7.2 (No-cloning): QEC does not violate no-cloning — it encodes into entangled states, not

copies. The no-cloning theorem constrains but does not prohibit error correction.
• Module 7.3 (Quantum channels): The error models in QEC are quantum channels (Kraus operators,

Lindblad dynamics). The recovery operation is also a channel.
• Module 8.5 (Decoherence-free subspaces): DFS is the passive special case of QEC with trivial

recovery. The Knill–Laflamme conditions reduce to DFS conditions when the recovery is the identity.
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• Module 8.2 (Lindblad equation): Noise models are typically specified as Lindblad equations; QEC
is designed to protect against the resulting channel over some time interval.

• Module 4.4 (Bell states): Entanglement across code qubits is the resource exploited by QEC to
detect errors without disturbing the logical state.

• Classical coding theory: Hamming codes, Reed–Solomon codes, and LDPC codes are the classical
ancestors of quantum codes. The CSS construction explicitly uses pairs of classical codes.

• Statistics — maximum-likelihood decoding: Syndrome decoding is a statistical inference problem.
Maximum-likelihood decoders find the most probable error consistent with the observed syndrome.

Structural Compression
Invariant: A quantum error-correcting code of parameters [[n, k, d]] encodes k logical qubits into n physical
qubits with distance d. The Knill–Laflamme conditions PCE

†
aEbPC = cabPC characterize correctability:

distinct correctable errors take the code to orthogonal subspaces, enabling identification and correction
without disturbing the logical information.

Mechanism: Encode into an entangled subspace of many physical qubits; measure stabilizer generators to
extract error syndromes without revealing logical information; apply Pauli corrections based on syndrome
data. The stabilizer formalism provides a compact algebraic framework; the threshold theorem guarantees
that recursive concatenation or topological codes can achieve arbitrarily small logical error rates provided
physical errors are below a finite threshold.

Cross-System Echo: Classical error-correcting codes (Hamming, Reed–Solomon, LDPC) use repetition
and parity-check structures to detect and correct bit errors. Quantum codes generalize this to the non-
commutative setting by exploiting entanglement as a form of non-classical redundancy, and by using stabilizer
measurements as non-demolition analogues of classical parity checks.

Exercises
1. Verify the Knill–Laflamme conditions for the 3-qubit bit-flip code with error set {I,X1, X2, X3}.
2. Compute the syndrome for each single-qubit bit-flip error on the 3-qubit code and verify that they are

distinct.
3. Show that the 3-qubit bit-flip code cannot detect phase-flip errors, and construct the 3-qubit phase-flip

code that can.
4. Write out the 9-qubit Shor code logical states and verify that a Zi error on any qubit is detectable and

correctable.
5. State the Knill–Laflamme conditions, and show that they reduce to the decoherence-free subspace

conditions when the recovery is the identity.
6. Describe the stabilizer formalism for the 7-qubit Steane code, and identify its logical operators.
7. Argue, structurally, why quantum error correction does not violate no-cloning, and explain what role

entanglement plays in distinguishing QEC from classical repetition codes.
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Module 9 — Quantum Thermodynamics

Thermal States and Gibbs Distributions
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Quantum Thermodynamics Node: 9.1

This is the foundation node of the quantum thermodynamics module. The Gibbs state is the unique density
matrix that maximizes von Neumann entropy subject to a fixed expected energy. It is the equilibrium state
in quantum statistical mechanics, and it is the structural object on which all subsequent nodes — work, heat,
fluctuation theorems, Landauer’s principle — are built.

Formal Definition
For a quantum system with Hamiltonian H at inverse temperature β = 1/(kBT ), the thermal state (or
Gibbs state) is

ρβ = e−βH

Z(β) , Z(β) = tr(e−βH).

The normalization Z(β) is the partition function. In the energy eigenbasis {|n⟩} with eigenvalues En, the
Gibbs state is diagonal with populations

pn = e−βEn

Z(β) .

The thermodynamic free energy is

F (β) = − 1
β

logZ(β),

and entropy, internal energy, and other thermodynamic quantities follow by standard derivatives.

Variational Characterization
The Gibbs state is the unique density matrix that maximizes the von Neumann entropy subject to a
constraint on the expected energy:

ρβ = arg max
ρ:tr(ρH)=U

S(ρ).

The Lagrange multiplier of the energy constraint is exactly β.

Equivalently, it minimizes the free energy functional F (ρ) = tr(ρH) − T S(ρ). Both characterizations are
quantum analogues of the Boltzmann maximum-entropy and Helmholtz minimum-free-energy principles.
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Intuition
The Gibbs state is “what you get when a quantum system equilibrates with a thermal bath at temperature
T .” It has two structural properties that distinguish it from other density matrices:

1. Diagonal in the energy eigenbasis. Energy is conserved, so coherences between eigenstates of H
are unstable under thermal fluctuations and decay.

2. Boltzmann-weighted populations. Energetically lower states are exponentially more likely. The
exponential structure is the structural fingerprint of thermal equilibrium.

The Gibbs state is also the fixed point of any Lindblad dynamics that satisfies detailed balance with
respect to H at temperature T . This connects quantum thermodynamics to the open-system formalism of
Module 8.

Structural Role
The Gibbs state organizes the entire module:

• Quantum work and heat (9.2) are defined as energy changes during processes that take a system
from one Gibbs state to another (or that drive it out of equilibrium).

• Fluctuation theorems (9.3) constrain the statistics of work in non-equilibrium processes.
• Landauer’s principle (9.4) bounds the thermodynamic cost of erasing information in terms of
kBT log 2.

• Quantum heat engines (9.5) are cyclic processes between Gibbs states at different temperatures.
• Resource theories (9.6) take Gibbs states as the “free” resource and quantify deviations from

equilibrium as the costly resource.

Mathematical Development
High and low temperature limits

• T → 0 (β → ∞): the Gibbs state collapses onto the ground state (or ground subspace, if degenerate).
Thermal fluctuations are suppressed.

• T → ∞ (β → 0): the Gibbs state becomes maximally mixed, ρβ → I/d. All energy levels are equally
populated.

In between, the populations interpolate exponentially.

Connection to entropy

Substituting the Gibbs state into the von Neumann entropy formula:

S(ρβ) = −
∑
n

pn log pn = βU + logZ = β(U − F ).

This is exactly the thermodynamic relation S = (U − F )/T , now derived from the underlying quantum-
mechanical formalism rather than postulated.

Quantum partition function

For a single qubit with H = 1
2ωZ:

Z(β) = e−βω/2 + eβω/2 = 2 cosh(βω/2),
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⟨E⟩ = −∂ logZ
∂β

= −ω

2 tanh(βω/2).

In the high-T limit ⟨E⟩ → 0 (qubit unbiased); in the low-T limit ⟨E⟩ → −ω/2 (qubit in ground state).

Worked Example
Two-level atom in a thermal bath

Consider a two-level atom with energies 0 and ℏω. At temperature T , the populations are

p0 = 1
1 + e−βℏω , p1 = e−βℏω

1 + e−βℏω .

This is the standard Boltzmann distribution. As T increases, p1 approaches 1/2; as T → 0, p1 → 0.

The von Neumann entropy is the binary entropy H2(p1), which is exactly the classical Shannon entropy of
the population distribution. This is no coincidence: when a state is diagonal in a fixed basis, von Neumann
entropy reduces to Shannon entropy.

Cross-Links
• Module 5.1: Density matrices — Gibbs states are a particularly important family.
• Module 7.4: Von Neumann entropy is the Lagrange-dual quantity that the Gibbs state maximizes.
• Module 8: Open-system dynamics with detailed balance converge to the Gibbs state.
• Statistics: Maximum entropy principle in classical statistics; the Gibbs state is the quantum analogue.
• VQA: Variational quantum eigensolvers minimize ⟨H⟩, which is the T → 0 limit of free-energy

minimization.

Structural Compression
Invariant: The Gibbs state is the maximum-entropy state at fixed expected energy.

Mechanism: ρβ = e−βH/Z — the unique density matrix with this variational property.

Cross-System Echo: Boltzmann distribution in classical statistical mechanics; maximum-entropy distribu-
tions in classical information theory. Same structural identity, non-commutative generalization.

Exercises
1. Derive the Gibbs state by maximizing S(ρ) subject to tr(ρ) = 1 and tr(ρH) = U , using Lagrange

multipliers.
2. Compute the partition function and average energy for a harmonic oscillator with H = ℏω(a†a+ 1/2).
3. Show that the Gibbs state is the unique fixed point of any Lindblad evolution that satisfies detailed

balance with respect to H at temperature T .
4. Verify that for a diagonal density matrix, von Neumann entropy reduces to Shannon entropy of the

population distribution.
5. Show that the free energy F = U − TS is minimized over all density matrices by the Gibbs state, and

that the minimum value equals −kBT logZ.
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Quantum Work and Heat
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Quantum Thermodynamics Node: 9.2

The first law of thermodynamics splits energy change into work and heat. In quantum mechanics this split
is non-trivial: there is no self-adjoint operator whose expectation value gives “work done,” and the very
definition depends on how the system is probed. The two-point measurement (TPM) scheme is the
standard operational resolution. It makes work a stochastic variable on a probability space defined by two
projective energy measurements, and it connects directly to the fluctuation theorems of 9.3 and the engine
cycles of 9.5.

Formal Definition
Let a system have a time-dependent Hamiltonian H(t) over t ∈ [0, τ ], with instantaneous spectral decomposi-
tion

H(t) =
∑
n

En(t) Πn(t).

The two-point measurement protocol is:

1. Prepare the system in the initial thermal state ρ0 = e−βH(0)/Z0.
2. Measure H(0) projectively. Outcome En(0) occurs with probability p0

n = e−βEn(0)/Z0.
3. Evolve the post-measurement state under the unitary Uτ = T exp

(
−i
∫ τ

0 H(t) dt
)

generated by the
driving protocol.

4. Measure H(τ) projectively. Outcome Em(τ) occurs with conditional probability pm|n = |⟨mτ |Uτ |n0⟩|2.

The work done by the protocol in a single run is the random variable

W = Em(τ) − En(0),

with joint probability

P (n,m) = p0
n pm|n, P (W ) =

∑
n,m

P (n,m) δ
(
W − [Em(τ) − En(0)]

)
.

For an isolated driven system (no bath contact during [0, τ ]), all energy change is work and there is no heat:

⟨W ⟩ = tr(ρτH(τ)) − tr(ρ0H(0)).

For a system in contact with a bath, heat is identified through the bath’s energy change:

Q = −∆Ebath, ∆Esys = W +Q.

This is the quantum first law at the level of averages, and at the level of individual trajectories if one also
measures the bath.
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Intuition
Classically, work is “the integral of force along a path” and heat is “energy flowing across a contact.” Quantum
mechanically this picture breaks because:

• There is no phase-space trajectory to integrate along.
• Energy is in general not even well-defined until it is measured (if [ρ,H] ̸= 0).
• Any attempt to continuously monitor energy changes during the protocol disturbs the state and changes

the dynamics.

The TPM scheme sidesteps these problems by only asking about energy at the endpoints. Between the two
measurements the system evolves unitarily (or via a Lindblad map if the bath is present), and the “work” is
whatever the energy meter says changed. The protocol — the time-dependent parameters of H(t) — is the
analogue of classical “pushing a piston.” The unitary does not commute with the projectors in general, so
work is genuinely stochastic: the same protocol produces a distribution P (W ), not a single number.

Heat, in the same scheme, is what the bath recorded. If you can monitor bath energy (idealized), Q is also a
two-point measurement on Hbath. In practice you usually infer Q from an ensemble average and the first law.

Structural Role
9.2 is the bridge between equilibrium and non-equilibrium quantum thermodynamics. It takes the Gibbs
state of 9.1 as the initial condition and asks: what happens when you drive the Hamiltonian away from
equilibrium?

• 9.3 Fluctuation theorems are identities on the work distribution P (W ). Jarzynski’s equality
⟨e−βW ⟩ = e−β∆F is a statement about the TPM distribution and requires exactly this definition of
work.

• 9.5 Quantum heat engines are cyclic protocols whose net work output is computed by averaging W
over many TPM runs.

• 9.4 Landauer’s principle is the special case where the protocol erases a bit and the minimum average
heat dissipated is kBT log 2.

• 9.6 Resource theories take Gibbs-preserving or thermal operations as free and quantify work as the
cost to move between non-equilibrium states.

Without the TPM scheme, none of these downstream nodes has a well-posed starting point.

Mathematical Development
Characteristic function of work

The characteristic function χ(u) = ⟨eiuW ⟩ admits a compact two-time-correlation form:

χ(u) = tr
[
eiuH(τ) Uτ e

−iuH(0) ρ0 U
†
τ

]
.

Fourier-inverting gives P (W ). This representation makes the fluctuation theorems of 9.3 easy to derive: they
become symmetry statements about χ(u) under u → −u+ iβ.

Average work from unitary dynamics

For an isolated protocol,

⟨W ⟩ =
∑
n,m

p0
n |⟨mτ |Uτ |n0⟩|2 (Em(τ) − En(0)) = tr(ρτH(τ)) − tr(ρ0H(0)),
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so ⟨W ⟩ coincides with the unmeasured expected energy change. Individual runs deviate from this average,
which is why work fluctuations are non-trivial even in pure unitary evolution.

Quantum Jarzynski identity (preview of 9.3)

Direct calculation of ⟨e−βW ⟩ using p0
n = e−βEn(0)/Z0:

⟨e−βW ⟩ =
∑
n,m

e−βEn(0)

Z0
pm|n e

−β(Em(τ)−En(0)) = 1
Z0

∑
m

e−βEm(τ) = Zτ
Z0

= e−β∆F .

This is the Jarzynski equality, obtained as a three-line consequence of the TPM definition.

First law for Lindblad dynamics

For an open system evolving under a time-dependent Lindblad generator Lt, differentiate the expected energy:

d

dt
tr(ρtH(t)) = tr(ρt ∂tH(t))︸ ︷︷ ︸

Ẇ

+ tr((Ltρt)H(t))︸ ︷︷ ︸
Q̇

.

Work is associated with the explicit time dependence of H; heat is associated with the dissipator. Integrating
gives the average first law. The TPM scheme reproduces this at the level of averages while also giving access
to the distribution of W over trajectories.

Worked Example
Driven qubit under a sudden quench

Take H(t) = ω
2Z for t < 0, then suddenly quench to H = ω

2 (cos θ Z + sin θX) at t = 0, and read out the new
energy immediately. Initial state is ρ0 = e−βH(0)/Z0.

Step 1: Initial measurement. The system is diagonal in the original Z basis, so the first measurement
leaves it in |0⟩ or |1⟩ with probabilities

p0
0 = 1

1 + e−βω , p0
1 = e−βω

1 + e−βω .

(Energies −ω/2 and +ω/2.)

Step 2: Unitary. The quench is instantaneous, so Uτ = I and the post-measurement state is just |0⟩ or |1⟩.

Step 3: Final measurement. The new Hamiltonian has eigenstates |+θ⟩ = cos(θ/2)|0⟩ + sin(θ/2)|1⟩ and
|−θ⟩ = − sin(θ/2)|0⟩ + cos(θ/2)|1⟩ with energies ±ω/2.

Overlap probabilities from |n⟩ to |±θ⟩:

p±|0 = cos2(θ/2), sin2(θ/2); p±|1 = sin2(θ/2), cos2(θ/2).

