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This is the practical node of Module 4 — the one that takes everything developed so far about why barren
plateaus happen and turns it into a catalogue of strategies for what to do about them.

There is no single trick that defeats barren plateaus. There is a toolkit of complementary strategies, each
targeting a different mechanism, and a VQA practitioner’s job is to match the strategy to the cause.

This node walks through the main categories, explains the assumptions behind each, and gives practical
guidance on when to reach for which.

A Map Of The Strategies

The strategies fall into six broad categories:

Restrict the ansatz — make it less expressive so it can’t reach volume-law entangled states.
Restrict the cost function — use local observables that have polynomial gradient scaling.
Warm-start the optimizer — initialize near a known good point, avoiding the random regime.
Shallow training schedules — train shallow first, add layers gradually (layerwise training).
Symmetry-preserving design — use the structure of the problem to shrink the effective Hilbert
space.

6. Regularize the optimizer dynamics — use regularization (Module 5) to avoid plateau regions.
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Each strategy attacks a different mechanism: - Strategies 1, 3, 4, 5 attack the ansatz-side cause (2-design
formation). - Strategy 2 attacks the cost-side cause (observable locality). - Strategy 6 attacks the dynamics-side
cause (where the optimizer goes).

The right combination depends on the problem. A difficult VQE problem typically needs 3-4 of these in
combination.

Strategy 1: Restrict The Ansatz

Mechanism: Use an ansatz that is structurally prevented from forming a 2-design.
Examples:

o Hamiltonian variational ansatz (HVA): restrict gates to generators that come from the Hamiltonian
itself. This ansatz only reaches states that are in the “reachable set” from the Hamiltonian’s native
dynamics, which is much smaller than the full Hilbert space.

« UCCSD / UCCSDT: use chemically-inspired excitations, which are strongly restricted by particle
number and spin symmetries.



¢« ADAPT-VQE: grow the ansatz operator-by-operator, choosing operators based on their gradient
contribution. This adaptively selects a small, structured subspace.

e Quantum convolutional neural networks (QCNN): use translationally-invariant, constant-depth
layers, which are provably plateau-free.

Assumption: The restriction is compatible with the problem — the subspace the ansatz can reach contains
the ground state (or a good approximation).

When to use: Whenever the problem has structure that can be encoded in the ansatz (symmetries, locality,
known physics).

Strategy 2: Restrict The Cost Function

Mechanism: Use a cost function built from local observables, which (by the Cerezo 2021 theorem) have
polynomial gradient scaling in the shallow regime.

Examples:

+ Local VQE: replace (H) with ¢ >_;(O;) where each O; acts on a few qubits. The minimum of the local
cost is (ideally) the same as the minimum of the global cost, but the gradient is much better-behaved.

 Variance-based cost: Var(H) = (H?) — (H)2. Has zero gradient only at exact eigenstates (not at
arbitrary stationary points), and its local structure often yields better gradient scaling.

« Local fidelity cost: for state preparation, use _; ||p; —0; |* where p;, o, are reduced density matrices.

Assumption: The local cost function has the same global minimum as the global cost function (or at least
approximately so).

When to use: Whenever the global cost function can be rewritten or approximated locally. Particularly
effective for state preparation and ground state finding.

Strategy 3: Warm-Start Initialization

Mechanism: Initialize the optimizer at a point that is known to have large gradient, rather than a random
point.

Examples:

e Hartree-Fock initialization: for chemistry, start the ansatz at parameters that prepare the Hartree-
Fock state. This is usually close to the ground state and has meaningful gradients.

o Classically-computed warm start: use a classical algorithm (DMRG, CCSD, MPS) to compute
an approximate ground state, then reverse-engineer an ansatz that prepares it. Start the optimizer at
those parameters.

o Physics-based priors: use known physics (e.g., an adiabatic state preparation trajectory) to set initial
parameters.

o Identity block initialization: initialize gates so the initial state is |0) or some simple reference, not a
random state.

Assumption: You have access to a reasonable classical approximation, or the problem has known structure
that suggests an initial point.

When to use: Whenever such an approximation exists. For chemistry, this is almost always. For general
condensed matter, sometimes.




