Complex Adaptive Systems
Systems Thinking - Module 6 — Complexity

Node 6.1

Position in Knowledge Graph

This node defines complex adaptive systems (CAS) as interacting agent systems with endogenous adaptation.
It builds on: - Complex Collective Behavior (5.5)

It prepares for: - Computational Complexity (6.2) - Information-Theoretic Complexity (6.3)

A CAS is a dynamical system whose interaction rules or internal parameters change in response to experience.

Formal Statement / Definition / Construction
Let there be n agents indexed by i € {1,...,n}.
For each agent 4, define:

« A state space X; C R%
e An internal parameter space ©; C RP:
o A (possibly time-varying) action space A;.

Let the joint state be:

xz(t) = (21(t),...,z,(t)) € X = HXi’
i=1

and the joint parameter be:

n
0(t) = (01(),....0n(t) € © =[] ©:.
i=1
Let the interaction topology be represented by a (possibly time-varying) adjacency matrix:

A(t) e R™ ™.

A complex adaptive system is a coupled dynamical system on the augmented space X x © of the form:

where:

e [': X xO xR"™™ — X is the state evolution rule,



e G:X x0O xR"™" — 0O is the adaptation rule.

The defining structural property is that G # 0: internal parameters evolve endogenously.

Assumptions and Conditions

1. (Well-posedness) F' and G are such that solutions exist for given initial conditions; for continuous-time
models it is sufficient to assume local Lipschitz continuity in (z, ) for fixed A(t).

2. (Nontrivial interaction) There exists i # j such that influence is nonzero in the sense that changing x;
can change &; for some configurations.

3. (Adaptation) There exists at least one agent 4 such that 6;(¢) # 0 on a set of times of positive measure
for some initial condition.

No claim is made here about optimality, learning, or convergence of adaptation; those are separate properties.

Proof or Mathematical Development
Separation from Non-Adaptive Multi-Agent Dynamics

A non-adaptive interacting system has the form:

with fixed parameters 6 and fixed topology A.

In contrast, in a CAS, the parameter vector becomes a dynamical variable:

0(t) evolves according to 0(t) = G(z(t),0(t), A(t)).
Therefore the effective state dimension increases from dim(&X’) to dim(X’) + dim(©), and the system becomes
non-autonomous in x alone even if the pair (z,6) is autonomous.

This is a structural distinction: adaptation induces higher-order feedback (state influences parameter,
parameter influences future state).

Canonical Adaptive Update Form (Gradient-Type)

A common formal template is:

el(t) = 777V91', El(x(t)70(t))a n> Oa

where £; : X x © — R is a loss (or cost) functional.
This expresses adaptation as a dynamical system on parameters.

No convergence claim is implied without further assumptions on £; (e.g., convexity) and on coupling structure;
such results are deferred to modules where optimization and learning theory are developed.

Deferred: formal convergence of gradient flows requires additional analytic infrastructure (Domain: optimiza-
tion / learning).




Coevolution of Topology (Optional Extension)
Some CAS models also allow topology to adapt:

for a rule H. This introduces a third coupled layer of feedback.

This extension is not required by the definition; it is included to mark the structural possibility of coevolving
networks.

Structural Role
Complex adaptive systems introduce the key structural transition:
e From fixed-rule dynamics to rule-changing dynamics.

They unify: - networks (structure A), - dynamics (state z), - feedback (recursion), - and adaptation (parameter
evolution 6).

CAS is the formal gateway from emergence to quantified complexity: once adaptation is present, complexity
must account for computational burden, information constraints, and learning dynamics.

Structural Compression
Invariant

A complex adaptive system is dynamics on an augmented space with endogenous parameter evolution:

i=F(z,0,A), 0=G(z,0,A), G=#0.

Mechanism
Higher-order feedback: state influences parameters, parameters influence future state.
Cross-System Echo

o Control Theory: adaptive control and gain scheduling (parameters as state).

e Economics: agent learning and strategy adjustment in games.

o Biology: evolution and regulatory adaptation.

o Artificial Intelligence: online learning as parameter dynamics under loss gradients.
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