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The barren plateau theorem (4.2) says: a sufficiently-deep ansatz approximates a 2-design, and then the
gradient concentrates exponentially. The entanglement view (4.3) says: a sufficiently-deep ansatz produces
volume-law entangled states, and then local observables concentrate.

Both framings invoke “sufficient depth” without saying what sufficient means. This node pins down the
depth scaling.

The short version: for a generic HEA with nearest-neighbor coupling on n qubits, the transition from
“trainable” to “barren plateau” happens around depth L ∼ O(n) for 1D topologies, and scales more gently
(like O(n1/D)) in higher-dimensional connectivities. This means there is a shallow regime (depth below the
transition) where plateaus are mild, and a deep regime (above) where they are fully engaged.

The boundary is not sharp, but the scaling of the boundary with qubit count is what governs whether “add
more layers” is a viable strategy for scaling up.

Depth vs 2-Design Formation
A random local circuit becomes an approximate t-design after depth O(n · t2) (Brandão, Harrow, Horodecki
2016, and tighter subsequent bounds). For t = 2, this gives a depth threshold O(n) for 2-design formation in
a 1D brick-wall circuit.

Below depth O(n): the distribution over states is not a 2-design. It is still a structured distribution
with lower entanglement and larger typical gradient. Above depth O(n): the distribution over states is
approximately a 2-design, and the barren plateau theorem kicks in.

The transition is continuous — the variance of the gradient decreases as depth increases, reaching the 2−2n

Haar bound asymptotically. At depth L = n/2, the variance might be ∼ 2−n instead of 2−2n — not as bad
as full Haar, but already exponentially small.

Depth Scaling In 2D And Higher
For a 2D grid topology, entanglement spreads via the boundary of a region rather than via a 1D chain. The
depth needed to entangle an L × L region across its boundary is O(L) = O(

√
n). More generally, for a

D-dimensional lattice, the depth needed to approximate a 2-design is O(n1/D).

• 1D: depth ∼ n to hit the plateau regime.
• 2D: depth ∼

√
n.

• 3D: depth ∼ n1/3.
• All-to-all connectivity: depth ∼ log n.
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So higher-connectivity devices (which in 2026 means superconducting qubit grids and trapped-ion all-to-all
connectivity) reach the barren plateau regime faster than 1D devices, for the same number of gates per layer.

This is an important point: device connectivity interacts with barren plateau depth scaling. A
more-connected device is less forgiving of deep ansätze because entanglement spreads faster.

The Shallow Regime
“Shallow” in the barren plateau literature typically means depth strictly less than the 2-design threshold. For
1D HEA, this is depth L < n. For 2D HEA on a grid, it is L <

√
n. For O(log n) depth, you are well inside

the shallow regime for any reasonable n.

In the shallow regime:

• Entanglement is sub-volume-law, typically area-law or logarithmic.
• Reduced density matrices have structure — they are not close to maximally mixed.
• Local observables have typical expectation values that are not concentrated at zero.
• Gradients are typically poly(n)−1, not 2−n — still decreasing with n, but much more gently.

Cerezo et al. (2021) made this precise: for local cost functions and shallow (O(log n) depth) circuits,
the gradient variance is bounded below by Ω(poly(n)−1). This is the canonical “shallow avoids barren
plateaus” result, and it is the principal structural escape route.

For global cost functions (observables acting on all n qubits), the same result does NOT hold — even
shallow circuits can have barren plateaus for global costs. This is the Cerezo et al. insight: the cost
function’s locality interacts with the circuit’s depth to determine trainability.

Matching Depth To Problem Structure
A practical rule of thumb:

If your problem has area-law entanglement structure (ground state of gapped local Hamiltonian,
typical chemistry ground states), use an ansatz with depth comparable to the correlation length, which is
O(1) or O(log n). You stay in the shallow regime and avoid barren plateaus.

If your problem has logarithmic entanglement structure (critical 1D systems), use an ansatz with
O(log n) depth. You are on the edge of the shallow regime but still polynomially trainable.

If your problem has volume-law entanglement (thermalized systems, random Hamiltonians, most
condensed matter problems in 2D+), you need either: - A deep ansatz, which hits the plateau → optimization
is infeasible. - A shallow ansatz that can’t reach the ground state → approximation is too coarse. - A
structural workaround (problem-specific ansatz that encodes the volume-law structure without random
2-designs).

The third option is where most research effort goes for hard problems. ADAPT-VQE, UCCSD, and HVA are
examples of problem-specific ansätze that provide structure without (necessarily) hitting the plateau regime.

The “Layerwise Training” Workaround
One elegant response to the depth problem is layerwise training (Skolik et al., 2021):

1. Start with a 1-layer ansatz. Optimize.
2. Add a layer, initialized to identity (so it doesn’t disturb the current state). Optimize again.
3. Repeat until you reach the desired depth.
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The key insight is that at each step, the optimizer is only training a shallow ansatz, so it never enters
the barren plateau regime. The early layers get trained in a trainable landscape. By the time deep layers are
added, the early layers have already done most of the work, and the deep layers only need to fine-tune.

