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This node catalogs the parameter-space family of regularization techniques: methods that act directly on
the evolution of 8 by adding restoring forces, bounds, or step-size limits. It is one of the two operational
halves of the dynamical-modification view introduced in node 5.5. Its sibling is node 5.7, which catalogs
objective-space techniques.

The Common Mechanism

Every parameter-space technique modifies the update rule
041 = A6y, C(6y), Hr)
into

Ok—‘rl = -Areg (gkv C(ek)a Hk? )\)7

without changing C'. The intervention happens on the dynamics side, not the objective side. This is the
key contrast with node 5.7.

Technique 1 — Quadratic Penalty (L2 / Weight Decay)

Adds a penalty proportional to ||@||2 inside the optimizer’s update. For gradient methods this becomes a
restoring force toward the origin:

Ori1 =0 — n[VC’(ek) + )\Bk]

In a periodic parameter space — which is what VQA actually has, since rotation angles live on a torus —
the quadratic penalty has no natural origin and is conceptually awkward. This is why parameter-space
regularization in VQA is usually applied as a schedule that vanishes near convergence (see node 5.8) rather
than as a fixed prior.




Technique 2 — Trust Regions

Rather than penalizing parameter values, bound the step:

10k+1 — Okll < Ag.

Trust regions are particularly natural for VQA because objective evaluations far from the current iterate are
unreliable — the stochastic estimate of C' is only locally meaningful. A trust region encodes the statement: do
not trust the optimizer’s predicted descent direction beyond the radius where the cost estimate is statistically
valid.

Technique 3 — Parameter Clipping

Hard bounds on parameter values:
0; < max(Omin, min(Opmax, 0;)).
Simple but introduces non-smooth behavior at the boundaries. In VQA, clipping is most often used as a

safety net against runaway behavior, not as a primary regularizer. The natural domain 6; € [—m,x] for
rotation angles makes clipping degenerate with the periodic structure of the manifold.

Technique 4 — Step-Size Control and Velocity Damping

Adaptive learning rates, momentum decay, and (in population-based methods) velocity caps all act as
parameter-space regularizers. For HOPSO specifically, the harmonic damping term

Vi+1 = Vg + wQ(Ok — 0]:)

is itself a parameter-space stabilizer baked into the dynamics. This is why HOPSO needs less added
regularization than naive optimizers — the structure already does some of the work (see Module 6 for the
full HOPSO treatment).

Structural Role

This node enumerates the levers that node 5.5 abstractly named “modifications to the dynamical map.’
Together with node 5.7 (objective-space techniques), it provides the operational vocabulary that node 5.8
(cosine schedule and two-stage protocol) and node 5.9 (empirical behavior) build on.

)

Without 5.6 and 5.7 in hand, the cosine schedule of 5.8 would look like an arbitrary trick. With them, it
becomes a natural choice: a parameter-space penalty that anneals to zero, preserving the original optimum.

Relations to Other Concepts

e Tikhonov regularization — the classical-statistics name for L2.

e Levenberg-Marquardt — adaptive trust-region for nonlinear least squares.

e Gradient clipping — common in deep learning, conceptually similar to step-size control.

e Projected gradient descent — clipping interpreted as projection onto a feasible set.

e HOPSO damping — see Module 6; structural parameter-space regularization built into the optimizer.



Worked Example — L2 with annealing schedule
Consider A\, = Ag - s(k) with s(k) — 0. The update rule

0k+1 =0 — ’I][VC(O]C) + )\kak]
acts as a damped oscillator early (when A is large) and reduces to vanilla gradient descent late (when

A — 0). The asymptotic optimum is unchanged because the regularization vanishes; only the trajectory is
altered. This is the dynamical-modification view in action — see node 5.5 for the formal limit ordering.

Visualization

Pending. Diagram: side-by-side trajectories on a 2D noisy quadratic. Left: vanilla SGD with high variance.
Right: SGD + L2 with annealing — same final point, smoother path.

Exercises

1. Show that adding a constant L2 penalty A||@]|3 to the cost shifts the minimum away from the unregu-
larized optimum, but a vanishing schedule Ay — 0 does not.

2. Derive the update rule for trust-region gradient descent on a quadratic. What happens when the
trust-region radius is much smaller than the gradient magnitude?

3. (VQA) Suppose your parameters live on a torus [—m, 7]?. Design a parameter-space regularizer that
respects the periodicity. (Hint: think about what “small” should mean on a circle.)

Research Extensions

e Manifold-aware regularization — penalizing motion in the geometry of the Bures or Fubini-Study
metric (links back to node 5.2).

o Adaptive trust regions for noisy oracles — adjusting Ay based on the variance of the cost estimate.

e Implicit regularization of momentum — even without explicit penalty, momentum-based optimizers
exhibit a regularizing effect on the trajectory.

Cross-links to Other Courses

e Optimization Theory — trust-region methods, projected gradient, Levenberg-Marquardt.

e Math-Intuition — Lagrangian formulation of constrained optimization.

o Statistics Module 6 — Bayesian view of the (now-rejected) L2-as-Gaussian-prior mapping (see node
5.1 for the lens, 5.5 for why we reject it in VQA).
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