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The Variational Principle
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Hybrid Quantum-Classical Systems Node:
1.1

This is the theorem that makes VQAs legal. Everything downstream in this course — every cost
function, every optimizer, every claim about “approximating the ground state” — depends on this one result.
It is the justification for treating the scalar number ⟨ψ|H|ψ⟩ as something worth minimizing.

Formal Statement
Let H be a Hermitian operator on a Hilbert space H, with eigenvalues E0 ≤ E1 ≤ E2 ≤ . . . and corresponding
eigenstates |ϕ0⟩, |ϕ1⟩, . . .. For any normalized state |ψ⟩ ∈ H,

⟨ψ|H|ψ⟩ ≥ E0,

with equality if and only if |ψ⟩ = |ϕ0⟩ (up to a global phase, and modulo degeneracy).

This is the Rayleigh-Ritz variational principle, stated in its quantum-mechanical form. It is the oldest
member of a family of inequalities that appear across mathematical physics whenever a bilinear form has to
be bounded below by its smallest eigenvalue.

Proof in Three Lines
Expand |ψ⟩ =

∑
i ci|ϕi⟩ in the eigenbasis of H, with

∑
i |ci|2 = 1. Then

⟨ψ|H|ψ⟩ =
∑

i

|ci|2Ei ≥ E0
∑

i

|ci|2 = E0,

because every Ei ≥ E0 and
∑

i |ci|2 = 1. Equality requires all weight in the lowest eigenvalue component.

That is the entire proof. Every word of Module 5’s “not bias” polemic, every gradient descent step in a VQE
run, every barren plateau theorem — all of it lives above this three-line argument.
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Intuition
The variational principle says: you cannot accidentally overshoot the ground state.

Any guess |ψ⟩ you make about the ground state gives you an upper bound on the true ground-state energy.
A better guess gives a tighter bound. The best guess reachable by your ansatz gives you the tightest bound
your ansatz can produce.

This is the feature that makes VQAs optimizable at all. Without the variational principle, minimizing
⟨ψ(θ)|H|ψ(θ)⟩ would just be minimizing some scalar function with no guarantee that doing so gets you closer
to anything physical. With it, every decrease in C(θ) is a decrease in your upper bound on the real thing.

Another way to say the same thing: energy estimates from variational methods are biased low in a
useful direction. They are always at least E0, so they can never lie to you in the “your answer is lower than
the ground state” direction. The only way to be wrong is to be too high — which just means your ansatz
isn’t expressive enough to reach the true ground state. That is a diagnosable failure mode, not a silent one.

Structural Role
This node is the foundation stone of Module 1. Everything else in the module specializes, implements, or
complicates the picture laid out here:

• Node 1.2 (architecture) tells you how the variational principle gets executed in practice on a hybrid
device.

• Node 1.3 (expectation estimation) tells you how you actually measure ⟨ψ|H|ψ⟩ when ψ lives on a real
quantum computer.

• Node 1.8 (quantum subsystem as objective generator) reframes the variational principle in thesis
language: the quantum device implements a stochastic oracle for a quantity the variational principle
tells you is worth bounding.

If you forget this node, nothing else in the course makes sense. If you remember only this node, you still
know why VQAs exist.

Relations to Other Concepts
• Rayleigh quotient — the classical version from linear algebra: for a symmetric matrix A,

minx̸=0
xT Ax
xT x

= λmin(A). The quantum variational principle is this statement on unit vectors in H.
• Hartree-Fock method — the first and most famous non-quantum-computer application of the

variational principle to chemistry.
• Density Matrix Renormalization Group (DMRG) — also a variational method, restricted to

matrix-product-state ansätze.
• Reinforcement learning policy gradient — structurally analogous: minimize an upper bound on

an expected return by descending its stochastic gradient.

Worked Example — The Simplest Variational Calculation

Let H =
(

0 1
1 0

)
(Pauli X). Its eigenvalues are ±1, so E0 = −1.

Consider the one-parameter ansatz

|ψ(θ)⟩ = cos(θ/2)|0⟩ + sin(θ/2)|1⟩.
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Compute

C(θ) = ⟨ψ(θ)|X|ψ(θ)⟩ = 2 cos(θ/2) sin(θ/2) = sin θ.

The minimum over θ is −1, achieved at θ = −π/2. This equals E0 exactly — the ansatz is expressive enough
to reach the true ground state. The variational principle guarantees C(θ) ≥ −1 for all θ, and direct calculation
confirms it.

Now try a less expressive ansatz: |ψ(θ)⟩ = cos(θ)|0⟩ + sin(θ)|+⟩ (normalized properly — exercise). Compute
C(θ) and show that its minimum is strictly greater than −1 — the ansatz cannot reach the true ground state,
and the variational principle still holds.

Visualization
Pending. Diagram: a horizontal line at E0. Above it, a scatter of points representing C(θ) values for random
θ; all points strictly above the line. An arrow showing the optimizer “pushing down” toward E0 but never
crossing it.

Exercises
1. Prove that if H has a degenerate ground space, then C(θ) = E0 implies |ψ(θ)⟩ lies in the ground space,

but not necessarily that it equals any particular ground-state vector.
2. Show that minθ C(θ) is always achieved (i.e., the infimum is attained) when the parameter domain is

compact and C is continuous. Why are these assumptions both needed?
3. (VQA) Give an example of a two-qubit Hamiltonian and a one-parameter ansatz for which minθ C(θ) >
E0 strictly. What does this tell you about the expressivity of your ansatz?

Research Extensions
• Variational bounds for excited states — the SSVQE and VQD algorithms extend the principle to

find E1, E2, . . . by enforcing orthogonality constraints.
• Krylov subspace methods — classical methods that build better variational subspaces iteratively

from matrix-vector products.
• Witness operators — in entanglement theory, operators whose expectation values bound quantities

of interest in the same structural sense.

Cross-links to Other Courses
• Linear Algebra — Rayleigh quotients, min-max characterization of eigenvalues.
• Quantum Foundations — the variational principle as a corollary of the spectral theorem.
• Statistics Module 10 — structurally analogous upper-bound arguments in model selection (e.g., PAC

bounds as upper bounds on true risk).
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The Quantum-Classical Architecture
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Hybrid Quantum-Classical Systems Node:
1.2

This node describes the operational shape of a variational quantum algorithm: two coupled layers, one
quantum and one classical, exchanging information through a tight feedback loop. Everything in Module 1
from here on lives inside one or the other of these two layers.

Node 1.1 justified why we care about the number ⟨ψ(θ)|H|ψ(θ)⟩. This node describes the machine that
computes it and decides where to go next.

The Two Layers
A variational quantum algorithm is built from two distinct subsystems:

The quantum layer. Takes a parameter vector θ ∈ RP as input. Prepares a parameterized state
|ψ(θ)⟩ = U(θ)|0⟩⊗n on a real or simulated quantum device. Measures a Hamiltonian H to return a noisy
scalar estimate Ĉ(θ) ≈ ⟨ψ(θ)|H|ψ(θ)⟩. That is its entire job.

The classical layer. Takes the current parameter vector θk and the scalar feedback Ĉ(θk) as input.
Produces a new parameter vector θk+1 according to some update rule:

θk+1 = A
(
θk, Ĉ(θk),Hk

)
,

where A is the optimizer and Hk is its internal memory (momentum, particle populations, trust-region radii,
whatever). That is its entire job.

Neither layer understands the other directly. The quantum layer does not know it is being optimized; it is a
stateless oracle. The classical layer does not know what is happening inside the quantum device; it sees only
numbers.

The Feedback Loop
Execution alternates between the two layers. At iteration k:

1. The classical layer hands θk to the quantum layer.
2. The quantum layer prepares |ψ(θk)⟩, measures, and returns Ĉ(θk).
3. The classical layer consumes the feedback, updates its internal state, and produces θk+1.
4. Repeat.

This is a closed-loop discrete-time control system. The “plant” is the quantum objective oracle. The
“controller” is the classical optimizer. The “reference signal” is implicit: reduce Ĉ.

Framing VQA this way is not just metaphor. It means you can import every concept from classical control
theory — stability, observability, disturbance rejection — and apply it to VQA directly. Module 7 develops
this in detail.
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Why Hybrid and Not All-One-Or-The-Other
Why not fully quantum? A fully quantum algorithm for ground-state estimation (quantum phase
estimation, for example) requires circuit depth and coherence time that NISQ devices do not have. Fault-
tolerant quantum computing is the long game. VQAs are the near-term workaround: use a shallow quantum
circuit to generate a stochastic cost, and spend the classical compute budget on optimization.

