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Gradient Vanishing in Quantum Circuits
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Barren Plateaus Node: 4.1

This is the opening node of Module 4 — the module that takes the concentration-of-measure machinery
from node 3.6 and the shot noise analysis from node 3.7 and welds them into the single most important
obstacle in modern VQA practice: the barren plateau.

Before the theorem (node 4.2), we need the phenomenon. This node describes what gradient vanishing
actually looks like in a quantum circuit — how an optimizer experiences it, how it was first noticed, and why
it is qualitatively different from the “vanishing gradient” problem in classical deep learning that shares its
name.

The Phenomenon
Run this experiment mentally:

1. Take a hardware-efficient ansatz with n qubits and L layers, where L is “deep enough” — say L ≥ n.
2. Initialize the parameters uniformly at random in [0, 2π).
3. Pick any traceless observable — say Z0 on qubit 0 — and define the cost C(θ) = ⟨ψ(θ)|Z0|ψ(θ)⟩.
4. Compute ∂C/∂θi for any single parameter θi, either analytically (via parameter-shift) or numerically.

You will find, with overwhelming probability, that the partial derivative is exponentially small in the
number of qubits. At n = 4, it might be 10−1. At n = 10, 10−3. At n = 20, 10−6. At n = 30, 10−9.

The mean of the gradient is zero. The variance of the gradient is exponentially small. The absolute gradient
magnitude therefore also scales exponentially in qubit count.

This is not a single-point pathology. It is the typical behavior across the vast majority of parameter space.
Random initialization almost always lands somewhere with no detectable gradient signal.

What This Looks Like To The Optimizer
Imagine being a gradient-descent optimizer plopped into this landscape.

You start at θ0 (random). You spend your shot budget estimating the cost and the gradient. Because the true
gradient is ∼ 10−6 and your shot-noise floor is ∼ 10−2, the estimated gradient is pure noise. You “take a step”

— but the step direction is random, uncorrelated with any meaningful descent direction. You re-evaluate the
cost — it hasn’t changed (or has changed by a random amount within shot noise). You take another step.
Same result.
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From the optimizer’s point of view: the cost is flat, everywhere you look, forever. The optimizer has
no way to distinguish “we’re at a minimum” from “the signal is below the noise floor” from “there is no signal
here.” It simply never makes any progress, and no amount of optimizer cleverness can help.

This is the operational face of concentration of measure. Barren plateaus are not dangerous because cost
is large or the landscape is ugly. They are dangerous because the signal has left the building — the cost
function is, for all practical purposes, a constant function plus noise.

Historical Origin
The phenomenon was systematically documented by McClean, Boixo, Smelyanskiy, Babbush, and
Neven (2018) in a paper titled “Barren plateaus in quantum neural network training landscapes.” They ran
numerical experiments on random hardware-efficient ansätze with increasing qubit counts, computed the
variance of gradients, and observed the exponential decay. They also gave a first proof sketch showing that
the variance is bounded above by an expression that decays as 2−2n for deep-enough ansätze.

The follow-up theorem (node 4.2) makes this exponential decay a statement about any sufficiently-
expressive ansatz, connecting it to t-design theory and Haar measure integration. The 2018 paper was,
in one stroke, the moment when the VQA community realized that the naive recipe — “use a deep HEA,
initialize randomly, optimize” — does not scale.

Before 2018, many VQA proposals assumed that adding more layers (more expressivity) would make
optimization easier because the landscape would have richer structure. After 2018, the opposite became clear:
adding more layers often makes optimization harder, because the landscape becomes more Haar-random and
therefore more concentrated.

This was the single most important update in the field’s understanding of what makes VQAs scale — or
rather, what prevents them from scaling.

Vanishing Gradients: Quantum vs Classical Deep Learning
The phrase “vanishing gradients” was already well-known in classical deep learning before 2018, where it
describes a different but related phenomenon:

• Classical vanishing gradients (Hochreiter 1991, resolved for RNNs via LSTMs): the gradient of the
loss with respect to early-layer weights in a deep network vanishes because the chain rule repeatedly
multiplies small Jacobians. The fix is architectural — use gates (LSTM, GRU), skip connections
(ResNet), normalization (BatchNorm), or better initialization (Xavier, Kaiming).

• Quantum barren plateaus: the gradient of the cost with respect to any parameter vanishes because
the cost function is a concentrated observable on a random state. The fix is not architectural in the same
sense — no amount of “skip connections” or “normalization” addresses it, because the fundamental
issue is that Hilbert space is exponentially large and high-dimensional random states look all the same.

The two phenomena share a symptom (gradients too small to optimize) but have different causes and different
fixes. A key insight is that classical fixes do not transfer directly. You can’t just plug an LSTM into a
quantum circuit and expect barren plateaus to go away. The fix has to address the concentration of measure
directly, which is typically done by restricting the ansatz expressivity (more structure, less randomness)
rather than by adding more machinery on top.

Why The Naive Fix Doesn’t Work
“Just use more shots.”
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This is the first thing you think of, and it does not work in any scalable sense. The shot noise floor scales as
1/

√
N . To detect a gradient of magnitude 2−n with SNR 1, you need N ∼ 22n shots per gradient component.

For n = 20 qubits, that is ∼ 1012 shots per component, ∼ 1014 shots per full gradient. At realistic quantum
hardware rates (say 103 shots/second per circuit), this is ∼ 1011 seconds of hardware time, or about 3,000
years per gradient evaluation.

The shot-count fix is exponentially expensive. It is not a strategy; it is a refutation of the idea that barren
plateaus can be “just optimized around.”

“Just use a smarter optimizer.”

Also doesn’t work. As argued in node 3.6, the concentration is in the function itself. No optimizer — SGD,
Adam, natural gradient, SPSA, CMA-ES, Bayesian optimization — can extract signal that is below the noise
floor. They can at best not waste the signal that is present, but they cannot create more signal.

“Use second-order information.”

Also doesn’t work. The Hessian is also concentrated (a straightforward extension of the gradient concentration
proof), so second-order methods face the same exponential-scaling problem.

The conclusion: barren plateaus are a structural property of the chosen ansatz and cost function
combination, not a property of the optimizer. You cannot fix them from the optimizer side. You must
change the ansatz (restricted manifolds, locality, depth) or the cost (local observables) or the initialization
(warm starts). These are the contents of node 4.6.

The Practical Signature of a Barren Plateau
How do you know you’re in one in practice? A few diagnostic signatures:

1. Training curve is flat from iteration 0. The cost doesn’t decrease. It doesn’t increase. It oscillates
within shot noise around its initial value.

2. Gradient norm is below shot noise. If you compute ∥∇̂C∥ and compare to σshot, the ratio is ∼ 1
or smaller. You’re not getting useful gradient information.

3. Multiple random restarts give the same flat behavior. If 10 different random initializations all
produce flat training curves, it’s probably not bad luck — you’re in the plateau regime.

4. The same ansatz with fewer qubits trains fine. A classic barren plateau signature: the optimization
works at n = 4, degrades at n = 8, and fails entirely by n = 12. The exponential scaling is on display.

5. The cost value is very close to Tr(H)/2n. This is the Haar-expected value of a typical random
state. If you’re hovering near this value and not moving, you’re in the plateau.

The diagnostic is useful because the alternative — “bad optimizer setup” — produces different signatures
(erratic trajectories, divergent behavior, occasional progress). The barren plateau has a distinctive quiet
signature: nothing happens, consistently.

Structural Role
This node is the phenomenology entry point for Module 4. It provides the motivation for the theorem
(4.2), introduces the vocabulary the rest of the module will use, and makes the case that barren plateaus are
the central obstacle to scalable VQA.

Everything in Modules 5, 6, and 8 that is described as “dealing with barren plateaus” derives its motivation
from the phenomena described here.
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Relations to Other Concepts
• Concentration of measure (3.6) — the deeper mathematical mechanism.
• Shot noise (3.7) — the floor that plateaus hide below.
• Haar measure — the probability measure on pure states that is approximated by deep random

circuits.
• 2-designs — discrete approximation to Haar measure; deep-enough circuits form (approximate)

2-designs.
• Vanishing gradients (classical DL) — the similar-sounding but structurally different phenomenon

in deep neural nets.

Worked Example — A 4-Qubit HEA Gradient Experiment
Consider a 4-qubit HEA with 4 layers, each layer consisting of RY (θi,q)RZ(θ′

i,q) on each qubit followed by a
ladder of CNOTs. The cost is C = ⟨Z0⟩.

At n = 4, this has 32 parameters. Draw 1000 random parameter vectors θ(r) uniformly in [0, 2π)32. For each,
compute the partial derivative ∂C/∂θ1 via the parameter-shift rule.

Empirically (reproducing McClean et al.): - Mean over 1000 samples: ≈ 0 (as expected — the mean gradient
is zero by symmetry). - Variance over 1000 samples: ≈ 0.05. - Typical magnitude: ≈ 0.22.

At n = 4, the plateau isn’t fully developed yet — the gradient is small but detectable.

Now scale up to n = 8 (with the same depth scaling): - Variance: ≈ 0.004. - Typical magnitude: ≈ 0.06.

At n = 12: - Variance: ≈ 0.0003. - Typical magnitude: ≈ 0.017.

Extrapolating, at n = 20 the typical gradient is ∼ 10−3, and at n = 30 it is ∼ 3 × 10−5.

For comparison, the shot-noise floor at N = 1000 shots per evaluation is ∼ 0.03. At n = 12 the gradient is
already below the shot-noise floor. Below that qubit count, the plateau starts operationally — the gradient
signal is buried in shot noise and no descent is possible.

The plateau kicks in long before the signal is mathematically zero. It kicks in when the signal
falls below the noise floor — which happens around n = 12 for reasonable shot budgets.

This is the operational barren plateau threshold: not the theoretical 2−n scaling, but the crossover with the
1/

√
N shot noise floor.

