The Parameter-Shift Rule

Variational Quantum Algorithms - Module 3 — Cost Landscapes

Node 3.8

Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Cost Landscapes Node: 3.8

This is the closing node of Module 3 and the place where the gradient computation question becomes
concrete.

The parameter-shift rule is the small mathematical fact that makes gradient-based VQA optimization possible:
for ansidtze built from Pauli rotations, the gradient of the cost function with respect to any
parameter can be computed exactly by evaluating the cost function at two shifted parameter
values, with no need for finite differences or symbolic differentiation through the circuit.

This is a more remarkable result than it sounds. Without it, you would have to estimate gradients from finite
differences (which compound shot noise) or differentiate through the entire quantum circuit symbolically
(which is infeasible at scale). Parameter-shift gives you exact gradients with shot-statistics-only error — a
clean separation that makes the rest of VQA optimization theory tractable.

The Statement

For a parameterized circuit where parameter 6; appears in a single Pauli rotation gate Rp(6;) = e~ %% /2

(with P a Hermitian operator with eigenvalues £1), the gradient of any expectation value C(0) = (O)g is

a7, ~2[0(0+5e) -0 (03]

This is exact, not an approximation. There is no O(At?) error like in finite differences. The only error in the
estimated gradient is shot noise from estimating the two cost values.

The shifts are by exactly m/2 — not a small step, but a symmetric large step that exploits the trigonometric
structure of the underlying functional dependence.

The Derivation
Why does this work?

The key fact is that for P? = I (which holds for any Pauli string), the rotation gate has the simple expansion

Rp(0) = cos(0/2)I —isin(6/2)P.

So if the cost function depends on 6; only through this gate, it has the functional form



C(6;) = a+ bcos(;) + csin(b;)

for some 6;-independent constants a,b,c. (Substituting in the rotation expansion and computing
(¥(6:)|O(6;)) gives precisely this form — the cosine and sine come from squaring the rotation amplitudes.)

A function of this form has derivative
C'(0;) = —bsin(6;) + ccos(0;).
Now compute C(0; +7/2) — C(8; —7/2):
C0;+7/2) =a+bcos(b; +7/2) + csin(f; + 7/2) = a — bsin(;) + ccos(b;).
C(0; —m/2) = a—bcos(—0; + 7/2) + csin(—0; + 7/2)... = a + bsin(0;) — ccos(6;)...

(Working it out more carefully:)

0(01 + 7T/2) — C(O, — 7T/2) = 2(—bsin(9¢) + CCOS(GZ‘)) = 20/(91)
So C'(0;) = 3[C(0; + 7/2) — C(0; — 7/2)]. The shift derivative is the exact derivative because the
underlying function is a sinusoid.

The derivation only used: 1. P? = I (for the rotation expansion to be sinusoidal). 2. §; appears in exactly
one place in the circuit.

Both conditions are true for standard Pauli-rotation ansétze, which is why parameter-shift works for them.

Where Parameter-Shift Doesn’t Apply

Parameter-shift in its basic form has assumptions, and there are ansidtze where it doesn’t work.

1. Gates whose generators have more than two distinct eigenvalues. A gate of the form e~ ¢
where G has eigenvalues {A1, A2, A3, ...} gives a cost function that is a sum of multiple sinusoids with
different frequencies, not a single sinusoid. The naive 2-shift rule doesn’t apply, and you need a generalized

parameter-shift rule with more shifts to disentangle the frequencies.
For example: a controlled rotation gate has a non-Pauli generator. The generalized rule for it uses 4 shifts.

2. Same parameter appearing in multiple gates. If 6; appears in two different rotation gates, the
function depends on 6; through a sum of two sinusoids and the 2-shift rule again doesn’t suffice.

3. Hardware-specific gate decompositions. If the device decomposes a “logical” Rp(6) into a different
physical gate sequence (e.g., e~**F/2 — several pulses with §-dependent durations), parameter-shift may not
apply at the pulse level.

4. Non-unitary noise channels. If the circuit includes intermediate measurements or non-unitary
operations, the simple algebraic structure breaks down.

For practical VQA work with standard anséitze (HEA, UCCSD, QAOA, HVA), parameter-shift in its basic
form covers nearly all cases. The generalized rules are well-understood for the cases it doesn’t.




Cost Comparison: Parameter-Shift vs Finite Difference
Parameter-shift: 2 cost evaluations per gradient component. Exact gradient (up to shot noise).

Forward finite difference: 2 cost evaluations per component (one shifted, one baseline). Approximation
error O(At), where At is the shift.

Central finite difference: 2 cost evaluations per component. Approximation error O(At?).

The circuit-evaluation cost is the same (2 evaluations per component) for parameter-shift and for either
finite difference variant. The difference is in the error: parameter-shift has zero discretization error, while
finite difference has O(At) or O(At?) error.

For finite difference, you face the standard tradeoff: - Small At: low discretization error but small numerator
(C(0 4+ At) — C(0) is small) which gets dominated by shot noise. - Large At: better signal-to-noise ratio in
the numerator but bigger discretization error. - Optimal At is somewhere in the middle and depends on the
unknown gradient magnitude and noise level.

Parameter-shift sidesteps this entirely. The shift 7/2 is large enough to give a well-conditioned numerator
and produces zero discretization error regardless of the local function behavior. This is the operational reason
it dominates finite difference for VQA gradient estimation.