Why not fully classical? A fully classical simulation of ⟨ψ(θ)|H|ψ(θ)⟩ requires storing the state vector,
which is exponential in qubit count. For 50+ qubits this is infeasible. The whole point of running the circuit
on quantum hardware is that state preparation is efficient on a quantum device regardless of qubit count —
the exponential cost shows up in measurement, not in storage.

The hybrid design is the minimum-viable use of quantum hardware given those two constraints. You run the
part of the computation that classical computers cannot do (preparing a superposition of 2n amplitudes) on
the quantum device, and you run everything else — parameter selection, state tracking, decision logic — on
a classical computer that is actually good at that.

Structural Role
This node is the scaffold onto which the rest of Module 1 bolts.

• Nodes 1.3, 1.4 zoom into the quantum layer and explain what “measuring” and “estimating a gradient”
actually mean in practice.

• Node 1.5 zooms into the classical layer and describes what the optimization landscape looks like from
the inside.

• Node 1.6 reframes the whole architecture as a system-identification problem.
• Nodes 1.7, 1.8, 1.9 re-describe the same architecture in the thesis vocabulary (epistemic vs ontological,

objective generator, separation of concerns).

All of those nodes assume you understand the two-layer picture introduced here.

Relations to Other Concepts
• Model-based vs model-free reinforcement learning — VQA is model-free: the optimizer never

builds a model of the quantum landscape, it just queries it.
• Bayesian optimization — a different family of hybrid systems where the classical side does build an

explicit surrogate of the black-box function.
• Simulation-based inference — classical ML with a simulator as the oracle; structurally similar to

VQA with the quantum device replaced by a (typically deterministic) simulator.
• Control-plant decomposition — the standard block-diagram of classical control theory maps onto

VQA cleanly (see Module 7).

Worked Example — A Single Iteration
Suppose you have a 4-qubit hardware-efficient ansatz with 8 parameters. At iteration k = 0:

1. You initialize θ0 randomly in [−π, π]8.
2. You send θ0 to the quantum layer.
3. The quantum layer compiles the circuit, runs 1024 shots, measures in the eigenbases of the Pauli

decomposition of H, and returns Ĉ(θ0) ≈ −0.42.
4. The classical layer is running ADAM. It needs a gradient, so it queries the quantum layer 16 more times

(parameter-shift rule, 2 evaluations per parameter, 8 parameters) to get ∇̂C(θ0).
5. ADAM produces θ1.
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Iteration 0 has cost: 17 circuit evaluations, 17 × 1024 = 17,408 shots. That is the per-iteration quantum
resource budget, and it is the real currency of VQA. (See node 1.4 for why the parameter-shift rule gives
exact-up-to-noise gradients, and Module 2 for how to design circuits that make this cheap.)

Visualization
Pending. Block diagram: two boxes labeled “Classical Optimization Layer” (top) and “Quantum Objective-
Generating Substrate” (bottom). Arrows: down-arrow labeled θk, up-arrow labeled Ĉ(θk). Dashed box around
both labeled “VQA”.

Exercises
1. Given a 10-qubit ansatz with 30 parameters and a Hamiltonian with 50 Pauli terms, estimate the

number of shots needed per iteration for a gradient-based optimizer using the parameter-shift rule.
State your assumptions about shots-per-expectation.

2. Suppose the classical optimizer has unbounded compute but the quantum layer is rate-limited to 1000
circuit evaluations per hour. How does this constrain the choice of optimizer?

3. Why is it incorrect to say “the quantum device is just a subroutine that evaluates C(θ)”? What does
this framing hide about the cost and noise structure of VQA?

Research Extensions
• Measurement-adaptive VQA — closing a second feedback loop inside the quantum layer, where the

choice of measurement basis depends on previous outcomes (see Module 10).
• Latency-aware optimizer design — choosing optimizers based on the classical-quantum communi-

cation overhead rather than iteration count.
• Co-processing architectures — tighter hardware integration between quantum and classical compo-

nents (e.g., IBM’s runtime primitives, Quantinuum’s TKET runtime).

Cross-links to Other Courses
• Control Theory — the feedback-loop framing; see Module 7 for the full mapping.
• Internet Systems — request-response latency considerations for cloud-accessed quantum hardware.
• Systems Thinking — composition of subsystems with different time scales and observability.
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Expectation Value Estimation
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Hybrid Quantum-Classical Systems Node:
1.3

This node answers the question that 1.1 raised and 1.2 deferred: how do you actually get the number
⟨ψ(θ)|H|ψ(θ)⟩ out of a quantum computer? The answer is “you don’t — you get a noisy estimate of it,
and the noise is intrinsic to how measurement works.”

This is where “shot noise” enters the story. Everything about VQA optimization that distinguishes it from
deterministic classical ML ultimately traces back to this node.

The Three-Step Recipe
Step 1: Decompose. Write the Hamiltonian as a weighted sum of Pauli strings:

H =
M∑

j=1
hjPj ,

where each Pj ∈ {I,X, Y, Z}⊗n is a tensor product of single-qubit Pauli operators and hj ∈ R. This
decomposition exists for any Hermitian H — the Pauli strings form a basis for the space of Hermitian
operators on n qubits.

Step 2: Measure each term. By linearity of expectation,

⟨ψ|H|ψ⟩ =
M∑

j=1
hj⟨ψ|Pj |ψ⟩.

So you can measure ⟨Pj⟩ separately for each j and sum the results. Each measurement requires rotating into
the eigenbasis of Pj and then measuring in the computational basis. For a Pauli string like X1Z2, you apply
a Hadamard on qubit 1, do nothing on qubit 2, and measure both.

Step 3: Sample. Measurement in quantum mechanics is a random process. For N shots, you get N
independent samples s(1)

j , . . . , s
(N)
j ∈ {−1,+1} distributed according to the eigenvalue probabilities of Pj on

|ψ⟩. The unbiased estimator is the sample mean:

⟨̂Pj⟩ = 1
N

N∑
i=1

s
(i)
j .

Combine across terms to get

Ĉ(θ) =
M∑

j=1
hj ⟨̂Pj⟩.

That is the number the quantum layer returns to the classical optimizer.
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Why This Is Noisy
Every step introduces uncertainty that does not exist in a classical function evaluation.

Shot noise. Even on a perfect device, ⟨̂Pj⟩ is a sample mean and therefore has variance. For a Pauli
observable with true expectation value p ∈ [−1, 1],

Var
[
⟨̂Pj⟩

]
= 1 − p2

N
≤ 1
N
.

Combined across terms, the total variance of Ĉ(θ) scales as O(∥h∥2
1/N) in the worst case. Halving the

uncertainty costs four times as many shots.

Hardware noise. On real devices, additional sources kick in: gate errors, decoherence during state
preparation, readout errors, calibration drift. These are not sampling noise — they corrupt the prepared
state before measurement — but from the optimizer’s perspective they look similar: the number coming back
is not the ideal C(θ).

Basis-change overhead. Measuring M Pauli terms naively requires M separate circuits (one per mea-
surement basis). For molecular Hamiltonians, M can be in the thousands. This motivates measurement
grouping — partitioning Pauli strings into commuting sets that can be measured simultaneously (Module 2).

What the Optimizer Actually Sees
From the classical layer’s perspective, each call to the quantum layer returns a random variable:

Ĉ(θ) = C(θ) + ε(θ),

where C(θ) is the ideal expectation value and ε(θ) is a zero-mean noise term with variance σ2(θ) that depends
on the number of shots, the structure of H, and (on real hardware) the physical noise model.

This is a stochastic oracle in the sense of classical optimization theory. The optimizer never sees C(θ)
directly, only samples from its distribution. Every classical optimization algorithm used in VQA must be
robust to this — or at least behave reasonably given noisy inputs.

Module 5 is essentially about how to make optimizers behave reasonably given ε. Module 9 is essentially
about how to reduce ε at the source.

Structural Role
This is the node that makes everything else in VQA feel different from classical ML. Without shot noise,
VQA would be straightforward stochastic optimization of a deterministic black-box function. With shot noise,
you are doing stochastic optimization of a stochastic function whose sampling cost you also have to budget.

