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This is the closing node of Module 4. It addresses a subtle but important confusion in the VQA literature:
not every “stuck optimizer” is a barren plateau.

There are at least three distinct failure modes of VQA optimization that all look the same from a training-curve
perspective — the cost stops decreasing — but have different causes and different fixes:

1. Barren plateau — the gradient is exponentially small because the cost function is concentrated.
2. Narrow gorge — the gradient is large but in a region of exponentially small volume; the optimizer

never finds it.
3. Local trap — the optimizer is stuck at a non-global local minimum. Gradient is zero (not small), but

the cost is not globally minimized.

This node distinguishes the three, explains why they require different remedies, and connects them back to
the Arrasmith et al. (2022) equivalence results.

The Three Failure Modes In Detail
1. Barren Plateau

Symptom: Cost is flat across wide regions of parameter space. Gradient magnitudes below the shot-noise
floor. Cause: Concentration of measure — the cost function is essentially constant over exponentially much
of parameter space. Topology: Flat. Fix: Restrict ansatz, warm-start, use local cost, layerwise training.
Key reference: McClean et al. 2018.

2. Narrow Gorge

Symptom: The cost function has a minimum that is deep but narrow — a thin valley in parameter space.
Random initialization rarely lands in it, and once in it, the optimizer can easily fall out (overshoot and go
back to the plateau region). Cause: High curvature in the minimum direction; exponentially small volume
of the attractor basin. Topology: Thin valley in an otherwise flat landscape. Fix: Precise warm-starting,
small step sizes near the gorge, trust-region optimization. Key reference: Arrasmith et al. 2022.

3. Local Trap

Symptom: The cost stops decreasing and the gradient is near zero, but the final cost is well above the
global minimum. The optimizer has “converged” to a local minimum that isn’t the answer. Cause: The cost
function has multiple local minima, and the optimizer’s trajectory led it to a sub-optimal one. Topology:
Rugged landscape with multiple basins. Fix: Multi-start, population methods, annealing, basin-hopping.
Key reference: standard non-convex optimization literature.
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The Arrasmith Equivalence
Arrasmith, Holmes, Cerezo, and Coles (2022) proved a surprising equivalence:

Theorem (informal): In the regime where the barren plateau theorem applies (2-design ansatz, traceless
observables), the following three statements are equivalent:

1. The cost function has exponentially small gradient variance (barren plateau).
2. The cost function has exponentially small cost variance (cost concentration).
3. The cost function has exponentially small gradient magnitude outside a narrow gorge.

This is a unification: the barren plateau phenomenon is not separate from narrow-gorge phenomena, and not
separate from cost concentration. They are all the same underlying fact, viewed from different angles.

Practical implication: Even if your landscape isn’t literally flat everywhere (it has a narrow gorge
somewhere), the operational problem is the same — random initialization doesn’t find the gorge, and the
vast majority of parameter space is plateau. The optimizer behaves identically in both cases.

So while it’s conceptually useful to distinguish plateaus from gorges, for most practical VQA situations they
come as a package.

Local Traps Are A Different Beast
Local traps, by contrast, are a distinct phenomenon. In a true local trap:

• The gradient is genuinely zero (not small-but-nonzero).
• The cost is at a local minimum but far from the global minimum.
• The trap is surrounded by ascending directions in all dimensions.
• More shots don’t help (there is no signal to extract — the gradient really is zero).

This is the classical non-convex optimization problem, and it is solved by classical methods:

• Multi-start: run many independent optimizations from different initial points.
• Population methods: HOPSO, CMA-ES, genetic algorithms. Maintain a population of points that

collectively explore.
• Simulated annealing / basin-hopping: use stochasticity to escape local minima.
• Warm-start from a known good region: if you know where the global minimum roughly is, start

there.

These are the same techniques used in classical non-convex optimization, and they apply to VQAs with the
caveat that each “sample” is expensive (quantum hardware time).

