Systems of Systems Integration
Systems Thinking - Module 10 — Meta Systems

Node 10.5

Position in Knowledge Graph

This node formalizes integration of multiple autonomous systems into a higher-order composite system while
preserving internal structure and cross-system constraints.

It builds on: - Hierarchical Structure (10.1) - Cross-Scale Dynamics (10.2) - Meta-Level Feedback (10.3) -
Epistemological Boundaries (10.4)

This is the terminal node of Module 10.

It defines the structural closure of meta-systems.

Formal Statement / Definition / Construction

Let there be K > 2 autonomous systems:

SkZ(Xk,Fk,Ck)7 k=1,...,K,

where:

e X is state space,
o I : Xy — Ay is internal dynamics,
e (C;, is internal constraint architecture.

Define product state space:
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Definition (System of Systems)

A system of systems (SoS) is a dynamical system:

Xt-',—l = -F(Xt)> X = ($1,t7 cee 733K,t)a

such that:
1. Each subsystem remains dynamically coherent:

i1 = Fr(wre) + Te(Xe),

where coupling term I'y, may depend on other subsystems.



2. No subsystem is fully reducible to another:

or,

Jk # j such that
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Subsystem autonomy condition:
If all Ty, = 0, systems evolve independently.

Integration introduces nonzero cross-coupling.

Assumptions and Conditions

1. Each subsystem is well-defined independently.

Coupling functions I'y, are well-defined.

Product space nonempty.

Integration preserves feasibility of each Cj under coupling.
No instantaneous algebraic cycles (time-ordered updates).
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No assumption of linearity or stability.

Proof or Mathematical Development
1. Reduction to Augmented System
Define global update:

Thus SoS is ordinary dynamical system on X.

The distinction lies in structural decomposition into identifiable subsystems.

2. Integration Condition

Integration is nontrivial iff:

r
Jk,j with k # j such that Ok £0.
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Otherwise system decomposes:

F(X) = (Fi(z1), .. Fr(vK)).

3. Constraint Compatibility Across Systems

Let each subsystem have feasible set:

C
Xk



Integrated feasible set:

K
XC — (H Xkck> mXcoupling’
k=1

where coupling constraints may impose additional restrictions.

Compatibility requires:

XC #£0.
4. Stability of Integrated System
Let X* be equilibrium:
X*=F(X").
Linearize:
OF: ory ory
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Even if each subsystem individually stable:

Re(A(OFy/0xi)) <0
cross-coupling terms may destabilize global system.

Thus integration alters stability properties.

5. Epistemic Boundary Extension

Observation operator:

. X — 0.

If each subsystem has boundary:

H(Xk|Ox) >0

global integration may amplify epistemic uncertainty:
H(X|0) > > H(X3|Ox)
k

if observations not fully shared.

Thus systems-of-systems inherit compounded epistemological limits.




Structural Role
Systems of systems integration:

e Formalizes composition of autonomous dynamical systems.

e Introduces cross-system coupling and constraint compatibility.

e Demonstrates emergent stability and instability at integration level.
e Extends epistemic limits to multi-system architecture.

It is the closure of meta-systems theory: composition under constraint and feedback.

Structural Compression
Invariant

System-of-systems dynamics:

Xipr = (Fi(21) + Ti(X), ... F(ek) + T (X)).

Mechanism
Cross-coupling terms 'y, integrate subsystems while preserving partial autonomy.
Cross-System Echo

e Control Theory: interconnected systems and small-gain theorems.
e Computer Science: distributed systems composition.

e Economics: multi-market general equilibrium.

» Biology: interacting organ systems within organisms.

Systems Thinking - Module 10 — Meta Systems - Node 10.5
Concepts: hierarchical-systems, dynamical-systems, constrained-optimization, feedback
Prerequisites: 10.1, 10.2, 10.3, 10.4
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