The shot budget is the real currency of NISQ-era VQA. Iterations are free; shots are not. Module 6 picks this
up when discussing how to compare optimizers fairly (shots, not iterations, is the x-axis).

Relations to Other Concepts
• Monte Carlo estimation — the sample-mean estimator is a textbook Monte Carlo, with convergence

rate 1/
√
N .

• Importance sampling — can reduce variance by reshuffling the measurement distribution; used in
advanced shot-allocation schemes.
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• Pauli grouping / qubit-wise commuting groups — partitioning {Pj} into simultaneously measur-
able sets.

• Classical shadows — a newer technique (Huang, Kueng, Preskill 2020) that estimates many observ-
ables from a single randomized measurement protocol, often dramatically cheaper than naive Pauli
measurement.

Worked Example — Estimating ⟨Z⟩ on a Single Qubit
Suppose |ψ⟩ = cos(θ/2)|0⟩ + sin(θ/2)|1⟩. Then ⟨Z⟩ = cos θ.

Run N shots. Each shot returns +1 with probability cos2(θ/2) and −1 with probability sin2(θ/2). The
sample mean is an unbiased estimator of cos θ with variance

1 − cos2 θ

N
= sin2 θ

N
.

Notice: the variance is smallest at θ = 0 (where ⟨Z⟩ = +1 deterministically) and largest at θ = π/2 (where
the state is |+⟩ and measurement outcomes are maximally random). So the hardness of estimating a cost
value depends on where you are in parameter space, not just how many shots you spend. This is one of
the reasons variance-aware optimization (node 5.7) is a real thing.

Visualization
Pending. Diagram: top panel shows a single-qubit Bloch sphere with |ψ⟩ at some angle θ. Middle panel shows
100 measurement outcomes as +1/-1 ticks. Bottom panel shows the running sample mean converging to cos θ
with a shrinking confidence band of width ∼ 1/

√
N .

Exercises
1. Derive Var[⟨̂Pj⟩] = (1 − p2)/N from the definition of sample variance. What is the maximum variance

over all possible p ∈ [−1, 1]?
2. Suppose H = 0.5X + 0.5Z. Compute Var[Ĉ(θ)] as a function of θ assuming independent shot budgets
NX = NZ = N .

3. (VQA) If you have a total shot budget of 10,000 and two Pauli terms with coefficients h1 = 1.0 and
h2 = 0.1, how should you allocate shots between them to minimize the variance of Ĉ? (Hint: Lagrange
multipliers.)

Research Extensions
• Classical shadows (Huang-Kueng-Preskill) — exponentially cheaper estimation of many observ-

ables.
• Adaptive shot allocation — using the variance of early measurements to decide where to spend later

shots.
• Measurement grouping — abelian Pauli partitioning; graph-coloring formulation.
• Quantum-enhanced estimation — amplitude estimation gives 1/N scaling instead of 1/

√
N , but

requires deeper circuits than NISQ can support.
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Cross-links to Other Courses
• Statistics Module 2 — sample mean, variance, standard error; this is literally that chapter applied

to quantum measurements.
• Quantum Foundations — measurement postulate, projective measurements, Born rule.
• Hardware Noise Models (Module 9) — the other source of ε(θ).
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Gradient Estimation
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Hybrid Quantum-Classical Systems Node:
1.4

This node tackles the next question after “how do you evaluate C(θ)”: how do you evaluate ∇C(θ)?

The answer turns out to be remarkably clean for a wide class of circuits. It is called the parameter-shift
rule, and it is one of the few genuinely beautiful results in VQA pedagogy. If you remember one technical
result from Module 1 beyond the variational principle, remember this one.

The Problem
Gradient-based optimizers (SGD, Adam, L-BFGS, natural gradient) need ∇C(θ). On a classical computer
with a differentiable cost, you get this for free via automatic differentiation. On a quantum computer, autodiff
does not work: the “forward pass” is a physical quantum circuit, not a Python trace.

So you are stuck estimating ∂C/∂θi from black-box evaluations of C. There are two competing strategies.

The Bad Strategy: Finite Differences
The classical numerical-analysis move: pick a small h, compute

∂C

∂θi
≈ C(θ + hei) − C(θ − hei)

2h .

This is bad for VQA for two reasons.

First, bias vs variance tradeoff. Small h reduces the truncation error but amplifies shot noise: the
numerator is a small difference of two noisy quantities, and the variance of the estimator scales as 1/h2.
Large h reduces noise amplification but increases truncation bias. You cannot win both.

Second, it does not have to be approximate. VQAs have a structural property — periodicity of
Pauli-rotation gates — that allows gradients to be computed exactly (up to shot noise) with two function
evaluations. The parameter-shift rule.

The Good Strategy: The Parameter-Shift Rule
Claim. If the cost function has the form

C(θ) = ⟨0|U†(θ)HU(θ)|0⟩,

and the parameter θi enters through a single-qubit Pauli rotation RP (θi) = exp(−iθiP/2), then

∂C

∂θi
= 1

2

[
C

(
θ + π

2 ei

)
− C

(
θ − π

2 ei

)]
.

This is exact. No Taylor expansion, no small-h limit. The only noise in the estimate comes from shot noise
in the two function evaluations, not from truncation.
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Why It Works — The Derivation Sketch
For a Pauli rotation RP (θ) = cos(θ/2)I − i sin(θ/2)P (recall P 2 = I), a direct calculation gives

d

dθ
RP (θ) = − i

2P ·RP (θ).

Plugging into C(θ) = ⟨0|R†
P (θ)ARP (θ)|0⟩ (for some effective observable A that absorbs everything else)

and using the commutator identity [P,A] = 1
i

(
RP (π/2)ARP (−π/2) −RP (−π/2)ARP (π/2)

)
, the derivative

collapses to a difference of two cost evaluations at shifted angles.

The full derivation is in Mitarai et al. 2018 and Schuld et al. 2019. The key ingredient is that P has only
two distinct eigenvalues (±1), which constrains the Fourier decomposition of C(θ) to contain only the two
frequencies ±1. The shift rule is effectively a trigonometric interpolation identity evaluated at sample
points that the structure of Pauli rotations makes exact.

The Cost
Two circuit evaluations per parameter. For a circuit with P parameters, one full gradient costs 2P evaluations.
Each evaluation itself costs M measurement circuits (one per commuting Pauli group) times N shots.

So the per-gradient shot budget is roughly 2PMN . For a 40-parameter circuit, 50 Pauli terms, 1024 shots:
4.1 million shots per gradient. This is why shot efficiency matters.

Alternatives When Parameter-Shift Is Too Expensive
SPSA (Simultaneous Perturbation Stochastic Approximation). Estimates the whole gradient in two
circuit evaluations, independent of P . The catch: the estimate is high-variance, biased against individual
components, and works only in expectation. But for very high-dimensional circuits where 2P evaluations is
prohibitive, SPSA is the canonical choice.

Gradient-free methods. COBYLA, Nelder-Mead, and similar methods avoid gradients entirely. They scale
poorly with P but are robust to noise. Often competitive for small circuits.

Natural gradient. Uses a Fisher-information-weighted gradient direction. Requires extra circuit evaluations
to estimate the quantum Fisher information matrix (see Module 6), but converges faster per iteration in
many problem classes.

Structural Role
This node is where the parameter-shift rule enters the course, and it is a pivotal result. It is what makes
gradient-based optimization viable for VQA at all. Every time node 1.5 or later refers to “a gradient step,”
the gradient is being estimated by the shift rule under the hood.

It is also the technical detail that node 1.6 (VQA as system identification) depends on: the shift rule gives
the optimizer a noisy but unbiased gradient oracle, which is exactly what first-order sysid methods need.

Relations to Other Concepts
• Automatic differentiation — the classical-ML tool the shift rule is trying to replace.
• Finite-difference methods — the naive alternative. Worse variance, worse bias, same cost.
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• Simultaneous Perturbation Stochastic Approximation (SPSA) — Spall 1992; independent of
parameter count.

• Hadamard test — another quantum primitive for estimating derivatives, via controlled gates. Higher
circuit-depth overhead than the shift rule.

• Quantum natural gradient — Stokes et al. 2020; uses Fubini-Study metric.

Worked Example — Parameter-Shift on a One-Qubit RY Circuit
Consider

|ψ(θ)⟩ = RY (θ)|0⟩ = cos(θ/2)|0⟩ + sin(θ/2)|1⟩.

With H = Z, the cost is C(θ) = cos θ and the exact gradient is − sin θ.