Step 4: Work distribution. Four outcomes with values W ∈ {0,+ω,−ω}:

• W = 0: start |0⟩ end |+θ⟩, or start |1⟩ end |−θ⟩.
• W = +ω: start |0⟩ end |−θ⟩ (energy −ω/2 → +ω/2).
• W = −ω: start |1⟩ end |+θ⟩.
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Assembling:

P (W = +ω) = p0
0 sin2(θ/2), P (W = −ω) = p0

1 sin2(θ/2), P (W = 0) = cos2(θ/2).

Check Jarzynski. Compute ⟨e−βW ⟩:

cos2(θ/2) + p0
0 sin2(θ/2)e−βω + p0

1 sin2(θ/2)e+βω.

Substituting p0
0 = 1/(1 + e−βω) and simplifying yields Zτ/Z0, consistent with the general identity. At θ = 0

(no quench) P (W = 0) = 1 and all identities reduce trivially. At θ = π (complete flip) the distribution is
maximally broad at fixed β.

Cross-Links
• 9.1 Gibbs state — defines the initial condition for TPM protocols.
• 9.3 Fluctuation theorems — identities on P (W ); Jarzynski, Crooks, Tasaki–Crooks.
• 9.5 Quantum heat engines — work output is the TPM expectation over a cycle.
• 8.2 Lindblad equation — separates work (from ∂tH) from heat (from dissipator) at the level of

averages.
• 3.x Projective measurement — TPM is two projective measurements of H(0) and H(τ).
• Statistics — W is a genuine random variable; P (W ) is a probability distribution with finite moments.

Structural Compression
Invariant: Quantum work is a stochastic variable defined by two projective energy measurements at the
endpoints of a driving protocol.

Mechanism: Two-point measurement scheme. W = Em(τ) − En(0) with joint probability p0
npm|n.

Cross-System Echo: Classical work is a path integral of force. Quantum work is a difference of two
measurement outcomes. The first law ∆E = W +Q survives, but W and Q lose their operator identity and
become distributions.

Exercises
1. Derive the characteristic function χ(u) = tr[eiuH(τ)Uτe

−iuH(0)ρ0U
†
τ ] from the TPM joint probability,

and verify that ⟨W ⟩ = −i∂uχ|u=0 recovers the expected first-law expression.

2. Compute the full work distribution P (W ) for a qubit with H(0) = ω
2Z quenched suddenly to H(τ) =

ω′

2 Z (pure frequency change, no rotation). Show that P (W ) is supported on four points and that
⟨W ⟩ = (ω′ − ω)⟨Z⟩/2.

3. Show that if [H(0), H(τ)] = 0, the TPM work distribution coincides with the classical distribution over
energy-eigenstate transitions, and P (W ) has no quantum-coherence contributions.

4. For a harmonic oscillator with H(t) = ℏω(t)(a†a+ 1/2) under an adiabatic frequency ramp, show that
the work distribution factors into contributions from each occupation number and that ⟨W ⟩ = ℏ∆ω⟨n⟩.

5. Derive the quantum Jarzynski identity ⟨e−βW ⟩ = e−β∆F from the TPM definition in under five lines,
and identify exactly where the assumption “initial state is Gibbs” enters.
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6. Consider an open-system protocol where H is held fixed but the system is put in contact with a bath.
Show that the TPM scheme assigns W = 0 on every run, while the average energy change equals the
heat absorbed from the bath.

7. Argue, structurally, why there cannot exist a self-adjoint “work operator” Ŵ whose expectation value
⟨Ŵ ⟩ in the initial state agrees with the TPM average ⟨W ⟩ and whose variance agrees with the TPM
variance, for all protocols. Use the fact that variances of self-adjoint operators are basis-independent
but TPM variances depend on the initial-energy eigenbasis.
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Fluctuation Theorems (Jarzynski, Crooks)
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Quantum Thermodynamics Node: 9.3

Fluctuation theorems are exact identities on the statistics of work done by a non-equilibrium protocol, valid
arbitrarily far from equilibrium. They sharpen the second law from an inequality ⟨W ⟩ ≥ ∆F to an equality
⟨e−βW ⟩ = e−β∆F and, in the refined Crooks form, to a detailed-balance statement relating forward and
time-reversed protocols. In the quantum setting they are consequences of the TPM scheme of 9.2 together
with unitarity and time-reversal symmetry.

Formal Statement
Let the system start in a thermal state ρ0 = e−βH(0)/Z0, evolve under a driving protocol that changes H(t)
from H(0) to H(τ), and let W be the TPM work of 9.2. Let ∆F = −β−1 log(Zτ/Z0) be the equilibrium
free-energy difference.

Quantum Jarzynski equality (Tasaki 2000, Kurchan 2000):

⟨e−βW ⟩F = e−β∆F

where ⟨·⟩F is the average over the forward-protocol work distribution PF (W ).

Quantum Crooks fluctuation theorem:

PF (W )
PR(−W ) = eβ(W−∆F )

where PR is the work distribution under the time-reversed protocol, run with initial state e−βH(τ)/Zτ
and Hamiltonian trajectory H̃(t) = ΘH(τ − t)Θ−1, with Θ the antiunitary time-reversal operator.

Jarzynski is obtained from Crooks by integrating over W . The second law ⟨W ⟩ ≥ ∆F follows from Jarzynski
by Jensen’s inequality applied to the convex function e−βx.

Intuition
The second law says “on average, you can’t extract more work than the free-energy difference allows.”
Fluctuation theorems say something stronger: the probability of a rare violation (an individual run where
W < ∆F ) is exactly exponentially suppressed, and the suppression ratio is universal. If you see an individual
run where the work is ∆F − kBT , it is e ≈ 2.7 times less likely than the time-reversed run producing work
∆F − kBT + 2kBT = ∆F + kBT .

This refines the second law into a microscopic reversibility principle. The underlying physics is: unitary
quantum dynamics is time-reversal symmetric; the only thing that breaks symmetry is the thermal initial
condition, and that asymmetry is exactly Gibbs-weighted. All fluctuation theorems are statements that this
Gibbs-weight is the source of thermodynamic irreversibility.
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Structural Role
9.3 closes the loop opened by 9.1 and 9.2. It says: the Gibbs state (9.1), plugged into the TPM scheme (9.2),
satisfies exact non-equilibrium identities. This has three consequences:

• The second law becomes a theorem, not a postulate, once microscopic reversibility and the Gibbs initial
condition are granted.

• Free energy differences ∆F — usually equilibrium-only quantities — can be extracted from non-
equilibrium measurements. This is the basis of experimental free-energy estimation (Liphardt et al. 2002
for classical; Batalhão et al. 2014 for quantum NMR).

• Landauer’s principle (9.4) and engine bounds (9.5) are corollaries in special cases.

The quantum version is structurally identical to the classical one because the derivation only uses unitarity,
TPM, and Gibbs weights — no commutativity assumption is needed.

Mathematical Development
Derivation of Jarzynski from TPM

Start from the definition:

⟨e−βW ⟩F =
∑
n,m

p0
n pm|n e

−β(Em(τ)−En(0)).

Substitute p0
n = e−βEn(0)/Z0:

= 1
Z0

∑
n,m

e−βEm(τ) pm|n.

The quantum transition probabilities pm|n = |⟨mτ |Uτ |n0⟩|2 satisfy
∑
n pm|n = 1 (rows of a doubly stochastic

matrix, by unitarity of Uτ ). Therefore

⟨e−βW ⟩F = 1
Z0

∑
m

e−βEm(τ) = Zτ
Z0

= e−β∆F . ■

The derivation uses three ingredients: (i) Gibbs initial condition, (ii) unitary forward evolution (so pm|n
is doubly stochastic), (iii) TPM definition of W . No assumption about the protocol being slow, weak, or
near-equilibrium enters.

Derivation of Crooks

Compute the joint forward probability:

PF (n → m) = e−βEn(0)

Z0
|⟨mτ |Uτ |n0⟩|2.

For the time-reversed protocol, start in e−βH(τ)/Zτ , apply Ũτ = ΘU†
τΘ−1, and measure at the endpoints.

Microreversibility of unitary dynamics gives

|⟨ñ0|Ũτ |m̃τ ⟩|2 = |⟨mτ |Uτ |n0⟩|2.

Hence
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PR(m → n) = e−βEm(τ)

Zτ
|⟨mτ |Uτ |n0⟩|2.

Divide the two:

PF (n → m)
PR(m → n) = Zτ

Z0
e−β(En(0)−Em(τ)) = eβ(W−∆F ).

The left-hand ratio, summed over pairs with fixed W , gives PF (W )/PR(−W ). ■

Second law via Jensen

By Jensen’s inequality on the convex function e−x:

e−β⟨W ⟩ ≤ ⟨e−βW ⟩ = e−β∆F =⇒ ⟨W ⟩ ≥ ∆F.

Jarzynski contains the second law as a one-line corollary. Any protocol for which ⟨W ⟩ = ∆F exactly must
have a delta-peaked P (W ), i.e. be reversible.

Fluctuation-dissipation at linear response

Expanding Crooks around equilibrium W ≈ ∆F , the fluctuation theorem reproduces the linear-response
fluctuation-dissipation theorem: the dissipated work W−∆F has Gaussian statistics with variance 2kBT ⟨W−
∆F ⟩. Quantum quenches that stay near-equilibrium obey this Gaussian limit; far-from-equilibrium quenches
exhibit the full non-Gaussian Crooks identity.

Worked Example
Sudden quench of a qubit

Take the sudden-quench protocol from 9.2: H(0) = ω
2Z, H(τ) = ω

2 (cos θZ + sin θX), Uτ = I. The forward
work distribution is (from 9.2):

PF (W = 0) = cos2(θ/2), PF (W = +ω) = p0
0 sin2(θ/2), PF (W = −ω) = p0

1 sin2(θ/2).

Check Jarzynski. Compute ⟨e−βW ⟩F :

cos2(θ/2) + sin2(θ/2)
1 + e−βω (e−βω + e−βωeβω) = cos2(θ/2) + sin2(θ/2) · 1 + e−βω

1 + e−βω = 1.

Compute e−β∆F = Zτ/Z0. Both Hamiltonians have eigenvalues ±ω/2, so Zτ = Z0 and ∆F = 0. Consistent:
⟨e−βW ⟩F = 1 = e−0. ✓

Check Crooks. The reverse protocol starts in e−βH(τ)/Zτ and quenches back to H(0). Working it out, one
finds

PR(W = 0) = cos2(θ/2), PR(W = +ω) = pτ0 sin2(θ/2), PR(W = −ω) = pτ1 sin2(θ/2),

where pτ0 = 1/(1 + e−βω) = p0
0 because the new Hamiltonian has the same spectrum. The Crooks ratio at

W = +ω:
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PF (+ω)
PR(−ω) = p0

0 sin2(θ/2)
p0

1 sin2(θ/2)
= p0

0
p0

1
= eβω = eβ(W−∆F ).✓

Experimental verification. This exact protocol (or its analogue) has been run in the lab: Batalhão et
al. (2014) verified quantum Jarzynski for a chloroform NMR system, and An et al. (2015) did so for a trapped
ion. Measured P (W ) agreed with theory within error bars across the full distribution, not just the mean.

Cross-Links
• 9.1 Gibbs state — the initial condition whose Boltzmann weights drive the whole derivation.
• 9.2 Quantum work and heat — supplies the TPM definition used in both Jarzynski and Crooks.
• 9.4 Landauer’s principle — a corollary of the second law in the special case of information erasure.
• 9.5 Quantum heat engines — fluctuation theorems bound the efficiency fluctuations of finite-time

cycles.
• 5.1 Density matrices / time reversal — microreversibility |⟨mτ |Uτ |n0⟩|2 = |⟨ñ0|Ũτ |m̃τ ⟩|2.
• Statistics — Crooks is a detailed-balance relation between forward and reverse path measures.

Structural Compression
Invariant: ⟨e−βW ⟩F = e−β∆F for any protocol taking a quantum system out of thermal equilibrium.

Mechanism: Gibbs initial state × double stochasticity of unitary transition probabilities × TPM definition
of work.

Cross-System Echo: Classical Jarzynski (1997) and Crooks (1999) — derived from Hamiltonian dynamics
+ Gibbs. Quantum version derived from unitary dynamics + Gibbs. Same structural skeleton; quantum
version is actually easier to prove because unitarity gives double stochasticity for free.

Exercises
1. Fill in the three lines of the Jarzynski derivation, identifying exactly where unitarity of Uτ is used and

what goes wrong if Uτ is replaced by a non-unital CPTP map.

2. Derive Crooks from the joint ratio PF (n → m)/PR(m → n) and verify that integrating over W
reproduces Jarzynski.

3. Show that for an isothermal reversible protocol (infinitely slow quasi-static), P (W ) is a delta function
and ⟨W ⟩ = ∆F exactly.

4. For a sudden quench of a harmonic oscillator, H(0) = ℏω(a†a+ 1/2) → ℏω′(a†a+ 1/2), compute the
full work distribution and verify Jarzynski using the partition functions Z = (2 sinh(βℏω/2))−1.

5. Show that the Kullback–Leibler divergence D(PF ∥P̃R), where P̃R(W ) = PR(−W )e−βW /⟨e−βW ⟩, equals
the dissipated work β(⟨W ⟩ − ∆F ). Interpret structurally.

6. Suppose an experiment reports ⟨W ⟩ − ∆F = 0.5 kBT with Gaussian statistics. Use the linear-response
limit of Crooks to predict the variance, and verify consistency with a direct calculation.

7. Argue, structurally, why fluctuation theorems take exactly the same algebraic form in classical and
quantum thermodynamics, despite the fact that classical work is a path integral and quantum work is a
pair of measurement outcomes. Identify what feature of the derivation is not used in either case.
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Landauer’s Principle
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Quantum Thermodynamics Node: 9.4

Landauer’s principle is the structural bridge between information theory and thermodynamics: any logically
irreversible operation — paradigmatically, erasing a bit — has a non-zero minimum thermodynamic cost,
kBT log 2 of heat per bit dissipated into the environment. It is the reason Maxwell’s demon does not violate
the second law, and the reason classical computation has a fundamental energetic floor. In the quantum
setting it follows directly from the strong subadditivity of von Neumann entropy (7.4) together with the
Gibbs-state fixed-point property (9.1).

Formal Statement
Landauer’s principle (Landauer 1961; quantum formulation: Reeb–Wolf 2014): Let a memory
M (system of interest) be reset by a protocol that couples it to a thermal bath B at inverse temperature
β = 1/(kBT ). Let the joint evolution be unitary on MB, with B initially in the Gibbs state ρth

B = e−βHB/ZB
and uncorrelated with M . Then the average heat dissipated into the bath,

⟨Q⟩ = tr
(
(ρ′
B − ρth

B )HB

)
,

is bounded below by the entropy decrease of the memory:

β⟨Q⟩ ≥ S(ρM ) − S(ρ′
M )

where ρM , ρ′
M are the initial and final reduced memory states and S is von Neumann entropy. In particular,

if the protocol resets the memory from a maximally mixed 1-bit state ρM = I/2 to a pure state ρ′
M = |0⟩⟨0|,

⟨Q⟩ ≥ kBT log 2.

The Reeb–Wolf refinement replaces ≥ with a finite-size equality plus non-negative correction terms from
residual MB correlations and bath non-thermality after the protocol. Equality with the Landauer bound is
reached only in the thermodynamic limit with quasi-static erasure.

