Critical Transitions
Systems Thinking - Module 5 — Emergence

Node 5.4

Position in Knowledge Graph

This node formalizes abrupt qualitative shifts in system behavior as control parameters cross thresholds.
It builds on: - Bifurcations (2.4) - Pattern Formation (5.3)

It prepares for: - Complex Collective Behavior (5.5) - Phase Transitions in Complex Systems (6.5)

Critical transitions describe regime shifts and tipping points.

Formal Statement / Definition / Construction

Let

= f(z,pn), z€XCR" pekR.

Let A(u) C X denote attractor set.

Definition (Critical Transition)
A critical transition occurs at p = p* if:

1. The system undergoes a bifurcation at p*,
2. The attractor A(u) changes discontinuously in structure or stability,
3. Small parameter change near u* produces large state change.

Formally, if there exists ¢ > 0 such that:

lim A(p) # lim A(p).

H— p—rpt

Assumptions and Conditions

1. f is continuously differentiable.

2. Attractors are well-defined invariant sets.
3. Parameter variation is continuous.

4. System exhibits nonlinear dynamics.

Critical transitions are associated with loss of stability.




Proof or Mathematical Development
Example: Saddle-Node Bifurcation
Consider:

T=pu—z°.
Fixed points:

r* =£/p.
If 4 < 0, no equilibrium. If p = 0, single degenerate equilibrium. If p > 0, two equilibria.

At pu=0:

Jacobian:

Eigenvalue at x = 0:

As i ] 0, stable and unstable equilibria collide and annihilate.

Thus system abruptly loses attractor.

Critical Slowing Down

Near bifurcation, linearized dynamics:

¥ = Ay
As p— p*:
Alp) =0
Recovery time:
1
T = Y — 0

Thus perturbations decay increasingly slowly.

Critical slowing down is early warning signal.




Structural Role
Critical transitions:

e Mark tipping points.

o Link bifurcation theory to real-world regime shifts.

o Explain abrupt ecological collapse, financial crashes, systemic failures.
e Connect local eigenvalue structure to macroscopic instability.

They formalize nonlinear sensitivity.

Structural Compression
Invariant

Critical transition occurs when:

Mechanism
Loss of stability changes attractor structure.
Cross-System Echo

e Physics: phase transitions.

e Ecology: ecosystem collapse.

e Economics: financial crises.

e Control Theory: loss of closed-loop stability.

Systems Thinking - Module 5 — Emergence - Node 5.4
Concepts: phase-transitions, bifurcation, dynamical-systems
Prerequisites: 2.4, 5.3

Enables: 5.5, 6.5
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