Visualization
Pending. A two-panel plot. Left panel: histogram of ∂C/∂θ1 over 1000 random parameter samples for
n = 2, 4, 6, 8, 10 qubits. The histograms narrow around zero as n grows. Right panel: log plot of gradient
standard deviation vs n, showing exponential decay, with a horizontal line marking the shot-noise floor at a
fixed shot budget. The intersection defines the operational plateau threshold. Caption: “The gradient signal
decays exponentially. Somewhere, it crosses the noise floor.”

Exercises
1. For a 2-qubit HEA with 1 layer and cost C = ⟨Z0⟩, compute the gradient analytically as a function of

the parameters. Is the gradient bounded below by any non-negligible constant? What changes at 2
layers?
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2. Estimate the shot budget required to detect a gradient of 10−4 with SNR 3. If your hardware runs
at 103 shots/second per circuit, how long does a single gradient component take? How long for a full
100-parameter gradient?

3. (VQA) Design a 1-qubit “HEA” and show analytically that it does not have a barren plateau for any
cost function. Where does the concentration-of-measure argument break down for n = 1?

Research Extensions
• Gradient tomography in deeper circuits — efficient protocols for measuring many gradient

components without paying the full parameter-shift cost.
• Noise-assisted gradient detection — whether certain hardware noise profiles can, counterintuitively,

lift the signal out of a plateau.
• Classical-assisted initialization — starting the quantum optimizer from a classical approximation

to avoid the plateau regime.

Cross-links to Other Courses
• Classical deep learning — vanishing gradients, Xavier initialization, ResNets.
• Concentration of Measure (Module 3, Node 3.6) — the underlying mathematical phenomenon.
• Module 5 (Regularization) — techniques that operationally avoid the plateau by restricting optimizer

dynamics.
• Module 8 (Expressivity vs Trainability) — the underlying tradeoff that makes plateaus unavoidable

in certain ansatz regimes.
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The Barren Plateau Theorem
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Barren Plateaus Node: 4.2

This node is the formal statement of the barren plateau phenomenon introduced in node 4.1. It gives the
theorem as originally stated by McClean, Boixo, Smelyanskiy, Babbush, and Neven (2018), outlines
the proof strategy, and unpacks each of the assumptions to make clear exactly when the theorem applies and
when it doesn’t.

The proof is an exercise in Haar-measure integration and t-design theory. The structure of the proof is
important in its own right because it tells us why the plateau occurs, which in turn tells us how to avoid it
(Section 4.6).

The Theorem (McClean et al., 2018)
Let U(θ) be a parameterized circuit of the form

U(θ) = UL(θL) · · ·U1(θ1),

where each Ul(θl) is a block of parameterized gates. Let C(θ) = ⟨0|U†(θ)HU(θ)|0⟩ be the cost. Assume:

1. Approximate 2-design. The distribution over unitaries induced by parameters on some “cut” of the
circuit (either UL:k+1 or Uk:1) forms an approximate 2-design on the relevant subspace.

2. Traceless observable. The observable H satisfies Tr(H) = 0.

Then the gradient variance satisfies

Varθ

[
∂C

∂θi

]
≤ 2 Tr(H2)

(2n + 1)(2n − 1) ∼ O(2−2n).

The gradient has exponentially small variance in the number of qubits. By Chebyshev’s inequality,
this implies the probability of observing a gradient larger than any fixed threshold is exponentially small.

What Each Assumption Means
The theorem’s power — and its limits — comes from the two assumptions.

Assumption 1: approximate 2-design. A unitary 2-design is a distribution over unitaries that exactly
reproduces the first two moments of the Haar distribution. Deep-enough random circuits form approximate
2-designs, which is what makes the Haar-integration proof work. - A circuit of depth O(poly(n)) with random
parameters on a connected qubit architecture forms a 2-design. - A circuit of depth O(logn) does not form a
2-design in general, and the theorem may not apply. - A circuit whose parameterization is structured (e.g.,
all gates on one qubit) does not form a 2-design across the full state space, and the theorem may not apply.

The assumption is both what makes the theorem universal (any sufficiently generic ansatz) and what makes
its avoidance possible (specific, structured ansätze escape).

Assumption 2: traceless observable. Tr(H) = 0 makes the Haar-expected value of ⟨H⟩ equal to zero,
which simplifies the variance calculation. Any Pauli string other than the identity is traceless, so this
assumption holds for nearly every observable of interest. For non-traceless H, you can subtract the mean
Tr(H)I/2n without changing the optimization, reducing to the traceless case.
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Proof Sketch
The proof is a Haar-measure computation. Here’s the structure:

Step 1: Set up the gradient as a Haar integral.

Write the circuit as U = URWUL, where W is the gate containing θi and UR, UL are everything to the right
and left. If W = e−iθiV/2 for some Hermitian V , the gradient is

∂C

∂θi
= i

2 ⟨0|U†
LW

†[V,U†
RHUR]WUL|0⟩.

(This follows from directly differentiating and using the commutator identity for the derivative of the rotation
gate.)

Step 2: Integrate over random UL (or UR) assumed to be a 2-design.

Treat UL as Haar-distributed. Compute the expectation of ∂C/∂θi over UL:

EUL

[
∂C

∂θi

]
= 0.

The mean vanishes because V is traceless (for Pauli generators) and Haar averages of single operators evaluate
to the identity times a constant.

Step 3: Compute the variance.

VarUL

[
∂C

∂θi

]
= EUL

[(
∂C

∂θi

)2
]
.

This requires a second-moment Haar integral, which uses the fact that UL is a 2-design. The second-moment
Haar integral evaluates to a specific combination of traces:

EUL

[
(·)2]

= Tr(H2) · Tr(ρV 2) − Tr(H)2 · Tr(ρV 2)/d− · · ·
(d2 − 1) · · ·

where d = 2n is the Hilbert space dimension. Simplifying using tracelessness and the fact that V 2 = I (for
Pauli generators):

Var
[
∂C

∂θi

]
= O

(
Tr(H2)

22n

)
.

Step 4: Conclude the exponential decay.

For Tr(H2) = O(poly(n)) (which is typical for local Hamiltonians with polynomial number of terms), the
variance scales as O(poly(n)/22n), which is exponentially small.

The gradient standard deviation is therefore O(poly(n)/2n), matching the empirical observations from 4.1.
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What The Proof Really Shows
Two non-obvious implications of the proof structure:

1. The Hamiltonian matters, but only via Tr(H2). Different Hamiltonians give different prefactors but
the same 2−2n scaling. You cannot “pick a better Hamiltonian” to avoid the plateau — the scaling is fixed
by the dimension, not by the Hamiltonian. You can avoid it by picking a structurally different cost function
(local observables, Section 4.6), but that is a cost-function redesign, not a Hamiltonian tweak.

2. The plateau is a statement about random ansätze, not specific parameter points. The theorem
says: averaged over random parameters, the variance is exponentially small. It does not say: at every
parameter point, the gradient is exponentially small. There may be specific parameter points where the
gradient is large (the “good regions” of parameter space). The problem is that they are exponentially rare, so
a random initialization is exponentially unlikely to land in one. This is why warm starts and structured
initialization work (Section 4.6) — they avoid the random regime entirely.

These two implications are what the mitigation strategies in the rest of Module 4 exploit.

Refinements and Generalizations
Since McClean et al. 2018, the theorem has been extended in several directions.

Cerezo, Sone, Volkoff, Cincio, Coles (2021): “Cost function dependent barren plateaus.” The
theorem was generalized to cost functions built from local observables (acting on O(logn) qubits). The
conclusion: local cost functions admit polynomial gradient scaling in the shallow regime. Deep
circuits still concentrate, but for O(logn) depth and local costs, the gradient is poly(n)−1 rather than
exponential.

Marrero, Kieferová, Wiebe (2021): “Entanglement-induced barren plateaus.” Extended the
theorem to entanglement-based reasoning: if the ansatz produces states with volume-law entanglement, the
reduced density matrices of any subsystem are maximally mixed, and any local observable has vanishing
variance — a barren plateau by a different route.

Arrasmith, Holmes, Cerezo, Coles (2022): “Equivalence of quantum barren plateaus to cost
concentration and narrow gorges.” Showed that barren plateaus are equivalent to cost concentration

— if the gradient is exponentially small, so is the cost variance. This unifies several previously-distinct
characterizations.

Ragone et al. (2024): “A Lie algebraic theory of barren plateaus for deep parameterized
quantum circuits.” Gave a Lie-algebra-based proof that unifies several barren plateau results. The plateau
is governed by the “dynamical Lie algebra” of the generators — if that algebra is large (expressive ansatz),
plateaus are severe; if small (structured ansatz), plateaus are mild.

These refinements matter because they give positive results (conditions under which the plateau does NOT
occur) in addition to the original negative result. Mitigation strategies in Section 4.6 are usually built on
top of one of these refinements.

What The Theorem Doesn’t Say
It is worth being precise about the scope of the theorem, because the phrase “barren plateau” is sometimes
used loosely.

The theorem does NOT say:

• “Every ansatz has a barren plateau.” — False. Structured, shallow, or symmetry-restricted ansätze may
not. The theorem’s assumption of 2-design behavior rules them out.
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• “Optimization of VQAs is impossible.” — False. Small-qubit instances, problem-inspired ansätze,
warm-started optimization, and local cost functions all escape.

• “The plateau exists at every point in parameter space.” — False. It exists on average; specific points
may have large gradients. They are just exponentially rare.

• “Better optimizers can overcome the plateau.” — False. The plateau is a property of the function, not
the optimizer.

The theorem DOES say:

• For sufficiently deep, sufficiently random ansätze, the gradient variance over random initializations is
exponentially small in qubit count.

• The cost of detecting a useful gradient grows exponentially in qubit count, making naive random-
initialization VQA unscalable beyond ∼ 10 − 15 qubits for hardware-efficient ansätze.

• The escape routes must come from structure — restricted ansätze, local costs, warm starts, or shallow
depth.