Intuition
A “bit” is a memory whose state-space has two distinguishable configurations. Erasing it means resetting all
configurations to a single one, say |0⟩. This is an entropy-decreasing operation on the memory — from 1 bit
of entropy down to 0. The second law says total entropy can only increase, so something else must absorb
at least 1 bit. The only available sink is the thermal bath, and the thermodynamic “currency” for 1 bit of
entropy at temperature T is kBT log 2 joules.

The why is structural:

1. The memory’s entropy can only decrease if the bath’s entropy increases.
2. The bath’s entropy can only increase if it absorbs heat.
3. The minimum heat required for a given entropy increase is set by dS = dQ/T at the bath temperature.

Combining these three gives Landauer. It is not a statement about any particular physical implementation
— it is a statement about what any physically realizable erasure must do to the total entropy. Maxwell’s
demon fails because the demon’s memory must eventually be erased, and that erasure cost is exactly what
the demon “saved” earlier.
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Structural Role
Landauer’s principle anchors the identification of Shannon entropy (bits) with thermodynamic entropy (kB
per nat). Without it the two would be formally analogous but dimensionally disconnected. With it they
become physically the same quantity, up to a unit conversion kB log 2 per bit.

Downstream:

• 9.5 Quantum heat engines inherit Landauer as a lower bound on any cycle that resets a memory
register.

• 9.6 Resource theories of thermodynamics count “pure states” as thermodynamic resources whose
exchange rate with heat is kBT log 2 per bit.

• Reversible computation (Bennett 1973) is the logical converse: a computation without bit erasure
has no Landauer cost, only finite-time dissipation.

• Black-hole thermodynamics uses a Landauer-like identification when assigning entropy kB log 2 per
bit to horizon area.

Mathematical Development
Proof via second law on memory + bath

Let the joint state evolve unitarily: ρ′
MB = UρM ⊗ ρth

BU
†. Unitary evolution preserves total entropy:

S(ρ′
MB) = S(ρMB) = S(ρM ) + S(ρth

B ).

By subadditivity of von Neumann entropy (7.4),

S(ρ′
MB) ≤ S(ρ′

M ) + S(ρ′
B).

Combine:

S(ρM ) + S(ρth
B ) ≤ S(ρ′

M ) + S(ρ′
B).

Rearrange:

S(ρM ) − S(ρ′
M ) ≤ S(ρ′

B) − S(ρth
B ).

Now use the fact that the Gibbs state maximizes entropy at fixed expected energy. Concretely, Klein’s
inequality applied to ρ′

B and ρth
B gives

S(ρ′
B) − S(ρth

B ) ≤ β tr
(
(ρ′
B − ρth

B )HB

)
= β⟨Q⟩.

Chaining the two inequalities:

S(ρM ) − S(ρ′
M ) ≤ β⟨Q⟩. ■
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Where each step is used

• Unitarity of joint evolution: ensures total entropy is conserved, so memory-entropy decrease =
bath-entropy increase.

• Subadditivity: accounts for any residual correlations between M and B after the protocol. Equality
requires the post-protocol state to be product (uncorrelated memory + bath).

• Gibbs being the max-entropy state: ensures heat-to-entropy conversion at the bath achieves at
best the rate 1/kBT . Equality requires the bath to remain thermal after erasure.

Both equality conditions can only be met in the idealized quasi-static, thermodynamic-limit case. Real
erasures have a finite-size Reeb–Wolf correction.

Reeb–Wolf equality

Reeb and Wolf (2014) proved the exact version:

β⟨Q⟩ = S(ρM ) − S(ρ′
M ) + I(M ′ : B′) +D(ρ′

B∥ρth
B ),

where I(M ′ : B′) is the mutual information between memory and bath after the protocol and D is the relative
entropy. Both correction terms are non-negative, so Landauer’s bound is recovered, and it shows explicitly
what needs to vanish for equality.

Worked Example
Erasing a single qubit memory

Let M be a single qubit with trivial internal Hamiltonian (degenerate), initially in ρM = I/2 (maximally
mixed, 1 bit of entropy). The bath is a large thermal reservoir at temperature T . The erasure protocol:

1. Couple M to an auxiliary qubit with Hamiltonian HM = ϵ|1⟩⟨1|, adiabatically raised from ϵ = 0 to
ϵ ≫ kBT . Under slow coupling + bath contact, M equilibrates at each ϵ to e−βHM /Z.

2. At ϵ ≫ kBT , the Gibbs state is ≈ |0⟩⟨0| — the memory is erased.
3. Decouple by lowering ϵ → 0 again. If done slowly, the state remains |0⟩⟨0|.

Work done on M during the ramp-up (reversible, integrated over ϵ):

Wramp =
∫ ∞

0
∂ϵF (ϵ) dϵ =

∫ ∞

0

ϵ e−βϵ

1 + e−βϵ dϵ · β-factor,

which evaluates to exactly kBT log 2 in the quasi-static limit.

Heat dissipated to the bath: ⟨Q⟩ = kBT log 2 (by the first law, since ∆UM = 0 for the cycle 0 → ϵ → 0).

Numerical value at T = 300 K:

kBT log 2 ≈ (1.38 × 10−23 J/K)(300 K)(0.693) ≈ 2.87 × 10−21 J ≈ 17.9 meV.

Modern CMOS gates dissipate ∼ 10−18 J per bit operation, still three orders of magnitude above Landauer’s
bound. Recent experiments (Bérut et al. 2012 classical; Yan et al. 2018 quantum Josephson) have directly
measured heat flow during bit erasure and verified the bound to within the Reeb–Wolf correction terms.
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Cross-Links
• 7.4 Von Neumann entropy — supplies subadditivity S(ρMB) ≤ S(ρM )+S(ρB) and Klein’s inequality.
• 9.1 Gibbs state — the max-entropy characterization gives the ≤ β⟨Q⟩ step.
• 9.2 Work and heat — identifies what ⟨Q⟩ is in the TPM scheme.
• 9.5 Quantum heat engines — any cycle that includes a reset step pays a Landauer cost.
• Information theory — identifies Shannon bit with physical bit; Maxwell’s demon resolution (Bennett

1982).
• Reversible computation — Bennett/Fredkin/Toffoli gates avoid erasure and thus Landauer cost.

Structural Compression
Invariant: Erasing ∆S nats of memory entropy requires dissipating at least ∆S/β joules of heat into the
bath.

Mechanism: Subadditivity of joint entropy + Klein’s inequality against the Gibbs state.

Cross-System Echo: Same form in classical Landauer (derived from Shannon entropy) and quantum
Landauer (derived from von Neumann entropy). The structural identity Sinfo ↔ Sthermo is the content of the
theorem; everything else is bookkeeping.

Exercises
1. Prove that if the joint post-protocol state ρ′

MB is uncorrelated (I(M ′ : B′) = 0) and the bath remains
thermal (D(ρ′

B∥ρth
B ) = 0), then Landauer’s inequality is saturated. Interpret each condition physically.

2. Compute the Landauer cost of erasing an n-bit memory that starts in a state of Shannon entropy H
bits and ends in the all-zero state. Show the answer is n log 2 −H in units of kBT , not n log 2.

3. Derive Klein’s inequality S(ρ) − S(σ) ≤ tr(ρ− σ) log σ−1 from the non-negativity of quantum relative
entropy, and use it to justify the β⟨Q⟩ step in the proof.

4. A Maxwell demon observes a single-molecule gas and records which half of the container the molecule
is in, then uses this to extract kBT log 2 of work. Show that the demon’s memory must hold 1 bit, and
that erasing this memory at the end of the cycle costs exactly kBT log 2, restoring the second law.

5. A quantum erasure protocol takes τ seconds and dissipates kBT log 2 + ∆ per bit, with ∆ > 0 due to
finite-time effects. Show that, to leading order in 1/τ , ∆ ∝ 1/τ and identify the prefactor in terms of
the relaxation time of the bath.

6. For a memory with non-degenerate Hamiltonian HM , show that the Landauer bound generalizes to
β⟨Q⟩ ≥ S(ρM ) − S(ρ′

M ) − β∆UM , where ∆UM = tr(ρ′
MHM ) − tr(ρMHM ). Interpret the new term as

work done on the memory.

7. Argue, structurally, why Landauer’s principle is the unique way to reconcile reversible microdynamics
(unitary quantum mechanics) with irreversible logical operations (bit erasure) while preserving the
second law. What would break if the coefficient kBT log 2 were replaced by anything smaller?
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Quantum Heat Engines
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Quantum Thermodynamics Node: 9.5

A quantum heat engine extracts work from temperature differences using a quantum system as its working
substance. The cycle structure is the same as a classical engine — isothermal contact with a hot bath,
expansion, isothermal contact with a cold bath, compression — but the expansions and compressions are
protocol-driven changes of a quantum Hamiltonian and the equilibrations use a Lindblad thermalization from
8.2. The question of node 9.5 is: do quantum effects change the efficiency? The structural answer is no at
the asymptotic Carnot limit, yes at finite-time power and in specific non-equilibrium regimes.

Formal Definition
A quantum heat engine is a cyclic protocol on a quantum system S with a parameter-dependent Hamiltonian
H(λ), alternately coupled to a hot bath at temperature Th and a cold bath at temperature Tc. Over one
cycle, the state returns to itself: ρend = ρstart. By the first law applied to a cycle,

∮
d⟨E⟩ = 0 =⇒ Wnet +Qh +Qc = 0,

where Qh > 0 is heat absorbed from the hot bath, Qc < 0 is heat dumped to the cold bath, and Wnet < 0 is
work extracted (with the sign convention that work done on the system is positive).

Efficiency is defined as

η = |Wnet|
Qh

= 1 − |Qc|
Qh

.

Carnot bound: For any cyclic engine operating between Th > Tc,

η ≤ ηC = 1 − Tc
Th
.

Equality holds only for reversible (quasi-static) cycles. This bound follows from the Clausius form of the
second law

∮
dQ/T ≤ 0, which survives unchanged in the quantum setting because it follows from the Gibbs

fixed-point property of Lindblad thermalization (9.1 + 8.2).

Intuition
Think of a working substance with a tunable energy gap ω. When you couple it to the hot bath, it fills up
with thermal populations characteristic of Th, ωh. When you decouple it and compress (raise ω), you do work
on it without changing populations — its internal energy goes up. When you couple to the cold bath, it sheds
heat until equilibrated at Tc, ωh. Finally, decouple and expand (lower ω) to close the cycle, extracting work.

The net effect over a full cycle: heat flows from hot to cold, and a fraction η ≤ ηC of the hot-side heat comes
out as work. The “quantumness” enters in:

• The working substance is quantized — it’s a qubit or oscillator, not a classical gas.
• Between strokes, the system can be in superpositions or have coherences.
• Coherences can be exploited (squeezed-bath engines, coherence-enhanced engines) but only within the

Carnot constraint imposed by the second law.
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There is no such thing as a quantum engine that beats Carnot. If a paper claims otherwise, it is tacitly
redefining one of Th, Tc, W , or Q.

Structural Role
9.5 is the operational arena for testing quantum thermodynamic concepts in the lab. Every theoretical tool
from this module is used:

• The Gibbs state (9.1) sets the equilibrium endpoints.
• The TPM work distribution (9.2) gives statistics per stroke.
• Fluctuation theorems (9.3) constrain finite-time dissipation.
• Landauer’s principle (9.4) applies if the cycle involves bit reset.
• Lindblad thermalization (8.2) models the bath contact strokes.

Quantum heat engines have been built and run: from trapped-ion heat engines (Roßnagel et al. 2016) to
NMR engines (Peterson et al. 2019) to superconducting-circuit heat engines. Efficiencies up to ~30% of
Carnot have been measured; the deviation is entirely due to finite-time dissipation, not any violation of the
Carnot bound.

Mathematical Development
Quantum Otto cycle on a qubit

The Otto cycle has four strokes. Let the qubit have H(λ) = λ
2Z, with λ tunable between ωc and ωh, and

ωh > ωc.

Stroke 1: Isochoric hot (λ = ωh, coupled to Th). Start in ρA, end in ρB = e−βhωhZ/2/Zh,B . Heat absorbed:

Q1 = tr(ρBHh) − tr(ρAHh).

Stroke 2: Adiabatic compression/expansion (λ : ωh → ωc, decoupled from bath). The state follows
Uad. For the qubit, adiabaticity means populations in H(λ) eigenstates are preserved. No heat, only work:

W2 = tr(ρBHc) − tr(ρBHh).

Since populations don’t change and the energy gap shrinks (ωh → ωc), W2 < 0 (work out).

Stroke 3: Isochoric cold (λ = ωc, coupled to Tc). End in ρD = e−βcωcZ/2/Zc,D. Heat released to cold
bath:

Q3 = tr(ρDHc) − tr(ρBHc) < 0.

Stroke 4: Adiabatic compression (λ : ωc → ωh).

W4 = tr(ρDHh) − tr(ρDHc) > 0.

By cycle closure, ρD → ρA under the compression, so the equilibration at Th restores ρB with the same
populations as ρA carried over from ρD plus bath relaxation.

Otto efficiency

The quantum Otto efficiency for a qubit between (Th, ωh) and (Tc, ωc) is

ηOtto = 1 − ωc
ωh
.
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Compare with Carnot ηC = 1 − Tc/Th. The Otto cycle reaches Carnot only when

ωc
ωh

= Tc
Th
,

i.e. when the compression ratio matches the temperature ratio. Otherwise ηOtto < ηC , and the engine is
strictly sub-Carnot even though its specific efficiency formula looks “simpler.”

At the Carnot limit the cycle reduces to zero net power (infinite cycle time). The curve-Novikov-Chambadal
bound at maximum power is ηMP = 1 −

√
Tc/Th, and this is the more relevant figure of merit for real

devices.

Why the Carnot bound survives quantization

The Carnot bound comes from applying the Clausius inequality
∮
dQ/T ≤ 0 to the cycle. In the quantum

case this becomes

∑
baths

∫
d⟨Qbath⟩
Tbath

≤ 0,

which follows from strong subadditivity of von Neumann entropy + the Gibbs state being the max-entropy
state. There is no step in the derivation that uses commutativity, classicality, or absence of superposition.
Hence the bound survives.

Worked Example
Trapped-ion Otto engine (Roßnagel et al. 2016 style)

A single 40Ca+ ion in a tapered Paul trap acts as the working substance. The “gap” is the spacing of
vibrational levels, tuned by the trap frequency ν(t) between νh = 1 MHz and νc = 200 kHz. Hot bath:
electric-field noise injected at Th ∼ 104 K effective temperature. Cold bath: spontaneous emission at Tc ∼ 102

K.

Temperature ratio: Tc/Th = 0.01, so ηC ≈ 0.99.

Frequency ratio: νc/νh = 0.2, so ηOtto = 0.8.

Measured efficiency: ~0.28, limited by finite-time dissipation, phonon leakage, and imperfect thermalization.
The measurement verified the structural prediction: the cycle performs as a heat engine, efficiency obeys the
Otto formula as an upper bound, and Carnot is never approached because the cycle is fast relative to the
relaxation time.

Interpretation in the TPM framework: work per stroke is a random variable; only the average obeys
the clean formulas above. Individual runs exhibit the full Crooks distribution.