How To Tell Which One You’re In
Practical diagnostics:

Gradient magnitude check. - Barren plateau / narrow gorge: gradient is below the shot noise floor. If
you double your shots, the gradient doesn’t improve. - Local trap: gradient is exactly zero (within shot noise,
but not below it — there is literally no first-order signal because you’re at a critical point).

Hessian check. - Plateau: Hessian eigenvalues are all exponentially small. The landscape is flat in all
directions. - Gorge: Hessian has some exponentially large eigenvalues (narrow directions) and some small
ones. - Trap: Hessian has mostly positive eigenvalues, landscape is locally bowl-shaped but the bowl is at the
wrong cost value.

Cost value check. - Plateau: cost is near Tr(H)/2n, the Haar average. - Gorge: cost is slightly below the
Haar average. - Trap: cost is significantly below the Haar average but significantly above the known ground
state energy.
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Multi-start check. - Plateau: all starts fail identically. The cost stays near Haar average for all runs. -
Gorge: most starts fail; a few succeed. The distribution of final costs is bimodal. - Trap: different starts
converge to different final costs. The distribution of final costs is multi-modal.

The multi-start check is probably the cleanest diagnostic in practice — run 10 random starts and look at the
spread of final costs.

Why The Distinction Matters
The key practical reason to distinguish these three failure modes is that they call for different fixes.

If you diagnose a barren plateau and apply trap-escaping techniques (multi-start, population methods), you
waste effort — every start lands in the plateau and nothing escapes.

If you diagnose a trap and apply plateau-escaping techniques (warm-start, local cost), you might help or
might not — depending on whether the warm start happens to land in a different basin.

If you diagnose a narrow gorge and apply general plateau fixes, you might succeed by warm-starting near the
gorge, but you still need small step sizes to avoid falling out.

Getting the diagnosis right saves compute. The diagnosis is not always obvious from the training curve alone
— you need to do the multi-start check or Hessian analysis to be sure.

The Thesis Angle
The thesis’s “stochastic objective generator” framing (Module 1.8) applies here in an instructive way:

From the optimizer’s point of view, it is looking at a noisy scalar oracle. The oracle’s behavior — flat
everywhere, thin valley, multiple basins — is a property of the ansatz-Hamiltonian-cost combination, not of
the optimizer. The optimizer can react to what it sees but cannot change what is produced.

Therefore: diagnosing what the oracle is producing (plateau, gorge, trap) is the first step, and choosing a
response is the second. Conflating them leads to applying wrong remedies to the wrong problem — which is
a surprisingly common failure mode in VQA practice.

The thesis argues that Module 5’s regularization-as-dynamics-modification is complementary to the objective-
side fixes in Module 4.6 specifically because they address different parts of this picture: objective-side fixes
change what the oracle produces, and dynamics-side fixes change how the optimizer responds to what it sees.
You often need both.

Closing Module 4
With this node, Module 4 is complete. You now have:

• Phenomenology (4.1) — what gradient vanishing looks like.
• Theorem (4.2) — the formal McClean et al. result.
• Entanglement view (4.3) — the physical interpretation.
• Depth scaling (4.4) — the O(n) / O(

√
n) / O(log n) thresholds.

• Noise-induced (4.5) — the hardware-origin mechanism.
• Strategies (4.6) — the six-category mitigation toolkit.
• Plateaus vs traps (4.7, this node) — the diagnostic vocabulary for distinguishing failure modes.

Module 5 will use all of this to motivate regularization as a principled approach to the dynamics side of the
problem. Module 6 will use the gradient-computation framework from 3.8 and the noise framework from 3.7
+ 4.5 to design optimizers that are plateau-aware. Module 8 will take the expressivity-trainability tradeoff
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that has been implicit throughout and develop it as the central structural concept of VQA theory. Module 9
will take 4.5 and build out the full hardware noise treatment.

Barren plateaus are the single most important structural obstacle to scalable VQAs. Under-
standing them is understanding the main reason VQAs are hard. With this module done, you have
the full vocabulary and formal machinery to reason about this obstacle and design around it.

