Module 9 — Governance And Constraints
Systems Thinking

hbar.university

Constraint Architecture

Position in Knowledge Graph

This node formalizes governance as the design and composition of constraint layers over agent and institutional
action spaces.

It builds on: - Institutions as Constraint Systems (8.1) - Institutional Stability (8.5)
It prepares for: - Principal-Agent Theory (9.2) - Hierarchical Structure (10.1)

Constraint architecture is the structural interface between institutions and governance.

Formal Statement / Definition / Construction

Let n agents have joint action space:

A constraint layer is a mapping:

C:A—{0,1}.

The feasible set under C' is:

A% ={ac A:C(a) =1}

A constraint architecture is an ordered tuple of constraint layers:

C=(C1,Co,...,C).

The induced feasible set is the intersection:
m
AC = () A%,
k=1

Equivalently, define combined constraint:



so that:

Hard vs Soft Constraints
A hard constraint forbids actions by exclusion.

A soft constraint imposes penalties via modified utility:

where penalty functions satisfy 7 (a) > 0.

Soft constraints induce feasibility through incentive shaping, not outright exclusion.

Assumptions and Conditions

1. Each C} is well-defined on A.
2. Intersection is nonempty:

AC £,

3. Agents are constrained to select a € A€ for hard constraints, or respond to penalties for soft constraints.
4. Constraint layers are exogenous at this node (design dynamics deferred to later nodes).

No assumption is made about optimality of the architecture.

Proof or Mathematical Development
Feasible-Set Monotonicity Under Layering
Let:

Ch.=(C1,...,Cn), Cpi1=(C1,...,Cn, Cpt1).
Then:

A%ﬂ<ﬁA@>mm%HgﬁA@A%.
k=1

k=1

Thus adding constraints can only restrict feasible action space.

This monotonicity is structural and does not depend on agent preferences.




Constraint Compatibility Condition
Constraint layers may conflict.
Compatibility requires:
AC #£10.

If:

AY N A% =0

for some %, j, then no action is feasible, and the architecture is infeasible.

Thus governance design must satisfy non-emptiness of feasible intersection.

Constraint-Induced Equilibrium Shift
Let a* be equilibrium of unconstrained game.

If:

a* ¢ AC,
then a* is infeasible.

Equilibrium must be computed on restricted domain A€.

Thus constraints select equilibria by excluding regions of action space.

Structural Role
Constraint architecture:

o Provides the formal object for governance design.

o Explains how multiple institutional layers compose.

Separates hard feasibility constraints from soft incentive constraints.
o Creates a lattice of feasible spaces ordered by inclusion.

This node is the gateway from institutions (rules) to governance (rule design).

Structural Compression
Invariant

Constraint architecture induces feasible set intersection:

AC =[] A%
k=1

Mechanism

Layer composition restricts action space monotonically under inclusion.



Cross-System Echo

e Control Theory: admissible control sets and constraint tightening.

e Economics: legal constraints + incentive taxes as layered mechanisms.
e Networks: protocol stacks as constraint compositions.

e Biology: multi-layer regulatory constraints on gene expression.



Principal-Agent Theory

Position in Knowledge Graph

This node formalizes governance under asymmetric information and delegated action.
It builds on: - Collective Action (8.4) - Constraint Architecture (9.1)

It prepares for: - Incentive Compatibility (9.3) - Mechanism Design (9.4)

Principal-agent theory models how a governing entity designs incentives when it cannot directly observe
actions.

Formal Statement / Definition / Construction
Let:

e Principal choose contract w: Y — R,
o Agent choose effort a € A C R,
e Output y € Y CR.

Output is stochastic:

where:

e g: A — R increasing,
e ¢ random noise with known distribution.

Agent utility:

Ua(a,w) = Elw(y)] - c(a),

where ¢/(a) > 0,"(a) > 0.

Principal utility:

Up(a,w) = Ely — w(y)].

Assumptions and Conditions

Principal cannot observe effort a directly (hidden action).
Output y observable.