Zero-power Carnot limit

Take ωh → ωc at fixed Th, Tc. The gap difference vanishes, so the adiabatic strokes do zero work per cycle.
But the isothermal strokes also transfer zero net heat because the populations at Th, ω and Tc, ω differ only
by a factor ∼ (βh − βc)ω. The ratio η → 1 − Tc/Th is recovered by quasi-static integration. This illustrates
the general rule: high efficiency ↔ low power.
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Cross-Links
• 9.1 Gibbs state — thermalization endpoints of each isothermal stroke.
• 9.2 TPM work — stochastic work per stroke.
• 9.3 Fluctuation theorems — constrain dissipation in finite-time cycles.
• 9.4 Landauer — applies if the engine includes any memory reset.
• 8.2 Lindblad thermalization — models the bath-contact strokes.
• 5.1 Density matrices — the engine state is generally mixed during the cycle.
• Classical thermodynamics — Otto, Carnot, Stirling cycles all have direct quantum analogues.

Structural Compression
Invariant: η ≤ ηC = 1 − Tc/Th for any cyclic engine between two thermal baths, quantum or classical.

Mechanism: Clausius inequality applied via strong subadditivity + Gibbs max-entropy.

Cross-System Echo: Classical Carnot (1824). Quantum Otto, quantum Carnot, quantum Stirling — all
obey the same bound. Quantum coherence can shift power, not efficiency limit.

Exercises
1. Derive the Otto efficiency ηOtto = 1 −ωc/ωh for a qubit working substance, starting from the per-stroke

heat calculations.

2. Show that a quantum Carnot cycle (two isothermals + two adiabatics, all quasi-static) reaches ηC in
the quasi-static limit, and that the net power vanishes as τ−1.

3. For a quantum harmonic-oscillator Otto cycle with H(λ) = ℏλ(a†a+ 1/2), compute Qh, Qc,Wnet in
terms of λh, λc, Th, Tc, and verify η = 1 − λc/λh.

4. Show that a coherence-enhanced engine (starting the stroke in a superposition of energy eigenstates)
has the same average work output as a diagonal one to first order, but non-zero work variance. Relate
this to the linear-response limit of Crooks.

5. Compute the Curzon–Ahlborn efficiency at maximum power ηMP = 1 −
√
Tc/Th for a quantum Otto

engine in the high-temperature limit, and show that it is always less than ηC but can exceed ηC/2.

6. A squeezed-bath engine uses a bath whose state is e−βHbath/Z squeezed by a Bogoliubov transformation.
Show that it can appear to exceed Carnot if one misidentifies the effective temperature, and correct the
analysis by computing the actual entropy production.

7. Argue, structurally, why the Carnot bound is the same in classical and quantum thermodynamics.
Identify the step in the derivation where classical commutativity could in principle matter, and explain
why it does not.
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Resource Theories
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Quantum Thermodynamics Node: 9.6

A resource theory is a framework in which certain states and certain operations are declared “free,” and
everything else is quantified as a costly resource relative to that choice. Quantum thermodynamics becomes
a resource theory when the free states are Gibbs states and the free operations are thermal operations. The
resulting framework generalizes the second law from a single inequality into an infinite family of monotones —
one for each Rényi divergence — and gives an exact, non-asymptotic characterization of which non-equilibrium
states can be converted into which. This is the modern foundation of quantum thermodynamics (Brandão,
Horodecki, Oppenheim, Renes, Spekkens, and others, mid-2010s).

Formal Definition
A resource theory is specified by three ingredients:

1. Free states F ⊂ S(H): the states you are allowed to have at no cost.
2. Free operations O: the CPTP maps you are allowed to apply at no cost. O must map F → F .
3. Resource monotones M : S(H) → R≥0: functions that are non-increasing under free operations.
M(ρ) ≤ M(Λ(ρ)). . . sorry, M(Λ(ρ)) ≤ M(ρ) for all Λ ∈ O.

Thermal resource theory (with respect to Hamiltonian H, temperature T ):

• Free states: The Gibbs state ρβ = e−βH/Z is the only free state for each subsystem. (Any other state
is a resource called “athermality.”)

• Free operations (thermal operations): CPTP maps Λ on the system S that admit a Stinespring
dilation of the form

Λ(ρS) = trB
[
U(ρS ⊗ ρth

B )U†] ,
where ρth

B = e−βHB/ZB is the bath’s own Gibbs state and U commutes with the total Hamiltonian
HS +HB (strict energy conservation).

• Monotones: The generalized free energies Fα(ρ) = β−1[Sα(ρ∥ρβ) − logZ] for each Rényi order α ≥ 0,
where Sα(ρ∥σ) = (α− 1)−1 log tr(ρασ1−α). The standard free energy is the α = 1 case.

The main theorem: a state ρ can be converted to σ by thermal operations if and only if Fα(ρ) ≥ Fα(σ) for
all α ≥ 0 (quasi-classical case), or equivalently ρ thermomajorizes σ.

Intuition
The ordinary second law says “the free energy F = U −TS can only decrease under thermal operations.” That
gives you one inequality. For asymptotically many copies (thermodynamic limit) it is tight: if F (ρ) > F (σ),
you can convert many copies of ρ into many copies of σ. But for single shot or finite-copy transformations,
one inequality is too weak. You need an entire family, one per Rényi order, each giving a different constraint
on the same transformation.

The reason is structural: the Gibbs state is a complicated object with many “moments” of resourcefulness,
and the single-copy free energy only captures the first moment. The higher Rényi divergences capture higher
moments (how resource-rich is the state in its tail?), and each generates its own second law. In the asymptotic
limit all Rényi divergences converge to the standard relative entropy, and you recover the usual one-line
second law.

This is the central structural shift of 21st-century quantum thermodynamics: the second law is not one
inequality but a family.
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Structural Role
9.6 recasts the entire module in a clean, high-level language:

• 9.1 Gibbs state = the unique free state.
• 9.2 Work = the athermality of a pure energy-eigenstate resource (the “work bit” |w⟩).
• 9.3 Fluctuation theorems = consequences of contractivity of relative entropy under thermal opera-

tions.
• 9.4 Landauer = a monotone statement about the α = 1 free energy for the erasure transformation.
• 9.5 Heat engines = cycles in which work is input and output, and the Carnot bound is one inequality

from the full family.

It also connects quantum thermodynamics to other resource theories:

• Entanglement (free = separable states, free = LOCC; monotones = entanglement measures).
• Coherence (free = incoherent states, free = incoherent operations; monotones = coherence measures).
• Magic (free = stabilizer states, free = Clifford gates; monotones = magic measures).
• Asymmetry (free = symmetric states, free = covariant operations).

The resource-theoretic template is the same in all of them. Quantum thermodynamics is one instance among
several.

Mathematical Development
Thermomajorization

For a classical (diagonal) state with eigenvalues p1, ..., pd at energies E1, ..., Ed, the thermomajorization
curve is the piecewise-linear function obtained by:

1. Sort the levels by the β-exponential weight eβEipi in decreasing order.
2. Plot the cumulative sum of pi against the cumulative sum of e−βEi on the x-axis.

A state p thermomajorizes q, written p ≻β q, if its thermomajorization curve lies everywhere on or above
q’s.

Horodecki–Oppenheim theorem (2013): For quasi-classical states, ρ can be converted to σ by thermal
operations if and only if ρ ≻β σ.

This is the quantum generalization of Hardy–Littlewood–Polya’s classical majorization theorem (which
recovers the case β = 0, i.e. H = 0).

Generalized free energies

For each Rényi order α ≥ 0 define

Fα(ρ) = 1
β

[Sα(ρ∥ρβ) − logZ] , Sα(ρ∥σ) = 1
α− 1 log tr(ρασ1−α).

Special cases:

• α = 0: F0 — counts the rank of ρ.
• α = 1: F1 = tr(ρH) − TS(ρ) — the standard Helmholtz free energy.
• α = 2: relates to the second moment / purity.
• α = ∞: F∞ — single-shot worst-case, associated with min-entropy.

Each Fα is monotonically non-increasing under thermal operations. For quasi-classical states, the conjunction
of all these inequalities is exactly equivalent to thermomajorization.
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Brandão et al. second laws (2015)

The full set of second laws for single-shot thermodynamics:

Fα(ρ) ≥ Fα(σ) for all α ≥ 0.

In the asymptotic i.i.d. limit (many copies, averaging), all Fα converge to F1, and a single second law
F1(ρ) ≥ F1(σ) suffices. Finite-copy thermodynamics is genuinely richer than the asymptotic second law.

Catalytic thermal operations

Allowing a “catalyst” — an auxiliary system that is returned unchanged — expands the set of reachable
states. The classical result says catalysts do not give new constraints beyond thermomajorization, but they
can smooth out the transformation. This is analogous to catalysts in classical chemistry.

Worked Example
Single-qubit thermomajorization

Take a qubit with H = ω
2 (I − Z), so energies are 0 and ω. Gibbs populations at inverse temperature β:

π = (π0, π1) =
(

1
1 + e−βω ,

e−βω

1 + e−βω

)
.

Consider two diagonal states: ρ = (0.8, 0.2) and σ = (0.7, 0.3).

Compute weights: eβEipi for ρ: (0.8, 0.2eβω). If eβω > 4, then 0.2eβω > 0.8 and the ordering is (excited,
ground). Otherwise (ground, excited).

Case βω = 0 (infinite temperature, Gibbs is maximally mixed):

Thermomajorization reduces to standard majorization. The curve for ρ plots (0, 0) → (0.5, 0.8) → (1, 1); for
σ, (0, 0) → (0.5, 0.7) → (1, 1). ρ lies above σ, so ρ ≻β σ and ρ → σ is allowed.

Case βω = 2: Need to reorder by eβEipi. eβωp1 = e2 · 0.2 ≈ 1.48 > 0.8, so we order (level 1, level 0). Curve
for ρ uses x-coordinates (0, e−βω, 1) ≈ (0, 0.135, 1). Compute and compare. At the intermediate point, ρ still
lies above σ, so the transformation is allowed.

Case ρ below Gibbs, σ above Gibbs: Transformation is forbidden because thermal operations cannot
increase the free energy.

Case both are Gibbs: Thermomajorization is trivially saturated in both directions; identity is the only
transformation.

Work extraction as a resource process

A pure excited state |1⟩⟨1| is an athermal resource. Extracting work from it means converting |1⟩ to |0⟩ while
raising a work-storage system from |w0⟩ to |w1⟩, where HW |wi⟩ = wi|wi⟩. The maximum extractable work is

Wmax = kBT log
(

1
π1

)
= kBT log(1 + eβω),

which for βω ≫ 1 gives Wmax ≈ ω, and for βω ≪ 1 gives Wmax ≈ kBT log 2 (Landauer-like).
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Cross-Links
• 9.1 Gibbs state — the unique free state of thermal resource theory.
• 9.2 Work — formalized as the athermality of a pure energy-eigenstate resource.
• 9.3 Fluctuation theorems — consequences of monotone contractivity.
• 9.4 Landauer — the α = 1 monotone for the erasure transformation.
• 4.x Entanglement — parallel resource theory; free = separable states, free = LOCC.
• Coherence, magic, asymmetry — further examples of the same structural template.
• Information theory — Rényi divergences are the core object; monotonicity under CPTP maps is the

“data processing inequality.”

Structural Compression
Invariant: Thermal operations define a partial order on states via thermomajorization, equivalently by
preservation of all generalized free energies Fα.

Mechanism: Energy-conserving unitaries on system + Gibbs bath + partial trace = thermal operations.
Monotones are Rényi divergences against Gibbs.

Cross-System Echo: Same template for entanglement (LOCC), coherence (incoherent ops), magic (Clifford),
asymmetry (covariant ops). Quantum thermodynamics is one resource theory among several.

Exercises
1. Show that thermal operations map the Gibbs state to itself, and that this is the defining property of a

“free state” in the resource-theory sense.

2. Derive the standard free energy F1(ρ) = tr(ρH) −TS(ρ) as the α → 1 limit of Fα(ρ) = β−1[Sα(ρ∥ρβ) −
logZ] using L’Hôpital on the Rényi divergence.

3. For a qubit with energies 0, ω at inverse temperature β, compute F0, F1, F∞ for the pure excited state
|1⟩⟨1| and verify that all three are positive.

4. Show that two states with the same ordered eigenvalue list but different energy assignments have
different thermomajorization curves, so the partial order really does depend on the Hamiltonian.

5. A thermal operation on a qubit cannot create coherence between energy eigenstates. Prove this using
strict energy conservation of the Stinespring dilation.

6. Show that the Horodecki–Oppenheim thermomajorization criterion reduces to standard majorization
(Hardy–Littlewood–Polya) in the infinite-temperature limit β → 0. Interpret the result.

7. Argue, structurally, why a single second law is insufficient for single-shot quantum thermodynamics,
and why exactly the Rényi family is the right generalization (rather than, say, arbitrary other convex
functionals).
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Module 10 — Foundations And Open Problems

Bell’s Theorem and Nonlocality
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Foundations and Open Problems Node: 10.1

This is the foundation node of the entire foundations module. Bell’s theorem is the structural watershed
of 20th-century physics: it converts a metaphysical question — “is the world locally classical?” — into
an experimentally falsifiable statement, and the experiment has been performed. The world is not locally
classical.

Every subsequent foundation node in this module sits in the conceptual space Bell’s theorem opened.

Formal Statement
Bell’s theorem (1964). Let A0, A1 be Alice’s measurement choices and B0, B1 be Bob’s, each producing
outcomes in {−1,+1}. Suppose the joint probabilities of outcomes admit a local hidden-variable description:

p(a, b | x, y) =
∫
p(λ) pA(a | x, λ) pB(b | y, λ) dλ,

where λ is a hidden variable shared by both parties, sampled from some distribution p(λ), and the marginals
depend only on each party’s local measurement choice.

Then the CHSH inequality holds:

|E(A0B0) + E(A0B1) + E(A1B0) − E(A1B1)| ≤ 2.

Quantum mechanics violates this bound. For the Bell state |Φ+⟩ and an appropriate choice of
measurement axes, quantum mechanics predicts

|E(A0B0) + E(A0B1) + E(A1B0) − E(A1B1)| = 2
√

2

(the Tsirelson bound), which exceeds the local hidden-variable bound of 2.

Experimental verification (loophole-free, 2015–present): the prediction is correct. No local hidden-
variable theory can reproduce the observed correlations.

What This Rules Out
Bell’s theorem rules out a specific structural assumption about the world:

Local realism: physical systems possess definite values for all measurable quantities at all times
(realism), and these values cannot be influenced by spacelike-separated events (locality).

The conjunction of these two assumptions is empirically false. At least one must go.

What survives:

• Quantum mechanics (which is non-local in the sense of correlations, but not in the sense of usable
signalling).

• Bohmian mechanics (which is explicitly non-local but realist).
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• Many-worlds (which is local at the level of the wavefunction but non-realist about single outcomes).
• QBism (which gives up “outcomes are properties of the world” entirely).

What does not survive:

• Any theory in which measurement reveals pre-existing local properties of the system being measured.

Intuition
Imagine two friends sent to opposite ends of the universe with sealed envelopes. Locally, each one can find
correlations between what is in their envelope and various contextual variables. The set of correlations
that can arise from “they each opened a pre-prepared envelope” is mathematically constrained — and the
constraint takes the form of the CHSH inequality.

Quantum mechanics produces correlations that exceed this constraint. Therefore: there is no pre-prepared
envelope. The act of measurement is not the act of reading out a value that was already there.

The crucial structural fact is that this is an empirical statement, not a philosophical one. The CHSH
inequality is a theorem about correlations in any local hidden-variable model; the violation is observed in
actual experiments. This is the closest physics has ever come to a formal experimental test of metaphysics.

Structural Role
Bell’s theorem is the central organizing fact of this module:

• Kochen–Specker theorem (10.2) strengthens it: even non-local hidden variables face structural
constraints (contextuality).