What This Means For The Optimizer

A parameter-shift gradient evaluation for a P-parameter ansatz costs 2P cost function evaluations. At P = 50,
that’s 100 evaluations per gradient — and at, say, M = 10 Pauli measurement groups x N = 1000 shots per
group, each cost evaluation is 10,000 circuit runs, so a single full gradient is 1 million circuit runs.

This is much cheaper than computing the Hessian (O(P?) gradients = O(P3) circuit runs) but still substantial.
Three optimizer strategies emerge:

1. Full-gradient methods (BFGS, vanilla gradient descent): pay the 2P cost per iteration, take an
informed step.

2. Subsampled-gradient methods (SPSA, random coordinate descent): pay only O(1) or O(log P) cost
per iteration but get a noisier gradient estimate. SPSA is famous for getting a good descent direction from
just one parameter-shift pair, regardless of how many parameters there are.

3. Gradient-free methods (COBYLA, Bayesian optimization, HOPSO): skip parameter-shift entirely and
work only from cost evaluations. Each iteration is cheap but informed updates require more iterations.

The choice between these is driven largely by per-evaluation cost — and per-evaluation cost is set by the
parameter-shift rule’s 2P overhead. The parameter-shift rule is what makes gradient-based VQA
optimization possible, and its cost is what makes gradient-free alternatives competitive.

Closing Module 3
This is the last node of Module 3. With the parameter-shift rule in hand, you have:

o A vocabulary for the topology of cost landscapes (3.2-3.4).

o An understanding of local geometry and gradients (3.5).

o The statistical view (concentration, 3.6).

o The stochastic view (shot noise, 3.7).

o The operational mechanism for gradient computation (3.8, this node).



Module 4 will use all of these to prove and analyze the barren plateau theorem. Module 5 will use them
to motivate regularization. Module 6 will use them to design optimization update rules. Modules 7-10 will
return to them as needed.

The cost landscape is now fully described.

Structural Role

This is the operational closure of Module 3. It also forwards directly to Module 6, which builds optimizers
that use parameter-shift gradients as their primary input.

Relations to Other Concepts

¢ Numerical differentiation — finite differences as the classical alternative to parameter-shift.

e Automatic differentiation — computational graph differentiation for general functions; parameter-
shift is essentially a closed-form auto-diff for unitary circuits.

o Generalized parameter-shift rules — extensions to gates with non-Pauli generators (Wierichs et
al. 2022).

e Stochastic parameter shift — variants that randomize the shift to avoid certain pathologies.

Worked Example — Verifying Parameter-Shift On A Single Qubit
For |¢(6)) = Ry (0)|0) and H = Z, the cost is C(0) = cos(d), so C'(0) = —sin(h).

Let’s verify the parameter-shift rule at 6 = /4.

By calculus: C'(7/4) = —sin(n/4) = —1/v/2 =~ —0.707.

By parameter-shift:

C(n/4+7/2) — C(n/4 —7/2) = cos(3m/4) — cos(—m/4) = —1/v/2 = 1/v/2 = —2/V/2 = —/2.
1
SICn/4+m/2) = Cln/d—n/2)] = —V2/2 = —1/V/2 =~ —0.707.
Match. The parameter-shift rule gives exactly the analytic derivative. No finite-difference error, no truncation.

Just two cost evaluations and an arithmetic combination.

For a real device, each of those two cost evaluations would be a full noisy estimation: prepare Ry (37/4)|0),
measure Z, N shots; then prepare Ry (—m/4)|0), measure Z, N shots; subtract the sample means; divide by
2. The result is an unbiased estimator of the exact gradient with variance ~ 1/N.

Visualization

Pending. A 1D plot of C(0) = cos(0) with two shifted points (0 —7/2,C(6 —7/2)) and (0 + 7/2,C(0 + 7/2))
marked, and a tangent line at 0 whose slope is the parameter-shift gradient. Caption: “Two evaluations, exact
slope.”




Exercises

1. Verify the parameter-shift rule for the cost function C(#) = (X) = sin(f) at § = 7/3.

2. Show that for a function of the form f(0) = a + bcos(8) + c¢sin(f) + d cos(26) + esin(26), the simple
2-shift rule gives an incorrect derivative. Sketch the generalized rule (using 4 shifts) that recovers the
correct derivative.

3. (VQA) For a 50-parameter ansatz, full-gradient evaluation costs 100 cost evaluations per iteration.
SPSA estimates a gradient direction from just 2 cost evaluations per iteration. Sketch the conditions
under which SPSA’s per-iteration noise is better-traded against the full-gradient cost.

Research Extensions

¢ Pulse-level parameter-shift — extending parameter-shift to ansétze defined at the pulse level rather
than the gate level.

e Reduced-shot parameter-shift — protocols that use fewer shots per gradient component by reusing
measurements.

e Stochastic parameter-shift — randomized shifts that improve some statistical properties.

e Higher-order shift rules — direct estimation of Hessians via 4-shift rules.

Cross-links to Other Courses

e Numerical Methods — finite differences, automatic differentiation.

e Calculus — exact derivatives via trigonometric identities.

e Module 6 (Optimization Dynamics) — how this gradient is used by optimizers.

e Module 1 (Node 1.4) — earlier introduction of the parameter-shift rule from the architecture side.
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