Agent risk-neutral (unless specified otherwise).

Contract enforceable.

Agent has reservation utility U.

U o o=




Proof or Mathematical Development
Agent Optimization (Incentive Constraint)

Agent chooses a to maximize:

max Elw(g(a) + ¢)] — c(a).

First-order condition:

Let:

This defines agent best-response a*(w).

Participation Constraint

Agent must receive at least reservation utility:

Elw(y)] - c(a”) > U.

Principal Problem

Principal chooses w(-) to maximize:

max B[y — w(y)]

subject to:

1. Incentive constraint (IC),
2. Participation constraint (PC).

Second-Best Distortion

If effort observable, principal solves:

FOC:

Under hidden action, optimal a* generally satisfies:



g'(a”) < (a®),
due to information rent required to satisfy IC.

Thus governance under asymmetric information induces distortion.

Structural Role
Principal-agent framework:

e Formalizes delegation under hidden action.

o Introduces incentive constraints.

o Connects institutional rules to contract design.

o Explains efficiency loss due to information asymmetry.

Governance becomes contract optimization under constraints.

Structural Compression
Invariant

Optimization under hidden action:

max Ely — w(y)] s.t. IC and PC.

Mechanism
Information asymmetry introduces incentive compatibility constraint.
Cross-System Echo

e Control Theory: output-feedback control under partial observation.
e Economics: employment contracts.

o Networks: delegated computation with unverifiable actions.

o Biology: signaling under costly effort.



Incentive Compatibility

Position in Knowledge Graph

This node formalizes incentive compatibility as a constraint ensuring truthful or desired behavior under
strategic choice.

It builds on: - Principal-Agent Theory (9.2)
It prepares for: - Mechanism Design (9.4) - Hierarchical Governance (10.1)

Incentive compatibility is the core constraint in governance under private information.

Formal Statement / Definition / Construction
Let:

o Agentsi=1,...,n,
¢ Each agent has private type 0; € O;,
e Mechanism defined by:

— Allocation rule z(9),

— Transfer rule ¢;(6).

Let utility of agent i be:

Ui(,t:;0;).

Definition (Incentive Compatibility)
Mechanism is incentive compatible if truthful reporting is optimal.

Formally, for all i, for all 6, 6;:

Ui ($(9i7 0_s),t:i(0;,0_4); 9i) >U; (x(éz, 0_:), ti(éz'; 0_4); 9i)~

This is dominant-strategy incentive compatibility (DSIC).

Bayesian Incentive Compatibility (BIC)
If types distributed with prior p(#), mechanism is BIC if:

Eg_, [Ui(x(0i,0-:),ti(05,0-4);0:)] > Eg_, |Ui(2(0;,0-;),t:(0:,0-:);0:)| -

Expectation over others’ types.




Assumptions and Conditions

1. Agents maximize expected utility.
2. Type space measurable.

3. Utility functions well-defined.

4. Mechanism enforceable.

No assumption of budget balance at this stage.

Proof or Mathematical Development
Direct Revelation Principle (Statement)

For any equilibrium outcome of a mechanism with strategic reporting, there exists a direct mechanism that is
incentive compatible and yields the same outcome.

Proof outline:

Given equilibrium strategy profile s;(6;), define direct mechanism:

2" (0) = 2(s1(01), - -, 5n(0n)),

t7(0) =ti(s1(01), ..., 50(0n)).

Truthful reporting replicates equilibrium outcome.

Full proof requires equilibrium refinement; detailed proof deferred to advanced mechanism design domain.

Incentive Constraint as Envelope Condition (Single-Agent Case)

For single agent with quasi-linear utility:

U(#) = v(z(6),0) - 1(6),

IC implies monotonicity of allocation and envelope condition:

o 00

aU(0)  du(z(6),0)

Derivation assumes differentiability and single-crossing condition.

Structural Role
Incentive compatibility:

o Ensures alignment between private information and desired behavior.
e Converts hidden-type problems into constrained optimization.

e Central to governance under asymmetric information.

e Restricts feasible allocation rules.