• PBR theorem (10.3) strengthens it differently: ψ-epistemic models (where the wavefunction represents
knowledge about a deeper reality) face structural constraints.

• Quantum-to-classical transition (10.4) is constrained by Bell — any reduction must preserve the
violation.

• Measurement problem (10.5) must be solved consistently with Bell’s empirical content.

It is also the empirical foundation of:

• Device-independent QKD: if you observe a Bell violation, you know the channel is secure regardless
of the hardware details.

• Quantum random number generators: Bell-violating outcomes are provably indeterministic.
• Self-testing of quantum devices: the observed correlations alone certify the underlying state and

measurements.

Mathematical Development
Derivation of the CHSH classical bound

In any local hidden-variable model, the outcomes a, b ∈ {±1} factor through λ. For each fixed λ, the quantity

A0(λ)(B0(λ) +B1(λ)) +A1(λ)(B0(λ) −B1(λ))

equals ±2 (one of the two parenthesized expressions is zero, the other is ±2). Averaging over λ preserves the
bound, so

|E(A0B0) + E(A0B1) + E(A1B0) − E(A1B1)| ≤ 2.
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This is the structural argument: the bound comes from the fact that classical outcomes are ±1 functions of
λ, and a ±1 function has bounded variation.

Quantum violation

Take |Φ+⟩ = (|00⟩ + |11⟩)/
√

2, Alice’s measurements A0 = Z,A1 = X, Bob’s measurements B0 = (Z +
X)/

√
2, B1 = (Z −X)/

√
2. Compute:

E(A0B0) = ⟨Φ+|Z ⊗ Z +X√
2

|Φ+⟩ = 1√
2
.

By symmetry, E(A0B1) = E(A1B0) = 1/
√

2 and E(A1B1) = −1/
√

2. The CHSH expression is then

1√
2

+ 1√
2

+ 1√
2

+ 1√
2

= 2
√

2 ≈ 2.828.

This is the maximum quantum value (Tsirelson 1980); no choice of state or measurement can exceed it.

Worked Example
Numerical Bell test from |Φ+⟩

Consider the Bell state |Φ+⟩ = (|00⟩ + |11⟩)/
√

2 and the four Tsirelson-optimal measurement settings:

• Alice: A0 = Z, A1 = X.
• Bob: B0 = (Z +X)/

√
2, B1 = (Z −X)/

√
2.

Step 1: Compute exact expectations. For each pair (Ax, By), compute E(AxBy) = ⟨Φ+|Ax ⊗By|Φ+⟩
using the identity ⟨Φ+|M ⊗N |Φ+⟩ = 1

2 tr(MNT ) for Pauli operators:

E(A0B0) = 1
2 tr(Z(Z +X)/

√
2) = 1

2
√

2 tr(Z2) = 1√
2 .

E(A0B1) = 1
2 tr(Z(Z −X)/

√
2) = 1√

2 .

E(A1B0) = 1
2 tr(X(Z +X)/

√
2) = 1

2
√

2 tr(X2) = 1√
2 .

E(A1B1) = 1
2 tr(X(Z −X)/

√
2) = − 1√

2 .

Step 2: CHSH sum.

S = E(A0B0) + E(A0B1) + E(A1B0) − E(A1B1) = 1√
2 + 1√

2 + 1√
2 − (− 1√

2 ) = 4√
2 = 2

√
2.

The Tsirelson maximum 2
√

2 ≈ 2.828 is achieved exactly. The LHV bound 2 is violated by a margin of
2(

√
2 − 1) ≈ 0.828.

Step 3: Monte Carlo simulation. Draw N samples per setting. For setting (Ax, By), diagonalize Ax ⊗By
in the Bell state and sample outcomes a, b ∈ {±1} with probability

p(a, b|x, y) = 1
4 (1 + abE(AxBy)).
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For (A0, B0): p(+,+) = p(−,−) = (1 + 1/
√

2)/4 ≈ 0.427, p(+,−) = p(−,+) = (1 − 1/
√

2)/4 ≈ 0.073. For
(A1, B1): p(+,+) = p(−,−) ≈ 0.073, p(+,−) = p(−,+) ≈ 0.427.

With N = 104 samples per setting, the empirical CHSH estimate has standard error ∼ 4/
√
N = 0.04, so

Ŝ = 2.83 ± 0.04 — a 20σ violation of the LHV bound.

Step 4: Classical simulation fails. Any classical simulation that tries to reproduce these correlations
using pre-generated shared randomness λ must satisfy Ŝ ≤ 2 by construction (see Exercise 1). No amount of
classical cleverness can produce Ŝ > 2; this is the content of Bell’s theorem.

Experimental match. Loophole-free Bell tests (Hensen et al. 2015 with NV centers, Giustina et al. 2015
and Shalm et al. 2015 with entangled photons) all measured CHSH values consistent with 2

√
2 to high

statistical confidence. The world agrees with the quantum prediction, not the local-hidden-variable bound.

Cross-Links
• Module 4.4: CHSH operator and Bell states.
• Module 6: Interpretations module (Bell rules out local hidden variables; the survivors are precisely

the non-local interpretations).
• Statistics: Bell’s theorem is a constraint on conditional probability tables; CHSH is a no-go for

hidden-variable causal models.
• Quantum Information: Device-independent cryptography.

Structural Compression
Invariant: The set of correlations achievable by local hidden-variable models is strictly smaller than the set
achievable by quantum mechanics.

Mechanism: CHSH inequality ≤ 2 (LHV) vs ≤ 2
√

2 (QM), experimentally verified to favor QM.

Cross-System Echo: In causal inference (Pearl), Bell-type inequalities are constraints on observable
correlations imposed by latent-variable causal models. The quantum violation is the canonical example of the
world refusing to be modeled by a classical causal graph.

Exercises
1. Verify the CHSH classical bound algebraically by enumerating the four cases for B0(λ) ±B1(λ).
2. Compute the CHSH expectation value for |Φ+⟩ under the measurement choices given above.
3. Show that Tsirelson’s bound 2

√
2 cannot be exceeded by any quantum state.

4. State precisely which assumption fails in the local hidden-variable proof when applied to entangled
quantum systems.

5. Argue why Bell’s theorem makes quantum mechanics empirically distinguishable from classical physics
in a way that no other quantum prediction does.
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Kochen–Specker and Contextuality
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Foundations and Open Problems Node: 10.2

Kochen–Specker (KS) is the second foundational no-go theorem of quantum mechanics, complementary to
Bell. Where Bell’s theorem rules out local hidden variables, KS rules out non-contextual hidden variables

— even if non-locality is allowed. The distinction matters: Bell exploits the spacelike separation of two
subsystems, but KS is a single-system theorem that needs no entanglement, no separation, and no statistics.
It is a logical-algebraic obstruction: it is simply impossible to assign definite pre-existing values to all the
observables of a quantum system of dimension d ≥ 3 in a way that is consistent with the algebraic relations
among them.

Formal Statement
Kochen–Specker theorem (1967). Let H be a Hilbert space with dim H ≥ 3. There is no function
v : O → R on the set O of self-adjoint observables on H satisfying both:

1. Spectrum rule. For every observable A, v(A) is an eigenvalue of A.
2. Functional composition (non-contextuality). For any commuting set {A1, ..., An} of observables

and any function f such that B = f(A1, ..., An) is also an observable, v(B) = f(v(A1), ..., v(An)).

In particular, if A1, ..., Ad are mutually commuting projectors summing to the identity (an orthonormal
resolution of I), then exactly one of them must be assigned the value 1 and the rest must be assigned 0.
KS shows that this assignment requirement is impossible: there exist finite sets of projectors that admit no
consistent {0, 1}-coloring at all.

Sharper combinatorial version (Peres 1991, Cabello 1996): There exist explicit finite sets of n vectors
in C3 or C4 such that no function v : vectors → {0, 1} satisfies the constraint “in every orthogonal triple (or
quadruple), exactly one vector is assigned 1.” The smallest known such set in R3 has 33 vectors (Peres); in
R4, 18 vectors (Cabello).

Physical content: The value of a quantum observable cannot be a pre-existing property of the system; it
can only be defined relative to a specific measurement context — the full set of commuting observables being
measured alongside it.

Intuition
Classical physics allows you to ask “what is the x-component of the momentum right now, whether or not
anyone is measuring it?” KS says: in quantum mechanics, if you try to build a hidden-variable theory in which
every observable has a definite pre-measurement value, you run into a logical dead end. Not a statistical one

— a purely combinatorial one. You try to color a finite set of vectors with 0s and 1s so that each basis has
exactly one 1, and it can’t be done.

The way out is: the value of an observable depends on the context — on which other commuting
observables you are measuring it with. An observable A has one value when measured with {B,C} and
potentially a different value when measured with {B′, C ′}, even though A commutes with both sets. This is
contextuality.

Bohmian mechanics escapes KS because it is explicitly contextual: the “hidden variable” (the particle position)
determines outcomes of position measurements directly, but outcomes of other observables are determined by
the full experimental setup, not by a pre-existing property of the particle alone.
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Structural Role
KS sharpens and extends Bell in three ways:

1. Dimension matters. KS needs d ≥ 3. For d = 2 (a single qubit), a non-contextual value assignment
does exist (Gleason’s theorem fails to bite in dimension 2). This is why KS is a genuinely “three-or-higher”
phenomenon while Bell is a “two-party” phenomenon.

2. No entanglement required. KS is a single-system theorem. You don’t need two separated labs.
3. Logical, not statistical. KS’s impossibility is a coloring obstruction; it doesn’t rely on violating

inequalities by some amount. There are finite sets of vectors that cannot be colored, period.

Contextuality is now recognized as a genuine quantum resource:

• Magic-state distillation (Howard, Wallman, Veitch, Emerson 2014): contextuality is the structural
resource that makes fault-tolerant quantum computing possible. Stabilizer operations alone are non-
contextual (and classically simulable); contextuality of magic states is what enables universal quantum
computation.

• Contextuality as computational advantage: parity-oblivious multiplexing, CSW correlations.
• Spekkens toy model: a non-contextual hidden-variable theory that reproduces some quantum

phenomena, precisely those without contextuality. The phenomena it fails to reproduce are the ones
that require contextuality.

In this module, KS sits between Bell (10.1) and PBR (10.3). Bell kills local realism; KS kills non-contextual
realism; PBR kills ψ-epistemic realism. Together they carve out the remaining space of viable interpretations.

Mathematical Development
Peres–Mermin magic square

The cleanest finitary proof of contextuality (Mermin 1990, Peres 1990). Consider the 3 × 3 grid of two-qubit
observables:

X ⊗ I I ⊗X X ⊗X
I ⊗ Y Y ⊗ I Y ⊗ Y
X ⊗ Y Y ⊗X Z ⊗ Z

Properties:

• Each row consists of three mutually commuting observables whose product is +I.
• Each column consists of three mutually commuting observables whose product is +I, except the third

column, whose product is −I.

Now try to assign values v ∈ {+1,−1} to each of the nine cells such that each row’s product of values is +1
and each column’s product is +1,+1,−1. Taking the product of all nine values two ways:

• By rows: (+1)(+1)(+1) = +1.
• By columns: (+1)(+1)(−1) = −1.

Contradiction. No such assignment exists. ■

The observables are all Pauli products on two qubits (d = 4), and each commuting row/column defines a
measurement context. Contextuality shows up as: the “value” of X ⊗X must be +1 when measured with
{X ⊗ I, I ⊗ X} (row 1) but −1 when measured with {Y ⊗ Y,Z ⊗ Z} (column 3, which includes products
forcing this sign).
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Peres 33-vector proof in R3

For d = 3, take 33 specific unit vectors arranged in overlapping orthogonal triples. The coloring constraint is
“exactly one 1 per triple.” Peres showed a set of 33 vectors with this structure cannot be consistently colored;
the constraint graph has no valid 2-coloring (it contains odd cycles of coloring forces). Cabello found an
18-vector set in R4 with the same property, which is the current smallest-known KS proof.

Connection to Gleason’s theorem

Gleason’s theorem (1957): in d ≥ 3, the only functions µ on projectors satisfying µ(P ) ∈ [0, 1] and additivity
over orthogonal sets are of the form µ(P ) = tr(ρP ) for some density matrix ρ. KS can be read as a corollary:
if in addition µ takes values in {0, 1}, then no such µ exists for d ≥ 3, because density matrices don’t have
0/1 spectra outside of d = 1 projections. Thus the very idea of a “{0, 1}-valued Gleason measure” is ruled
out by the Gleason–KS combination.

State-independent vs state-dependent KS

The magic-square proof is state-independent: the contradiction arises from the algebra alone, not from any
particular quantum state. It means every quantum state of the two-qubit system exhibits contextuality.

State-dependent KS proofs (Klyachko et al. 2008; the pentagon inequality) give inequalities that particular
states violate. These are experimentally more convenient — you can verify them with a CHSH-like protocol.

Worked Example
Verifying Peres–Mermin in quantum mechanics

For the Pauli-product observables in the magic square, the products along each row and column are genuine
operator identities. Check row 1:

(X ⊗ I)(I ⊗X)(X ⊗X) = X ⊗X ·X ⊗X = I ⊗ I = +I. ✓

Check column 3:

(X ⊗X)(Y ⊗ Y )(Z ⊗ Z) = (XY Z) ⊗ (XY Z) = (iI) ⊗ (iI) = −I ⊗ I = −I. ✓

So the operator algebra is consistent: products of commuting observables yield exactly +I along rows and
along the first two columns, and −I along the third. The contradiction arises only when one insists on
assigning classical values to the individual observables.

Running the experiment

Mermin–Peres contextuality can be tested directly: prepare a two-qubit state, measure the three observables
in a row, multiply outcomes, and check that the product is +1 with certainty (for the +I rows) or −1 with
certainty (for the −I column). Every row and column’s product is deterministic. The contradiction shows up
as: there is no single value assignment v(X ⊗X) ∈ {+1,−1} that makes row 1’s product +1 and column 3’s
product −1, even though both row and column measurements are physically realizable.

Experimentally: this has been done in photonic, trapped-ion, and NMR systems (Kirchmair et al. 2009 in
trapped ions). The observed products are as predicted, confirming the contextual structure.
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Cross-Links
• 10.1 Bell’s theorem — the local case; KS is the contextual generalization that doesn’t need spacelike

separation.
• 10.3 PBR theorem — another no-go on hidden-variable models, this time targeting ψ-epistemic

theories.
• 6.4 Bohmian mechanics — explicitly contextual, which is why it survives KS.
• 7.3 Quantum channels — magic-state distillation uses contextuality as a resource.
• 2.2 Observables — KS is a constraint on how observables can be assigned values.
• Quantum logic — the failure of distributivity in the lattice of quantum propositions is the logical

shadow of KS.

Structural Compression
Invariant: No global function v : O → R can assign values to all observables of a d ≥ 3 system consistently
with the algebra.

Mechanism: Coloring obstruction on finite vector / observable sets. Peres–Mermin magic square; Peres
33-vector set; Cabello 18-vector set.

Cross-System Echo: Frustrated systems in statistical mechanics (no valid ground state assignment). Logical
paradoxes in non-distributive lattices. Cohomological obstructions in sheaf theory (Abramsky–Brandenburger
2011 recast contextuality as a sheaf-theoretic obstruction).

Exercises
1. Verify the nine operator identities in the Peres–Mermin magic square: three row products are +I, two

column products are +I, one column product is −I. Use the Pauli commutation and anti-commutation
relations.