Apply the shift rule:

∂C

∂θ

?= 1
2

[
cos(θ + π/2) − cos(θ − π/2)

]
= 1

2
[
− sin θ − sin θ

]
= − sin θ. ✓

Exact, not approximate. Every time you use the shift rule in VQE or QAOA, this is what is happening under
the hood.

Visualization
Pending. Diagram: cost function C(θ) plotted over one period. Two evaluation points shown at θ ± π/2.
Arrow between them, labeled with the shift-rule formula. Annotate that the slope of the chord between these
two points equals the tangent slope at θ — exactly.

Exercises
1. Verify the parameter-shift rule for RX(θ) acting on |0⟩ with observable H = Z. Compute both sides of

the identity and show they agree.
2. Derive the variance of the shift-rule gradient estimator assuming each evaluation has shot variance σ2.

Compare to the variance of a central finite difference with step h.
3. (VQA) For a Hamiltonian with M = 100 Pauli terms and a circuit with P = 20 parameters, estimate

the shot cost of one full parameter-shift gradient at 1024 shots per measurement. Compare to SPSA.

Research Extensions
• Higher-order parameter shifts — for gates whose generators have more than two distinct eigenvalues,

the shift rule generalizes to more than two evaluation points (Wierichs et al. 2022).
• Stochastic parameter-shift — sampling parameters to estimate gradients; trades bias for variance.
• Differentiable quantum circuits — autodiff frameworks (PennyLane, TorchQuantum) that compose

shift-rule gradients with classical autodiff.
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Cross-links to Other Courses
• Calculus / Numerical Analysis — finite differences, truncation error, bias-variance tradeoffs.
• Cost Landscapes (Module 3) — gradient information as a probe of landscape geometry.
• Optimization Dynamics (Module 6) — how gradient estimators interact with update rules.
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The Hybrid Optimization Landscape
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Hybrid Quantum-Classical Systems Node:
1.5

This is the “what does the classical optimizer actually see?” node. Having established the architecture
(1.2), how expectations are measured (1.3), and how gradients are estimated (1.4), this node steps inside the
classical layer and describes the optimization problem from its point of view.

The answer is uncomfortable: the optimizer is trying to minimize a function that is noisy, bounded, non-convex,
periodic, and only accessible through an expensive oracle. Classical optimization textbooks do not prepare
you for all of those at once.

The Five Defining Features
1. Noisy

Every call to the cost oracle returns a random variable, not a number. Shot noise from finite measurement
(node 1.3) is intrinsic. Hardware noise on real devices compounds it. The optimizer cannot “turn off” the
noise — only budget against it.

Consequence: algorithms that assume deterministic function values (Newton’s method, BFGS) either fail
outright or need substantial modification.

2. Periodic

Parameters are angles. For any Pauli rotation gate RP (θ) = exp(−iθP/2) with eigenvalues ±1,

C(θ + 2πei) = C(θ).

The natural domain is a torus [−π, π]P , not RP .

Consequence: “going to infinity” is not a mode of failure; the optimizer cannot leave the compact domain.
Also consequence: standard L2 regularization (as a prior-around-origin) is conceptually awkward here (see
node 5.1).

3. Non-convex

The cost C(θ) is a sum of expectation values of Pauli strings in a state that depends nonlinearly on θ through
the circuit. It generically has many local minima, saddle points, and flat regions.

Consequence: no global-optimum guarantees from gradient descent. “Convergence” means “the iterates settle
into a basin,” not “the iterates reach the minimum.”

4. Potentially Flat (Barren Plateaus)

For random parameter initializations in expressive deep circuits, ∇C(θ) is exponentially small in the number
of qubits — this is the barren plateau phenomenon (Module 4). Large swathes of parameter space look
perfectly flat to a local optimizer.

Consequence: the optimizer can spend arbitrarily many shots in a region with no detectable signal. Global
exploration or warm-started initialization is often necessary.
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5. Manifold-Constrained

The states {|ψ(θ)⟩} reachable by the ansatz are a restricted submanifold of Hilbert space. The optimizer
never directly sees this manifold; it sees only a P -dimensional parameter space. But the structure of the
optimization problem — its curvature, its Hessian, its natural metric — is inherited from the manifold, not
from Euclidean parameter space.

Consequence: the “natural gradient” (Module 6) can outperform vanilla gradient descent dramatically,
because it respects the manifold geometry rather than the parameter coordinate chart.

What This Looks Like In Code
Imagine you are an SGD optimizer running in a VQA. At each step:

1. You request a gradient.
2. You wait several hundred milliseconds to several seconds for the quantum hardware to return an answer.
3. The answer is a vector whose components are the true gradient plus large random noise.
4. You take a step of size η.
5. The step might have been a descent direction; it might have been sideways; it might have increased the

cost. You cannot tell from a single measurement.
6. Repeat a few thousand times and hope it works out.

This is not “noisy classical optimization with a small correction for uncertainty.” This is a qualitatively
different setting, and the algorithms that work best here (HOPSO, SPSA, carefully regularized gradient
methods) are not the algorithms that dominate classical ML.

Structural Role
This node is the motivation for the rest of the course. Every topic downstream of Module 1 is in some sense
a response to one or more of the five features above:

• Module 3 (Cost Landscapes) studies the geometry — features 3, 4, 5.
• Module 4 (Barren Plateaus) is feature 4, in full.
• Module 5 (Regularization) is a set of techniques for handling feature 1 without pretending it isn’t there.
• Module 6 (Optimization Dynamics) designs update rules appropriate for features 1 and 5.
• Module 7 (Control Theory View) formalizes the whole thing as a disturbance-rejection problem.
• Module 9 (Hardware Noise) is the physical origin story of feature 1.

If you want to know “why do we need so many modules just to optimize a function,” this node is why.

Relations to Other Concepts
• Stochastic optimization — the broad classical umbrella; Robbins-Monro, Kiefer-Wolfowitz, SGD.
• Bandit problems — each parameter-space query is like pulling an arm; the optimizer has a limited

query budget.
• Bayesian optimization — an alternative classical strategy for noisy black-box optimization; works

but has its own scaling issues.
• Non-convex optimization theory — the parts that don’t assume smoothness or convexity; recent

results on overparameterized neural networks sometimes transfer.
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Worked Example — The Optimizer’s Uncertainty Budget
Suppose a single circuit evaluation returns Ĉ(θ) = C(θ) + ε with Var[ε] = σ2. A gradient component via the
parameter-shift rule is

ĝi = 1
2

[
Ĉ(θ + π

2 ei) − Ĉ(θ − π
2 ei)

]
,

with variance σ2/2 (two independent noisy evaluations, divided by 2, squared). If σ = 0.1, then the gradient
estimate has a per-component standard deviation of about 0.07.

For the optimizer to reliably distinguish “gradient pointing left” from “gradient pointing right,” the true
gradient magnitude must exceed this noise floor. In a barren-plateau regime where the true gradient is
O(2−n), this requires exponentially many shots just to resolve the sign. This is the quantitative statement of
“feature 4 eats your shot budget.”

Visualization
Pending. Three-panel diagram: 1. Periodic 2D cost surface on a torus, annotated “periodic, non-convex.” 2.
Same surface with random noise overlaid on every evaluation, annotated “shot-noisy.” 3. Same with a large
flat region highlighted, annotated “barren plateau.” One image, one caption: “This is what the optimizer is
working with.”

Exercises
1. For a two-parameter toy cost C(θ1, θ2) = cos θ1 cos θ2, enumerate all critical points and classify them.

How many are global minima, how many local minima, how many saddles?
2. Show that adding independent Gaussian noise to each gradient component preserves the expected

descent direction but can arbitrarily delay convergence for small true gradients. Quantify the delay in
terms of signal-to-noise ratio.

3. (VQA) Give a qualitative argument for why periodicity of the parameter space helps an optimizer that
gets stuck: what escape routes does the torus geometry offer that RP does not?

Research Extensions
• Landscape smoothness characterization — how does ∥∇2C∥∞ scale with depth and qubit count?
• Warm starting — classical pre-optimization on a cheaper surrogate to get out of barren regions before

spending quantum resources.
• Adversarial landscapes — worst-case Hamiltonians designed to fool specific optimizers.

Cross-links to Other Courses
• Optimization Theory — stochastic and non-convex chapters.
• Barren Plateaus (Module 4) — feature 4 in full.
• Cost Landscapes (Module 3) — features 3, 5 in full.
• Statistics — noise models, estimator variance.