It is the structural constraint underlying mechanism design.




Structural Compression
Invariant

Truthful reporting optimal:

Ui (0;) > Us(6;).

Mechanism
Incentive constraints restrict allocation and transfer functions.
Cross-System Echo

e Control Theory: observer-based feedback under partial information.
e Economics: auctions and contract design.

e Networks: truthful routing protocols.

e Biology: signaling equilibria.
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Mechanism Design

Position in Knowledge Graph

This node formalizes governance as the design of rules (mechanisms) that implement desired outcomes under
private information and strategic behavior.

It builds on: - Incentive Compatibility (9.3)
It prepares for: - Hierarchical Governance (10.1)

Mechanism design inverts equilibrium analysis: instead of predicting outcomes of rules, it designs rules to
induce target outcomes.

Formal Statement / Definition / Construction
Let:

e Agentsi=1,...,n,
e Private types 6; € O;,
+ Social choice function f:© — X, where © =[], ©;.

Goal: implement f(#) in equilibrium.
A mechanism consists of:

1. Message spaces M;,
2. Outcome rule g: M — X,
3. Transfer rule ¢; : M — R.

Agents send messages m; € M;. Outcome is:

Assumptions and Conditions

1. Agents maximize expected utility.
2. Utility quasi-linear unless stated:

Us(x,t5;0;) = vi(w;0;) + t;.

3. Transfers feasible.
4. Mechanism enforceable.

Proof or Mathematical Development
Implementation Definition
Mechanism implements f in dominant strategies if:

1. Truthful message m; = 6; is dominant strategy,
2. For all 6:
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Example: Vickrey (Second-Price) Auction
Single item auction.
Agents submit bids b;.

Allocation:

1 if bz = max; bj7
T; =
! 0 otherwise.

Winner pays:
t; = —maxb;.
PR

Utility for agent i with valuation v;:

U v; —max;»; b; if wins,
‘o otherwise.

Truthful bidding is dominant strategy:

e Overbidding risks paying more than value.
e Underbidding risks losing when profitable.

Thus mechanism is DSIC.

Revelation Principle (Structural Use)

Given incentive compatibility, mechanism search may be restricted to direct revelation mechanisms:

M; =0,

Thus governance reduces to choosing allocation f(6) and transfer ¢;(6) satisfying:

1. Incentive constraints,
2. Participation constraints.

Feasibility Constraints
Mechanism must satisfy:
o Budget balance (optional):
> ti(6) =0.
e Individual rationality: -
U;(6;) > U,.

Not all social choice functions implementable under IC + IR.
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Structural Role
Mechanism design:

o Treats governance as optimization under incentive constraints.
e Formalizes rule design rather than rule compliance.

e Links institutional constraints to strategic equilibrium.

e Unifies incentives, information, and allocation.

It transforms governance into constrained optimization problem.

Structural Compression
Invariant

Design problem:

max Social Objective s.t. IC, IR, feasibility.

)

Mechanism
Restrict attention to direct revelation mechanisms via revelation principle.
Cross-System Echo

e Control Theory: controller synthesis under observation constraints.
e Economics: auction and market design.

o Networks: protocol design for truthful routing.

« Biology: signaling systems shaped by evolutionary constraints.
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Constitutional Design

Position in Knowledge Graph

This node formalizes constitutional design as second-order governance: the design of rules that constrain the
space of admissible mechanisms and their modification.

It builds on: - Constraint Architecture (9.1) - Incentive Compatibility (9.3) - Mechanism Design (9.4)
It prepares for: - Hierarchical Structure (10.1) - Meta-Level Feedback (10.3)

Constitutional design governs the governance layer.

Formal Statement / Definition / Construction
Let A =], A; be the joint action space of agents.
Let M denote a set of admissible mechanisms, where each mechanism M € M specifies:

o message spaces (M;)™ ,,
e outcome rule gy,
o transfer rule t™ = (tM)n_,.

