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If the hardware-efficient ansatz (2.2) is “build whatever the device supports and hope the optimizer can
deal,” then the chemically-inspired ansatz is the opposite philosophy: start from physics, write down the
state-preparation recipe the chemistry suggests, and only then ask whether you can compile it.

The canonical example is Unitary Coupled Cluster with Singles and Doubles (UCCSD), the
variational quantum analogue of the gold-standard classical post-Hartree-Fock method. A chemically-inspired
ansatz pays for its inductive bias with depth — UCCSD circuits are much deeper than HEAs of comparable
parameter count — but the bias is so well-chosen that for chemistry problems it can reach the answer where
HEASs cannot.

This node generalizes from UCCSD to the broader class of problem-inspired ansitze and explains the
structural moves that make them work.

The Coupled Cluster Idea

Classical coupled cluster (CC) theory expresses the ground state of a molecule as
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where |®yr) is the Hartree-Fock reference (a single Slater determinant) and 7T is a “cluster operator” that
creates excitations:
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Truncating after 75 gives CCSD — couples singles and doubles excitations only. The amplitudes t¢, t‘il;’ are
the variational parameters.

The classical CCSD method is non-variational — e’ is not unitary, and the truncation produces an energy

estimate that can drop below the true ground state. The quantum analogue fixes this by replacing e with
the anti-Hermitian version:
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Now T — T is anti-Hermitian, so eT-T" is unitary, and the resulting state can be prepared by a quantum

circuit. Crucially, the variational principle (1.1) now applies — the energy (Vyccsp|H|Puccsp) is a true
upper bound on the ground state.




How UCCSD Becomes a Circuit

To run UCCSD on a quantum device, you need to express e
recipe:

_7t .
T=T" as a sequence of native gates. The standard

1. Map fermionic operators to Pauli operators via Jordan-Wigner or Bravyi-Kitaev (see node 2.5).
Each excitation operator afa; becomes a sum of Pauli strings.

2. Trotterize the exponential. Because the Pauli strings in 7' — Tt generally don’t commute, you
approximate eT-T" by a Trotter expansion: [], e®®Px + O(A#?).

3. Implement each ¢+ as a gate sequence — this is a Pauli rotation and has a standard de-
composition: a basis change to Z, a CNOT staircase, an Rz (0y), then the inverse staircase and basis
change.

For a small molecule like Hs in a minimal basis (4 spin-orbitals, 2 electrons), the resulting UCCSD ansatz
has:

2 single excitations and 1 double excitation (after applying spin and number symmetries),
e ~80 two-qubit gates after Jordan-Wigner mapping and Trotterization,
e 3 free parameters.

Compare this to a 4-qubit HEA with 3 layers: 24 parameters, 9 CNOTs. UCCSD has many fewer
parameters but a much deeper circuit.

Why This Tradeoff Is Often Worth It

The UCCSD parameter manifold is much smaller than the full Hilbert space — it lives in the symmetry
sector with the right particle number, spin, and (often) point group, and within that sector it covers exactly
the states reachable by physically meaningful electron rearrangements.

Three concrete consequences:

1. No barren plateau in the same sense. The barren plateau theorem applies to ansétze that approximate
Haar-random unitaries. UCCSD does not — it has heavy structural constraints — and the gradient variance
is not exponentially small in qubit number for chemistry-typical instances. The optimizer can find descent
directions even from the Hartree-Fock starting point.

2. Natural warm start. The Hartree-Fock state is the all-zero parameter point (7' = 0 means ¢’ = I), and
Hartree-Fock is already a reasonable approximation to the ground state. The optimizer starts in a region
where the gradient is informative and the energy is meaningful. HEAs have no such natural starting point.

3. Chemical interpretability. Each parameter corresponds to a specific physical excitation, so the
converged amplitudes can be interpreted (large T» amplitudes correspond to strong electron correlation in
specific orbital pairs, etc.). This is rare in quantum machine learning and rare in HEAs; it is a feature unique
to problem-inspired ansétze.

What You Pay For It
The downsides of UCCSD-style ansétze, in order of increasing severity:

e Circuit depth. A Trotterized UCCSD circuit can be 10x deeper than a comparable HEA. On NISQ
devices, depth means decoherence, and depth means more total error per evaluation.

« Trotter error. The Trotterization introduces O(At?) error in the prepared state. This error competes
with the optimization error and bounds how close to the true ground state you can get without infinite
Trotter steps.



e Domain specificity. UCCSD is designed for fermionic chemistry. For spin lattice models, lattice gauge
theories, or QML problems, the right “problem-inspired” ansatz is something different (Hamiltonian
Variational Ansatz, QAOA-style p-step ansitze, etc.). There is no universal recipe.

« Compilation complexity. Mapping 7' — T to Pauli strings and then to gates is non-trivial. Standard
libraries (Qiskit Nature, OpenFermion, Pennylane) handle it, but the resulting circuit is fragile to
manual modification.