17



VQA as System Identification
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Hybrid Quantum-Classical Systems Node:
1.6

This node offers a reframing: variational quantum algorithms are a special case of system identifi-
cation. The classical optimizer is trying to learn the shape of an unknown function through noisy probes,
and the structure of that problem is the same whether the function happens to be a physics Hamiltonian
expectation, an industrial plant’s response curve, or a simulator’s reward landscape.

This framing is not just cosmetic. It lets you import a century of control-theory and sysid literature into
VQA, and it foreshadows Module 7 (control-theoretic view).

System Identification in One Paragraph
System identification is the classical engineering discipline of building a model of an unknown dynamical
system by observing its input-output behavior. You apply known inputs, measure the outputs, and infer
a model — either a parametric model (fit the parameters of a chosen structure) or a non-parametric one
(estimate the response function directly).

The three defining features of a sysid problem are:

1. You have query access but not introspection access. You can poke the system and see what it does,
but you cannot look inside.

2. Observations are noisy. Every measurement carries sensor or sampling error.
3. The query budget is finite. You cannot run experiments forever.

Every one of these bullets applies to VQA verbatim if you replace “unknown dynamical system” with “the
landscape C(θ) generated by a quantum circuit.”

The VQA-Sysid Map

Sysid concept VQA instance
Unknown system The cost landscape C(θ) generated by quantum

circuit + Hamiltonian
Input Parameter vector θk

Output Noisy scalar Ĉ(θk)
Sensor noise Shot noise + hardware errors
Query budget Shot budget
Model class Implicit in the optimizer’s update rule
Identification goal Find arg minθ C(θ)

The last row is where VQA differs slightly from classical sysid: in most sysid applications the goal is to build
an accurate model for downstream use (prediction, control), whereas in VQA the goal is to find an optimal
input without necessarily caring whether you have learned the full landscape.

This makes VQA a special case of optimization-driven system identification — a subfield of sysid where
you only care about model accuracy near the optimum. Bayesian optimization is the classical archetype.
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Why This Reframing Is Useful
It makes the right quantities the right quantities. A sysid practitioner intuitively knows that the
relevant cost metric is “queries used to reach a given accuracy,” not “iterations of my inner loop.” For VQA
this maps to “shots used to reach a given energy accuracy.” Getting this x-axis right (see node 5.9, metric 4)
is a common place where VQA benchmarks go wrong.

It tells you when classical intuition fails. Most sysid literature assumes linear, time-invariant, or at
most smoothly nonlinear systems. VQA landscapes are none of those. But the framework of sysid — query,
observe, update belief, query again — transfers cleanly. You just need nonlinear/non-parametric identification
tools.

It connects to control theory. Sysid is the data-acquisition half of the sysid-plus-control pipeline. Module
7 picks up the other half: once you have identified enough of the landscape to act, how do you design update
rules that steer the system effectively? The control framing makes regularization, stability analysis, and
disturbance rejection (Module 5) look like standard techniques rather than ad-hoc tricks.

It motivates query-efficient algorithms. In sysid, you care about sample complexity — how many
queries are needed in the worst case. This is exactly the shot budget question for VQA. Methods from bandit
theory (UCB, Thompson sampling), Bayesian optimization (Gaussian process surrogates), and active learning
are all candidates — and many of them are being actively studied as VQA optimizers.

What VQA Is Not
It is worth naming what this framing does not say.

• VQA is not identifying the Hamiltonian. The Hamiltonian is known; it is an input to the problem.
VQA is identifying the response surface C(θ) that the known Hamiltonian induces through a known
ansatz.

• VQA is not quantum-state tomography. Tomography would mean reconstructing the full state
|ψ(θ)⟩ at each θ, which is exponentially expensive. VQA collapses the state to a single number at each
query.

• VQA is not learning a quantum channel. The channel (the circuit) is fixed and known. VQA is just
searching over its input parameters.

The “unknown” in VQA’s sysid interpretation is only the function from parameters to expectation values —
its local minima, its curvature, where to step next. Nothing quantum remains unknown from the optimizer’s
perspective. This is the same observation that node 1.7 makes in different language.

Structural Role
This node is the conceptual bridge from Module 1 to Module 7 (Control-Theoretic View). It introduces
the sysid framing lightly, without the full machinery. Module 7 will formalize it: observability, controllability,
the Pontryagin principle applied to VQA trajectories.

It also sets up node 1.9 (separation of objective and dynamics), which is the thesis-flavor version of the same
decomposition: the “system” (quantum substrate) and the “identifier” (classical optimizer) are distinct, and
you can study them separately before putting them back together.

Relations to Other Concepts
• Bayesian optimization — builds an explicit surrogate (Gaussian process or similar) of the unknown

function and uses it to decide where to query next.
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• Active learning — choosing queries to maximize information gain; relevant to shot allocation.
• Multi-armed bandits — each parameter location is an arm with unknown reward distribution.
• Reinforcement learning — policy-gradient methods are structurally similar; see Module 10.
• Gaussian process regression — a common sysid surrogate model; used in Bayesian optimization for

VQA.

Worked Example — A Surrogate-Model Optimizer
Consider this simple VQA-sysid algorithm:

1. Sample K random parameter points θ(1), . . . ,θ(K).
2. Evaluate Ĉ(θ(i)) for each.
3. Fit a Gaussian process surrogate C̃(θ) with estimated mean and variance.
4. Choose the next query as θ(K+1) = arg minθ[C̃(θ) − κσ(θ)] — the lower confidence bound.
5. Evaluate, add to the training set, refit.
6. Repeat.

This is Bayesian optimization applied to VQA. It is pure sysid: the GP is an explicit model of the unknown
landscape, and queries are chosen to trade off exploration (high σ) against exploitation (low C̃). It works
surprisingly well on small VQE instances and is a live research direction.

Visualization
Pending. Diagram: a black box labeled “quantum device” with an input arrow θ and an output arrow Ĉ(θ).
Around it, a classical layer that maintains a “belief” about the shape of C(θ) (shown as a dotted contour
map) and updates the belief with each query. Arrows feeding back to choose the next query.

Exercises
1. Given a fixed shot budget B, is it better to use all shots for one very accurate evaluation or split them

across many noisier evaluations? Argue both sides for an exploration phase and an exploitation phase.
2. Describe a VQA optimizer that would be natural from a pure bandit perspective. What is the reward,

what is the regret metric, and what assumption lets you bound regret?
3. (VQA) Why is Bayesian optimization’s O(K3) classical cost per iteration a concern for large-parameter

VQAs? What is the tradeoff between quantum shot cost and classical surrogate cost?

Research Extensions
• Quantum kernel methods — using quantum circuits as feature maps inside classical sysid pipelines.
• Information-theoretic shot allocation — querying where the surrogate’s uncertainty is highest,

weighted by expected reduction in posterior variance.
• Meta-learning over problem families — learning a good warm-start distribution across many VQE

instances.

Cross-links to Other Courses
• Control-Theoretic View (Module 7) — the natural next step.
• Statistics Module 6 — Bayesian inference and Gaussian process regression.
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• Game Theory / Bandits — exploration-exploitation tradeoffs.
• Systems Thinking — sysid as a general discipline, not just a VQA trick.
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Epistemic vs Ontological Uncertainty: The Poker/Bell Frame
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Hybrid Quantum-Classical Systems Node:
1.7

This node is the authored conceptual lens of the VQA course. It offers a distinction — between two
fundamentally different kinds of uncertainty — and then claims that the classical-quantum interface in VQA
sits on the boundary between them, in a very specific way.

This framing is original to this course. It is not a theorem, not a benchmark, not a new algorithm. It is a
way of seeing the subject that makes several otherwise-confusing decisions feel obvious. If you internalize it,
a lot of the rest of the course stops being surprising.

Two Kinds of Uncertainty
Compare two games.

Poker

You are playing Texas Hold’em. Your opponent has two cards face down. You do not know what they are.
But there is a fact of the matter: the cards are what they are. If the table collapsed and the cards flipped
up, you would observe a definite value. Your uncertainty is a statement about your knowledge, not about
the cards. It is epistemic.

Formally: there exists a hidden state s and a probability distribution p(s) over what that state might be.
Observation reveals s and collapses your distribution to a delta. The distribution was never a physical thing;
it was a bookkeeping device for your ignorance.