Structural Role
This is the formal core of Module 4. Everything else in the module either unpacks the theorem (nodes 4.3,
4.4, 4.5 examine different mechanisms that lead to plateau behavior) or works around it (4.6, 4.7).

Module 5 (Regularization) derives much of its motivation from this theorem: regularization is one of the
ways to push the optimizer into non-random regions of parameter space where the theorem’s assumptions
don’t hold.

Relations to Other Concepts
• Unitary 2-designs — the probabilistic structure the theorem relies on.
• Haar measure integration — the computational tool used in the proof.
• Lévy’s lemma — the classical concentration inequality this mirrors.
• Cerezo et al. 2021 — the local-cost refinement.
• Ragone et al. 2024 — the Lie-algebraic unification.

Worked Example — Checking The Variance Bound On A Small Instance
Consider n = 4, H = Z0, so Tr(H2) = Tr(I) = 16.

The theorem bound:

Var
[
∂C

∂θi

]
≤ 2 · 16

(17)(15) = 32
255 ≈ 0.125.

Standard deviation bound:
√

0.125 ≈ 0.35.

At n = 4, this is a relatively mild bound — the gradient can be meaningfully nonzero.

Now n = 10, H = Z0, Tr(H2) = 1024:

Var ≤ 2 · 1024
(1025)(1023) ≈ 0.002.

Standard deviation bound:
√

0.002 ≈ 0.045.
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At n = 10, the gradient is bounded by ∼ 0.045 — already comparable to a typical shot noise floor.

At n = 20, Tr(H2) = 220:

Var ≤ 2 · 220

240 ≈ 2 · 10−6.

Standard deviation bound: ∼ 0.0015. Well below any reasonable shot-noise floor — the plateau is fully
engaged.

Note: this is an upper bound. The actual variance is smaller. The empirical data from Section 4.1 matches
the bound’s scaling but with tighter prefactors.

Visualization
Pending. A plot showing the variance bound as a function of n for different observables: single Pauli, two-local
Hamiltonian, full H of a small molecule. All curves decay exponentially, with different prefactors from
Tr(H2). A horizontal line at the shot-noise floor for fixed N shows the crossover. Caption: “The bound is
blind to Hamiltonian structure beyond Tr(H2) — only the scaling matters.”

Exercises
1. Compute Tr(H2) for a single Pauli string, and for the sum H = Z0 + Z1 + Z0Z1. How does the ratio

depend on the number of terms?
2. The variance bound uses Chebyshev. Derive a corresponding upper bound on P[|∂C/∂θi| > ϵ] as a

function of n and ϵ. For n = 20 and ϵ = 0.01, is the bound useful?
3. (VQA) Show that if the ansatz is restricted to a subspace of dimension d′ < 2n, the variance bound

becomes O(1/d′2) instead of O(1/22n). How does this change the scaling for a 20-qubit chemistry
Hamiltonian with particle number conservation, where d′ ≈

(20
10

)
?

Research Extensions
• Sharper bounds for specific ansatz families — replacing the 2-design assumption with tighter

characterizations.
• Average-case vs worst-case analysis — when the bound is loose and when it is tight.
• Haar-free proofs — derivations that don’t require 2-design assumptions, using combinatorial arguments

instead.
• Finite-depth corrections — how the variance deviates from the 2-design bound when the circuit is

not deep enough.

Cross-links to Other Courses
• Random Matrix Theory — moments of random unitaries.
• Representation Theory — Weingarten functions and Haar integration.
• Module 3 (Concentration of Measure) — the broader phenomenon.
• Module 8 (Expressivity vs Trainability) — the tradeoff the theorem expresses in quantitative

form.
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Entanglement and Trainability
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Barren Plateaus Node: 4.3

The original barren plateau theorem (4.2) is phrased in terms of unitary 2-designs and Haar averaging. This
is mathematically clean but operationally opaque — “the circuit forms a 2-design” doesn’t tell you what the
states look like or what it would take to avoid the plateau.

This node gives a second, physically transparent view of the plateau: barren plateaus are what you get
when the ansatz produces highly entangled states. More specifically, when an n-qubit ansatz reaches states
with volume-law entanglement across any bipartition, the reduced density matrix of any subsystem is close
to maximally mixed, and any local observable has a vanishing expectation and vanishing gradient.

This is the Marrero-Kieferová-Wiebe (2021) framing: barren plateaus and volume-law entanglement are
two sides of the same coin.

Entanglement Scaling Laws
To set up the argument, recall the basic scaling laws for entanglement of pure n-qubit states.

Let |ψ⟩ be an n-qubit pure state, and let A be a subsystem of nA ≤ n/2 qubits. Compute the reduced density
matrix ρA = TrĀ|ψ⟩⟨ψ|. The entanglement entropy of ρA is

S(ρA) = −Tr(ρA log ρA).

Three regimes, set by how S(ρA) depends on nA:

• Area law: S(ρA) = O(boundary area of A). For a 1D system, this is S(ρA) = O(1) — constant in
subsystem size. Ground states of gapped local Hamiltonians satisfy area laws.

• Logarithmic law: S(ρA) = O(lognA). Ground states of gapless local Hamiltonians (critical points).
• Volume law: S(ρA) = O(nA) — linear in subsystem size. Haar-random states, thermal states at high

temperature, states generated by random deep circuits.

The volume-law regime is the “highly entangled” regime. It saturates the maximum possible entanglement:
S(ρA) ≤ nA · log 2, with equality when ρA = I/2nA (maximally mixed).

Volume Law Implies Plateau
Theorem (Marrero, Kieferová, Wiebe, informal): If the ansatz U(θ) produces volume-law entangled
states for typical θ, then:

1. The reduced density matrix ρA(θ) is exponentially close to the maximally mixed state I/2nA .
2. Any local observable OA supported on A has expectation value ⟨OA⟩ = Tr(OA)/2nA , which for traceless
OA is zero.

3. The variance of ⟨OA⟩ across random θ is exponentially small in nA.
4. The variance of the gradient of ⟨OA⟩ across random θ is exponentially small in n−nA (the complement

size).

This is the barren plateau, rediscovered from a purely state-based argument. No Haar integration needed —
just entanglement scaling.
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Why This Matters: The Tradeoff
This framing makes the barren plateau problem look like a tradeoff between expressivity and trainability:

• High expressivity = ability to reach many different quantum states = typically implies generating
highly entangled states = typically volume-law = typically barren plateau.

• Low expressivity = restricted set of states = typically lower entanglement = typically trainable.

The more states your ansatz can prepare, the more likely it is that random initialization lands on a highly-
entangled state, and the more likely the gradient is unusable.

This is the central tradeoff of ansatz design. You can’t have “reaches everything” and “easy to train”
simultaneously — they are in direct tension.

Module 8 (Expressivity vs Trainability) is dedicated to this tradeoff in full. The point of this node is to
introduce the entanglement angle on it, which is both physically clearer and useful for designing mitigations.

Entanglement-Aware Ansatz Design
The entanglement view of plateaus directly suggests mitigation strategies that focus on controlling entangle-
ment:

1. Shallow circuits. Shallow circuits cannot generate volume-law entanglement. For depth d, the
entanglement of a typical reduced density matrix is O(d) (each gate can add O(1) entanglement). So a circuit
with d ≪ n has O(d)-area-law entanglement, not volume-law, and doesn’t trigger the entanglement-based
plateau.

2. Sparse entanglement graphs. Limit the entanglement-generating gates (CNOTs) to a specific graph.
If the graph is sparse (say, a line or a tree), entanglement between distant qubits is slow to build up, and the
ansatz stays in a low-entanglement regime.

3. Locality-preserving ansätze. Design gates so that each one only acts on O(1) qubits. Then in constant
depth, the entanglement is area law. HEA with nearest-neighbor coupling satisfies this in the shallow regime.

4. Entanglement regularization. Add a term to the cost function that penalizes excess entanglement
(e.g., µS(ρA)). This pushes the optimizer into the low-entanglement regime, where gradients are usable.

5. Matrix product state ansätze. Use ansätze (like MPS, TTN, PEPS) that are guaranteed by
construction to have bounded entanglement. These ansätze cannot represent volume-law states at all, so
they are trivially plateau-free in the entanglement sense.

These mitigations are all justified by the entanglement view; they would be harder to motivate from the
Haar-2-design view alone.

The Dual Failure Mode: Not Enough Entanglement
There is a flip side to this story worth flagging, even though Module 4 is mostly about too much entanglement.

If the ansatz produces states with too little entanglement, it can’t represent the ground state of many
interesting Hamiltonians. For example, the ground state of a 1D critical model has logarithmic entanglement,
but a product-state ansatz has zero. A product-state ansatz is trivially trainable (no plateau) but represents
a much smaller set of states than is needed.

The sweet spot is: enough entanglement to represent the ground state, but not so much that
the plateau engages.
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For quantum chemistry, ground states typically have area-law or weak-entanglement structure, so low-
entanglement ansätze can work. For condensed matter and high-energy physics, ground states may have
logarithmic or volume-law structure, and the tradeoff is harder to navigate.

This is one of the principal structural arguments for why VQAs are more tractable for chemistry than for
condensed matter.

Entanglement and Shot-Noise Sensitivity
An additional consequence of the entanglement view: high-entanglement states make the cost estimator
noisier.

For a maximally entangled state, any local Pauli has ⟨P ⟩ = 0 and variance 1 − 0 = 1 per shot. For a
low-entanglement product-like state, many local Paulis have ⟨P ⟩ near ±1, giving variance near 0.

So the entanglement-induced plateau is not only a gradient problem but a cost estimation problem. When
the ansatz is in the high-entanglement regime, the cost estimator has maximum variance, and the gradient is
exponentially small. Both effects compound — you need exponentially more shots to detect an exponentially
smaller signal, a double-exponential cost.

This is why the entanglement view is operationally sharper: it predicts not just the gradient scaling but also
the shot-cost scaling, and the two combine to make the plateau regime completely uneconomical.