2. Show that in d = 2, a non-contextual {0, 1}-valued assignment to projectors does exist, by exhibiting
one. Conclude that KS is a genuinely d ≥ 3 phenomenon.

3. From the operator identities of the magic square, argue directly that no classical value assignment is
consistent: take the product of all nine values two ways and derive the +1 = −1 contradiction.

4. Show that a non-contextual hidden-variable theory must assign definite values to all 18 vectors of
Cabello’s R4 proof, and sketch how the coloring constraints from orthogonal 4-tuples force a contradiction.

5. Explain why Bohmian mechanics is contextual, using the fact that the Bohmian particle position
determines outcomes of position measurements only, and that outcomes of other observables are
determined by the experimental setup.

6. Show that the magic-square test can be reformulated as a non-local game: two players share entanglement
and are each asked a random row or column; they win if their answers are consistent. Compute the
maximum classical winning probability and the quantum winning probability, and show that the latter
is 1.

7. Argue, structurally, why contextuality is a stronger condition than non-locality — in particular, why
every non-local hidden-variable theory fails KS but not every KS-violating theory is non-local.

262



The PBR Theorem
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Foundations and Open Problems Node: 10.3

The Pusey–Barrett–Rudolph (PBR) theorem is the third major no-go of quantum foundations, and the first
one that targets the ontological status of the wavefunction directly. Bell (10.1) and Kochen–Specker
(10.2) constrained the possible values assigned to observables. PBR constrains something more basic: whether
the wavefunction ψ itself refers to physical reality or merely to an agent’s knowledge of some deeper underlying
state. Under a natural independence assumption, PBR rules out the latter view — the wavefunction must be
part of the ontology.

Formal Statement
PBR theorem (Pusey, Barrett, Rudolph 2012). Consider a hidden-variable (ontological) model in
which:

1. Each physical system has an underlying ontic state λ ∈ Λ.
2. Each quantum-state preparation |ψ⟩ gives rise to a probability distribution µψ(λ) over ontic states.
3. The outcome probabilities of any measurement M on the prepared system are determined by λ and M

alone: p(k|ψ,M) =
∫
µψ(λ) ξM (k|λ) dλ.

Call the model ψ-epistemic if there exist two distinct pure states |ψ⟩, |ϕ⟩ whose distributions µψ, µϕ have
non-zero overlap on Λ — i.e. some ontic states λ are “compatible with both.” Call it ψ-ontic otherwise: every
pair of distinct pure states has disjoint distributions.

Preparation Independence Postulate (PIP). If two systems are prepared independently in states |ψA⟩
and |ϕB⟩, the joint distribution of ontic states factors: µψ⊗ϕ(λA, λB) = µψ(λA)µϕ(λB).

Theorem. No ontological model satisfying PIP can be ψ-epistemic while reproducing the predictions of
quantum mechanics.

Equivalently: if PIP holds and the quantum predictions are correct, then the wavefunction is ontic — it is
part of the underlying physical state, not merely an agent’s knowledge about it.

Intuition
A ψ-epistemic model says: the quantum state |ψ⟩ is like a probability distribution in classical statistics.
Two non-orthogonal pure states |ψ⟩ and |ϕ⟩ are like two overlapping Gaussians — they cover different but
intersecting regions of some underlying parameter space Λ. An ontic state λ in the intersection is compatible
with both preparations; an experimenter who happens to prepare that λ is “really” in a state that either
name would describe correctly.

If this picture were right, then the non-orthogonality of |ψ⟩ and |ϕ⟩ (their non-zero inner product) would
reflect only our ignorance about which preparation “really” occurred. The actual physics would be in λ, and
the wavefunction would be derivative.

PBR ruins this picture. They construct a measurement on two independently prepared systems whose
outcomes are anti-distinguishable: one of the four outcomes is guaranteed to never occur if the joint
preparation was truly a specific product |ψ⟩ ⊗ |ϕ⟩ for each of four possible combinations. But if the ontic
states of the two systems are sampled independently from overlapping distributions µψ, µϕ, some ontic-state
pairs will be in the intersection of both µψ and µϕ. The measurement apparatus doesn’t “know” the label —
it only sees (λA, λB) — so it has to output something on those joint ontic states. Whatever it outputs will,
in one of the four combinations, be the forbidden outcome, contradicting the quantum prediction.
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The only way to escape is to deny PIP: accept that independently prepared systems can have correlated
ontic states. But that’s a radical move — it means independence of preparation is a cognitive illusion, not a
physical fact.

Structural Role
PBR lives on a different axis than Bell/KS:

• Bell constrains locality of hidden variables.
• KS constrains non-contextuality of value assignments.
• PBR constrains ontological status of the wavefunction itself.

Together these three theorems partition the space of possible interpretations:

Interpretation Bell KS PBR
Local HV fails fails —
Non-contextual HV varies fails —
ψ-epistemic + PIP varies varies fails
ψ-ontic (Bohm, MWI,
GRW, Copenhagen)

passes passes passes

QBism (rejects PIP +
ontic reading)

N/A N/A escapes by rejecting PIP

Superdeterminism
(rejects measurement
independence)

escapes all three — —

The interpretations that survive all three no-gos are exactly the ψ-ontic ones (Bohmian, MWI, GRW,
Copenhagen) plus those (QBism, superdeterminism, relational QM) that reject one of the background
assumptions.

PBR is also the answer to a long-standing question: is the wavefunction “knowledge” or “reality”? PBR’s
answer: under PIP, it’s reality.

Mathematical Development
The PBR protocol

Consider two qubits, each independently prepared in one of two states: |0⟩ or |+⟩ = (|0⟩ + |1⟩)/
√

2. The four
possible preparations are

|00⟩, |0+⟩, | + 0⟩, | + +⟩.

These four product states are not mutually orthogonal (they pairwise overlap by 1/2 or 1/4), but they have a
remarkable property: there exists an entangled 4-outcome orthogonal measurement {|ξ1⟩, |ξ2⟩, |ξ3⟩, |ξ4⟩} such
that

• ⟨ξ1|00⟩ = 0
• ⟨ξ2|0+⟩ = 0
• ⟨ξ3| + 0⟩ = 0
• ⟨ξ4| + +⟩ = 0

That is, each of the four quantum outcomes is “forbidden” for exactly one of the four preparations. In
quantum mechanics this is a concrete fact about the 4-outcome measurement in C2 ⊗ C2.
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The PBR argument

Suppose we have a ψ-epistemic ontological model with PIP. Then the distributions µ0(λ) and µ+(λ) have
non-zero overlap — there is a subset Λ∗ ⊂ Λ with µ0(Λ∗), µ+(Λ∗) > 0.

By PIP, the joint distribution on pairs (λA, λB) for a product preparation is the product of the marginals.
So for each of the four preparations, the joint distribution assigns positive probability to the region Λ∗ × Λ∗.

Now consider a pair (λA, λB) ∈ Λ∗ × Λ∗. This pair is “compatible” with all four preparations. So the
measurement apparatus, seeing only this pair and the measurement setting, must output one of the four
outcomes {1, 2, 3, 4}. Say it outputs outcome k with probability ξM (k|λA, λB).

By consistency with quantum mechanics, the outcome probabilities on this pair, averaged over the distribution,
must reproduce the quantum prediction of zero probability for the forbidden outcome. But the pair is in
Λ∗ × Λ∗ for all four preparations, so we need ξM (1) = ξM (2) = ξM (3) = ξM (4) = 0 on this pair. That’s
impossible — they must sum to 1. ■

Refinements and extensions

• Multiple copies (Moseley 2013; Colbeck–Renner 2017): PBR’s original proof used 2 copies;
subsequent work showed n copies can give tighter bounds or deal with noise.

• Experimental tests: Nigg et al. (2016) tested a PBR-like protocol with trapped ions. Results
consistent with quantum predictions; ψ-epistemic models with PIP ruled out to high confidence.

• Hardy’s ψ-ontic theorem (2013): A related no-go reaching the same conclusion through a simpler
but less general argument.

The PBR measurement explicitly

One valid choice of the four measurement vectors is:

|ξ1⟩ = 1√
2 (|01⟩ + |10⟩)

|ξ2⟩ = 1√
2 (|0−⟩ + |1+⟩)

|ξ3⟩ = 1√
2 (| − 0⟩ + | + 1⟩)

|ξ4⟩ = 1
2 (|0−⟩ − |1+⟩ − | − 0⟩ − | + 1⟩ + ...)

(The exact forms are set by orthogonality and the anti-distinguishability requirements; several equivalent
bases exist.) Direct computation verifies ⟨ξk|preparationk⟩ = 0 for each k.

Worked Example
Verifying anti-distinguishability

Take the first constraint: ⟨ξ1|00⟩ = 0. For |ξ1⟩ = (|01⟩ + |10⟩)/
√

2:

⟨ξ1|00⟩ = 1√
2

(⟨01|00⟩ + ⟨10|00⟩) = 1√
2

(0 + 0) = 0. ✓

So if the preparation is |00⟩, outcome 1 is forbidden in quantum mechanics. Similar computations for the
other three preparations — each has exactly one forbidden outcome.
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The ontological contradiction

Suppose µ0(λ) and µ+(λ) have overlap region Λ∗ with µ0(Λ∗) = µ+(Λ∗) = q > 0. Then for each of the four
product preparations, the probability that the joint ontic state lies in Λ∗ × Λ∗ is q2 > 0.

If the joint ontic state is in this region, the measurement apparatus cannot distinguish which of the four
preparations produced it. Its output distribution ξM (k|λA, λB) is a single function of (λA, λB), not of the
label. But quantum mechanics demands:

• Outcome 1 forbidden if prep was |00⟩
• Outcome 2 forbidden if prep was |0+⟩
• Outcome 3 forbidden if prep was | + 0⟩
• Outcome 4 forbidden if prep was | + +⟩

On the q2 fraction of joint ontic states in Λ∗ × Λ∗, the same function ξM has to output outcome 1 with
probability 0 (because preparation could have been |00⟩) and outcome 2 with probability 0 (because it could
have been |0+⟩) and similarly for 3 and 4 — all four outcomes with probability 0. Sum of probabilities is 0,
not 1. Contradiction.

Therefore q = 0: the distributions µ0 and µ+ have zero overlap, and the model is ψ-ontic.

Cross-Links
• 10.1 Bell’s theorem — constrains locality of hidden variables.
• 10.2 Kochen–Specker — constrains non-contextuality of value assignments.
• 6.6 Interpretations empirical equivalence — this is the no-go that rules out ψ-epistemic + PIP.
• 6.5 QBism — rejects PIP, so it evades PBR.
• 4.4 Entanglement — the four-outcome PBR measurement is genuinely entangled.
• Ontological models framework (Spekkens 2005) — formal setting in which PBR is stated.

Structural Compression
Invariant: ψ-epistemic + preparation independence is incompatible with quantum mechanics.

Mechanism: Anti-distinguishability of four product states by an entangled 4-outcome measurement. Forces
the ontic-state distributions of distinct pure states to be disjoint.

Cross-System Echo: Statistical inference cannot distinguish overlapping hypotheses with certainty, but
quantum anti-distinguishability does give certainty-of-exclusion for specific outcomes. The quantum world is
more decisive than classical statistics, and PBR shows that this decisiveness is structurally incompatible with
“ψ is knowledge.”

Exercises
1. Verify directly that ⟨ξk|preparationk⟩ = 0 for each of the four PBR preparations and the four measure-

ment outcomes, given an explicit (4, 4)-pair of orthonormal bases satisfying the anti-distinguishability
constraint.

2. Show that anti-distinguishability of n states requires an n-outcome measurement where each outcome is
orthogonal to one state, and that in general this is only possible when the states are sufficiently “spread
out” in Hilbert space.
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3. Construct a ψ-epistemic toy model (Spekkens 2005 is the standard reference) for a single qubit, and
show explicitly that it reproduces single-qubit quantum predictions. Then show that when extended to
two qubits via a product rule, it cannot reproduce the PBR anti-distinguishing measurement.

4. Explain why QBism, which treats |ψ⟩ as an agent’s personal probability assignment, is not refuted by
PBR. Identify the specific assumption QBism rejects.

5. Show that if one allows arbitrarily correlated hidden states between independent preparations (denying
PIP), a trivial ψ-epistemic model reproducing all quantum predictions exists. Comment on why this
escape is considered unphysical by most interpreters.

6. A retrocausal model allows the hidden-variable distribution to depend on the future measurement
setting. Show that this evades PBR, and explain the cost in terms of time-symmetry.

7. Argue, structurally, why PBR is a no-go along a genuinely different axis than Bell and KS. Identify
the assumption each theorem attacks, and show that the three assumptions are logically independent
(one can construct toy models that fail any one but pass the other two).
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Quantum-to-Classical Transition
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Foundations and Open Problems Node: 10.4

Why does the macroscopic world look classical even though it is made of quantum stuff? Tables don’t diffract.
Cats are either alive or dead. The moon has a definite position. Yet all of this matter is quantum-mechanical
at the microscopic level, governed by Schrödinger’s equation and capable in principle of superposition. The
quantum-to-classical transition is the collection of structural mechanisms that explain this apparent
mismatch.

The answer decomposes into two parts. One part — decoherence and its consequences (Module 5, especially
5.5 on pointer basis and einselection) — explains why macroscopic objects don’t exhibit interference. The
other part — the measurement problem proper (10.5) — concerns the step from “mixed state over
outcomes” to “one specific outcome.” Node 10.4 addresses the first part and sets up the second.

Formal Statement
The quantum-to-classical transition is the structural process by which a macroscopic system S, evolving
under unitary quantum dynamics together with an environment E, exhibits effectively classical behavior at
the level of any practically accessible observable. The key empirical facts to explain:

1. Suppression of interference: macroscopic superpositions don’t produce observable interference
patterns.

2. Definite pointer values: measurement apparatuses have stable, distinguishable outcome states.
3. Classical trajectories: macroscopic objects follow deterministic-looking paths consistent with classical

mechanics.
4. Objectivity: many observers agree on macroscopic facts, as if they were pre-existing properties.

The structural mechanisms:

• Decoherence. Coupling to environment diagonalizes the reduced density matrix ρS = trE(ρSE) in a
preferred pointer basis on extremely short timescales.

• Einselection. The pointer basis is selected by the environmental coupling: it is the set of states that
remain stable under interaction with the environment.

• Quantum Darwinism (Zurek 2003, 2009). Pointer-basis information about S is redundantly
encoded in many fragments of E. Independent observers sampling different fragments obtain the same
answer, which is the structural origin of objectivity.

• Coarse-graining. Macroscopic observables are inherently coarse — position to within atomic scales,
energy to within thermal scales — so they cannot resolve microscopic coherences even if present.

• Dynamical instability. Chaotic classical systems amplify microscopic fluctuations into macroscopic
ones; this makes the “preferred basis” effectively unique at macroscopic scales.

The transition is not a solution to the measurement problem. It explains why ρS becomes diagonal in
the pointer basis, and it explains why many observers agree on the diagonal entries, but it does not explain
why a single diagonal entry happens in any one run of the experiment. That question is the content of 10.5.

Intuition
Think of a dust mote floating in air. It is constantly being hit by air molecules and illuminated by thermal
photons. Each scattering event entangles the mote’s position with the state of the incoming particle, and the
particle flies off carrying “which position” information to infinity. Any conceivable interference experiment
would require collecting all of that information back together — every scattered photon, every deflected air
molecule — which is practically impossible.
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The decoherence timescale for a macroscopic object in ordinary conditions is on the order of 10−23 seconds
for a 1 gram dust grain in room-temperature air. This is faster than any conceivable measurement; the object
is effectively always in a definite position from the observer’s perspective.

