
Module 5 — Emergence
Systems Thinking

hbar.university

Emergent Properties
Position in Knowledge Graph
This node formalizes emergence as a structural property of interacting dynamical systems.

It builds on: - Network Robustness (4.5)

It prepares for: - Self-Organization (5.2) - Complex Adaptive Systems (6.1)

Emergence describes macroscopic structure not reducible to isolated component behavior.

Formal Statement / Definition / Construction
Let a system consist of n interacting components with states:

x = (x1, . . . , xn) ∈ X ⊆ Rn.

Dynamics are given by:

ẋi = fi(x1, . . . , xn), i = 1, . . . , n.

Let a macroscopic observable be defined as:

M : X → Rk.

Definition (Emergent Property)

A property P of the system is emergent if:

1. P is defined at the level of M(x),
2. P cannot be expressed as a function of any single component state xi alone,
3. P arises from interaction terms in the dynamics.

Formally, if:

∂fi
∂xj

̸= 0 for some i ̸= j,

and the property disappears when interaction terms are removed, then the property is interaction-dependent.

1



Assumptions and Conditions
1. System contains at least two interacting components.
2. Interaction graph is nontrivial.
3. Emergent property is invariant under relabeling of components.
4. The macroscopic observable M is many-to-one (coarse-graining).

No claim is made about reducibility in principle; definition concerns structural dependence.

Proof or Mathematical Development
Interaction Removal Argument

Let the interaction-free system be:

ẋi = gi(xi).

Suppose emergent property P is observed in:

ẋi = fi(x1, . . . , xn).

If replacing fi by gi eliminates P , then P depends on interaction structure.

Example: Synchronization

Consider coupled oscillators:

θ̇i = ωi + K

n

n∑
j=1

sin(θj − θi).

Define order parameter:

reiψ = 1
n

n∑
j=1

eiθj .

If K = 0, oscillators evolve independently.

If K > 0 and sufficiently large, r → r∗ > 0, indicating collective phase coherence.

Synchronization is not a property of any single oscillator; it arises from coupling.

Thus synchronization is emergent.

Structural Role
Emergent properties:

• Exist at macroscopic scale.
• Depend on interaction topology.
• Are not present in isolated components.
• Often correspond to new invariant structures.
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They link micro-dynamics to macro-structure.

Structural Compression
Invariant

Emergent property depends on interaction terms:

∂fi
∂xj

̸= 0.

Mechanism

Coupling generates macroscopic order via nonlinear interaction.

Cross-System Echo

• Physics: phase transitions.
• Biology: flocking and neural synchrony.
• Economics: market coordination.
• Networks: consensus formation.
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Self-Organization
Position in Knowledge Graph
This node formalizes spontaneous order formation in dynamical systems without centralized control.

It builds on: - Emergent Properties (5.1)

It prepares for: - Pattern Formation (5.3) - Complex Adaptive Systems (6.1)

Self-organization describes internally generated structure.

Formal Statement / Definition / Construction
Let a system of interacting components evolve according to:

ẋ = f(x), x ∈ X ⊆ Rn.

Let M : X → Rk be a macroscopic observable.

Definition (Self-Organization)

A system exhibits self-organization if:

1. The dynamics are autonomous (no external coordinating signal),
2. There exists an attractor A ⊂ X such that

lim
t→∞

dist(x(t), A) = 0

for a nontrivial set of initial conditions,
3. The attractor corresponds to increased macroscopic order relative to generic initial states.

Formally, if entropy-like functional H(x) satisfies:

d

dt
H(x(t)) ≤ 0,

and equality holds only on A, then system organizes toward ordered set A.

Assumptions and Conditions
1. System is autonomous:

ẋ = f(x).

2. Dynamics are nonlinear.
3. Attractor is invariant:

x(0) ∈ A ⇒ x(t) ∈ A.

4. Order is defined via coarse-grained observable M(x).

No centralized controller is present.
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Proof or Mathematical Development
Attractor-Based Characterization

Let V (x) be a Lyapunov-like functional satisfying:

V (x) ≥ 0, V̇ (x) ≤ 0.

Then trajectories converge to largest invariant subset of:

{x : V̇ (x) = 0}.

If that subset corresponds to ordered configurations, system self-organizes.

Example: Consensus Dynamics

Consider:

ẋ = −Lx,

where L is graph Laplacian.

Define Lyapunov function:

V (x) = 1
2x⊤Lx.