This avoids the plateau by never training a deep random ansatz — it trains a sequence of shallow
ansätze, each built on top of the previous. It is an example of the broader principle that plateaus are
avoided by initialization, not by optimization.

Depth Limits In Practice
Real hardware imposes a separate depth limit: decoherence. Each additional gate adds some error, and
after depth O(1/gate error rate), the state is so corrupted that the computation is meaningless. For 2026-era
hardware with gate errors ∼ 10−3, useful depth is O(102) = O(100) gates.

This hardware-imposed depth limit is sometimes lower than the barren plateau threshold depth, so in
practice you can’t reach the barren plateau regime anyway. But as gate fidelities improve, the barren plateau
regime becomes reachable, and depth-scaling arguments become practically relevant.

The interplay between hardware noise (Module 9), which limits depth from above, and barren plateaus (this
module), which limit useful depth from above, is what sets the operational “sweet spot” for ansatz depth on
a given device. On 2026 hardware, depth ∼ 20 − 50 is typical — well below the plateau threshold for n ≤ 20
qubits, and limited primarily by noise. On better hardware (gate errors < 10−4), depth will be limited by
plateaus rather than noise.

Structural Role
This node is the quantitative bridge between the theorem (4.2) and the mitigations (4.6). It turns “the
plateau exists” into “the plateau exists beyond depth L ∼ f(n),” which is what makes it possible to actually
design around it.

It also forwards to Module 8, which develops the depth-expressivity relationship in full.

Relations to Other Concepts
• Brandão-Harrow-Horodecki 2016 — rigorous bounds on t-design formation by random circuits.
• Lieb-Robinson bounds — the rate at which information spreads through a local Hamiltonian.
• Correlation length — the characteristic length scale of a ground state, which sets the required ansatz

depth.
• Layerwise training (Skolik et al. 2021) — the practical training strategy that avoids deep-ansatz

plateaus.
• Cerezo et al. 2021 — the local cost + shallow depth result.

Worked Example — Depth Threshold For A 1D HEA
Consider a 1D HEA on n = 16 qubits with nearest-neighbor CNOTs and single-qubit Pauli rotations. The
2-design depth threshold is L ∼ n = 16.

At depth 4: gradient variance ∼ 0.02, entanglement ∼ 0.5 · log 2 — clearly shallow, trainable.

At depth 8: gradient variance ∼ 0.005, entanglement ∼ 1.0 · log 2 — still trainable but starting to feel the
plateau.
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At depth 16: gradient variance ∼ 10−4, entanglement ∼ 2.0 · log 2 — at the boundary; empirically starting
to fail.

At depth 32: gradient variance ∼ 10−8, entanglement saturating volume law — fully barren plateau.

At depth 64: gradient variance ∼ 2−32 ∼ 10−10 — completely hopeless.

So for 16 qubits, there is a window (depth 1-12 or so) where the ansatz is both expressive enough to reach
meaningful states and shallow enough to avoid plateaus. Depth 12-16 is the transition zone. Depth 16+ is
barren.

This window shrinks (as a fraction of required depth) as n grows. For very large n, the window may not
contain any depth that is both expressive and trainable — which is the fundamental structural problem
Module 8 will analyze in depth.

Visualization
Pending. A 3D plot: qubit count n on one axis, depth L on another, gradient variance on the third (log
scale). A “ridge” of trainable region is visible at shallow depths, a plateau of barren variance at deep depths.
Annotated with the 2-design threshold curve L = n (or L =

√
n for 2D). Caption: “The trainable region

shrinks as qubits grow.”

Exercises
1. For a 1D nearest-neighbor HEA with 6 qubits, at what depth does the empirical gradient variance drop

below 10−3? (Sketch the argument, you don’t need to actually run the simulation.)
2. The Brandão-Harrow-Horodecki bound gives 2-design formation at depth O(n) in 1D. What is the

corresponding bound for all-to-all connectivity? How does this affect the practical depth limit for
trapped-ion devices?

3. (VQA) Compare the layerwise training strategy to starting the optimizer at a small-random init for the
full depth. Under what conditions is layerwise strictly better?

Research Extensions
• Tighter depth bounds for 2-design formation — improved results beyond Brandão-Harrow-

Horodecki.
• Adaptive depth schedules — dynamically adjusting circuit depth during training.
• Depth-dependent learning rates — using the known depth scaling to set optimizer hyperparameters.
• Warm-start depth analysis — how much depth a warm-started ansatz can tolerate without entering

the plateau.

Cross-links to Other Courses
• Quantum Information (2-designs, random circuits) — the formal setting for depth scaling.
• Module 2 (Compilation) — depth as a budgeting constraint.
• Module 8 (Expressivity vs Trainability) — the full qualitative/quantitative treatment of the

tradeoff.
• Module 9 (Hardware Noise) — decoherence-imposed depth limits that may dominate the plateau-

imposed limits.
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