Bell State

You hold one qubit of a pair in the state 1√
2 (|00⟩ + |11⟩). You are asked: what will you measure in the Z

basis? The answer is: 50% chance of 0, 50% chance of 1. But — and this is the content of Bell’s theorem —
there is no fact of the matter before you measure. The qubit does not secretly “have” a definite Z
value that you are ignorant of. It is in a genuine superposition, and the outcome is generated in the act of
measurement.

Formally: there is no hidden state s that would reproduce quantum statistics in all possible measurement
bases while respecting locality. Your uncertainty is not a statement about your knowledge; it is a statement
about physical reality itself. It is ontological.

Why The Distinction Matters
In classical probability, epistemic and ontological collapse into each other and there is no need to distinguish
them operationally. If you are flipping a fair coin, it is equivalent to say “there is a 50% chance it’s heads”
whether you think the coin is physically undetermined until it lands or that determinism rules the trajectory
and you just don’t know the initial conditions. Either interpretation yields the same bookkeeping.

In quantum mechanics, the distinction is physically real. Bell inequalities can be violated; no-go theorems
exist; experiments confirm that quantum uncertainty is not reducible to hidden variables (modulo interpre-
tational sophistries that no one makes practical decisions on). The uncertainty in quantum measurement
outcomes is ontologically different from the uncertainty in a face-down poker card.
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The VQA Twist: The Optimizer Lives in Poker World
Here is the authored claim.

A variational quantum algorithm’s quantum substrate is ontologically quantum — it genuinely prepares
superpositions, entanglement, and measurement outcomes that cannot be simulated by any hidden-variable
model. It lives in Bell-state world.

But the classical optimizer never sees any of that. The optimizer receives scalar numbers Ĉ(θk). From its
point of view, those numbers are samples from a distribution, and the distribution’s mean is the true value
C(θk). The “true” value is a well-defined real number — it exists, it has a fact of the matter, it is what the
sample mean converges to as shot count goes to infinity.

From the optimizer’s vantage point, C(θ) is a deterministic function of θ corrupted by sampling
noise. This is exactly the structure of poker — there is a fact, we just haven’t sampled enough to see it
clearly.

The epistemic / ontological distinction has been collapsed at the measurement interface. Everything
Bell-state about the quantum substrate has been converted, by the Born rule and shot averaging, into
Poker-style epistemic uncertainty about a well-defined scalar.

Why This Framing Unlocks Things
Classical intuition is (almost) safe. The optimizer can safely reason about C(θ) as if it were a classical
noisy function. Concepts from classical stochastic optimization — variance reduction, gradient descent,
confidence intervals, the Chernoff bound — all apply. The optimizer does not need to know or care about the
quantum origin of the noise.

It’s why optimizer-agnostic analysis works. Because the interface exposes a poker-world function, you
can swap optimizers freely without worrying about whether they “understand quantum mechanics.” They
don’t need to; the thing they are optimizing is, from their perspective, a classical stochastic oracle. This
is the foundation for the thesis’s optimizer-agnostic treatment of regularization (Module 5) and population
methods (Modules 4-5 of the thesis).

It tells you where “quantum advantage” can and cannot help. The quantum substrate gives you
access to a specific family of poker-world functions C(θ) that are expensive or impossible to evaluate classically.
The quantum advantage is entirely in the menu of functions you can query, not in how you query
them. Every optimizer strategy that beats a classical baseline does so because it exploits structure in this
menu, not because it does something “quantum.”

It demystifies noise models. Different hardware noise profiles give you different poker-world functions
(with different variance, different bias, different correlations). They do not give you a “more quantum” or
“less quantum” problem. Noise-mitigation techniques are classical variance-reduction strategies applied to a
classical statistical problem — which is why they can be analyzed with classical tools.

Where The Frame Breaks
The poker/Bell collapse happens at the interface. Before measurement, the quantum state is genuinely
Bell-state. The variance of the cost estimator depends on the full quantum state’s properties: Var[Ĉ(θ)]
depends on ⟨ψ|H2|ψ⟩ − ⟨ψ|H|ψ⟩2, which is a genuinely quantum quantity. Barren plateaus (Module 4) are a
property of the ontologically quantum state ensemble, even though they show up to the optimizer as “my
gradients are suspiciously small.”

So the frame is: ontological quantum physics determines the shape and noise structure of a
poker-world function, which the optimizer then treats as epistemic classical uncertainty. Every “surprising”
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feature of VQA optimization comes from a place where the frame leaks — where the quantum origin of the
noise structure shows up in the classical problem.

This is why Module 9 (hardware noise) is important and why you can’t just pretend VQA is classical
optimization with a noise model pulled out of a hat.

Structural Role
This is the authored lens of Module 1 and the conceptual anchor for the whole course’s treatment of
the classical-quantum interface. It sits between node 1.6 (sysid view) and node 1.8 (thesis-flavor objective
generator) because it provides the philosophical bridge between the two.

Where node 1.6 is a classical-engineering framing and node 1.8 is a thesis-vocabulary framing, this node is
the underlying why that makes both of them legitimate.

Relations to Other Concepts
• Frequentist vs Bayesian probability — a related but distinct divide; orthogonal to epistemic vs

ontological.
• Hidden variable theories — the historical attempt to reduce quantum uncertainty to classical

ignorance. Bell’s theorem rules out the local version.
• QBism — a quantum interpretation that reframes quantum probabilities as agent-epistemic rather

than ontological. Not the same as the claim here; QBism is about the physics, the claim here is about
the interface.

• Decoherence — the physical mechanism by which ontologically quantum states develop effectively
classical statistics.

Worked Example — A Single Pauli Expectation
Let H = Z and |ψ(θ)⟩ = RY (θ)|0⟩. True value: C(θ) = cos θ. Measured value over N shots: a sample mean
Ĉ(θ) with variance sin2 θ/N .

Bell-state view: each shot is a genuinely quantum measurement; the outcome does not exist until the
measurement happens; the ±1 results are ontologically non-pre-existing.

Poker view (optimizer’s): there is a number, cos θ, and I have a sample mean that approximates it. The
sample mean has variance sin2 θ/N . I want to use the sample mean to decide how to adjust θ.

Both views are simultaneously correct. The Bell-state view describes what is physically happening. The
poker view describes what the optimizer sees. They agree on the mean and the variance. The optimizer’s job
is easier because it can ignore everything in the Bell-state view except the statistical shape of the output.

Visualization
Pending. Two-panel diagram. Left: a poker table with two face-down cards, labeled “EPISTEMIC: there is a
fact, I don’t know it.” Right: a Bell pair with an entanglement swirl, labeled “ONTOLOGICAL: there is no
fact until measurement.” Below both, a horizontal arrow pointing to a single box labeled “Ĉ(θ) ∈ R — what
the optimizer sees” with caption: “The Born rule + shot averaging collapses the right panel into the left panel
at the interface.”
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Exercises
1. For a state |ψ⟩ = α|0⟩ + β|1⟩, explain the difference between saying “there is a 50% chance of measuring

0” and “the qubit has a definite value of 0 half the time.” Which is consistent with Bell’s theorem?
2. The sample mean Ĉ(θ) converges to cos θ in the infinite-shot limit. Is cos θ an epistemic or ontological

quantity in the framing of this node? Defend your answer.
3. (VQA) Give an example of a feature of VQA optimization where the epistemic-poker framing is

insufficient and the ontologically-quantum origin of the problem matters. (Hint: Module 4.)

Research Extensions
• Interface-collapse theorems — can this poker/Bell collapse be made quantitatively precise? What

exactly is lost at the interface?
• Quantum-native optimizers — optimizers that act on the state itself (via swap tests, amplitude

estimation, or partial tomography) rather than on scalar cost feedback. These genuinely operate on the
Bell-state side and may access information the poker-framed optimizer cannot.

• Philosophy-of-VQA — cross-referencing this framing with the broader quantum interpretations
literature.

Cross-links to Other Courses
• Quantum Foundations — Bell’s theorem, hidden variables, interpretations.
• Statistics Module 1 — frequentist and Bayesian probability frameworks.
• Game Theory — poker as the canonical epistemic-uncertainty game.
• Systems Thinking — the general pattern of complicated internals presenting a simpler interface.
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The Quantum Subsystem as Stochastic Objective Generator
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Hybrid Quantum-Classical Systems Node:
1.8

This node states the thesis-vocabulary version of what the quantum layer does. Nodes 1.2 (architecture)
and 1.3 (expectation estimation) described the mechanics. Node 1.7 (poker/Bell) described the philosophy.
This node collapses both into the single working abstraction used throughout the rest of the course: the
quantum device is a stochastic objective generator, and nothing more.