Then:

V̇ (x) = x⊤Lẋ = −x⊤L2x ≤ 0.

Trajectories converge to subspace:

x1 = x2 = · · · = xn.

Consensus state is emergent ordered structure.

No central coordinator exists; structure arises from local coupling.

Structural Role
Self-organization:

• Converts interaction rules into macroscopic order.
• Requires attractor structure.
• Connects Lyapunov theory to emergence.
• Explains spontaneous coordination.

It bridges stability theory and collective behavior.
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Structural Compression
Invariant

Order emerges as attractor:

lim
t→∞

dist(x(t), A) = 0.

Mechanism

Lyapunov-like functional decreases along trajectories.

Cross-System Echo

• Physics: dissipative structure formation.
• Biology: morphogenesis.
• Economics: spontaneous coordination equilibria.
• Networks: distributed consensus.
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Pattern Formation
Position in Knowledge Graph
This node formalizes spatially structured emergence in distributed dynamical systems.

It builds on: - Self-Organization (5.2)

It prepares for: - Critical Transitions (5.4) - Complex Adaptive Systems (6.1)

Pattern formation describes spontaneous spatial structure from homogeneous states.

Formal Statement / Definition / Construction
Let x(x, t) ∈ Rm denote a spatial field defined on domain Ω ⊆ Rd.

Consider a reaction–diffusion system:

∂x

∂t
= F (x) + D∆x,

where:

• F : Rm → Rm is nonlinear reaction term,
• D ∈ Rm×m is diffusion matrix,
• ∆ is Laplacian operator.

Definition (Pattern Formation)

Pattern formation occurs if:

1. A homogeneous equilibrium x∗ satisfies:
F (x∗) = 0,

2. x∗ is stable in the absence of diffusion,
3. x∗ becomes unstable under spatial perturbations.

Formally, diffusion-driven instability arises if there exists wavenumber k such that:

Re(λ(k)) > 0,

where λ(k) are eigenvalues of linearized operator.

Assumptions and Conditions
1. Domain Ω is bounded with suitable boundary conditions.
2. F is continuously differentiable.
3. Diffusion matrix D is positive definite.
4. Linearization about x∗ is valid.

No assumption of specific dimension d.
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Proof or Mathematical Development
Linearization

Let:

x(x, t) = x∗ + ϵy(x, t).

Linearizing:

∂y

∂t
= Jy + D∆y,

where:

J = ∂F

∂x
(x∗).

Assume modal solution:

y(x, t) = eλteik·xv.

Substitute:

λv = Jv − D|k|2v.

Thus:

λ(k) ∈ spec(J − D|k|2).

If for some k ̸= 0:

Re(λ(k)) > 0,

while homogeneous mode k = 0 is stable:

Re(λ(0)) < 0,

then spatial modes grow.

This is diffusion-driven instability (Turing instability).

Structural Role
Pattern formation:

• Produces spatial heterogeneity.
• Requires interaction between local reaction and spatial coupling.
• Demonstrates that diffusion can destabilize equilibrium.
• Connects local dynamics to global structure.

It formalizes how symmetry-breaking arises from interaction.
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Structural Compression
Invariant

Pattern forms when:

Re(λ(k)) > 0 for some k ̸= 0.

Mechanism

Interaction of local Jacobian J and diffusion operator D∆.

Cross-System Echo

• Physics: Turing patterns.
• Biology: morphogenesis.
• Economics: spatial agglomeration.
• Networks: spatial synchronization clusters.
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Critical Transitions
Position in Knowledge Graph
This node formalizes abrupt qualitative shifts in system behavior as control parameters cross thresholds.

It builds on: - Bifurcations (2.4) - Pattern Formation (5.3)

It prepares for: - Complex Collective Behavior (5.5) - Phase Transitions in Complex Systems (6.5)

Critical transitions describe regime shifts and tipping points.

Formal Statement / Definition / Construction
Let

ẋ = f(x, µ), x ∈ X ⊆ Rn, µ ∈ R.

Let A(µ) ⊂ X denote attractor set.

Definition (Critical Transition)

A critical transition occurs at µ = µ∗ if:

1. The system undergoes a bifurcation at µ∗,
2. The attractor A(µ) changes discontinuously in structure or stability,
3. Small parameter change near µ∗ produces large state change.

Formally, if there exists ε > 0 such that:

lim
µ→µ∗−

A(µ) ̸= lim
µ→µ∗+

A(µ).

