Spectral Regularization of Parameterized Circuits
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The third standard regularization technique. Penalizes large spectral norms of intermediate operators in the
parameterized circuit, controlling Lipschitz behavior of the cost as a function of 6.

Formal Definition
Let U(0) = UL(0L) - - - U2(02)U1(01) be a parameterized unitary built from L layers.

The spectral norm of an operator A is
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For a unitary, ||U]lop = 1 trivially, so the interesting object is the spectral norm of derivatives:

= Omax(A).
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Penalizing this quantity bounds how much a small change in any single parameter can perturb the output
state.

Intuition

A circuit with high spectral sensitivity is one where small parameter wiggles cause large state changes. That
sounds good for expressivity — but it also means large gradient variance under shot noise, and large condition
number of the optimization problem. Spectral regularization is the trade: pay a small cost in expressivity to
gain stability.

It is the Lipschitz constant lens on regularization: bound the worst-case rate of change.

Structural Role

Spectral regularization is the most “operator-theoretic” of the standard regularizers. It is the lens that talks
about what the circuit does, not what its parameters look like. This makes it the natural bridge between
regularization theory (Module 5) and expressivity theory (Module 8).




Relations to Other Concepts

o Lipschitz constant — |C(0) — C(0')| < L||@ — 0’||. Spectral regularization bounds L.

o Trainability bounds (node 8.4) — gradient variance scales with spectral quantities.

e Dynamical Lie algebra — the algebra generated by the circuit’s generators determines its spectral
richness.

Worked Derivations

Spectral norm of a Pauli rotation derivative

For Ug(0x) = e~ 0xPr/2 with P, a Pauli string,
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Since P and Uy are both unitary,
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So for a depth-L circuit of Pauli rotations, Rspec = L/4, independent of 8. This is why spectral regularization
is more interesting for non-Pauli generators or for compound operators.

Lipschitz bound on the cost
If Rypec(@) < B, then for any Hermitian H with ||H ||, < M,

C(0) - C(6")] <2MVB|6 - 0'|.

This gives an a priori bound on the Lipschitz constant of C, which feeds directly into the convergence theory
of node 6.5.

Visualization

Pending. Diagram: same circuit drawn twice — once with low spectral norm derivatives (smooth response),
once with high (jagged response) — and the corresponding cost-vs-parameter curves.

Exercises

1. Show that for a single layer U(¢) = e~ **# with H Hermitian, the spectral regularizer reduces to || H |2,

2. Compute Rgpec for a 2-qubit hardware-efficient ansatz with depth 3.

3. Argue that spectral regularization can never increase the location of the optimum, only restrict the
trajectory toward it.




Research Extensions

e Lipschitz quantum machine learning — formal generalization theory for VQA based on Lipschitz
constants.

o Spectral pruning — using the spectrum of the Hessian (rather than derivatives of U) as the
regularization signal.

e Operator-norm penalties on the cost itself — closely related to the cost-shaping techniques in
node 5.7.

Cross-links to Other Courses

e Linear Algebra — operator norms, singular value decomposition.
e Math-Intuition — Lipschitz functions and continuous mappings.
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