Time Delays and Oscillations
Systems Thinking - Module 1 — Feedback Loops

Node 1.5

Position in Knowledge Graph

This node extends feedback systems by incorporating temporal delay.

It builds on: - Positive and negative feedback (1.2) - Stock-and-flow models (1.4)
It prepares for: - Phase portraits (2.2) - Limit cycles (2.5) - Stability analysis (3.1)

Time delay transforms simple feedback into oscillatory or unstable behavior.

Formal Statement / Definition / Construction
Let x(t) € R be a stock variable.
A delayed feedback system is defined by a delay differential equation:

i(t) = f(z(t),z(t — 7)),

where:

e 7> 0 is a fixed time delay,
. f :R?2 5 R.

A linear delayed negative feedback system takes the form:

z(t) = —azx(t—7), a>0.

Assumptions and Conditions

1. 7 > 0 is constant.
2. The initial history function

z(t) = ¢(t), te[-7,0]

is continuous.
3. For existence and uniqueness, assume f is locally Lipschitz.
4. Linear stability analysis assumes exponential trial solutions.

No assumption of small delay is imposed.




Proof or Mathematical Development

Consider the linear system:

z(t) = —az(t — 7).

Seek exponential solutions of the form:

x(t) = eM
Substitution yields:
AB)\t — CLe)\(tf'r)'

Canceling e # 0:

A= —ae ™
This is the characteristic equation.
Rewriting:

A M +a=0.

Oscillatory solutions occur when A = iw with w # 0.

Substitute:
iwe™™ +a=0.
Using Euler’s formula:
e = cos(wT) + isin(wr).

Separate real and imaginary parts:

—wsin(wr) +a =0,
wcos(wT) = 0.

From the second equation:

cos(wr) =0 = wr=—-+km.

Substituting into the first equation yields:

Thus oscillations occur when delay satisfies



For sufficiently large 7, characteristic roots cross into the right half-plane, producing instability and sustained
oscillations.

Therefore:

Negative feedback with delay can produce oscillatory dynamics.

Structural Role
Time delay introduces:

e Phase lag
e Memory
¢ Infinite-dimensional state structure

Without delay, linear negative feedback in one dimension cannot oscillate.
Delay creates the possibility of:

e Cycles

e Overshoot

o Instability

o Hopf-type transitions (formalized in later modules)

Delay converts stabilizing feedback into oscillatory dynamics.

Structural Compression
Invariant

Delayed feedback satisfies the transcendental characteristic equation:

XM +a=0.

Mechanism
Exponential trial solutions reveal that phase lag induces complex eigenvalues.
Cross-System Echo

e Control Theory: phase margin and oscillation.

e Economics: delayed expectations generate business cycles.

« Biology: predator—prey lag dynamics.

o Networks: signal propagation delays induce synchronization failure.
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