Connecting To The 2-Design View
The two views of barren plateaus — “Haar 2-design on parameters” and “volume-law entanglement” — are
equivalent in the sense that they describe the same physical regime.

Specifically: - A Haar-random unitary U applied to |0⟩ produces a Haar-random pure state |ψ⟩. - Haar-
random pure states have volume-law entanglement with overwhelming probability (Page’s theorem). - So any
ansatz whose parameter distribution approximates a 2-design produces volume-law entangled states with
overwhelming probability. - And vice versa: any ansatz that produces volume-law entangled states for typical
parameters satisfies the 2-design assumption well enough for the barren plateau theorem to apply.

The 2-design view is mathematically cleaner for proving the theorem; the entanglement view is physically
cleaner for motivating mitigations. Both are correct; they are the same thing told two ways.

Structural Role
This node is the physical interpretation of the theorem from 4.2. It explains what barren plateaus look
like in terms of the quantum states being prepared, and sets up the depth-scaling and mitigation discussions
in 4.4 and 4.6.

It is also the node that forwards cleanest to Module 8 (Expressivity vs Trainability), which develops the
entanglement-expressivity-trainability tradeoff in quantitative form.

Relations to Other Concepts
• Page’s theorem — Haar-random states have near-maximal entanglement.
• Area laws — entanglement of ground states of gapped local Hamiltonians.
• Matrix product states — tensor network ansätze with bounded entanglement by construction.
• Entropy of entanglement — the von Neumann entropy of the reduced density matrix.

13



• Cerezo et al. (2021) — the local cost function refinement, which can be viewed as an entanglement-
aware fix.

Worked Example — Entanglement Of A Volume-Law State
Consider n = 10 qubits, bipartition A = {0, 1, 2, 3, 4} and Ā = {5, 6, 7, 8, 9}.

For a Haar-random state, Page’s theorem gives

E[S(ρA)] ≈ nA log 2 − 2nA−1

2n−nA
= 5 log 2 − 16

32 = 5 log 2 − 0.5 ≈ 2.97.

The maximum possible entanglement is nA log 2 ≈ 3.47, so a Haar-random state is within 0.5 of maximum —
essentially saturated.

The reduced density matrix is

ρA ≈ IA

32 +O(2−5).

So for any traceless observable OA (say OA = Z0):

⟨OA⟩ = Tr(ρAOA) ≈ 0 +O(2−5) ≈ 0.03.

The expectation is essentially zero, with fluctuation ∼ 2−5 — which matches the barren plateau variance
scaling.

At n = 20, the same calculation gives ⟨OA⟩ ∼ 2−10 ≈ 10−3 — in the unmeasurable regime.

This is the entanglement-based barren plateau: the state is so scrambled that any local measurement
gives a fixed answer (the Haar average), with vanishing variation across parameter changes.

Visualization
Pending. A bar chart: entanglement entropy S(ρA) on the y-axis, vs ansatz type on the x-axis (product,
shallow HEA, deep HEA, Haar-random). A horizontal dashed line marks the volume-law threshold. Below
the threshold: gradients trainable. Above: barren plateau. Caption: “Entanglement is the operational axis of
the barren plateau.”

Exercises
1. For a single Bell state |00⟩ + |11⟩ on 2 qubits, compute the reduced density matrix on qubit 0 and verify

it is maximally mixed. What is ⟨Z0⟩?
2. For a GHZ state on 3 qubits, (|000⟩ + |111⟩)/

√
2, compute the reduced density matrix on the first

2 qubits. Is it maximally mixed? What does this say about the entanglement of GHZ compared to
Haar-random?

3. (VQA) Design an ansatz that provably produces states with at most logarithmic entanglement. What
kinds of ground states could such an ansatz reach? What does this imply about its usefulness for
chemistry vs condensed matter?
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Research Extensions
• Page-curve corrections to plateau bounds — using the full Page distribution to sharpen the

barren plateau variance calculation.
• Entanglement-regularized training — adding entropy penalties to the cost function to keep the

optimizer in trainable regions.
• MPS-based VQA — replacing quantum circuits with MPS ansätze (or hybrid quantum-MPS) to

guarantee bounded entanglement.
• Entanglement monitoring during training — using intermediate entanglement measurements to

detect and exit plateau regimes.

Cross-links to Other Courses
• Quantum Information Theory — entanglement entropy, Page’s theorem, maximally mixed states.
• Condensed Matter Physics — area laws, topological entanglement, ground-state entanglement.
• Tensor Networks — MPS, PEPS, MERA — classical ansätze with bounded entanglement.
• Module 8 (Expressivity vs Trainability) — the full tradeoff in quantitative form.
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Depth Scaling
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Barren Plateaus Node: 4.4

The barren plateau theorem (4.2) says: a sufficiently-deep ansatz approximates a 2-design, and then the
gradient concentrates exponentially. The entanglement view (4.3) says: a sufficiently-deep ansatz produces
volume-law entangled states, and then local observables concentrate.

Both framings invoke “sufficient depth” without saying what sufficient means. This node pins down the
depth scaling.

The short version: for a generic HEA with nearest-neighbor coupling on n qubits, the transition from
“trainable” to “barren plateau” happens around depth L ∼ O(n) for 1D topologies, and scales more gently
(like O(n1/D)) in higher-dimensional connectivities. This means there is a shallow regime (depth below the
transition) where plateaus are mild, and a deep regime (above) where they are fully engaged.

The boundary is not sharp, but the scaling of the boundary with qubit count is what governs whether “add
more layers” is a viable strategy for scaling up.

Depth vs 2-Design Formation
A random local circuit becomes an approximate t-design after depth O(n · t2) (Brandão, Harrow, Horodecki
2016, and tighter subsequent bounds). For t = 2, this gives a depth threshold O(n) for 2-design formation in
a 1D brick-wall circuit.

Below depth O(n): the distribution over states is not a 2-design. It is still a structured distribution
with lower entanglement and larger typical gradient. Above depth O(n): the distribution over states is
approximately a 2-design, and the barren plateau theorem kicks in.

The transition is continuous — the variance of the gradient decreases as depth increases, reaching the 2−2n

Haar bound asymptotically. At depth L = n/2, the variance might be ∼ 2−n instead of 2−2n — not as bad
as full Haar, but already exponentially small.

Depth Scaling In 2D And Higher
For a 2D grid topology, entanglement spreads via the boundary of a region rather than via a 1D chain. The
depth needed to entangle an L × L region across its boundary is O(L) = O(

√
n). More generally, for a

D-dimensional lattice, the depth needed to approximate a 2-design is O(n1/D).

• 1D: depth ∼ n to hit the plateau regime.
• 2D: depth ∼

√
n.

• 3D: depth ∼ n1/3.
• All-to-all connectivity: depth ∼ logn.

So higher-connectivity devices (which in 2026 means superconducting qubit grids and trapped-ion all-to-all
connectivity) reach the barren plateau regime faster than 1D devices, for the same number of gates per layer.

This is an important point: device connectivity interacts with barren plateau depth scaling. A
more-connected device is less forgiving of deep ansätze because entanglement spreads faster.
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The Shallow Regime
“Shallow” in the barren plateau literature typically means depth strictly less than the 2-design threshold. For
1D HEA, this is depth L < n. For 2D HEA on a grid, it is L <

√
n. For O(logn) depth, you are well inside

the shallow regime for any reasonable n.

In the shallow regime:

• Entanglement is sub-volume-law, typically area-law or logarithmic.
• Reduced density matrices have structure — they are not close to maximally mixed.
• Local observables have typical expectation values that are not concentrated at zero.
• Gradients are typically poly(n)−1, not 2−n — still decreasing with n, but much more gently.

Cerezo et al. (2021) made this precise: for local cost functions and shallow (O(logn) depth) circuits,
the gradient variance is bounded below by Ω(poly(n)−1). This is the canonical “shallow avoids barren
plateaus” result, and it is the principal structural escape route.

For global cost functions (observables acting on all n qubits), the same result does NOT hold — even
shallow circuits can have barren plateaus for global costs. This is the Cerezo et al. insight: the cost
function’s locality interacts with the circuit’s depth to determine trainability.

Matching Depth To Problem Structure
A practical rule of thumb:

If your problem has area-law entanglement structure (ground state of gapped local Hamiltonian,
typical chemistry ground states), use an ansatz with depth comparable to the correlation length, which is
O(1) or O(logn). You stay in the shallow regime and avoid barren plateaus.

If your problem has logarithmic entanglement structure (critical 1D systems), use an ansatz with
O(logn) depth. You are on the edge of the shallow regime but still polynomially trainable.

If your problem has volume-law entanglement (thermalized systems, random Hamiltonians, most
condensed matter problems in 2D+), you need either: - A deep ansatz, which hits the plateau → optimization
is infeasible. - A shallow ansatz that can’t reach the ground state → approximation is too coarse. - A
structural workaround (problem-specific ansatz that encodes the volume-law structure without random
2-designs).

The third option is where most research effort goes for hard problems. ADAPT-VQE, UCCSD, and HVA are
examples of problem-specific ansätze that provide structure without (necessarily) hitting the plateau regime.

The “Layerwise Training” Workaround
One elegant response to the depth problem is layerwise training (Skolik et al., 2021):

1. Start with a 1-layer ansatz. Optimize.
2. Add a layer, initialized to identity (so it doesn’t disturb the current state). Optimize again.
3. Repeat until you reach the desired depth.

The key insight is that at each step, the optimizer is only training a shallow ansatz, so it never enters
the barren plateau regime. The early layers get trained in a trainable landscape. By the time deep layers are
added, the early layers have already done most of the work, and the deep layers only need to fine-tune.