Quantum Darwinism adds another layer: the same “which position” information is carried by 1023 scattered
photons, so any observer intercepting even a tiny fragment of that environment gets the same answer as
any other observer. Objectivity — the feature of classical physics that different observers agree on facts —
emerges from the redundancy of environmental records.

What decoherence does not do: it doesn’t tell you why the mote is in the specific position it is in. The reduced
density matrix becomes diag(p1, p2, ...), but all entries are still positive; the mote “is” in a probabilistic
mixture of positions. For any observer to see one specific position, something else must happen — and
identifying that something else is the measurement problem.

Structural Role
10.4 is the operational foundation for 10.5. It establishes what the quantum-to-classical transition accomplishes,
so that 10.5 can focus on what is left over.

• Decoherence (Module 5) provides the mathematical machinery.
• Pointer basis (5.5) identifies which basis becomes classical.
• Quantum Darwinism adds the objectivity story.
• Coarse-graining connects to statistical mechanics (Module 9).

Downstream:

• Measurement problem (10.5) asks “why a definite outcome?” — the residual that decoherence
alone cannot answer.

• Interpretations (Module 6) each address this residual differently: MWI says all outcomes happen,
Bohmian says the hidden variable picks one, GRW says spontaneous collapse localizes, Copenhagen
says the classical/quantum cut is primitive.

• Quantum gravity (10.6) must incorporate decoherence since any theory of quantum spacetime must
reproduce classical general relativity in the macroscopic limit.

Mathematical Development
Decoherence timescale formula

For a massive object of mass m at temperature T in a spatial superposition of width ∆x, with an environment of
thermal photons (or air molecules) of characteristic wavelength λth, the decoherence timescale is approximately

τdec ≈ 1
Λ∆x2 , Λ ≈ σscatnvth

λ2
th

,

where Λ is the localization rate, σscat is the scattering cross-section, n is the number density of scatterers,
and vth is the thermal velocity of the environment.

Plugging in room-temperature air for a 1 gram dust mote in a superposition of width 1µm:

Λ ∼ 1036 m−2s−1, τdec ∼ 10−24 s.

For a single electron in a superposition of 1 nm width in ultra-high vacuum, τdec can be on the order of
seconds — which is why atom-interferometry experiments must go to extraordinary lengths to preserve
coherence.
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Einselection and the pointer basis

The environment-system coupling Hamiltonian HSE singles out a preferred basis {|si⟩} on S such that
[HSE , |si⟩⟨si|] ≈ 0. Pointer states are the states for which the environmental coupling acts diagonally;
superpositions of pointer states get rapidly entangled with E and vanish from ρS .

For position-coupled environments (the usual case for macroscopic objects), pointer states are localized in
position. For momentum-coupled environments (rare, but e.g. charged particle in magnetic field noise),
pointer states are localized in momentum. The pointer basis is an emergent property of the coupling, not a
fundamental choice.

Quantum Darwinism

The redundancy of environmental records is quantified by the fragment mutual information I(S : Ef ),
where Ef is a fraction f of the environment. For classicalizing systems, this curve exhibits a plateau:

I(S : Ef ) ≈ H(S) for f > f0 ≪ 1,

meaning even a small fragment already carries almost all of the pointer-basis information. This is the formal
statement of “many independent copies of the classical fact.” Numerical simulations of spin baths, photon
baths, and harmonic environments all show this plateau.

Coarse-graining

Macroscopic observables are sums of many microscopic ones. The central limit theorem guarantees that their
statistics are dominated by the mean and variance, both of which are insensitive to microscopic coherences.
Coherent superpositions of microstates contribute to the tails of distributions but not to the bulk, and
macroscopic measurements only resolve the bulk.

Worked Example
Schrödinger’s cat decoherence

Take a “cat” of mass M = 1 kg in a superposition of positions x = 0 and x = 1 m (alive vs dead encoded
as macroscopic pointer). Assume the cat is in a room at 300 K with n ≈ 1025 m−3 air molecules and
nγ ≈ 1015 m−3 thermal photons.

Collision rate with air molecules: Γ ≈ nσcollvth ≈ 1028 s−1.

Distinguishability: each collision carries “which position” information because the cross section depends on
the cat’s position at atomic scales.

Decoherence rate: for each air molecule scattering from the cat, the “which branch” marker is faithfully
recorded. The reduced density matrix of the cat loses off-diagonal coherences at rate Γ, giving

τdec ∼ Γ−1 ∼ 10−28 s.

This is 1015 times shorter than one femtosecond. No experiment could ever observe a macroscopic superposition
of a 1 kg object under ordinary conditions, regardless of sensitivity. The superposition is destroyed before it
is detectable.

Experimental analogues: macroscopic mechanical oscillators prepared in superpositions at millikelvin
temperatures under extreme vacuum (Aspelmeyer group, 2010s). Cooling by 25 orders of magnitude in
decoherence rate is required to preserve coherence even for nanosecond intervals with 1010 atoms. Macroscopic-
scale quantum coherence is achievable in principle, but only in isolated conditions far removed from “ordinary”
room-temperature air.
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Objectivity via quantum Darwinism

Consider a small ball in a spotlight, illuminated by N photons per second. Each scattered photon carries
position information. If N = 1020, then any observer intercepting even 1010 photons (a tiny fraction)
already has enough information to determine the position to within the diffraction limit. Different observers
intercepting different photons get the same answer. This is the structural origin of “we all see the same
moon.”

Cross-Links
• 5.1 Density matrices — the reduced density matrix is the mathematical object of decoherence.
• 5.5 Pointer basis / einselection — specifies which basis becomes classical.
• 10.1 Bell’s theorem — the quantum-to-classical transition must preserve the empirical content of

Bell (i.e. macroscopic observers still see Bell violations in careful experiments).
• 10.5 Measurement problem — this node explains what decoherence does; 10.5 explains what it

doesn’t.
• 9.x Thermodynamics — coarse-graining, entropy, and the second law are the classical shadows of

the transition.
• Classical mechanics — the macroscopic limit in which Ehrenfest’s theorem becomes literal particle

trajectories.

Structural Compression
Invariant: Macroscopic systems coupled to any realistic environment decohere into the pointer basis on
timescales far shorter than any observational window.

Mechanism: Environment-induced superselection (einselection) + quantum Darwinism (redundant records)
+ coarse-graining + dynamical instability.

Cross-System Echo: Classical statistical mechanics achieves effective irreversibility from coarse-graining
alone; the quantum case adds decoherence as an additional, structurally distinct mechanism. Both are
necessary and neither is sufficient.

Exercises
1. Derive the decoherence-rate formula τdec ≈ 1/(Λ∆x2) starting from a master equation of the form
ρ̇ = −i[H, ρ] − Λ[x, [x, ρ]], and compute the off-diagonal decay rate.

2. Estimate the decoherence time for (a) a 10−18 kg nanoparticle in ultrahigh vacuum at 10 mK, and
(b) a single electron in a Penning trap. Explain why (a) is a candidate for macroscopic-superposition
experiments and (b) has been observed.

3. Show that the pointer basis of a system coupled to the environment via HSE = X ⊗B (where X is the
system observable and B is a bath operator) is the eigenbasis of X, provided the self-Hamiltonian of S
is negligible.

4. Define the fragment mutual information I(S : Ef ) and explain why the plateau in I as a function of f
is the quantum-Darwinism signature of classicality.

5. Show that the Wigner function of a macroscopic coherent state, under environmental coupling, ap-
proaches a classical Liouville distribution in the limit ℏ → 0 combined with environmental averaging.

6. Explain why a perfectly isolated macroscopic object would not decohere, and why this scenario is
impossible to realize in practice for ordinary matter.
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7. Argue, structurally, why decoherence solves the “why no interference” problem but not the “why
this outcome” problem. Identify the precise step in the argument where the residual question arises.
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The Measurement Problem (Technical)
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Foundations and Open Problems Node: 10.5

This node is the technical companion to the framing lesson of 6.1. The measurement problem is the most
persistent open question in quantum foundations: what happens when a measurement “occurs”? Why does a
coherent superposition give way to a single observed outcome? Node 6.1 stated the problem structurally
and introduced the vocabulary of interpretations. Node 10.5 equips itself with the results of the intervening
modules — decoherence (10.4), no-go theorems (10.1, 10.2, 10.3), open-systems dynamics (8.x) — and asks
what, precisely, remains unresolved, and what modern proposed solutions look like.

Formal Statement
The measurement problem decomposes into three distinct sub-problems, which are often conflated in
introductory treatments but which have very different statuses:

Sub-problem 1: Preferred basis. Why does measurement pick out a particular observable to resolve,
rather than an arbitrary basis of the system’s Hilbert space? Status: Resolved by einselection (5.5). The
system-environment coupling selects a pointer basis as the basis that is stable under interaction with the
environment.

Sub-problem 2: Non-observation of macroscopic superpositions. Why are macroscopic “Schrödinger
cat” states not observed? Status: Resolved by decoherence (10.4). Decoherence timescales for macroscopic
objects are vastly shorter than any observational timescale, so macroscopic coherences are destroyed before
they can be detected.

Sub-problem 3: Definite outcome selection. Why does any single run of an experiment produce one
specific outcome, rather than the mixed ensemble of outcomes that the reduced density matrix describes?
Status: Unresolved. The reduced density matrix ρS =

∑
i pi|i⟩⟨i| represents a probabilistic mixture, but in

a single run an observer sees a single i. The transition from “mixture over outcomes” to “one outcome” has
no description within the unitary formalism.

The unresolved sub-problem 3 is what the contemporary literature calls “the measurement problem” in the
strict sense. Modern proposed solutions fall into four classes:

1. No-collapse (MWI, Everett): there is no outcome selection; all branches are equally real. The
appearance of a single outcome is subjective to each branch-local observer. Dispenses with the problem
by denying its premise.

2. Hidden variable (Bohmian): the outcome is determined by a pre-existing hidden variable (particle
position in configuration space). No physical collapse; the outcome is simply what the hidden variable
always pointed to.

3. Dynamical collapse (GRW, CSL, Diósi, Penrose): modify the Schrödinger equation with a stochastic
non-linear term that localizes wavefunctions at rates depending on mass/size. Makes the collapse a
physical process subject to empirical test.

4. Epistemic (Copenhagen, QBism, Relational QM): the wavefunction is not a physical state but an
agent’s information or belief. Measurement is a Bayesian update, not a physical process. Empirical
predictions are unchanged; the “problem” dissolves by reinterpretation.

Only option 3 makes experimentally distinct predictions from standard quantum mechanics and is therefore
testable.
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Intuition
The fundamental tension is this. The Schrödinger equation is deterministic and linear. If you feed it an initial
superposition |ψ⟩ = α|0⟩ + β|1⟩ and a measurement apparatus in state |ready⟩, unitary evolution produces

|Ψ⟩ → α|0, sees 0⟩ + β|1, sees 1⟩.

This is a superposition of two macroscopically distinct situations: the apparatus is in two configurations at
once. Decoherence tells you that the two branches become dynamically uncorrelated and cannot interfere,
but both branches are still in the wavefunction. The math never selects one.

Yet in the lab, you see one outcome per run. This is an empirical fact: the experimentalist records either 0 or
1, not both. The wavefunction “collapses” to a single branch — or something happens that acts like collapse.

The measurement problem asks: what is that something? The no-collapse view says “nothing — you’re one
of many observers, and each of you sees their own outcome.” The hidden-variable view says “the outcome was
always determined, you just didn’t know it.” The collapse view says “the wavefunction really does collapse,
via a physical process we can model stochastically.” The epistemic view says “the wavefunction was never a
physical thing, so nothing collapses.”

These four positions make dramatically different metaphysical commitments. But only the collapse view
predicts experimentally new things — specifically, a breakdown of unitarity at macroscopic scales, testable
via interference experiments with larger and larger objects.

Structural Role
10.5 sits at the apex of the foundations module. All prior no-go theorems (Bell, KS, PBR) constrain which of
the four options is viable, and decoherence (10.4) determines what those options must still explain. The final
verdict:

• No-collapse (MWI) survives Bell, KS, PBR by accepting branching and denying outcome selection
as a real event. Costs: ontological extravagance.

• Bohmian survives by being non-local (allowed by Bell), contextual (allowed by KS), and ψ-ontic
(allowed by PBR). Costs: hidden variables need a pilot wave.

• Dynamical collapse survives by modifying quantum mechanics slightly. Costs: experimental con-
straints from macromolecule interferometry are tightening.

• Epistemic survives PBR by rejecting preparation independence (QBism) or by declaring ψ non-physical
(strict Copenhagen). Costs: “what is the ontology, then?”

10.5 is also the empirical frontier: unlike 10.1–10.3, which are settled no-gos, 10.5 identifies a question that is
experimentally open and being actively pursued.

Mathematical Development
GRW model

The Ghirardi–Rimini–Weber model (1986) modifies the Schrödinger equation by adding spontaneous
localizations: at random times distributed as a Poisson process with rate λGRW, the wavefunction of each
particle is multiplied by a Gaussian centered at a random position drawn from |ψ|2:

ψ(x1, ..., xN ) → Nj e
−(xj−x0)2/(2r2

C) ψ(x1, ..., xN ).
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Parameters: λGRW ≈ 10−16 s−1 per particle, rC ≈ 10−7 m. For a single particle, localizations are rare (once
per 1016 seconds), so atomic physics is unaffected. For a macroscopic object of 1023 particles, localizations
occur at rate 107 s−1, effectively continuously — so macroscopic superpositions collapse in microseconds.

CSL (Continuous Spontaneous Localization)

CSL (Pearle 1989, Ghirardi–Pearle–Rimini 1990) replaces the discrete jumps of GRW with a continuous
stochastic process:

d|ψ⟩ =
[

− i

ℏ
H dt+

∑
k

(Ak − ⟨Ak⟩)dWk − 1
2
∑
k

(Ak − ⟨Ak⟩)2dt

]
|ψ⟩,

where Wk are independent Wiener processes and Ak are position-localization operators. The effective
localization rate is the same as GRW in the single-particle limit but scales with mass density rather than
particle count, resolving some issues with identical particles.

Both GRW and CSL predict predictable deviations from unitarity: the more massive / the more
particles, the faster the collapse. This is the empirical fingerprint of dynamical collapse theories.

Penrose gravitational collapse

Penrose (1996) proposed that gravitational self-energy limits how long a superposition can persist:

τPenrose ≈ ℏ/EG,

where EG is the gravitational self-energy of the mass-density difference between the two branches of the
superposition. For a 10−18 kg nanoparticle superposed over 10−7 m, τPenrose ∼ 10−3 seconds — within reach
of ongoing experiments.

Experimental constraints

Molecular interference experiments (Arndt group) have observed interference of C60, C70, and larger molecules
up to ∼ 2000 amu. Non-observation of collapse at these scales places upper bounds on λGRW and lower
bounds on rC . Current bounds are consistent with original GRW parameters but increasingly constrain the
allowed parameter space.

The “gold-standard” test would be to observe interference of an object of mass ∼ 10−14 kg — just inside the
regime where GRW predicts observable collapse. This is the target of several ongoing experiments (optically
trapped nanoparticles, levitated microspheres).

Worked Example
GRW-modified double-slit for a macroscopic object

Take a mass M = 10−14 kg (∼ 1010 atoms) prepared in a superposition of two slits separated by ∆x = 100 nm.
In standard quantum mechanics, the coherence time is set only by environmental decoherence (10.4) and can
be made arbitrarily long by isolating the system.