Beyond UCCSD: ADAPT-VQE and Cousins

Even within chemistry, UCCSD is not the end of the story. The biggest practical extension is ADAPT-VQE
(Grimsley et al. 2019):

Start with the Hartree-Fock state. At each iteration, compute the gradient of the energy with
respect to every operator in a pool (say, all singles + doubles). Add the operator with the largest
gradient magnitude to the ansatz. Re-optimize all parameters. Repeat.

ADAPT-VQE grows the ansatz one operator at a time, choosing only the operators that actually help. The
result is a much shorter circuit than UCCSD — for many molecules, ADAPT reaches chemical accuracy with
10-100x fewer gates. The price is that the structure of the ansatz is not known in advance; it emerges from
the optimization itself.

ADAPT is a representative of a broader move: adaptive ansatz construction, where the parameterization
is co-designed with the optimization rather than fixed at the outset. Module 10 returns to this when it
discusses adaptive control views of VQAs.

Structural Role

This node is the second half of the “what kind of ansatz?” dichotomy. Together with 2.2, it spans the design
space along the hardware-first-vs-problem-first axis. Subsequent nodes assume you understand both poles
and can talk about a given ansatz in those terms.

It also forwards to node 2.5 (Hamiltonian encoding), since the construction of UCCSD-style ansitze depends
on the same fermion-to-qubit mapping that the Hamiltonian uses.

Relations to Other Concepts

e Coupled cluster theory — the classical method UCCSD is the quantum analogue of.

o Configuration interaction — an alternative classical method based on a linear (rather than expo-
nential) ansatz; less compact but variational.

o Hamiltonian Variational Ansatz (HVA) — for spin models, the analogue of UCCSD: layers of
e'?Hx ysing the problem Hamiltonian itself as the generator.

e QAOA — the same idea as HVA applied to combinatorial optimization, with alternating problem and
mixer layers.

o Symmetry-adapted ansitze — restrict to a particular symmetry sector (particle number, spin,
parity) by construction.

Worked Example — H, UCCSD

In a minimal STO-3G basis, Hy has 4 spin-orbitals (2 spatial x 2 spin). After Jordan-Wigner mapping, 4
qubits. Hartree-Fock state: |1100) (two electrons in the lowest spatial orbital, both spins). The relevant
excitations:



« Single excitations: alao, ala; (2 amplitudes).
o Double excitation: agagaoal (1 amplitude).

After symmetry reduction, the double excitation is the dominant degree of freedom — singles cancel for Hs
at equilibrium. A 1-parameter UCCD ansatz suffices for chemical accuracy:
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After Jordan-Wigner, this becomes a sum of 8 Pauli strings, and after Trotterization, ~10 CNOTs and 1 R.
1 parameter, ~10 gates, chemical accuracy on Hs. A 4-qubit HEA needs ~24 parameters and at least
9 CNOTs to reach the same accuracy — and only with the right initialization.

The lesson: inductive bias is worth a lot of parameters.

Visualization

Pending. A circuit diagram of the Hy UCCD ansatz: 4 qubits initialized to |1100), then a single Pauli rotation
block. Annotation: “1 parameter, chemistry-aware, hits the answer.” Side-by-side comparison with a 4-qubit
HEA labeled “24 parameters, fights the optimizer.”

Exercises

1. Show that for Hs in a minimal basis, the singles excitations a;ao and a;al do not contribute to the

ground state at equilibrium geometry, by appealing to spin and orbital symmetry.

2. Why is the anti-Hermitized exponential eT=T" used in UCCSD rather than e”? What property of the
resulting state would be lost with the latter?

3. (VQA) ADAPT-VQE chooses operators greedily by gradient magnitude. Construct a toy example
where this greedy choice is suboptimal — i.e., the operator with the largest gradient is not the one that
should be added next.

Research Extensions

o k-UpCCGSD — a generalization of UCCSD that uses generalized singles and doubles (any spin-orbital
pair) and allows multiple repetitions.

o Hamiltonian Variational Ansatz (HVA) — the spin-model analogue.

e Operator pool design — for ADAPT, the choice of pool fundamentally constrains what circuits can
be built. Dynamic pools are an active research area.

¢ Nonlinear UCC — extending the ansatz with non-truncated cluster operators in restricted form.

Cross-links to Other Courses

e Quantum Chemistry — coupled cluster theory, electronic structure methods.

o Group Theory / Symmetry — particle number, spin, point group symmetries in fermionic systems.

e Module 5 (Regularization) — UCCSD-style ansétze pair particularly well with the thesis’s regular-
ization techniques because their landscapes are more benign.

o Module 8 (Expressivity vs Trainability) — UCCSD is an exemplar of “give up some expressivity
for much better trainability.”
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