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This node is the formal statement of the barren plateau phenomenon introduced in node 4.1. It gives the
theorem as originally stated by McClean, Boixo, Smelyanskiy, Babbush, and Neven (2018), outlines
the proof strategy, and unpacks each of the assumptions to make clear exactly when the theorem applies and
when it doesn’t.

The proof is an exercise in Haar-measure integration and t-design theory. The structure of the proof is
important in its own right because it tells us why the plateau occurs, which in turn tells us how to avoid it
(Section 4.6).

The Theorem (McClean et al., 2018)

Let U(0) be a parameterized circuit of the form

U@) =Ur(0r) - Ui(61),

where each U;(6;) is a block of parameterized gates. Let C(8) = (0|UT(@)HU(6)|0) be the cost. Assume:

1. Approximate 2-design. The distribution over unitaries induced by parameters on some “cut” of the
circuit (either Up.x41 or U.1) forms an approximate 2-design on the relevant subspace.
2. Traceless observable. The observable H satisfies Tr(H) = 0.

Then the gradient variance satisfies
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The gradient has exponentially small variance in the number of qubits. By Chebyshev’s inequality,
this implies the probability of observing a gradient larger than any fixed threshold is exponentially small.

What Each Assumption Means

The theorem’s power — and its limits — comes from the two assumptions.

Assumption 1: approximate 2-design. A unitary 2-design is a distribution over unitaries that exactly
reproduces the first two moments of the Haar distribution. Deep-enough random circuits form approximate
2-designs, which is what makes the Haar-integration proof work. - A circuit of depth O(poly(n)) with random
parameters on a connected qubit architecture forms a 2-design. - A circuit of depth O(logn) does not form a



2-design in general, and the theorem may not apply. - A circuit whose parameterization is structured (e.g.,
all gates on one qubit) does not form a 2-design across the full state space, and the theorem may not apply.

The assumption is both what makes the theorem universal (any sufficiently generic ansatz) and what makes
its avoidance possible (specific, structured ansétze escape).

Assumption 2: traceless observable. Tr(H) = 0 makes the Haar-expected value of (H) equal to zero,
which simplifies the variance calculation. Any Pauli string other than the identity is traceless, so this
assumption holds for nearly every observable of interest. For non-traceless H, you can subtract the mean
Tr(H)I/2™ without changing the optimization, reducing to the traceless case.

Proof Sketch

The proof is a Haar-measure computation. Here’s the structure:
Step 1: Set up the gradient as a Haar integral.

Write the circuit as U = UrW UL, where W is the gate containing 6; and Ug, UL are everything to the right
and left. If W = e~V/2 for some Hermitian V, the gradient is
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(This follows from directly differentiating and using the commutator identity for the derivative of the rotation
gate.)

Step 2: Integrate over random U, (or Ugr) assumed to be a 2-design.
Treat Uy, as Haar-distributed. Compute the expectation of 0C/90; over Uy:
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The mean vanishes because V is traceless (for Pauli generators) and Haar averages of single operators evaluate
to the identity times a constant.

Step 3: Compute the variance.
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This requires a second-moment Haar integral, which uses the fact that Uy, is a 2-design. The second-moment
Haar integral evaluates to a specific combination of traces:

Ey, [()2] _ Tr(HQ) . Tr(pV2) _(C;J;r(I{l))Q . TI"(pVQ)/d —

where d = 2" is the Hilbert space dimension. Simplifying using tracelessness and the fact that V2 = I (for
Pauli generators):

var [29] — o (UL
0] =0 (")

Step 4: Conclude the exponential decay.



For Tr(H?) = O(poly(n)) (which is typical for local Hamiltonians with polynomial number of terms), the
variance scales as O(poly(n)/2%"), which is exponentially small.

The gradient standard deviation is therefore O(poly(n)/2™), matching the empirical observations from 4.1.

What The Proof Really Shows

Two non-obvious implications of the proof structure:

1. The Hamiltonian matters, but only via Tr(H?). Different Hamiltonians give different prefactors but
the same 272" scaling. You cannot “pick a better Hamiltonian” to avoid the plateau — the scaling is fixed
by the dimension, not by the Hamiltonian. You can avoid it by picking a structurally different cost function
(local observables, Section 4.6), but that is a cost-function redesign, not a Hamiltonian tweak.

2. The plateau is a statement about random ansétze, not specific parameter points. The theorem
says: averaged over random parameters, the variance is exponentially small. It does not say: at every
parameter point, the gradient is exponentially small. There may be specific parameter points where the
gradient is large (the “good regions” of parameter space). The problem is that they are exponentially rare, so
a random initialization is exponentially unlikely to land in one. This is why warm starts and structured
initialization work (Section 4.6) — they avoid the random regime entirely.

These two implications are what the mitigation strategies in the rest of Module 4 exploit.

Refinements and Generalizations
Since McClean et al. 2018, the theorem has been extended in several directions.

Cerezo, Sone, Volkoff, Cincio, Coles (2021): “Cost function dependent barren plateaus.” The
theorem was generalized to cost functions built from local observables (acting on O(logn) qubits). The
conclusion: local cost functions admit polynomial gradient scaling in the shallow regime. Deep
circuits still concentrate, but for O(logn) depth and local costs, the gradient is poly(n)~! rather than
exponential.