Strategy 4: Layerwise And Adaptive Training Schedules

Mechanism: Never train a deep random ansatz. Instead, train a sequence of shallow anséitze, each built on
top of the previous.

Examples:

o Layerwise training (Skolik et al. 2021): start with 1 layer, train to convergence, freeze those
parameters, add a new layer initialized to identity, train again. Repeat.

o Progressive depth growth: similar to layerwise, but use “soft” freezing (fine-tune all parameters,
but with decreasing learning rate on earlier layers).

« ADAPT-VQE: adaptively add operators to the ansatz only when they have meaningful gradient.

o Curriculum learning for VQA: train on easier instances first (smaller n, simpler Hamiltonian), use
the result to initialize harder instances.

Assumption: The shallow ansatz can reach useful states, and layers added later don’t disturb what was
found.

When to use: Whenever you need to train a deep ansatz and can’t warm-start it. Layerwise is a good
default fallback.

Strategy 5: Symmetry-Preserving Ansatz Design

Mechanism: Design the ansatz to preserve the symmetries of the Hamiltonian, so the effective Hilbert space
is a symmetry-restricted subspace much smaller than 2™.

Examples:

o Particle-number-preserving gates: use gates that commute with N (e.g., excitation gates). The
effective Hilbert space for an n-qubit, k-particle state has dimension (Z), not 2". The barren plateau
scales with this smaller dimension.

« Spin-preserving gates: similarly, preserve 52, S..

e Permutation-symmetric ansétze: for problems with permutation symmetry, use permutation-
invariant gates.

e 72 symmetry exploitation: after Jordan-Wigner, many Hamiltonians have Z2 symmetries that can
be tapered off, reducing qubit count by 2-4.

Assumption: The symmetry is a real property of the problem (not just an artifact of the ansatz).

When to use: Whenever the problem has exact symmetries. Combined with strategy 1 (restricted ansatz),
this is often the most effective approach.

Strategy 6: Regularize The Optimizer Dynamics

Mechanism: Use regularization (Module 5) to keep the optimizer in regions of parameter space where
gradients are usable.

Examples:

« Entanglement regularization: add a term to the cost that penalizes entanglement, keeping the
optimizer in the low-entanglement regime.

o Trust regions: only allow updates that are small enough to stay near the current (non-plateau) point.

e Natural gradient with Fisher regularization: use the QFIM to rescale gradients, which implicitly
penalizes movement into high-curvature (plateau) regions.

o Variance regularization: penalize parameter configurations with high cost variance (which correlate
with plateau regions).



Assumption: The regularization target (low entanglement, small QFIM, low variance) correlates with
non-plateau regions.

When to use: Module 5 makes this the thesis-specific strategy. The thesis argues that regularization-as-
dynamical-modification is a conceptually cleaner framework than ad-hoc ansatz/cost fixes, and that the
“stochastic objective generator” abstraction (Module 1.8) makes explicit why dynamics-side fixes can succeed
where objective-side fixes fail.

Combining Strategies
In practice, VQA problems are rarely solved by a single strategy. The typical recipe is:

1. Start with a problem-inspired ansatz (strategy 1) — UCCSD or HVA for chemistry, ADAPT-VQE
for general.

Use a local cost function (strategy 2) — if the problem allows.

Warm-start from a classical approximation (strategy 3) — Hartree-Fock, MPS, DMRG.
Train layerwise (strategy 4) — if starting from scratch or adding layers.

Preserve symmetries (strategy 5) — tapering, particle-number preservation.

6. Regularize the optimizer (strategy 6) — if the training is still struggling.

Gl L

Each strategy has a separate effect on the plateau problem; combining them can yield multiplicative
improvements.

The thesis observation is that strategies 1-5 are all objective-side (changing what you're optimizing), while
strategy 6 is dynamics-side (changing how you’re optimizing). These have different semantics and are best
thought of as complementary, not redundant.

What Doesn’t Work
A few things that might seem like good ideas but don’t actually help:

“Just use more shots.” Node 4.1 already debunked this. Exponentially more shots to detect an exponentially
smaller signal.