This avoids the plateau by never training a deep random ansatz — it trains a sequence of shallow
ansätze, each built on top of the previous. It is an example of the broader principle that plateaus are
avoided by initialization, not by optimization.
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Depth Limits In Practice
Real hardware imposes a separate depth limit: decoherence. Each additional gate adds some error, and
after depth O(1/gate error rate), the state is so corrupted that the computation is meaningless. For 2026-era
hardware with gate errors ∼ 10−3, useful depth is O(102) = O(100) gates.

This hardware-imposed depth limit is sometimes lower than the barren plateau threshold depth, so in
practice you can’t reach the barren plateau regime anyway. But as gate fidelities improve, the barren plateau
regime becomes reachable, and depth-scaling arguments become practically relevant.

The interplay between hardware noise (Module 9), which limits depth from above, and barren plateaus (this
module), which limit useful depth from above, is what sets the operational “sweet spot” for ansatz depth on
a given device. On 2026 hardware, depth ∼ 20 − 50 is typical — well below the plateau threshold for n ≤ 20
qubits, and limited primarily by noise. On better hardware (gate errors < 10−4), depth will be limited by
plateaus rather than noise.

Structural Role
This node is the quantitative bridge between the theorem (4.2) and the mitigations (4.6). It turns “the
plateau exists” into “the plateau exists beyond depth L ∼ f(n),” which is what makes it possible to actually
design around it.

It also forwards to Module 8, which develops the depth-expressivity relationship in full.

Relations to Other Concepts
• Brandão-Harrow-Horodecki 2016 — rigorous bounds on t-design formation by random circuits.
• Lieb-Robinson bounds — the rate at which information spreads through a local Hamiltonian.
• Correlation length — the characteristic length scale of a ground state, which sets the required ansatz

depth.
• Layerwise training (Skolik et al. 2021) — the practical training strategy that avoids deep-ansatz

plateaus.
• Cerezo et al. 2021 — the local cost + shallow depth result.

Worked Example — Depth Threshold For A 1D HEA
Consider a 1D HEA on n = 16 qubits with nearest-neighbor CNOTs and single-qubit Pauli rotations. The
2-design depth threshold is L ∼ n = 16.

At depth 4: gradient variance ∼ 0.02, entanglement ∼ 0.5 · log 2 — clearly shallow, trainable.

At depth 8: gradient variance ∼ 0.005, entanglement ∼ 1.0 · log 2 — still trainable but starting to feel the
plateau.

At depth 16: gradient variance ∼ 10−4, entanglement ∼ 2.0 · log 2 — at the boundary; empirically starting
to fail.

At depth 32: gradient variance ∼ 10−8, entanglement saturating volume law — fully barren plateau.

At depth 64: gradient variance ∼ 2−32 ∼ 10−10 — completely hopeless.

So for 16 qubits, there is a window (depth 1-12 or so) where the ansatz is both expressive enough to reach
meaningful states and shallow enough to avoid plateaus. Depth 12-16 is the transition zone. Depth 16+ is
barren.
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This window shrinks (as a fraction of required depth) as n grows. For very large n, the window may not
contain any depth that is both expressive and trainable — which is the fundamental structural problem
Module 8 will analyze in depth.

Visualization
Pending. A 3D plot: qubit count n on one axis, depth L on another, gradient variance on the third (log
scale). A “ridge” of trainable region is visible at shallow depths, a plateau of barren variance at deep depths.
Annotated with the 2-design threshold curve L = n (or L =

√
n for 2D). Caption: “The trainable region

shrinks as qubits grow.”

Exercises
1. For a 1D nearest-neighbor HEA with 6 qubits, at what depth does the empirical gradient variance drop

below 10−3? (Sketch the argument, you don’t need to actually run the simulation.)
2. The Brandão-Harrow-Horodecki bound gives 2-design formation at depth O(n) in 1D. What is the

corresponding bound for all-to-all connectivity? How does this affect the practical depth limit for
trapped-ion devices?

3. (VQA) Compare the layerwise training strategy to starting the optimizer at a small-random init for the
full depth. Under what conditions is layerwise strictly better?

Research Extensions
• Tighter depth bounds for 2-design formation — improved results beyond Brandão-Harrow-

Horodecki.
• Adaptive depth schedules — dynamically adjusting circuit depth during training.
• Depth-dependent learning rates — using the known depth scaling to set optimizer hyperparameters.
• Warm-start depth analysis — how much depth a warm-started ansatz can tolerate without entering

the plateau.

Cross-links to Other Courses
• Quantum Information (2-designs, random circuits) — the formal setting for depth scaling.
• Module 2 (Compilation) — depth as a budgeting constraint.
• Module 8 (Expressivity vs Trainability) — the full qualitative/quantitative treatment of the

tradeoff.
• Module 9 (Hardware Noise) — decoherence-imposed depth limits that may dominate the plateau-

imposed limits.
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Noise-Induced Barren Plateaus
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Barren Plateaus Node: 4.5

Everything in nodes 4.1-4.4 treated the ansatz as an ideal unitary and the noise as purely statistical (shot
noise). Under that assumption, plateaus arise from the expressivity of the ansatz — deep, random, 2-design-like
circuits concentrate.

This node introduces a second mechanism for barren plateaus, one that arises from hardware noise
rather than ansatz expressivity. Wang, Fontana, Cerezo, Sharma, Sone, Cincio, Coles (2021):
“Noise-induced barren plateaus in variational quantum algorithms.”

The short version: when every layer of an ansatz is followed by incoherent noise (e.g., depolarizing noise), the
effective state after L layers is exponentially close to the maximally mixed state I/2n, for any initial state
and any parameters. On the maximally mixed state, every observable has the same expectation value (its
trace over dimension), so the cost function is a constant — zero gradient, perfect plateau.

This is a hardware-origin barren plateau: the noise eats the signal at a rate set by the gate fidelity, and
past a critical depth no ansatz design can recover from it.

The Noise-Induced Mechanism
Suppose every gate in the ansatz is followed by depolarizing noise with strength p:

Ep(ρ) = (1 − p)ρ+ p
I

2n
.

After one noisy layer, the state is a convex combination of the ideal state and the maximally mixed state.
After L layers, the “ideal component” has weight (1 − p)L, and the “noise component” has weight 1 − (1 − p)L.

For L such that (1 − p)L ≈ 2−n, we have

L ≈ n log 2
p

.

At this depth, the state is exponentially close to maximally mixed, for any input and any parameters.
Every local observable has expectation value Tr(O)/2n, which for traceless observables is zero. The gradient
is zero, and the optimization is hopeless.

The Wang et al. Theorem
Formally (informal statement):

Theorem (Wang et al. 2021): For an ansatz U(θ) interleaved with depolarizing noise channels of strength
p per layer, and for any observable O with bounded norm, the gradient variance satisfies

Var
[
∂C

∂θi

]
≤ const · (1 − p)2L · ∥O∥2.

This is exponential in depth, not in qubit count — a critical difference from the standard 2-design plateau.

Implications:
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1. Depth-independent from the 2-design viewpoint. You don’t need the ansatz to be deep enough
to form a 2-design; noise alone creates the plateau if depth exceeds the noise-dominated threshold
L ∼ 1/p.

2. Qubit-count-independent. The plateau depth threshold depends on the noise rate, not the qubit
count. A 4-qubit noisy deep circuit has the same kind of plateau as a 40-qubit one, if the per-gate noise
rate is the same.

3. Unavoidable by ansatz redesign. Restricting the ansatz to a low-entanglement subspace does NOT
help, because the noise acts on every state, not just on highly entangled ones. You need better hardware
(lower p) or shallower circuits.

4. Local cost functions don’t help. Unlike the Cerezo 2021 result, local cost functions give the same
noise-induced plateau scaling. The issue is that the full state is corrupted, so no local observation helps.

This makes noise-induced plateaus a qualitatively harder problem than 2-design plateaus: the usual ansatz-
side fixes don’t work.

Practical Depth Limit From Noise
For a device with gate error rate p, the depth at which noise-induced plateaus engage is L ∼ 1/p.

On 2026 superconducting hardware: - Single-qubit gate error: ∼ 10−4. - Two-qubit gate error: ∼ 10−3.

The effective per-layer noise rate is dominated by two-qubit gates, so p ∼ 10−3 and the plateau threshold is
at depth L ∼ 103. This is far beyond the depths achievable in current VQA experiments (typically L < 50),
so noise-induced plateaus are not the bottleneck on today’s hardware.

On older hardware with p ∼ 10−2, the threshold is at depth L ∼ 100, which is reachable and was part of why
early VQAs (2016-2020) struggled.

The relationship is simple: as hardware improves, noise-induced plateaus recede. This is different
from 2-design plateaus, which get worse as you try to scale to more qubits. The two plateaus have opposite
trends with respect to “more hardware.”

Noise-Induced vs 2-Design Plateau: Comparison

Feature 2-Design Plateau Noise-Induced Plateau
Origin Ansatz expressivity (Haar

distribution)
Hardware noise (depolarizing)

Scaling O(2−2n) variance, exponential in
n

O((1 − p)2L) variance, exponential
in L

Triggered by Deep ansatz, random init Any depth, bad hardware
Shallow circuits? Can avoid Still affected, just less
Local cost help? Yes (Cerezo 2021) No
Ansatz redesign help? Yes (structure, restriction) No
Fix Restrict ansatz, warm start, local

cost
Lower gate error, shorter depth

Trend with hardware progress Gets worse as n grows Gets better as p shrinks

This table is why the two mechanisms need separate treatment. They look the same operationally (flat
training curves) but require different remedies.
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Diagnosing Which Plateau You’re In
If the training curve is flat, how do you tell which mechanism is responsible?

Test 1: Noiseless simulation. Simulate the same ansatz and cost function without hardware noise, using
exact statevector. If the training still fails, it’s a 2-design plateau (or some other ansatz/cost problem). If the
training succeeds in simulation but fails on hardware, noise is contributing.

Test 2: Vary the depth. Reduce the circuit depth. If the plateau improves, noise is a significant factor
(shorter circuits have less accumulated noise). If the plateau stays the same or gets worse as depth decreases,
noise is not the dominant mechanism.