Marrero, Kieferovd, Wiebe (2021): “Entanglement-induced barren plateaus.” Extended the
theorem to entanglement-based reasoning: if the ansatz produces states with volume-law entanglement, the
reduced density matrices of any subsystem are maximally mixed, and any local observable has vanishing
variance — a barren plateau by a different route.

Arrasmith, Holmes, Cerezo, Coles (2022): “Equivalence of quantum barren plateaus to cost
concentration and narrow gorges.” Showed that barren plateaus are equivalent to cost concentration
— if the gradient is exponentially small, so is the cost variance. This unifies several previously-distinct
characterizations.

Ragone et al. (2024): “A Lie algebraic theory of barren plateaus for deep parameterized
quantum circuits.” Gave a Lie-algebra-based proof that unifies several barren plateau results. The plateau
is governed by the “dynamical Lie algebra” of the generators — if that algebra is large (expressive ansatz),
plateaus are severe; if small (structured ansatz), plateaus are mild.

These refinements matter because they give positive results (conditions under which the plateau does NOT
occur) in addition to the original negative result. Mitigation strategies in Section 4.6 are usually built on
top of one of these refinements.




What The Theorem Doesn’t Say

It is worth being precise about the scope of the theorem, because the phrase “barren plateau” is sometimes
used loosely.

The theorem does NOT say:

“Every ansatz has a barren plateau.” — False. Structured, shallow, or symmetry-restricted ansétze may
not. The theorem’s assumption of 2-design behavior rules them out.

“Optimization of VQAs is impossible.” — False. Small-qubit instances, problem-inspired ansétze,
warm-started optimization, and local cost functions all escape.

“The plateau exists at every point in parameter space.” — False. It exists on average; specific points
may have large gradients. They are just exponentially rare.

“Better optimizers can overcome the plateau.” — False. The plateau is a property of the function, not
the optimizer.

The theorem DOES say:

For sufficiently deep, sufficiently random ansétze, the gradient variance over random initializations is
exponentially small in qubit count.

The cost of detecting a useful gradient grows exponentially in qubit count, making naive random-
initialization VQA unscalable beyond ~ 10 — 15 qubits for hardware-efficient ansétze.

The escape routes must come from structure — restricted ansétze, local costs, warm starts, or shallow
depth.

Structural Role

This is the formal core of Module 4. Everything else in the module either unpacks the theorem (nodes 4.3,
4.4, 4.5 examine different mechanisms that lead to plateau behavior) or works around it (4.6, 4.7).

Module 5 (Regularization) derives much of its motivation from this theorem: regularization is one of the
ways to push the optimizer into non-random regions of parameter space where the theorem’s assumptions
don’t hold.

Relations to Other Concepts

Unitary 2-designs — the probabilistic structure the theorem relies on.
Haar measure integration — the computational tool used in the proof.
Lévy’s lemma — the classical concentration inequality this mirrors.
Cerezo et al. 2021 — the local-cost refinement.

Ragone et al. 2024 — the Lie-algebraic unification.

Worked Example — Checking The Variance Bound On A Small Instance
Consider n =4, H = Z, so Tr(H?) = Tr(I) = 16.
The theorem bound:

— = — =~ 0.125.
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Standard deviation bound: 1/0.125 = 0.35.



At n = 4, this is a relatively mild bound — the gradient can be meaningfully nonzero.

Now n = 10, H = Zy, Tr(H?) = 1024:
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Standard deviation bound: 1/0.002 ~ 0.045.

At n = 10, the gradient is bounded by ~ 0.045 — already comparable to a typical shot noise floor.
At n =20, Tr(H?) = 2%0:
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Standard deviation bound: ~ 0.0015. Well below any reasonable shot-noise floor — the plateau is fully
engaged.

Note: this is an upper bound. The actual variance is smaller. The empirical data from Section 4.1 matches
the bound’s scaling but with tighter prefactors.

Visualization

Pending. A plot showing the variance bound as a function of n for different observables: single Pauli, two-local
Hamiltonian, full H of a small molecule. All curves decay exponentially, with different prefactors from
Tr(H?). A horizontal line at the shot-noise floor for fized N shows the crossover. Caption: “The bound is
blind to Hamiltonian structure beyond Tr(H?) — only the scaling matters.”

Exercises

1.

2.

3.

Compute Tr(H?) for a single Pauli string, and for the sum H = Zy + Z; + ZoZ;. How does the ratio
depend on the number of terms?

The variance bound uses Chebyshev. Derive a corresponding upper bound on P[|0C/d6;| > €] as a
function of n and e. For n = 20 and € = 0.01, is the bound useful?

(VQA) Show that if the ansatz is restricted to a subspace of dimension d’ < 2", the variance bound
becomes O(1/d?) instead of O(1/2*"). How does this change the scaling for a 20-qubit chemistry
Hamiltonian with particle number conservation, where d’ ~ @8)?

Research Extensions

Sharper bounds for specific ansatz families — replacing the 2-design assumption with tighter
characterizations.

Average-case vs worst-case analysis — when the bound is loose and when it is tight.

Haar-free proofs — derivations that don’t require 2-design assumptions, using combinatorial arguments
instead.

Finite-depth corrections — how the variance deviates from the 2-design bound when the circuit is
not deep enough.




Cross-links to Other Courses

¢ Random Matrix Theory — moments of random unitaries.

+ Representation Theory — Weingarten functions and Haar integration.

e Module 3 (Concentration of Measure) — the broader phenomenon.

o Module 8 (Expressivity vs Trainability) — the tradeoff the theorem expresses in quantitative
form.
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