For a given environment (type space O, utility functions U;), each M induces an equilibrium outcome
correspondence:

Eq(M) C X,

where X' is the outcome space.

Definition (Constitution)
A constitution is a constraint operator on mechanisms:
C: M —{0,1},

with feasible mechanism set:

ME={MeM:C(M)=1}.
Equivalently, a constitution may be represented as a set of admissibility constraints:

K
ME = () M,

k=1

where each Cj is a mechanism-level constraint (e.g., rights constraints, budget constraints, amendment
constraints).
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Definition (Constitutional Design Problem)
Let W : X — R be a social evaluation functional (welfare, robustness, etc.).

A constitutional design problem is:

max E | sup sup Wi(z)|,
¢ MEME z€Eq(M)

subject to feasibility constraints on C (e.g., implementability, legitimacy, enforcement).

This is a second-order optimization: choose constraints that shape the feasible set of mechanisms.

Assumptions and Conditions

1. The mechanism set M is specified (finite or measurable).

2. For each M € M, equilibrium outcomes Eq(M) are well-defined under the equilibrium concept chosen

(dominant strategies, Bayesian Nash, etc.).

Constitution C is enforceable at the mechanism layer (i.e., violations can be prevented or sanctioned).

The social evaluation functional W is fixed for this node.

5. The expectation E[-] is taken over environmental uncertainty (types, shocks) when present; if no
uncertainty is modeled, the expectation operator is omitted.

- w

No claim is made about the existence or uniqueness of optimal constitutions without further compact-
ness/continuity assumptions; such existence results are deferred to a functional-analytic treatment outside
this module.

Proof or Mathematical Development

1. Second-Order Constraint Composition

From Module 9.1, a constraint architecture restricts an action space via intersection.
Here the constrained object is the mechanism set M, not the action space A.

Let C1,Cs be constitutions, defining:

MO ={M:C (M) =1}, M ={M:Cy(M)=1}.

Define combined constitution:

(C1 A Co)(M) = Cy (M)Ca(M).

Then:

MO = MO A M,

Thus constitutional constraints compose by intersection in the same algebraic manner as action constraints,
but one meta-level higher.
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2. Amendment Rules as Dynamics on Constraints
Let € denote a space of possible constitutions.
An amendment process is a rule:

U:CxS—C,

where S is a space of amendment signals (votes, shocks, proposals).

The constitutional state evolves as:

Ct+1 = Z/[(Ct, St).

A constitution therefore includes not only admissibility constraints on mechanisms, but also constraints on
how C itself can change.

This yields explicit meta-level feedback:

mechanisms M induce outcomes x = signals s = updated constitution C’.

Meta-level feedback is developed further in Module 10.3.

3. Minimal Rights Constraint as Mechanism Restriction
Let there be a subset of outcomes Xiorbidden € X.

A constitutional rights constraint can be written as:

Crights(M) =1 <= Eq(M) N Xiorbidden = 0.

That is: no equilibrium outcome of any admissible mechanism may enter the forbidden set.

This constraint acts on equilibrium outcome correspondences rather than directly on actions, capturing the
constitutional character.

Structural Role
Constitutional design:

e Operates at the mechanism layer, not the action layer.

e Restricts the space of admissible governance mechanisms.

e Encodes rights, procedures, and amendment rules as constraints on rule-making.
o Creates second-order stability by constraining governance drift.

It is the bridge from governance to meta-systems: constitutions are meta-level control policies over institutional
evolution.
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Structural Compression
Invariant

A constitution is a constraint on mechanisms:

ME={MeM:C(M)=1}.

Mechanism

Second-order constraint composition and amendment dynamics:

,/\/lcl/\CQ _ M(31 mMC27 Ct-‘rl :u(ct75t)'

Cross-System Echo

o Control Theory: supervisory control (constraints over controllers).
o Computer Science: type systems restricting program space.

o Economics: constitutional political economy (rules over policy).

e Networks: protocol governance limiting protocol update space.
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