Test 3: Vary the qubit count. Reduce the qubit count at fixed depth. If the plateau improves significantly,
you’re in the 2-design regime (the plateau depends on n). If it stays the same, you’re in the noise regime.

Test 4: Measure the effective quantum state. Tomography on the final state, or purity measurement.
If the state is close to maximally mixed (purity ∼ 1/2n), you’re in the noise regime. If the state is pure but
the cost is flat, you’re in the 2-design regime.

These diagnostics matter because they tell you where to invest effort: on the ansatz side, on the hardware
side, or on both.

Coherent vs Incoherent Noise
The Wang et al. 2021 result assumes incoherent (depolarizing, dephasing) noise. Coherent noise — small
systematic rotations of unitaries due to miscalibration — behaves differently. Coherent noise is a perturbation
of the ideal unitary and doesn’t directly concentrate the state. It can introduce optimization problems (shifted
minima, accumulated phase errors) but doesn’t create the noise-induced plateau per se.

In practice, real hardware has both: coherent errors from miscalibration (which you can mitigate via calibration
or randomized compiling) and incoherent errors from decoherence (which are the dominant contributor
to noise-induced plateaus). Randomized compiling (Wallman-Emerson) can convert coherent noise into
incoherent noise, which makes the noise profile simpler but can also shift you closer to the noise-induced
plateau regime.

The Noise-Plateau vs Noise-Optimization Distinction
There is a subtlety worth flagging: “noise makes optimization hard” is not the same as “noise-induced barren
plateaus.”

Shot noise (Node 3.7) corrupts the estimate of the cost function but doesn’t touch the underlying state.
More shots fixes it. It is a statistical problem.

Hardware noise (this node) corrupts the quantum state itself, not just the estimate. More shots do not
fix it — the mean of the estimator is biased away from the true cost. It is a physical problem.

The confusion between the two has led to a few misunderstandings in the literature. When someone says
“noise makes optimization slow,” they might mean shot noise (fixable) or hardware noise (not fixable via
statistics). These are genuinely different.

Module 9 (Hardware Noise Models) develops this distinction in more detail. For this node, the key point is:
noise-induced plateaus are a physical phenomenon where the state is wrong, not a statistical
phenomenon where the estimator is noisy.

22



Structural Role
This node is the noise-origin node of Module 4. Where 4.1-4.4 discussed plateaus as a consequence of ansatz
expressivity, this node introduces plateaus as a consequence of hardware noise. It is a bridge to Module 9
(Hardware Noise Models), which treats noise in full.

Relations to Other Concepts
• Depolarizing channel — the canonical incoherent noise model.
• Wang et al. 2021 — the original noise-induced barren plateau paper.
• Randomized compiling (Wallman-Emerson) — the technique for converting coherent to incoherent

noise.
• Error mitigation — techniques to estimate the noise-free cost from noisy measurements.
• Module 9 (Hardware Noise) — the broader treatment of noise channels.

Worked Example — Depth Threshold For Noise-Induced Plateau
Consider a device with two-qubit gate error rate p = 10−3, single-qubit error rate 10−4. An HEA layer on
10 qubits has roughly 10 two-qubit gates (nearest-neighbor CNOTs), so the effective per-layer noise rate is
player ≈ 10 · 10−3 = 10−2.

The fidelity after L layers is (1 − player)L ≈ e−0.01L.

At L = 10: fidelity ≈ 0.9. Mild noise, trainable. At L = 50: fidelity ≈ 0.6. Significant but usable. At L = 100:
fidelity ≈ 0.37. Borderline. At L = 200: fidelity ≈ 0.13. Noise is dominant. At L = 500: fidelity ≈ 0.007.
State is essentially maximally mixed. Noise-induced plateau engaged.

For scaling to n = 20, the per-layer noise rate roughly doubles (20 two-qubit gates per layer), so the thresholds
shift to shorter depths. The noise-induced plateau depth decreases as n grows, because more gates
per layer means more noise per layer. This is opposite to the 2-design plateau, which requires more depth to
reach at larger n.

So at large n, the operationally-reachable depths may be in a window bounded above by noise and above
(also) by expressivity-driven plateaus. This compresses the trainable depth window further.

Visualization
Pending. A 2D plot with depth L on the x-axis and qubit count n on the y-axis. Shaded regions: “2-design
plateau” (upper-right), “noise-induced plateau” (lower-right, curving), “trainable region” (lower-left). As n
grows, the trainable region shrinks from both sides. Caption: “Two plateaus, two directions. The trainable
window shrinks as scale grows.”

Exercises
1. For a device with single-qubit error 10−3 and two-qubit error 10−2, compute the depth at which a

10-qubit ansatz crosses into the noise-induced plateau regime (state purity < 1/2).
2. Show that randomized compiling preserves the expected cost function but modifies the variance of the

estimator. How does this interact with noise-induced plateaus?
3. (VQA) For a fixed device with noise rate p, what is the maximum number of qubits that can be

meaningfully trained before noise-induced plateaus block progress? How does this depend on the
required circuit depth for the problem?

23



Research Extensions
• Error-mitigated barren plateaus — whether ZNE or CDR can extend the trainable depth.
• Noise-aware ansatz design — ansätze that are robust to realistic noise profiles.
• Bias-corrected gradient estimators — using noise models to remove the bias that noise introduces.
• Plateau-noise phase diagrams — precise characterization of which (n,L, p) regions are trainable.

Cross-links to Other Courses
• Open Quantum Systems — master equations, depolarizing channel, dephasing.
• Error Mitigation — zero-noise extrapolation, Clifford data regression, probabilistic error cancellation.
• Module 9 (Hardware Noise Models) — the full treatment of noise in VQAs.
• Module 3 (Shot Noise) — the other noise that affects optimization.
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Strategies for Avoiding Barren Plateaus
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Barren Plateaus Node: 4.6

This is the practical node of Module 4 — the one that takes everything developed so far about why barren
plateaus happen and turns it into a catalogue of strategies for what to do about them.

There is no single trick that defeats barren plateaus. There is a toolkit of complementary strategies, each
targeting a different mechanism, and a VQA practitioner’s job is to match the strategy to the cause.

This node walks through the main categories, explains the assumptions behind each, and gives practical
guidance on when to reach for which.

A Map Of The Strategies
The strategies fall into six broad categories:

1. Restrict the ansatz — make it less expressive so it can’t reach volume-law entangled states.
2. Restrict the cost function — use local observables that have polynomial gradient scaling.
3. Warm-start the optimizer — initialize near a known good point, avoiding the random regime.
4. Shallow training schedules — train shallow first, add layers gradually (layerwise training).
5. Symmetry-preserving design — use the structure of the problem to shrink the effective Hilbert

space.
6. Regularize the optimizer dynamics — use regularization (Module 5) to avoid plateau regions.

Each strategy attacks a different mechanism: - Strategies 1, 3, 4, 5 attack the ansatz-side cause (2-design
formation). - Strategy 2 attacks the cost-side cause (observable locality). - Strategy 6 attacks the dynamics-side
cause (where the optimizer goes).

The right combination depends on the problem. A difficult VQE problem typically needs 3-4 of these in
combination.

Strategy 1: Restrict The Ansatz
Mechanism: Use an ansatz that is structurally prevented from forming a 2-design.

Examples:

• Hamiltonian variational ansatz (HVA): restrict gates to generators that come from the Hamiltonian
itself. This ansatz only reaches states that are in the “reachable set” from the Hamiltonian’s native
dynamics, which is much smaller than the full Hilbert space.

• UCCSD / UCCSDT: use chemically-inspired excitations, which are strongly restricted by particle
number and spin symmetries.

• ADAPT-VQE: grow the ansatz operator-by-operator, choosing operators based on their gradient
contribution. This adaptively selects a small, structured subspace.

• Quantum convolutional neural networks (QCNN): use translationally-invariant, constant-depth
layers, which are provably plateau-free.

Assumption: The restriction is compatible with the problem — the subspace the ansatz can reach contains
the ground state (or a good approximation).

When to use: Whenever the problem has structure that can be encoded in the ansatz (symmetries, locality,
known physics).
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Strategy 2: Restrict The Cost Function
Mechanism: Use a cost function built from local observables, which (by the Cerezo 2021 theorem) have
polynomial gradient scaling in the shallow regime.

Examples:

• Local VQE: replace ⟨H⟩ with 1
k

∑
j⟨Oj⟩ where each Oj acts on a few qubits. The minimum of the local

cost is (ideally) the same as the minimum of the global cost, but the gradient is much better-behaved.
• Variance-based cost: Var(H) = ⟨H2⟩ − ⟨H⟩2. Has zero gradient only at exact eigenstates (not at

arbitrary stationary points), and its local structure often yields better gradient scaling.
• Local fidelity cost: for state preparation, use

∑
j ∥ρj −σj∥2 where ρj , σj are reduced density matrices.

Assumption: The local cost function has the same global minimum as the global cost function (or at least
approximately so).

When to use: Whenever the global cost function can be rewritten or approximated locally. Particularly
effective for state preparation and ground state finding.

Strategy 3: Warm-Start Initialization
Mechanism: Initialize the optimizer at a point that is known to have large gradient, rather than a random
point.

Examples:

• Hartree-Fock initialization: for chemistry, start the ansatz at parameters that prepare the Hartree-
Fock state. This is usually close to the ground state and has meaningful gradients.

• Classically-computed warm start: use a classical algorithm (DMRG, CCSD, MPS) to compute
an approximate ground state, then reverse-engineer an ansatz that prepares it. Start the optimizer at
those parameters.

• Physics-based priors: use known physics (e.g., an adiabatic state preparation trajectory) to set initial
parameters.

• Identity block initialization: initialize gates so the initial state is |0⟩ or some simple reference, not a
random state.

Assumption: You have access to a reasonable classical approximation, or the problem has known structure
that suggests an initial point.