“Just use a better optimizer.” The plateau is in the function, not the optimizer. No optimizer can extract
absent signal.

“Use classical neural network techniques.” Xavier initialization, batch normalization, dropout, residual
connections — these are all designed for classical vanishing gradients, which have a different mechanism.
Some have quantum analogues, but naive transfer doesn’t work.

“Add more layers.” Not only doesn’t help, it actively makes things worse (deeper = more 2-design-like =
stronger plateau).

“Add more qubits for scale.” The plateau depth threshold scales with qubit count, so adding qubits
without also mitigating the plateau makes things worse.

Being clear about what doesn’t work is as important as knowing what does. It prevents wasted effort and
helps newcomers avoid predictable dead ends.

Structural Role

This node is the practical synthesis of Module 4. Everything in 4.1-4.5 was diagnostic; this node is
therapeutic. It forwards to Module 5 (where regularization is developed in full) and to Module 8 (where the
expressivity-trainability tradeoff is quantified).



The thesis’s argument is made most concretely here: strategy 6 (dynamics-side regularization) deserves
a seat at the same table as strategies 1-5 (objective-side fixes), and Module 5 is the detailed treatment
of that strategy.

Relations to Other Concepts

o Ansatz design (Module 2) — strategies 1 and 5 live here.

o Cost function design (Module 3.1) — strategy 2 lives here.
e Warm-starting and initialization schemes — strategy 3.

e Layerwise / curriculum training — strategy 4.

o Regularization (Module 5) — strategy 6.

Worked Example — A VQE Workflow Combining Strategies
For a 16-qubit HoO VQE calculation:

1. Ansatz choice: UCCSD (strategy 1) restricted to singles and doubles. Particle-number preserving by
construction (strategy 5). Symmetry-tapered down to 12 qubits (strategy 5).

2. Cost function: Global (H) — in this problem the global cost is natural. Don’t use strategy 2.

3. Initialization: Hartree-Fock reference state, with UCCSD parameters initialized to the classical CCSD
amplitudes (strategy 3).

4. Training schedule: Single-shot optimization (no layerwise needed — UCCSD isn’t deep), with an
L-BFGS-B optimizer.

5. Regularization: None in first attempt.

This recipe typically gives chemical accuracy (102 Hartree) for small molecules. If it fails, you add
regularization (strategy 6) as a fallback.

Compare to a naive attempt: HEA with random init, global cost, vanilla gradient descent, no regularization.
That fails for n > 10 with certainty.

The difference between the two approaches is not one strategy — it is the whole toolkit working together.

Visualization
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Pending. A Venn diagram with three circles labeled “ansatz restriction,” “cost locality,” “optimizer warm-
start/regqularization.” Different VQA recipes highlighted as overlaps of 1, 2, or 3 circles. Caption: “No single
strategy solves the plateau. Combine them.”

Exercises

1. For a VQE problem with a 20-qubit Hamiltonian and a 30-layer HEA ansatz, rank the six strategies by
expected impact. What is the minimum combination needed to make the problem tractable?

2. The Cerezo 2021 local cost theorem requires O(logn) depth. For an ansatz of depth logn + 1, does the
bound still apply? What if the depth is 2logn?

3. (VQA) Design a workflow for training a 40-qubit quantum neural network on a classification task.
Which strategies are essential? Which are nice-to-have?




Research Extensions

e Automatic strategy selection — algorithms that diagnose the plateau mechanism and choose
strategies accordingly.

o Strategy composition theory — formal analysis of when combining strategies gives multiplicative
vs additive benefit.

e Learned initialization schemes — using meta-learning to find good warm starts across problem
instances.

e Regularization for noise-induced plateaus — whether dynamics-side strategies can help with the
Wang-et-al plateau (probably not, but worth investigating).

Cross-links to Other Courses

o Module 2 (Parameterized Circuits) — ansatz design choices.

o Module 3 (Cost Landscapes) — the underlying geometry being navigated.

o Module 5 (Regularization) — the thesis-specific strategy 6.

o Module 8 (Expressivity vs Trainability) — the tradeoff that all strategies navigate.
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