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This node is the statistical view of VQA cost landscapes. Where node 3.5 looked at the gradient at a single
point, this node asks: what does the gradient look like across all points, on average?

The answer reveals one of the fundamental obstacles to scalable VQA optimization: in high-dimensional Hilbert
spaces, almost all states look the same to almost all observables. This phenomenon is called concentration
of measure and it is the deeper mathematical reason behind barren plateaus, the difficulty of random
initialization, and several other VQA pathologies.

This node introduces concentration without yet doing the full barren plateau theorem (Module 4). The point
here is to make the general phenomenon intuitive, so that the specific result in Module 4 lands as an instance
of a broader pattern.

What Concentration Means
Concentration of measure is the observation that, in high-dimensional spaces with appropriate random
structure, smooth functions take values very close to their mean almost everywhere.

The classical version: if f : Sn−1 → R is a 1-Lipschitz function on the unit sphere in Rn, then for a uniformly
random point x on the sphere,

P
[
|f(x) − E[f ]| > t

]
≤ 2 exp(−cnt2).

For large n, this probability is very small unless t is very small. Almost all of the sphere is mapped to
a tiny window around the mean.

This is counterintuitive because in low dimensions (n = 2, 3) it doesn’t happen much — a sphere in 3D has
plenty of room for a function to take varied values. But as n grows, the volume of the sphere increasingly
concentrates near any equator, and any smooth function “averages out” over that volume.

The Quantum Version
For an n-qubit Hilbert space, the unit sphere is S2·2n−1 — a sphere of dimension 2 · 2n − 1, exponentially
large in n.

If you draw a random pure state |ψ⟩ from the Haar measure (the unique unitarily invariant probability
measure on this sphere), then for any observable O with eigenvalue range [λmin, λmax]:

Pψ∼Haar
[
|⟨ψ|O|ψ⟩ − Tr(O)/2n| > t

]
≤ 2 exp(−c · 2n · t2/(λmax − λmin)2).
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That is: a Haar-random quantum state has expectation value almost exactly equal to Tr(O)/2n
for almost any observable, with concentration that gets exponentially tight as the qubit count grows.

For traceless observables like Pauli strings, Tr(O)/2n = 0, so:

A Haar-random state on n qubits has ⟨P ⟩ ≈ 0 for every Pauli string P , with the typical deviation
scaling as 2−n/2.

This is the raw concentration phenomenon for quantum states.

How Concentration Becomes a Cost Landscape Problem
When you put concentration together with the structure of an expressive ansatz, you get:

Step 1: A sufficiently deep, sufficiently random ansatz produces an approximate 2-design — its parameter
distribution induces a state distribution that approximates Haar measure on the relevant subspace.

Step 2: Therefore, for a typical random parameter vector θ, the expectation value ⟨ψ(θ)|H|ψ(θ)⟩ is
concentrated near its mean Tr(H)/2n, with deviation O(2−n/2).

Step 3: Variations in the parameter vector also produce variations in the cost — but those variations are
also subject to concentration. The directional derivative of the cost is also a random variable concentrated
near zero.

Step 4: Quantitatively, the gradient variance scales as O(2−2n) (and the gradient norm as O(2−n)). This is
the barren plateau result in its standard form.

Step 5: An optimizer drawing samples from this landscape sees gradients that are below the shot-noise floor
for any reasonable budget, and progress stalls.

The barren plateau is concentration of measure made operationally lethal.

What Doesn’t Concentrate
Not every ansatz produces concentrated gradients. The key escape routes are:

1. Restricted manifolds. If the ansatz only reaches a small subspace of Hilbert space (e.g., particle-
number-conserving states for a fermionic Hamiltonian), the relevant measure is on that subspace, not the full
sphere. The exponent in the concentration bound becomes |subspace| rather than 2n, and concentration is
much milder. UCCSD avoids barren plateaus precisely for this reason.

2. Local cost functions. If the cost is built from observables acting on O(logn) qubits, the concentration
scales differently — the relevant Hilbert space is the small subsystem, and the concentration penalty is mild.
Cerezo et al. (2021) proved that local cost functions admit gradients of order poly(1/n) rather than O(2−n).

3. Shallow circuits. A circuit shallower than O(logn) cannot scramble enough to approximate a 2-design.
Its state distribution is structured, not Haar-uniform, and the gradient does not concentrate as severely.
Module 4 examines the threshold depth precisely.

4. Non-random initialization. If you start the optimizer at a non-random parameter (e.g., a Hartree-
Fock-equivalent point or a warm start from a classical surrogate), you can avoid the random regime entirely.
The barren plateau is a property of the typical point, not every point.

These escape routes are not always available, but when they are, they are the right way to design around the
problem.
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A Useful Mental Picture
Imagine an exponentially large sphere in some abstract space. On that sphere, almost all of the area is
concentrated near any “equator” — a great-circle slice.

Now imagine you parameterize a curve on the sphere (the ansatz manifold) and drop a random point. With
overwhelming probability, that point is near the equator. Worse, the curve’s tangent at that point is nearly
parallel to the equator, so moving along the curve doesn’t move you away from the equator.