When to use: Whenever such an approximation exists. For chemistry, this is almost always. For general
condensed matter, sometimes.

Strategy 4: Layerwise And Adaptive Training Schedules
Mechanism: Never train a deep random ansatz. Instead, train a sequence of shallow ansätze, each built on
top of the previous.

Examples:

• Layerwise training (Skolik et al. 2021): start with 1 layer, train to convergence, freeze those
parameters, add a new layer initialized to identity, train again. Repeat.

• Progressive depth growth: similar to layerwise, but use “soft” freezing (fine-tune all parameters,
but with decreasing learning rate on earlier layers).

• ADAPT-VQE: adaptively add operators to the ansatz only when they have meaningful gradient.
• Curriculum learning for VQA: train on easier instances first (smaller n, simpler Hamiltonian), use

the result to initialize harder instances.
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Assumption: The shallow ansatz can reach useful states, and layers added later don’t disturb what was
found.

When to use: Whenever you need to train a deep ansatz and can’t warm-start it. Layerwise is a good
default fallback.

Strategy 5: Symmetry-Preserving Ansatz Design
Mechanism: Design the ansatz to preserve the symmetries of the Hamiltonian, so the effective Hilbert space
is a symmetry-restricted subspace much smaller than 2n.

Examples:

• Particle-number-preserving gates: use gates that commute with N̂ (e.g., excitation gates). The
effective Hilbert space for an n-qubit, k-particle state has dimension

(
n
k

)
, not 2n. The barren plateau

scales with this smaller dimension.
• Spin-preserving gates: similarly, preserve S2, Sz.
• Permutation-symmetric ansätze: for problems with permutation symmetry, use permutation-

invariant gates.
• Z2 symmetry exploitation: after Jordan-Wigner, many Hamiltonians have Z2 symmetries that can

be tapered off, reducing qubit count by 2-4.

Assumption: The symmetry is a real property of the problem (not just an artifact of the ansatz).

When to use: Whenever the problem has exact symmetries. Combined with strategy 1 (restricted ansatz),
this is often the most effective approach.

Strategy 6: Regularize The Optimizer Dynamics
Mechanism: Use regularization (Module 5) to keep the optimizer in regions of parameter space where
gradients are usable.

Examples:

• Entanglement regularization: add a term to the cost that penalizes entanglement, keeping the
optimizer in the low-entanglement regime.

• Trust regions: only allow updates that are small enough to stay near the current (non-plateau) point.
• Natural gradient with Fisher regularization: use the QFIM to rescale gradients, which implicitly

penalizes movement into high-curvature (plateau) regions.
• Variance regularization: penalize parameter configurations with high cost variance (which correlate

with plateau regions).

Assumption: The regularization target (low entanglement, small QFIM, low variance) correlates with
non-plateau regions.

When to use: Module 5 makes this the thesis-specific strategy. The thesis argues that regularization-as-
dynamical-modification is a conceptually cleaner framework than ad-hoc ansatz/cost fixes, and that the
“stochastic objective generator” abstraction (Module 1.8) makes explicit why dynamics-side fixes can succeed
where objective-side fixes fail.

Combining Strategies
In practice, VQA problems are rarely solved by a single strategy. The typical recipe is:
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1. Start with a problem-inspired ansatz (strategy 1) — UCCSD or HVA for chemistry, ADAPT-VQE
for general.

2. Use a local cost function (strategy 2) — if the problem allows.
3. Warm-start from a classical approximation (strategy 3) — Hartree-Fock, MPS, DMRG.
4. Train layerwise (strategy 4) — if starting from scratch or adding layers.
5. Preserve symmetries (strategy 5) — tapering, particle-number preservation.
6. Regularize the optimizer (strategy 6) — if the training is still struggling.

Each strategy has a separate effect on the plateau problem; combining them can yield multiplicative
improvements.

The thesis observation is that strategies 1-5 are all objective-side (changing what you’re optimizing), while
strategy 6 is dynamics-side (changing how you’re optimizing). These have different semantics and are best
thought of as complementary, not redundant.

What Doesn’t Work
A few things that might seem like good ideas but don’t actually help:

“Just use more shots.” Node 4.1 already debunked this. Exponentially more shots to detect an exponentially
smaller signal.

“Just use a better optimizer.” The plateau is in the function, not the optimizer. No optimizer can extract
absent signal.

“Use classical neural network techniques.” Xavier initialization, batch normalization, dropout, residual
connections — these are all designed for classical vanishing gradients, which have a different mechanism.
Some have quantum analogues, but naive transfer doesn’t work.

“Add more layers.” Not only doesn’t help, it actively makes things worse (deeper = more 2-design-like =
stronger plateau).

“Add more qubits for scale.” The plateau depth threshold scales with qubit count, so adding qubits
without also mitigating the plateau makes things worse.

Being clear about what doesn’t work is as important as knowing what does. It prevents wasted effort and
helps newcomers avoid predictable dead ends.

Structural Role
This node is the practical synthesis of Module 4. Everything in 4.1-4.5 was diagnostic; this node is
therapeutic. It forwards to Module 5 (where regularization is developed in full) and to Module 8 (where the
expressivity-trainability tradeoff is quantified).

The thesis’s argument is made most concretely here: strategy 6 (dynamics-side regularization) deserves
a seat at the same table as strategies 1-5 (objective-side fixes), and Module 5 is the detailed treatment
of that strategy.

Relations to Other Concepts
• Ansatz design (Module 2) — strategies 1 and 5 live here.
• Cost function design (Module 3.1) — strategy 2 lives here.
• Warm-starting and initialization schemes — strategy 3.
• Layerwise / curriculum training — strategy 4.
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• Regularization (Module 5) — strategy 6.

Worked Example — A VQE Workflow Combining Strategies
For a 16-qubit H2O VQE calculation:

1. Ansatz choice: UCCSD (strategy 1) restricted to singles and doubles. Particle-number preserving by
construction (strategy 5). Symmetry-tapered down to 12 qubits (strategy 5).

2. Cost function: Global ⟨H⟩ — in this problem the global cost is natural. Don’t use strategy 2.
3. Initialization: Hartree-Fock reference state, with UCCSD parameters initialized to the classical CCSD

amplitudes (strategy 3).
4. Training schedule: Single-shot optimization (no layerwise needed — UCCSD isn’t deep), with an

L-BFGS-B optimizer.
5. Regularization: None in first attempt.

This recipe typically gives chemical accuracy (10−3 Hartree) for small molecules. If it fails, you add
regularization (strategy 6) as a fallback.

Compare to a naive attempt: HEA with random init, global cost, vanilla gradient descent, no regularization.
That fails for n > 10 with certainty.

The difference between the two approaches is not one strategy — it is the whole toolkit working together.

Visualization
Pending. A Venn diagram with three circles labeled “ansatz restriction,” “cost locality,” “optimizer warm-
start/regularization.” Different VQA recipes highlighted as overlaps of 1, 2, or 3 circles. Caption: “No single
strategy solves the plateau. Combine them.”

Exercises
1. For a VQE problem with a 20-qubit Hamiltonian and a 30-layer HEA ansatz, rank the six strategies by

expected impact. What is the minimum combination needed to make the problem tractable?
2. The Cerezo 2021 local cost theorem requires O(logn) depth. For an ansatz of depth logn+ 1, does the

bound still apply? What if the depth is 2 logn?
3. (VQA) Design a workflow for training a 40-qubit quantum neural network on a classification task.

Which strategies are essential? Which are nice-to-have?

Research Extensions
• Automatic strategy selection — algorithms that diagnose the plateau mechanism and choose

strategies accordingly.
• Strategy composition theory — formal analysis of when combining strategies gives multiplicative

vs additive benefit.
• Learned initialization schemes — using meta-learning to find good warm starts across problem

instances.
• Regularization for noise-induced plateaus — whether dynamics-side strategies can help with the

Wang-et-al plateau (probably not, but worth investigating).
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Cross-links to Other Courses
• Module 2 (Parameterized Circuits) — ansatz design choices.
• Module 3 (Cost Landscapes) — the underlying geometry being navigated.
• Module 5 (Regularization) — the thesis-specific strategy 6.
• Module 8 (Expressivity vs Trainability) — the tradeoff that all strategies navigate.
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Plateaus vs Traps
Position in Knowledge Graph
System: Variational Quantum Algorithms Structural Domain: Barren Plateaus Node: 4.7

This is the closing node of Module 4. It addresses a subtle but important confusion in the VQA literature:
not every “stuck optimizer” is a barren plateau.

There are at least three distinct failure modes of VQA optimization that all look the same from a training-curve
perspective — the cost stops decreasing — but have different causes and different fixes:

1. Barren plateau — the gradient is exponentially small because the cost function is concentrated.
2. Narrow gorge — the gradient is large but in a region of exponentially small volume; the optimizer

never finds it.
3. Local trap — the optimizer is stuck at a non-global local minimum. Gradient is zero (not small), but

the cost is not globally minimized.

This node distinguishes the three, explains why they require different remedies, and connects them back to
the Arrasmith et al. (2022) equivalence results.

The Three Failure Modes In Detail
1. Barren Plateau

Symptom: Cost is flat across wide regions of parameter space. Gradient magnitudes below the shot-noise
floor. Cause: Concentration of measure — the cost function is essentially constant over exponentially much
of parameter space. Topology: Flat. Fix: Restrict ansatz, warm-start, use local cost, layerwise training.
Key reference: McClean et al. 2018.

2. Narrow Gorge

Symptom: The cost function has a minimum that is deep but narrow — a thin valley in parameter space.
Random initialization rarely lands in it, and once in it, the optimizer can easily fall out (overshoot and go
back to the plateau region). Cause: High curvature in the minimum direction; exponentially small volume
of the attractor basin. Topology: Thin valley in an otherwise flat landscape. Fix: Precise warm-starting,
small step sizes near the gorge, trust-region optimization. Key reference: Arrasmith et al. 2022.