It is a deliberately minimalist abstraction. Its purpose is to let the classical optimizer ignore almost
everything quantum and focus on what it can actually respond to.

The Definition
A stochastic objective generator is an oracle with the following interface:

• Input: a parameter vector θ ∈ RP .
• Output: a real number Ĉ(θ) ∈ R, drawn from a distribution whose mean is a fixed (but oracle-hidden)

function C(θ) and whose variance is bounded.
• Stateless: successive calls at the same θ return independent samples; there is no internal memory or

adaptivity.
• Opaque: the internal mechanism producing Ĉ(θ) is not inspectable from the outside. The caller has

query access only.

That is the entire signature. Nothing in this description mentions Hilbert spaces, amplitudes, entanglement,
measurement, qubits, or Pauli strings.

Claim: the quantum subsystem of a VQA is exactly a stochastic objective generator in this sense.

This is not a metaphor and not an approximation. It is a literal description of the interface the classical
optimizer interacts with.

What Is Gained By This Abstraction
Optimizer-agnostic analysis. Any result you prove about how optimizers interact with stochastic objective
generators applies to VQAs, regardless of which quantum hardware, which ansatz, which Hamiltonian. This
is why Module 5’s regularization thesis can be stated without ever invoking specific quantum details: the
argument is about the oracle interface, not about what’s on the other side.

Clean separation of concerns. The quantum-hardware researcher’s job is to make the oracle cheaper,
lower-variance, and more reliable. The optimizer researcher’s job is to make the best use of the oracle interface.
These two jobs can proceed in parallel and exchange results through the shared abstraction.

Clear failure diagnostics. When a VQA fails, you can ask: is the oracle broken (variance too high, bias
too large, correlated errors) or is the optimizer broken (bad update rule given the observed variance profile)?
Without the abstraction, these two failure modes are indistinguishable; with it, they are separable.

Composability with classical tools. Any classical tool that accepts a stochastic oracle — Bayesian
optimization, bandit algorithms, simulation-based inference, evolutionary strategies — can be plugged in
without reinvention. The oracle doesn’t care that it’s quantum; the classical tool doesn’t care that the oracle
is quantum. They meet at the interface and shake hands.
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What Is Lost By This Abstraction
Quantum structure of the noise. The variance of Ĉ(θ) depends on quantum quantities (e.g., ⟨ψ|H2|ψ⟩ −
⟨ψ|H|ψ⟩2) that are not exposed through the scalar interface. An optimizer that only sees samples cannot in
general infer this variance without extra queries.

Structural exploitability. Some potential optimization strategies might exploit the fact that the oracle is
a quantum circuit — for example, by requesting measurements in alternative bases, by running swap tests,
by using amplitude estimation. Those are genuinely quantum-enhanced strategies, and they live outside the
stochastic-objective-generator abstraction. Treating the quantum side as an opaque oracle means you give up
on these.

Circuit-level insight. Phenomena like barren plateaus depend on the global structure of the parameterized
circuit. A pure-oracle view sees them only as “gradients are unexpectedly small”; diagnosing the root cause
requires cracking the oracle open.

This is an acceptable tradeoff for Module 1’s purposes — the abstraction is a working tool, not a permanent
wall. Later modules (especially 4, 9, 10) crack the oracle open when they need to.

Relationship to Node 1.7 (Epistemic vs Ontological)
Node 1.7 gave the philosophical justification; this node gives the operational consequence.

Node 1.7 argued that the quantum-classical interface collapses Bell-state ontological uncertainty into poker-
style epistemic uncertainty about a well-defined scalar. This node takes that collapse at face value and builds
an abstraction around it. The stochastic objective generator is the formal object you get when you take
the poker view seriously and treat the resulting classical-looking oracle as the primary thing to reason about.

You could not have one without the other. Without 1.7, the objective-generator abstraction looks like a
pragmatic shortcut. With 1.7, it looks like the mathematically correct quotient to take.

Relationship to Node 1.6 (System Identification)
Node 1.6 framed VQA as sysid. A stochastic objective generator is exactly the kind of unknown system that
sysid tries to characterize. The stochastic-objective-generator abstraction is therefore the target of the sysid
framing: you probe a stochastic oracle, you build up a model (explicit or implicit) of its C(θ) surface, you
use that model to find the minimum.

Structural Role
This is the last of the “what is the quantum side?” nodes. Nodes 1.2-1.4 described it mechanically. Nodes
1.6-1.7 described it conceptually. This node locks in the minimal working abstraction that Module 5 and
beyond will use.

From this point on in the course, whenever you see Ĉ(θ) in a diagram or equation, you should mentally
substitute: this is the output of a stochastic objective generator that happens to be implemented by a quantum
device. The abstraction is the thing the math operates on. The implementation is the reason the abstraction
is interesting.
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Relations to Other Concepts
• Stochastic oracles — the general classical computer-science abstraction. Robbins-Monro, Kiefer-

Wolfowitz, Polyak, Nemirovski all have results on this.
• Simulator-based inference — classical ML with an opaque simulator as the oracle; structurally

identical.
• Black-box optimization — the general name for optimizing oracles with no derivative access. VQA

is a noisy black-box optimization problem.
• PAC learning with membership queries — the learning-theory cousin.

Worked Example — Abstracting Away a VQE
A Variational Quantum Eigensolver on H2 with the UCCSD ansatz has:

• 14 parameters (singles + doubles amplitudes)
• A Hamiltonian with ~15 Pauli terms after Jordan-Wigner transformation
• A fixed number of qubits (4 after tapering)
• Shot noise proportional to ∼ 1/

√
N per Pauli term

From the stochastic-objective-generator perspective, all of that collapses to:

“A black box that takes θ ∈ [−π, π]14 and returns a noisy scalar. Variance structure depends on
θ but is bounded by some known constant. One query costs ∼ 15N shots.”

An optimizer written against this abstraction will work on H2, H2O, N2, LiH — whatever you point it at —
without caring about the physics. This is exactly why HOPSO and SPSA and COBYLA can be benchmarked
on “VQE” without specifying the molecule: the oracle abstraction is the level at which the optimizer lives.

Visualization
Pending. Diagram: a black box with input θ, output Ĉ(θ). Inside the box, a faint silhouette of a quantum
circuit, grayed out to indicate “implementation details.” Outside the box, a clean classical optimizer that only
sees the input-output pair. Label: “The optimizer sees the box, not the silhouette.”

Exercises
1. Give three examples of “stochastic objective generators” from non-quantum contexts. For each, identify

the input space, output distribution, and source of noise.
2. The stochastic-objective-generator abstraction throws away information about the variance structure

of Ĉ(θ). Design an extended interface that preserves the mean and variance, and argue whether an
optimizer can exploit it. (Hint: think about variance-penalized objectives from node 5.7.)

3. (VQA) Describe a situation where the stochastic-objective-generator abstraction actively misleads
the optimizer. What is the structure of the failure?

Research Extensions
• Enriched oracle interfaces — stochastic generators that also expose variance estimates, cross-query

correlations, or gradient samples.
• Oracle-complexity theory for noisy black-box optimization — how many queries are needed to

find an ε-optimum under bounded variance?
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• Ansatz-agnostic optimizer design — exploiting only the generator interface, deliberately avoiding
circuit-level structure.

Cross-links to Other Courses
• Statistics Module 6 — stochastic oracles and Monte Carlo estimators.
• Systems Thinking — abstraction boundaries and their costs.
• Game Theory — stateless opponent models as an analogy.
• Internet Systems — APIs as opaque oracles; the same abstraction pattern at a different scale.
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The Separation of Objective and Dynamics
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Hybrid Quantum-Classical Systems Node:
1.9

This is the closing node of Module 1 and its most important structural claim.

The thesis of Module 1 compresses to a single sentence: in a variational quantum algorithm, the
objective and the dynamics are two different things, and most confusions in the field come
from forgetting that.

This node is the formal statement of that claim, and the justification for treating “objective” and “dynamics”
as the two independent axes along which the rest of the course is organized.

The Two Components
Every VQA has two separable pieces.