If your cost function is f(x) = signed distance from the equator, then: - The cost at a random point is near
zero (concentration). - The gradient of the cost in the direction of curve motion is near zero (because the
tangent is parallel to the equator). - All of this gets exponentially worse as the dimension grows.

That is the geometric picture of a barren plateau. It is not that the answer isn’t there. It is that the
answer is overwhelmed by the volume of “everything else.”

Concentration In Other Disciplines
The same phenomenon appears in many other fields under different names:

• Random matrix theory: spectral measures of random matrices concentrate around a deterministic
limit (Wigner semicircle, Marchenko-Pastur).

• Statistical mechanics: thermodynamic quantities concentrate near their ensemble averages in the
thermodynamic limit.

• High-dimensional statistics: empirical estimators concentrate around population values.
• Deep learning: the loss landscape of deep neural networks at random initialization exhibits concentra-

tion phenomena that affect trainability (“vanishing gradients”).

The pattern is universal: as dimension grows, randomness produces uniformity. VQAs are subject to
this in a particularly sharp way because Hilbert space dimension grows exponentially with qubit count.

Why This Is The Deep Reason Things Are Hard
If you internalize concentration of measure as the underlying phenomenon, you understand barren plateaus,
the difficulty of random initialization, the importance of inductive bias, and the tradeoff between expressivity
and trainability — all as instances of a single mathematical fact.

This is the kind of reframing that the thesis’s “stochastic objective generator” abstraction (1.8) was setting
up: the optimizer sees a noisy scalar function whose statistical properties are determined by deep structural
facts about the ansatz and the Hamiltonian. Concentration of measure is one of the most important
of those facts.

It is also why “just use a more clever optimizer” cannot fix a barren plateau: the concentration is in the
function, not in the optimizer. No amount of optimizer cleverness can detect a signal that isn’t there. The fix
has to come from the ansatz side or the cost side.

Structural Role
This node is the statistical foundation for Module 4 (barren plateaus), and an important conceptual node
in its own right. It also explains, in advance, why several of Module 5’s regularization techniques work —
they push the optimizer into regions of parameter space where the concentration is mild.
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Relations to Other Concepts
• Lévy’s lemma — the canonical concentration inequality for spheres.
• Talagrand’s inequality — the metric-space generalization.
• Haar measure on U(d) — the unique unitarily invariant probability measure on the unitary group.
• t-designs — a discrete approximation to Haar measure that captures the lowest t moments.
• Cramér-Rao bound — the information-theoretic lower bound that concentration phenomena saturate.

Worked Example — Concentration On A 4-Qubit Sphere
Take n = 4 qubits, so the relevant unit sphere has dimension 2 · 16 − 1 = 31. Draw a Haar-random state |ψ⟩
and compute ⟨Z0⟩.

The mean over Haar is zero (Tr(Z0)/16 = 0). The variance over Haar is

VarHaar[⟨Z0⟩] = 1
2n + 1 = 1

17 ≈ 0.059.

So the standard deviation is
√

0.059 ≈ 0.24. For n = 10, the variance becomes 1/1025 ≈ 10−3 and the std
dev is 0.03. For n = 20, variance 10−6, std dev 10−3. For n = 30, variance 10−9, std dev 3 × 10−5.

At 30 qubits, a Haar-random state is essentially indistinguishable from one with ⟨Z0⟩ = 0 using fewer than
109 shots. The signal of any single Pauli expectation drowns in the volume of Hilbert space.

This is the operational meaning of concentration: as the system size grows, you need exponentially many
measurements to extract any structural information about a typical random state.

Visualization
Pending. Two-panel plot. Left: histogram of ⟨Z⟩ over many Haar-random states for n = 2, 5, 10, 20 qubits,
showing the distribution narrowing dramatically. Right: log-log plot of StdDev[⟨Z⟩] vs n, showing exponential
decay. Caption: “Concentration of measure: more qubits, less variation.”

Exercises
1. Show that for n = 1 (single qubit), the variance of ⟨Z⟩ over Haar-random states is 1/3. (Hint:

parameterize the state on the Bloch sphere and integrate.)
2. The concentration bound predicts variance ∼ 1/2n. Verify numerically by drawing Haar-random states

for n = 4, 6, 8 qubits and computing the empirical variance of ⟨Z0⟩.
3. (VQA) Why does local cost (using only an observable on O(logn) qubits) avoid the worst of the

concentration bound? Sketch the argument.

Research Extensions
• Concentration in t-designs — sharper concentration results for the actual distributions induced by

random circuits.
• Anti-concentration ansätze — ansatz designs that provably avoid the concentration regime.
• Initialization strategies — distributions over parameters that avoid Haar-typical states.
• Concentration in the presence of noise — does noise help or hurt the concentration phenomenon?
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Cross-links to Other Courses
• Probability Theory — concentration inequalities, Lévy’s lemma.
• Random Matrix Theory — spectral concentration.
• Information Theory — typicality, asymptotic equipartition.
• Module 4 (Barren Plateaus) — the specific application to VQA gradients.

Variational Quantum Algorithms · Module 3 — Cost Landscapes · Node 3.6
Concepts: concentration-of-measure, variance-and-covariance, dimensionality
Prerequisites: 3.5

hbar.university — own.your.cognition
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