Structural Role
This is the diagnostic closure of Module 4. It sharpens the vocabulary so that a practitioner can correctly
diagnose which failure mode they are in, rather than treating all training-curve failures as “barren plateaus”
by default.

It also forwards directly to Module 5, which makes the dynamics-side argument explicit.

Relations to Other Concepts
• Arrasmith et al. 2022 — the equivalence of plateaus, cost concentration, and narrow gorges.
• Non-convex optimization — classical theory of local traps and escape methods.
• Population-based optimization (HOPSO, CMA-ES) — trap-escaping techniques.
• Trust-region methods — gorge-navigating techniques.
• Basin of attraction — the classical concept formalizing “which start points lead to which minimum.”

Worked Example — Three Failure Modes In A 4-Qubit System
Consider a 4-qubit HEA with 4 layers and cost C = ⟨H⟩ for some Hamiltonian H.

Scenario A (plateau): H = Z0 ⊗ Z1 ⊗ Z2 ⊗ Z3, a global (4-local) observable. Random initialization →
100 runs → all cost values within σshot of zero. Multi-start check: unimodal at zero. Diagnosis: barren
plateau.

Scenario B (gorge): H = Z0, a single-qubit observable. Random initialization → 100 runs → most converge
to cost ∼ 0, but a few (~5%) converge to cost −1 (the ground state). Multi-start check: bimodal. Diagnosis:
narrow gorge + plateau. The narrow-gorge successful runs are rare but visible; a warm start near any of
them would succeed reliably.

Scenario C (trap): H = −X0Y1Z2 − Y0Z1X2 + Z0Y1X2, a designed rugged Hamiltonian with multiple
local minima at distinct energies. Random initialization → 100 runs → final costs cluster at several discrete
values: −1.5, −1.0, −0.5, 0.0. Multi-start check: multi-modal. Diagnosis: local traps. The optimizer needs
population methods or multi-start to find the global minimum.

These scenarios illustrate that the same ansatz and optimizer can fall into different failure modes depending
on the Hamiltonian. The distinction is not a property of the optimizer — it’s a property of the cost landscape.

Visualization
Pending. A 3-panel cartoon of 1D cost functions: (left) flat line with tiny wiggles = plateau; (middle) flat
line with one deep narrow notch = gorge; (right) rugged landscape with multiple minima at different heights
= trap. Each annotated with its characteristic training curve and recommended fix. Caption: “Three failure
modes, three fixes. Diagnose before treating.”
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Exercises
1. For a 2-qubit cost function C(θ1, θ2) = cos(10θ1) cos(10θ2), characterize the failure mode. Is it a plateau,

a gorge, a trap, or some combination? What would a multi-start test reveal?
2. Design a small (3-4 qubit) Hamiltonian and ansatz combination that exhibits a narrow gorge clearly.

What parameters make the gorge narrower?
3. (VQA) Given a training run that shows flat cost curve, design a diagnostic protocol using 3-5 follow-up

experiments that determines which failure mode is responsible. Estimate the total shot budget.

Research Extensions
• Automatic failure-mode diagnosis — algorithms that analyze training curves and diagnose which

failure mode is present.
• Sharp gorge-width bounds — quantifying how narrow the gorges in plateau regimes typically are.
• Hybrid plateau/trap remediation — methods that work simultaneously on both issues.
• Plateau-trap phase diagrams — characterizing which ansatz-cost combinations produce which

failure modes.

Cross-links to Other Courses
• Non-convex Optimization — classical theory of local minima, trust regions, basin-hopping.
• Statistical Mechanics of Disordered Systems — spin glasses as a natural model of rugged

landscapes.
• Module 5 (Regularization) — dynamics-side responses to all three failure modes.
• Module 6 (Optimization Dynamics) — optimizer design with plateau/trap awareness.

Variational Quantum Algorithms · Module 4 — Barren Plateaus · Node 4.7
Concepts: barren-plateaus, optimization-landscape, convergence
Prerequisites: 4.2, 4.6

hbar.university — own.your.cognition
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