In GRW, each atom has a collapse rate of 10−16 s−1. With N = 1010 atoms, the collective collapse rate is

λN = NλGRW = 10−6 s−1.
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The expected coherence time is τ ∼ λ−1
N ∼ 106 seconds. So over a 1-second experiment, collapse is unlikely.

But for M = 10−11 kg → N = 1013, λN = 10−3 s−1, and coherence is lost within milliseconds — well within
the range of an interference experiment.

If such an experiment observes interference with high visibility for M > 10−13 kg over ∼ 1 second, then GRW
with original parameters is ruled out. Experiments are approaching this threshold.

CSL mass-density scaling

Under CSL, the scaling is with mass density rather than particle count. A solid with mass density ρ ≈
103 kg/m3 collapses faster than an equivalent gas of the same total mass. Experiments with micro-oscillators
(silicon beams) test the mass-density scaling, and the latest bounds place CSL’s collapse rate at most
∼ 10−8 s−1 per nucleon — two orders of magnitude tighter than GRW’s original proposal.

Falsification criterion

Dynamical collapse theories make a concrete, falsifiable prediction: unitarity breaks down at sufficiently
large scales. If an experiment ever observes persistent interference of an object of mass ≫ 10−13 kg over ∼ 1
second, dynamical collapse (as currently parameterized) is falsified. If, conversely, an experiment observes
faster-than-environmental decoherence at that scale, it is confirmed. This is the sharpest empirical frontier in
quantum foundations today.

Cross-Links
• 6.1 Measurement problem (framing) — conceptual introduction; 10.5 is the technical version.
• 10.4 Quantum-to-classical transition — decoherence resolves sub-problems 1 and 2; sub-problem 3

is what 10.5 is about.
• 6.2 MWI, 6.4 Bohmian, 6.5 QBism, GRW/CSL literature — the four families of proposed

solutions.
• 10.1, 10.2, 10.3 — no-go theorems constraining which solutions are viable.
• 8.x Open-systems — the Lindblad and stochastic formalisms underlie both decoherence and dynamical

collapse.
• Experimental physics — macromolecule interferometry, levitated nanospheres.

Structural Compression
Invariant: The transition from “unitary superposition” to “single observed outcome” is not accounted for by
the unitary formalism alone.

Mechanism: None within standard quantum mechanics. Proposed mechanisms: many-worlds branching,
Bohmian hidden variables, dynamical collapse, epistemic reinterpretation. Only the third is experimentally
distinct.

Cross-System Echo: All foundational theories of physics face underdetermination — multiple consistent
ontologies fit the same empirical data. The measurement problem is underdetermination at its sharpest: the
math is finished, the experiments are done, and multiple incompatible pictures remain viable.

Exercises
1. State the three sub-problems of the measurement problem explicitly and identify, for each, which

mechanism (if any) resolves it within standard quantum mechanics plus decoherence.
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2. Compute the expected GRW collapse rate for a 10−12 kg silica microsphere (composed of SiO2, ∼ 1013

nucleons), and compare to the expected decoherence rate from thermal photons at 300 K.

3. Show that CSL, in the limit where rC → ∞, reduces to a deterministic modification of the Schrödinger
equation, and argue why this limit is experimentally ruled out by atomic interference experiments.

4. Derive the Penrose collapse time τ ≈ ℏ/EG for a 1 kg mass superposed over 1 mm, and explain why
this scale is inaccessible to current experiments.

5. A many-worlds advocate argues that the measurement problem “dissolves” because all outcomes happen.
Identify the residual problem of deriving the Born rule in MWI and explain why this is considered its
most serious remaining challenge.

6. Compute the expected number of collapse events per second in a cubic centimeter of water under GRW,
and comment on whether this is detectable in principle.

7. Argue, structurally, why only dynamical collapse theories, among the four families of proposed
solutions, make experimentally distinguishable predictions. Identify precisely what empirical signature
would distinguish MWI from Bohmian from epistemic views — if any exists at all.
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Quantum Gravity Frontier
Position in Knowledge Graph
System: Quantum Foundations Structural Domain: Foundations and Open Problems Node: 10.6

This is the final node of the Quantum Foundations course, and it sits at the genuine frontier of the formalism.
Quantum mechanics and general relativity have been mutually inconsistent at some structural level for nearly
a century. Quantum mechanics describes matter and energy in a fixed spacetime; general relativity describes
spacetime itself as dynamical. Combining them has resisted every naive attempt, and the tensions surface in
three characteristic places: the ultraviolet (non-renormalizability of perturbative quantum gravity), black
holes (information paradox), and cosmology (the problem of time, vacuum energy, and inflation).

This node does not resolve the problem. It maps the structural landscape of the frontier so that you know
what is known, what is open, and where the current entanglement-geometry program is pointing.

Formal Statement
The incompatibility of quantum mechanics and general relativity is not a single mathematical contradiction;
it is a collection of structural tensions, each pointing at a different gap in the formalism:

UV problem. Perturbative quantization of gµν around a flat background produces a non-renormalizable
field theory: the number of counterterms grows without bound with loop order, and no finite set of input
parameters determines the theory. Any consistent quantum theory of gravity must therefore be either (a)
non-perturbative, (b) UV-complete by a new mechanism (string theory, asymptotic safety, loop quantum
gravity), or (c) only an effective field theory below some cutoff.

Black hole information paradox (Hawking 1975). Black holes formed from a pure state emit Hawking
radiation that appears thermal (maximally mixed). If the evaporation is complete, the final state of the
radiation is thermal and the initial information is lost. This violates unitarity of quantum evolution. Either (i)
information is recovered through subtle correlations in Hawking radiation (the modern entanglement-geometry
answer), (ii) information is truly lost (violating quantum mechanics), or (iii) evaporation halts at a remnant.
Recent results from the island formula (2019–2020, Penington, Almheiri, Maldacena, Engelhardt, and
others) support option (i).

Problem of time in canonical quantum gravity. The Wheeler–DeWitt equation Ĥ|Ψ⟩ = 0 imposes the
Hamiltonian constraint. Since Ĥ is the generator of time translations, the state is time-independent. How
does a time-independent universal wavefunction describe an apparently time-dependent world? Proposed
resolutions: relational time (Page–Wootters), decoherent histories on a superspace, or time as an emergent
phenomenon from entanglement.

Holographic principle (1990s). The number of degrees of freedom in a region of space scales as its
area, not its volume — specifically, at most A/(4ℓ2

P ) bits, where ℓP is the Planck length. This is the
Bekenstein–Hawking bound, made precise by ’t Hooft, Susskind, and Bousso. It is a structural constraint
that any quantum theory of gravity must respect.

AdS/CFT correspondence (Maldacena 1997). A quantum gravity theory in (d + 1)-dimensional
anti-de-Sitter space is equivalent to a conformal field theory on its d-dimensional boundary. This is the
sharpest realization of holography and has led to concrete quantum-information identifications: spacetime
geometry corresponds to entanglement structure in the boundary theory, and the Ryu–Takayanagi formula
equates minimal surfaces in the bulk with entanglement entropies in the boundary.
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Intuition
The structural move of the last two decades is: stop treating space and time as fundamental. Instead,
treat entanglement structure as fundamental and let geometry emerge from it. This is the “it from qubit”
program.

Concretely:

• The area of a surface in spacetime is the entanglement entropy of the degrees of freedom on one
side of it.

• Distances in spacetime are related to how strongly two regions are entangled.
• Black holes are regions of maximal entanglement — the horizon is the boundary of a very-entangled

set of degrees of freedom.
• Wormholes are entanglement between otherwise disconnected regions (Maldacena–Susskind: ER =

EPR, 2013).

If this picture is right, then quantum foundations — which we have spent this course building — is actually
foundational for quantum gravity too, not just for laboratory quantum systems. The same structural objects
(entanglement, density matrices, entropy) that describe qubits in a trap describe the fabric of spacetime itself.

This is speculative but increasingly mathematically precise. The Ryu–Takayanagi formula and its quantum
corrections, the island formula, the ER=EPR proposal, and the recent work on replica wormholes are concrete
calculations in concrete models that work. They are not yet a complete theory of quantum gravity, but they
are sharper hints than any prior program has produced.

Structural Role
10.6 closes the loop of the entire course. Module 1 introduced Hilbert spaces. Module 4 introduced
entanglement. Module 7 introduced quantum information. Module 9 introduced quantum entropy. Module 10
has now arrived at the point where all of these structural objects are, in the modern program, the foundations
of spacetime itself.

• Bekenstein–Hawking entropy = von Neumann entropy (7.4) of the black hole.
• Hawking radiation = thermal state (9.1) at the Hawking temperature.
• Information paradox = unitarity constraint (2.5) applied to black hole evaporation.
• Holographic screens = entanglement boundaries (4.x).
• ER = EPR = wormholes ↔ entangled pairs.
• Island formula = quantum extremal surface that computes the Page curve, restoring unitarity.

Quantum gravity is the structural continuation of quantum foundations, not a separate domain. The frontier
runs through the same objects you have been learning to think about.

Mathematical Development
Bekenstein–Hawking entropy

A black hole of horizon area A has entropy

SBH = A

4ℓ2
P

= kBc
3A

4Gℏ .

For a solar-mass black hole, A ≈ 4πR2
s with Rs ≈ 3 km, so SBH ∼ 1077kB — far larger than the thermodynamic

entropy of the star that collapsed to form it. This fact alone requires that spacetime degrees of freedom be
counted differently than matter degrees of freedom.

279



Hawking temperature

Hawking radiation has a thermal spectrum at temperature

TH = ℏc3

8πGMkB
.

For a solar-mass black hole TH ∼ 10−7 K — unobservably cold. For a primordial (1012 kg) black hole
TH ∼ 1012 K — the black hole would be exploding now if it existed. Neither is empirically verified, but the
structural prediction is robust.

Page curve

If black hole evaporation is unitary, the entanglement entropy of Hawking radiation follows the Page curve:
it rises as more radiation is emitted, peaks at the Page time (when half the black hole has evaporated), and
decreases back to zero by the time the black hole is fully evaporated. A purely thermal emission process
would give a monotonically increasing entropy, violating unitarity.

The island formula computes the entanglement entropy of Hawking radiation by including “islands” —
regions inside the black hole that are in fact part of the entanglement wedge of the radiation:

S(radiation) = min
island

[
area(∂I)

4Gℏ + Smatter(R ∪ I)
]
.

This formula, derived from the gravitational path integral with replica wormholes, produces the Page curve
automatically. It is the first calculation in four-dimensional gravity that recovers unitarity of black hole
evaporation from first principles.

Ryu–Takayanagi formula

In AdS/CFT, the entanglement entropy of a region A on the boundary equals the area (divided by 4G) of
the minimal surface in the bulk that is homologous to A:

S(A) = Area(γA)
4Gℏ .

This identifies “geometry of the bulk” with “entanglement of the boundary” in a precise, calculable way.
Corrections (quantum extremal surfaces) refine the formula but do not change its structural meaning.

Bousso bound

The covariant entropy bound (Bousso 1999): for any light-sheet L of a spacelike surface B with area A, the
entropy flux through L is at most A/(4Gℏ). This generalizes Bekenstein–Hawking to arbitrary regions of
spacetime and is widely believed to be a constraint any consistent quantum gravity must satisfy.

Worked Example
Black hole information paradox — the sharpened version

Take a star of total quantum state |ψ⟩ (a specific pure state) and let it collapse to form a black hole of mass
M . The black hole then evaporates by emitting Hawking radiation.

Hawking’s 1975 claim. The emitted radiation is thermal — a mixed state at temperature TH . Total state
at the end of evaporation: a thermal state of the radiation with no trace of |ψ⟩. Pure state has become mixed.
Unitarity violated.
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Modern resolution. The emitted radiation appears thermal to any local observer and to any calculation
restricted to a single Hawking pair. But the global state of the radiation retains subtle entanglement structure
that encodes |ψ⟩. The island formula calculates this structure: after the Page time, the entropy of the
radiation starts decreasing because the radiation becomes entangled with itself (early radiation is entangled
with late radiation via the island).

The final radiation state is pure — unitarity is preserved — but decoding |ψ⟩ from it requires operations of
exponential complexity (Harlow–Hayden 2013). In practice the information is irrecoverable; structurally it is
there.

Entanglement and geometry

Take two regions A and B of the boundary CFT in AdS/CFT. Their mutual information I(A : B) is related
to the bulk geometry: if I(A : B) = 0, no bulk region is in the entanglement wedge of both. If I(A : B) > 0,
there is a “bridge” in the bulk connecting the entanglement wedges.

ER = EPR example: two disjoint black holes in the bulk are connected by an Einstein–Rosen bridge
(wormhole) precisely when the CFT states on the two boundaries are entangled. Disconnected CFTs →
disconnected geometry. Maximally entangled CFTs → maximal ER bridge. This is a concrete dictionary
between “quantum correlation” and “geometric connectedness.”

Cross-Links
• 2.6 Schrödinger equation / unitarity — the constraint that quantum gravity must preserve.
• 4.x Entanglement — the structural object identified with geometry in the modern program.
• 7.4 Von Neumann entropy — the quantity computing black hole entropy and Ryu–Takayanagi

areas.
• 9.1 Thermal states — Hawking radiation is a thermal state at TH .
• 10.4 Quantum-to-classical transition — any quantum gravity must reproduce classical GR macro-

scopically.
• 10.5 Measurement problem — open in quantum mechanics; open again in quantum gravity.
• Quantum information theory — provides the dictionary used to phrase and test the entanglement-

geometry correspondence.

Structural Compression
Invariant: Spacetime degrees of freedom scale with area, not volume. Any consistent quantum theory of
gravity must be holographic.

Mechanism: Bekenstein–Hawking entropy bound + AdS/CFT + Ryu–Takayanagi. Entanglement structure
in a boundary theory computes geometric quantities in a bulk theory.

Cross-System Echo: The entire course — Hilbert spaces, entanglement, entropy, thermodynamics — is
being reapplied at the level of spacetime itself. The structural objects you learned as tools for quantum
systems are, in the modern program, the basic furniture of the universe.

Exercises
1. Compute the Bekenstein–Hawking entropy of a solar-mass black hole (M = 2 × 1030 kg, Rs = 3 km) in

bits, and compare to the thermodynamic entropy of the Sun.

2. Derive the Hawking temperature TH = ℏc3/(8πGMkB) as the temperature assigned by the surface
gravity κ = c4/(4GM) via the Unruh formula.
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3. State the Ryu–Takayanagi formula and use it to compute the entanglement entropy of a half-boundary
region in 1+1-dimensional AdS/CFT, recovering the CFT result S(A) = (c/3) log(L/ϵ).

4. Explain the black hole information paradox in three steps: (i) unitarity of quantum mechanics, (ii)
thermal emission of Hawking radiation, (iii) contradiction. Identify the step that the island formula
modifies and say how.

5. Show that the Bousso bound reduces to the Bekenstein bound for a spacelike sphere, and interpret the
covariant version as a constraint on allowed quantum theories of gravity.

6. Sketch the Page curve for black hole evaporation under unitary dynamics, and explain why a purely
thermal emission process cannot produce it.

7. Argue, structurally, why the entanglement-geometry correspondence is a natural continuation of
the formal structures you have learned in this course. Identify which specific quantum-foundational
concepts (from any earlier module) appear in the statement of the Ryu–Takayanagi formula and the
island formula, and explain why none of them are new — they are all objects you have already met.
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