3. Local Trap

Symptom: The cost stops decreasing and the gradient is near zero, but the final cost is well above the
global minimum. The optimizer has “converged” to a local minimum that isn’t the answer. Cause: The cost
function has multiple local minima, and the optimizer’s trajectory led it to a sub-optimal one. Topology:
Rugged landscape with multiple basins. Fix: Multi-start, population methods, annealing, basin-hopping.
Key reference: standard non-convex optimization literature.

The Arrasmith Equivalence
Arrasmith, Holmes, Cerezo, and Coles (2022) proved a surprising equivalence:

Theorem (informal): In the regime where the barren plateau theorem applies (2-design ansatz, traceless
observables), the following three statements are equivalent:

1. The cost function has exponentially small gradient variance (barren plateau).
2. The cost function has exponentially small cost variance (cost concentration).
3. The cost function has exponentially small gradient magnitude outside a narrow gorge.
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This is a unification: the barren plateau phenomenon is not separate from narrow-gorge phenomena, and not
separate from cost concentration. They are all the same underlying fact, viewed from different angles.

Practical implication: Even if your landscape isn’t literally flat everywhere (it has a narrow gorge
somewhere), the operational problem is the same — random initialization doesn’t find the gorge, and the
vast majority of parameter space is plateau. The optimizer behaves identically in both cases.

So while it’s conceptually useful to distinguish plateaus from gorges, for most practical VQA situations they
come as a package.

Local Traps Are A Different Beast
Local traps, by contrast, are a distinct phenomenon. In a true local trap:

• The gradient is genuinely zero (not small-but-nonzero).
• The cost is at a local minimum but far from the global minimum.
• The trap is surrounded by ascending directions in all dimensions.
• More shots don’t help (there is no signal to extract — the gradient really is zero).

This is the classical non-convex optimization problem, and it is solved by classical methods:

• Multi-start: run many independent optimizations from different initial points.
• Population methods: HOPSO, CMA-ES, genetic algorithms. Maintain a population of points that

collectively explore.
• Simulated annealing / basin-hopping: use stochasticity to escape local minima.
• Warm-start from a known good region: if you know where the global minimum roughly is, start

there.

These are the same techniques used in classical non-convex optimization, and they apply to VQAs with the
caveat that each “sample” is expensive (quantum hardware time).

How To Tell Which One You’re In
Practical diagnostics:

Gradient magnitude check. - Barren plateau / narrow gorge: gradient is below the shot noise floor. If
you double your shots, the gradient doesn’t improve. - Local trap: gradient is exactly zero (within shot noise,
but not below it — there is literally no first-order signal because you’re at a critical point).

Hessian check. - Plateau: Hessian eigenvalues are all exponentially small. The landscape is flat in all
directions. - Gorge: Hessian has some exponentially large eigenvalues (narrow directions) and some small
ones. - Trap: Hessian has mostly positive eigenvalues, landscape is locally bowl-shaped but the bowl is at the
wrong cost value.

Cost value check. - Plateau: cost is near Tr(H)/2n, the Haar average. - Gorge: cost is slightly below the
Haar average. - Trap: cost is significantly below the Haar average but significantly above the known ground
state energy.

Multi-start check. - Plateau: all starts fail identically. The cost stays near Haar average for all runs. -
Gorge: most starts fail; a few succeed. The distribution of final costs is bimodal. - Trap: different starts
converge to different final costs. The distribution of final costs is multi-modal.

The multi-start check is probably the cleanest diagnostic in practice — run 10 random starts and look at the
spread of final costs.
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Why The Distinction Matters
The key practical reason to distinguish these three failure modes is that they call for different fixes.

If you diagnose a barren plateau and apply trap-escaping techniques (multi-start, population methods), you
waste effort — every start lands in the plateau and nothing escapes.

If you diagnose a trap and apply plateau-escaping techniques (warm-start, local cost), you might help or
might not — depending on whether the warm start happens to land in a different basin.

If you diagnose a narrow gorge and apply general plateau fixes, you might succeed by warm-starting near the
gorge, but you still need small step sizes to avoid falling out.

Getting the diagnosis right saves compute. The diagnosis is not always obvious from the training curve alone
— you need to do the multi-start check or Hessian analysis to be sure.

The Thesis Angle
The thesis’s “stochastic objective generator” framing (Module 1.8) applies here in an instructive way:

From the optimizer’s point of view, it is looking at a noisy scalar oracle. The oracle’s behavior — flat
everywhere, thin valley, multiple basins — is a property of the ansatz-Hamiltonian-cost combination, not of
the optimizer. The optimizer can react to what it sees but cannot change what is produced.

Therefore: diagnosing what the oracle is producing (plateau, gorge, trap) is the first step, and choosing a
response is the second. Conflating them leads to applying wrong remedies to the wrong problem — which is
a surprisingly common failure mode in VQA practice.

The thesis argues that Module 5’s regularization-as-dynamics-modification is complementary to the objective-
side fixes in Module 4.6 specifically because they address different parts of this picture: objective-side fixes
change what the oracle produces, and dynamics-side fixes change how the optimizer responds to what it sees.
You often need both.

Closing Module 4
With this node, Module 4 is complete. You now have:

• Phenomenology (4.1) — what gradient vanishing looks like.
• Theorem (4.2) — the formal McClean et al. result.
• Entanglement view (4.3) — the physical interpretation.
• Depth scaling (4.4) — the O(n) / O(

√
n) / O(logn) thresholds.

• Noise-induced (4.5) — the hardware-origin mechanism.
• Strategies (4.6) — the six-category mitigation toolkit.
• Plateaus vs traps (4.7, this node) — the diagnostic vocabulary for distinguishing failure modes.

Module 5 will use all of this to motivate regularization as a principled approach to the dynamics side of the
problem. Module 6 will use the gradient-computation framework from 3.8 and the noise framework from 3.7
+ 4.5 to design optimizers that are plateau-aware. Module 8 will take the expressivity-trainability tradeoff
that has been implicit throughout and develop it as the central structural concept of VQA theory. Module 9
will take 4.5 and build out the full hardware noise treatment.

Barren plateaus are the single most important structural obstacle to scalable VQAs. Under-
standing them is understanding the main reason VQAs are hard. With this module done, you have
the full vocabulary and formal machinery to reason about this obstacle and design around it.
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Structural Role
This is the diagnostic closure of Module 4. It sharpens the vocabulary so that a practitioner can correctly
diagnose which failure mode they are in, rather than treating all training-curve failures as “barren plateaus”
by default.

It also forwards directly to Module 5, which makes the dynamics-side argument explicit.

Relations to Other Concepts
• Arrasmith et al. 2022 — the equivalence of plateaus, cost concentration, and narrow gorges.
• Non-convex optimization — classical theory of local traps and escape methods.
• Population-based optimization (HOPSO, CMA-ES) — trap-escaping techniques.
• Trust-region methods — gorge-navigating techniques.
• Basin of attraction — the classical concept formalizing “which start points lead to which minimum.”

Worked Example — Three Failure Modes In A 4-Qubit System
Consider a 4-qubit HEA with 4 layers and cost C = ⟨H⟩ for some Hamiltonian H.

Scenario A (plateau): H = Z0 ⊗ Z1 ⊗ Z2 ⊗ Z3, a global (4-local) observable. Random initialization →
100 runs → all cost values within σshot of zero. Multi-start check: unimodal at zero. Diagnosis: barren
plateau.

Scenario B (gorge): H = Z0, a single-qubit observable. Random initialization → 100 runs → most converge
to cost ∼ 0, but a few (~5%) converge to cost −1 (the ground state). Multi-start check: bimodal. Diagnosis:
narrow gorge + plateau. The narrow-gorge successful runs are rare but visible; a warm start near any of
them would succeed reliably.

Scenario C (trap): H = −X0Y1Z2 − Y0Z1X2 + Z0Y1X2, a designed rugged Hamiltonian with multiple
local minima at distinct energies. Random initialization → 100 runs → final costs cluster at several discrete
values: −1.5,−1.0,−0.5, 0.0. Multi-start check: multi-modal. Diagnosis: local traps. The optimizer needs
population methods or multi-start to find the global minimum.

These scenarios illustrate that the same ansatz and optimizer can fall into different failure modes depending
on the Hamiltonian. The distinction is not a property of the optimizer — it’s a property of the cost landscape.

Visualization
Pending. A 3-panel cartoon of 1D cost functions: (left) flat line with tiny wiggles = plateau; (middle) flat
line with one deep narrow notch = gorge; (right) rugged landscape with multiple minima at different heights
= trap. Each annotated with its characteristic training curve and recommended fix. Caption: “Three failure
modes, three fixes. Diagnose before treating.”

Exercises
1. For a 2-qubit cost function C(θ1, θ2) = cos(10θ1) cos(10θ2), characterize the failure mode. Is it a plateau,

a gorge, a trap, or some combination? What would a multi-start test reveal?
2. Design a small (3-4 qubit) Hamiltonian and ansatz combination that exhibits a narrow gorge clearly.

What parameters make the gorge narrower?
3. (VQA) Given a training run that shows flat cost curve, design a diagnostic protocol using 3-5 follow-up

experiments that determines which failure mode is responsible. Estimate the total shot budget.
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Research Extensions
• Automatic failure-mode diagnosis — algorithms that analyze training curves and diagnose which

failure mode is present.
• Sharp gorge-width bounds — quantifying how narrow the gorges in plateau regimes typically are.
• Hybrid plateau/trap remediation — methods that work simultaneously on both issues.
• Plateau-trap phase diagrams — characterizing which ansatz-cost combinations produce which

failure modes.

Cross-links to Other Courses
• Non-convex Optimization — classical theory of local minima, trust regions, basin-hopping.
• Statistical Mechanics of Disordered Systems — spin glasses as a natural model of rugged

landscapes.
• Module 5 (Regularization) — dynamics-side responses to all three failure modes.
• Module 6 (Optimization Dynamics) — optimizer design with plateau/trap awareness.
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