The objective. A function C : RP → R, defined implicitly by the choice of ansatz U(θ), Hamiltonian H, and
hardware noise model. This function has a shape: local minima, saddle points, flat regions, periodicities. It
has a noise profile: the variance of Ĉ(θ) as a function of θ and shot budget. Once the ansatz and Hamiltonian
are fixed, the objective is completely determined — it exists as a mathematical object independent of any
optimizer.

The dynamics. A rule A for updating θk → θk+1 given feedback from Ĉ. Examples: gradient descent, Adam,
HOPSO, COBYLA, SPSA, Bayesian optimization, simulated annealing. The dynamics are completely
determined by the choice of optimizer and its hyperparameters — they exist as an algorithm independent
of any particular objective.

The behavior of the VQA is the interaction of these two things. Not the objective alone. Not the
dynamics alone. Their composition.

Why This Separation Is Not Obvious
It should be obvious. It is not. The reason is that in most of the VQA literature, discussions of “why VQA is
hard” fold both components into a single narrative and then blame one of them.

Typical examples of the confusion:

• “VQE converges slowly because the landscape has barren plateaus.” Half true. Barren plateaus are an
objective property. But whether slowness becomes failure depends on the dynamics — an optimizer
that averages over shots differently can cope; one that takes single-sample gradient steps cannot.

• “Adam doesn’t work well for VQA.” Half true. Adam has particular dynamical properties (momentum,
adaptive learning rates per parameter) that interact in particular ways with particular objective shapes.
On some objectives Adam is great; on others it is terrible. The statement “Adam doesn’t work well
for VQA” is the statement “averaged across the VQA objectives the community cares about, Adam’s
dynamics interact poorly,” which is a much narrower claim than the plain reading suggests.

• “Parameterized circuit X is expressive enough to solve problem Y .” Expressivity is an objective property.
But reaching the expressive floor requires dynamics that actually get you there. Expressivity bounds
are upper bounds on what is reachable, not statements about what any particular optimizer will find.

The pattern in all of these: conflating a shape-property of the objective with an emergent-property of the
optimizer-plus-objective system.
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The Formal Statement
Let O be an objective (cost function plus noise model) and let A be a dynamics (update rule plus hyperpa-
rameters). Define the behavior of the pair (O,A) as the distribution over trajectories {θk}T

k=0 induced by
running A on O from random initializations.

Claim 1 (decomposition). The behavior is not a function of O alone or A alone. It is a function of the
pair.

Claim 2 (non-trivial interaction). There exist pairs (O1,A1) and (O2,A2) such that swapping dynamics
— evaluating (O1,A2) — produces qualitatively different behavior. In particular, convergence on (O1,A1)
does not imply convergence on (O1,A2), and vice versa.

Claim 3 (separable study). Despite the non-trivial interaction, one can profitably study the two components
separately. Properties of O (barren plateaus, landscape geometry, concentration phenomena) are well-defined
without reference to any optimizer. Properties of A (stability, convergence rates, noise tolerance) are
well-defined without reference to any particular objective. The composition happens last.

Claims 1 and 2 are empirical observations backed by literature (e.g., Arrasmith et al. on optimizer choice in
VQA). Claim 3 is the organizational principle of this course.

How The Course Uses This Separation
Every module from here on lives on one side of the divide or the other, or on the composition of the two:

Module Side
2 — Parameterized Circuits Objective (shape of the ansatz manifold)
3 — Cost Landscapes Objective (geometry)
4 — Barren Plateaus Objective (concentration phenomena)
5 — Regularization Composition — modifies dynamics in response to

objective noise
6 — Optimization Dynamics Dynamics
7 — Control-Theoretic View Dynamics as controllers acting on objectives
8 — Expressivity vs Trainability Objective (a shape property, “expressivity”, and a

composition property, “trainability”)
9 — Hardware Noise Models Objective (modifying the noise profile)
10 — Adaptive Control Systems Composition — closing additional feedback loops

This split is not arbitrary. It follows from the claim of this node. If objective and dynamics were inseparable,
each module would need to discuss both, and the course would be an unnavigable tangle. Because they are
separable, you can study Module 3 without caring which optimizer will be used, study Module 6 without
caring which Hamiltonian is being minimized, and then compose them in Module 5 and beyond.

Connection to the Thesis
Module 5’s central claim — regularization as dynamical modification, not prior injection — depends entirely
on this separation.

The argument goes: prior injection is a statement about the objective (the regularizer rewrites C to a new
function C + λR). Dynamical modification is a statement about the dynamics (the regularizer changes the
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update rule without changing C). These two operations have different semantics — they produce different
fixed points, different trajectories, different convergence properties.

If objective and dynamics weren’t separable, you couldn’t distinguish them, and the thesis wouldn’t have
anything to argue against. The fact that they are separable means there is a real choice to be made about
where a regularization technique operates, and that choice has consequences.

Node 5.5 makes this argument in full. What this node does is establish the conceptual substrate that
makes it possible to state the argument at all.

Structural Role
This is the conceptual capstone of Module 1. It is also the organizing principle of the remaining nine
modules. Every time a later module draws a clean line between “landscape” and “optimizer,” it is cashing in
the separation established here.

If you are reviewing Module 1 and you remember only two things, remember:

1. Node 1.1: why minimizing ⟨ψ|H|ψ⟩ is a legitimate strategy at all.
2. Node 1.9: that the objective and the dynamics are two different things.

Everything else in the module is infrastructure for those two claims.

Relations to Other Concepts
• No free lunch theorems — averaged over all possible objectives, all optimizers are equivalent. The

separation this node argues for is a prerequisite for stating NFL at all.
• Plant / controller decomposition — classical control theory’s analogous split. See Module 7.
• Data / model separation in classical ML — structurally similar (data defines the loss landscape;

architecture + optimizer define the dynamics of fitting it).
• Game theory — payoff function (objective) vs strategy (dynamics).

Worked Example — Swapping Optimizers on the Same Landscape
Take a fixed VQE instance: H2 Hamiltonian, UCCSD ansatz, 14 parameters, 1024 shots per evaluation. Run
three optimizers to 500 iterations each:

• COBYLA — gradient-free local search. Converges slowly but reliably; low seed variance.
• Adam with parameter-shift gradients — gradient-based. Converges faster per iteration but noisier;

higher seed variance.
• HOPSO — population-based. Different exploration profile; best worst-case performance.

All three experience the same objective. Their different behaviors are entirely a property of the dynamics.
If you aggregate the results as “VQE on H2,” you hide the fact that the variation across optimizers is larger
than the variation across noise seeds — which means the optimizer choice was the dominant variable,
not the landscape.

This is the empirical signature of Claim 2: dynamics matter, independent of the objective.
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Visualization
Pending. Two-axis diagram. Horizontal axis: objective space (a cartoon landscape with hills and valleys).
Vertical axis: trajectory space (curves through parameter space). Three different trajectories through the
same landscape, one per optimizer. Annotation: “same objective, different dynamics, different outcomes.”
A companion panel: same optimizer on three different landscapes. Annotation: “same dynamics, different
objectives, different outcomes.”

Exercises
1. Construct a toy VQA example (2 parameters is enough) where two different optimizers starting from

the same initialization reach different local minima. Identify whether the difference is attributable to
the objective shape, the dynamics, or the composition.

2. Arrasmith et al. report that different optimizers produce qualitatively different convergence curves on
identical VQE instances. Design a benchmark protocol that isolates the dynamics contribution from
the objective contribution.

3. (VQA) The “barren plateau” phenomenon is typically described as a property of the objective. But for
any fixed objective, some dynamics (e.g., very small step sizes) will still make progress while others
(large step sizes) will not. Is “barren plateau” really a pure objective property, or is it a composition
property? Defend your answer.

Research Extensions
• Objective-agnostic optimizer benchmarks — protocols that report optimizer performance distri-

butions across families of objectives, rather than single instances.
• Dynamics-agnostic landscape analysis — geometry, curvature, concentration results that hold

regardless of which optimizer will be used.
• Joint objective-dynamics co-design — cases where the objective can be modified (via ansatz choice

or measurement scheme) to improve the downstream dynamics. HOPSO thesis + regularization thesis
together.

Cross-links to Other Courses
• Control Theory (Module 7 here) — the plant-controller split.
• Game Theory — strategy vs payoff decomposition.
• Systems Thinking — the general pattern of “behavior as composition.”
• Statistics Module 10 — model selection as a search over objectives while holding dynamics fixed.
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