Assumptions and Conditions
1. f is continuously differentiable.
2. Attractors are well-defined invariant sets.
3. Parameter variation is continuous.
4. System exhibits nonlinear dynamics.

Critical transitions are associated with loss of stability.

Proof or Mathematical Development
Example: Saddle-Node Bifurcation

Consider:

ẋ = µ − x2.

Fixed points:
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x∗ = ±√
µ.

If µ < 0, no equilibrium. If µ = 0, single degenerate equilibrium. If µ > 0, two equilibria.

At µ = 0:

Jacobian:

d

dx
(µ − x2) = −2x.

Eigenvalue at x = 0:

λ = 0.

As µ ↓ 0, stable and unstable equilibria collide and annihilate.

Thus system abruptly loses attractor.

Critical Slowing Down

Near bifurcation, linearized dynamics:

ẏ = λ(µ)y.

As µ → µ∗:

λ(µ) → 0.

Recovery time:

τ = 1
|λ(µ)| → ∞.

Thus perturbations decay increasingly slowly.

Critical slowing down is early warning signal.

Structural Role
Critical transitions:

• Mark tipping points.
• Link bifurcation theory to real-world regime shifts.
• Explain abrupt ecological collapse, financial crashes, systemic failures.
• Connect local eigenvalue structure to macroscopic instability.

They formalize nonlinear sensitivity.
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Structural Compression
Invariant

Critical transition occurs when:

Re(λ(µ∗)) = 0.

Mechanism

Loss of stability changes attractor structure.

Cross-System Echo

• Physics: phase transitions.
• Ecology: ecosystem collapse.
• Economics: financial crises.
• Control Theory: loss of closed-loop stability.
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Complex Collective Behavior
Position in Knowledge Graph
This node formalizes large-scale coordinated dynamics arising from many interacting agents.

It builds on: - Emergent Properties (5.1) - Self-Organization (5.2) - Critical Transitions (5.4)

It prepares for: - Complex Adaptive Systems (6.1) - Information Flow (7.1)

Complex collective behavior describes structured macroscopic dynamics in high-dimensional systems.

Formal Statement / Definition / Construction
Let a system consist of n agents with states:

xi(t) ∈ Rd, i = 1, . . . , n.

Interaction topology is given by graph G = (V, E) with adjacency matrix A.

Dynamics:

ẋi = f(xi) +
n∑
j=1

Aijg(xi, xj).

Define macroscopic observable:

M(x) = 1
n

n∑
i=1

ϕ(xi),

for some function ϕ.

Definition (Complex Collective Behavior)

The system exhibits complex collective behavior if:

1. Macroscopic observable M(x(t)) exhibits nontrivial dynamics,
2. Behavior cannot be inferred from isolated agent dynamics,
3. System displays high-dimensional attractors or metastable states.

Formally, if:

dim(A) ≫ d,

where A is attractor set of full system.
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Assumptions and Conditions
1. n is large.
2. Coupling function g is nonlinear.
3. Interaction graph is connected.
4. System dimension nd is high.

No central controller is assumed.

Proof or Mathematical Development
Mean-Field Approximation

For large n, approximate:

ẋi ≈ f(xi) + K (M(x) − xi) .

Macroscopic dynamics satisfy:

Ṁ = 1
n

n∑
i=1

f(xi).

Nonlinear coupling creates feedback between individual and collective scale.

High-Dimensional Attractors

If coupling strength varies:

• Weak coupling: agents behave independently.
• Moderate coupling: synchronization or clustering.
• Strong coupling: coherent collective motion.

Possible attractors include:

• Limit cycles,
• Quasi-periodic motion,
• Chaotic attractors.

Complexity arises from interaction of many degrees of freedom.

Example: Flocking Model

Let:

ẋi = vi,

v̇i =
∑
j

Aij(vj − vi).

Velocities converge:

v1 = · · · = vn.
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Position evolves collectively.

Collective motion is emergent behavior.

Structural Role
Complex collective behavior:

• Links micro-rules to macro-patterns.
• Generates multi-scale structure.
• Connects network topology to emergent dynamics.
• Serves as precursor to complexity theory.

It represents coordinated high-dimensional attractors.

Structural Compression
Invariant

Collective dynamics arise from coupling term:

∑
j

Aijg(xi, xj).

Mechanism

Nonlinear interaction produces high-dimensional attractors.

Cross-System Echo

• Physics: spin systems and turbulence.
• Biology: flocking and swarm intelligence.
• Economics: market coordination.
• Networks: distributed synchronization.
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