Hierarchical Structure
Systems Thinking - Module 10 — Meta Systems

Node 10.1

Position in Knowledge Graph

This node formalizes hierarchical structure as multi-level organization with directed constraint and information
flow across levels.

It builds on: - Constraint Architecture (9.1) - Constitutional Design (9.5)
It prepares for: - Meta-Level Feedback (10.2) - Reflexive Systems (10.3)

Hierarchy introduces ordered layers of control and abstraction.

Formal Statement / Definition / Construction
Let there be L > 2 levels indexed by £ =1,..., L.
For each level ¢, define:

« State space X,
e Action space A®),
« Constraint operator C'(©).

Let bottom level ¢ = 1 correspond to agents, and top level £ = L correspond to meta-governance.

Definition (Hierarchical System)
A hierarchical system consists of:

1. State dynamics at each level:
$§Q1 =F® (xil),xﬁ””), (< L,

zi = FO @),

2. Constraint propagation downward:
A C A0 ({1,

3. Information aggregation upward:
7 = a0 (?).
Thus:

o Higher levels constrain lower levels.
o Lower levels aggregate upward information.




Assumptions and Conditions

1. Levels are partially ordered:
<2< <L.

2. No cyclic dependency across levels in same time step.
3. State update functions well-defined.
4. Constraint sets nonempty at each level.

No assumption of optimality across levels.

Proof or Mathematical Development
Directed Acyclic Structure
Define dependency graph across levels:

Edges:
¢+ 1—{ (constraint flow),
¢ —{¢+1 (information flow).

Time-indexing ensures no algebraic loop:

14 4 4
= PO )

Thus dependency graph is acyclic within same time index.

Constraint Monotonicity Across Levels

Let feasible set at level
A® (x(@rl)).
If higher-level constraint tightens:
AO (@) € AO (a1,

then lower-level feasible space shrinks monotonically.

Thus higher-level variation selects subspaces of lower-level action.

Reduction to Single-Level Dynamics

Define augmented state:

X, = (:cgl), . .,.TEL)).

Then full system:



X1 = F(X,).

Hierarchy is therefore structural decomposition of a larger dynamical system, not a different mathematical
object.

Hierarchy imposes interpretive and constraint directionality.

Structural Role
Hierarchical structure:

e Organizes systems into levels of abstraction.

e Separates action from rule-making from rule-of-rule-making.

e Formalizes downward constraint and upward information aggregation.
e Provides architecture for meta-systems.

It is the structural backbone of multi-level governance and adaptive control.

Structural Compression
Invariant

Hierarchy = ordered levels with directional constraint and information flow:

2y = PO, ().

Mechanism
Downward constraint selection and upward aggregation.
Cross-System Echo

¢ Control Theory: supervisory control hierarchies.

e Computer Science: abstraction layers and type hierarchies.
e Economics: firms within markets within regulatory states.
e Biology: gene — cell — tissue — organism organization.

Systems Thinking - Module 10 — Meta Systems - Node 10.1
Concepts: hierarchical-systems, governance, constrained-optimization
Prerequisites: 9.1, 9.5

Enables: 10.2, 10.3
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