
Pattern Formation
Systems Thinking · Module 5 — Emergence

Node 5.3

Position in Knowledge Graph
This node formalizes spatially structured emergence in distributed dynamical systems.

It builds on: - Self-Organization (5.2)

It prepares for: - Critical Transitions (5.4) - Complex Adaptive Systems (6.1)

Pattern formation describes spontaneous spatial structure from homogeneous states.

Formal Statement / Definition / Construction
Let x(x, t) ∈ Rm denote a spatial field defined on domain Ω ⊆ Rd.

Consider a reaction–diffusion system:

∂x

∂t
= F (x) + D∆x,

where:

• F : Rm → Rm is nonlinear reaction term,
• D ∈ Rm×m is diffusion matrix,
• ∆ is Laplacian operator.

Definition (Pattern Formation)

Pattern formation occurs if:

1. A homogeneous equilibrium x∗ satisfies:
F (x∗) = 0,

2. x∗ is stable in the absence of diffusion,
3. x∗ becomes unstable under spatial perturbations.

Formally, diffusion-driven instability arises if there exists wavenumber k such that:

Re(λ(k)) > 0,

where λ(k) are eigenvalues of linearized operator.
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Assumptions and Conditions
1. Domain Ω is bounded with suitable boundary conditions.
2. F is continuously differentiable.
3. Diffusion matrix D is positive definite.
4. Linearization about x∗ is valid.

No assumption of specific dimension d.

Proof or Mathematical Development
Linearization

Let:

x(x, t) = x∗ + ϵy(x, t).

Linearizing:

∂y

∂t
= Jy + D∆y,

where:

J = ∂F

∂x
(x∗).

Assume modal solution:

y(x, t) = eλteik·xv.

Substitute:

λv = Jv − D|k|2v.

Thus:

λ(k) ∈ spec(J − D|k|2).

If for some k ̸= 0:

Re(λ(k)) > 0,

while homogeneous mode k = 0 is stable:

Re(λ(0)) < 0,

then spatial modes grow.

This is diffusion-driven instability (Turing instability).
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Structural Role
Pattern formation:

• Produces spatial heterogeneity.
• Requires interaction between local reaction and spatial coupling.
• Demonstrates that diffusion can destabilize equilibrium.
• Connects local dynamics to global structure.

It formalizes how symmetry-breaking arises from interaction.

Structural Compression
Invariant

Pattern forms when:

Re(λ(k)) > 0 for some k ̸= 0.

Mechanism

Interaction of local Jacobian J and diffusion operator D∆.

Cross-System Echo

• Physics: Turing patterns.
• Biology: morphogenesis.
• Economics: spatial agglomeration.
• Networks: spatial synchronization clusters.

Systems Thinking · Module 5 — Emergence · Node 5.3
Concepts: pattern-formation, self-organization, bifurcation
Prerequisites: 5.2
Enables: 5.4, 6.1

hbar.university — own.your.cognition

3


	Position in Knowledge Graph
	Formal Statement / Definition / Construction
	Definition (Pattern Formation)

	Assumptions and Conditions
	Proof or Mathematical Development
	Linearization

	Structural Role
	Structural Compression

