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This is the “what does the classical optimizer actually see?” node. Having established the architecture
(1.2), how expectations are measured (1.3), and how gradients are estimated (1.4), this node steps inside the
classical layer and describes the optimization problem from its point of view.

The answer is uncomfortable: the optimizer is trying to minimize a function that is noisy, bounded, non-convex,
periodic, and only accessible through an expensive oracle. Classical optimization textbooks do not prepare
you for all of those at once.

The Five Defining Features
1. Noisy

Every call to the cost oracle returns a random variable, not a number. Shot noise from finite measurement
(node 1.3) is intrinsic. Hardware noise on real devices compounds it. The optimizer cannot “turn off” the
noise — only budget against it.

Consequence: algorithms that assume deterministic function values (Newton’s method, BFGS) either fail
outright or need substantial modification.

2. Periodic

Parameters are angles. For any Pauli rotation gate RP (θ) = exp(−iθP/2) with eigenvalues ±1,

C(θ + 2πei) = C(θ).

The natural domain is a torus [−π, π]P , not RP .

Consequence: “going to infinity” is not a mode of failure; the optimizer cannot leave the compact domain.
Also consequence: standard L2 regularization (as a prior-around-origin) is conceptually awkward here (see
node 5.1).

3. Non-convex

The cost C(θ) is a sum of expectation values of Pauli strings in a state that depends nonlinearly on θ through
the circuit. It generically has many local minima, saddle points, and flat regions.

Consequence: no global-optimum guarantees from gradient descent. “Convergence” means “the iterates settle
into a basin,” not “the iterates reach the minimum.”
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4. Potentially Flat (Barren Plateaus)

For random parameter initializations in expressive deep circuits, ∇C(θ) is exponentially small in the number
of qubits — this is the barren plateau phenomenon (Module 4). Large swathes of parameter space look
perfectly flat to a local optimizer.

Consequence: the optimizer can spend arbitrarily many shots in a region with no detectable signal. Global
exploration or warm-started initialization is often necessary.

5. Manifold-Constrained

The states {|ψ(θ)⟩} reachable by the ansatz are a restricted submanifold of Hilbert space. The optimizer
never directly sees this manifold; it sees only a P -dimensional parameter space. But the structure of the
optimization problem — its curvature, its Hessian, its natural metric — is inherited from the manifold, not
from Euclidean parameter space.

Consequence: the “natural gradient” (Module 6) can outperform vanilla gradient descent dramatically,
because it respects the manifold geometry rather than the parameter coordinate chart.

What This Looks Like In Code
Imagine you are an SGD optimizer running in a VQA. At each step:

1. You request a gradient.
2. You wait several hundred milliseconds to several seconds for the quantum hardware to return an answer.
3. The answer is a vector whose components are the true gradient plus large random noise.
4. You take a step of size η.
5. The step might have been a descent direction; it might have been sideways; it might have increased the

cost. You cannot tell from a single measurement.
6. Repeat a few thousand times and hope it works out.

This is not “noisy classical optimization with a small correction for uncertainty.” This is a qualitatively
different setting, and the algorithms that work best here (HOPSO, SPSA, carefully regularized gradient
methods) are not the algorithms that dominate classical ML.

Structural Role
This node is the motivation for the rest of the course. Every topic downstream of Module 1 is in some sense
a response to one or more of the five features above:

• Module 3 (Cost Landscapes) studies the geometry — features 3, 4, 5.
• Module 4 (Barren Plateaus) is feature 4, in full.
• Module 5 (Regularization) is a set of techniques for handling feature 1 without pretending it isn’t there.
• Module 6 (Optimization Dynamics) designs update rules appropriate for features 1 and 5.
• Module 7 (Control Theory View) formalizes the whole thing as a disturbance-rejection problem.
• Module 9 (Hardware Noise) is the physical origin story of feature 1.

If you want to know “why do we need so many modules just to optimize a function,” this node is why.

Relations to Other Concepts
• Stochastic optimization — the broad classical umbrella; Robbins-Monro, Kiefer-Wolfowitz, SGD.
• Bandit problems — each parameter-space query is like pulling an arm; the optimizer has a limited

query budget.
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• Bayesian optimization — an alternative classical strategy for noisy black-box optimization; works
but has its own scaling issues.

• Non-convex optimization theory — the parts that don’t assume smoothness or convexity; recent
results on overparameterized neural networks sometimes transfer.

Worked Example — The Optimizer’s Uncertainty Budget
Suppose a single circuit evaluation returns Ĉ(θ) = C(θ) + ε with Var[ε] = σ2. A gradient component via the
parameter-shift rule is

ĝi = 1
2

[
Ĉ(θ + π

2 ei) − Ĉ(θ − π
2 ei)

]
,

with variance σ2/2 (two independent noisy evaluations, divided by 2, squared). If σ = 0.1, then the gradient
estimate has a per-component standard deviation of about 0.07.

For the optimizer to reliably distinguish “gradient pointing left” from “gradient pointing right,” the true
gradient magnitude must exceed this noise floor. In a barren-plateau regime where the true gradient is
O(2−n), this requires exponentially many shots just to resolve the sign. This is the quantitative statement of
“feature 4 eats your shot budget.”

Visualization
Pending. Three-panel diagram: 1. Periodic 2D cost surface on a torus, annotated “periodic, non-convex.” 2.
Same surface with random noise overlaid on every evaluation, annotated “shot-noisy.” 3. Same with a large
flat region highlighted, annotated “barren plateau.” One image, one caption: “This is what the optimizer is
working with.”

Exercises
1. For a two-parameter toy cost C(θ1, θ2) = cos θ1 cos θ2, enumerate all critical points and classify them.

How many are global minima, how many local minima, how many saddles?
2. Show that adding independent Gaussian noise to each gradient component preserves the expected

descent direction but can arbitrarily delay convergence for small true gradients. Quantify the delay in
terms of signal-to-noise ratio.

3. (VQA) Give a qualitative argument for why periodicity of the parameter space helps an optimizer that
gets stuck: what escape routes does the torus geometry offer that RP does not?

Research Extensions
• Landscape smoothness characterization — how does ∥∇2C∥∞ scale with depth and qubit count?
• Warm starting — classical pre-optimization on a cheaper surrogate to get out of barren regions before

spending quantum resources.
• Adversarial landscapes — worst-case Hamiltonians designed to fool specific optimizers.
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Cross-links to Other Courses
• Optimization Theory — stochastic and non-convex chapters.
• Barren Plateaus (Module 4) — feature 4 in full.
• Cost Landscapes (Module 3) — features 3, 5 in full.
• Statistics — noise models, estimator variance.

Variational Quantum Algorithms · Module 1 — Hybrid Quantum Classical Systems · Node 1.5
Concepts: optimization-landscape, cost-function, stochastic-optimization, convexity
Prerequisites: 1.3, 1.4
Enables: 1.6, 1.9

hbar.university — own.your.cognition
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